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1 Introduction

1.1 Motivating remarks

In this chapter, we examine matching models with imperfectly transferable utility (ITU)!. By
“imperfectly transferable utility” we mean a situation where two potentially matched partners @
and j bargain over a set of feasible utilities (u;,v;) € Fij. The (perfectly) “transferable utility”
(TU) case corresponds to Fi; = {(us,v;) : u; +v; < ®;;}; but more generally, in the ITU case, the
feasible set of utilities F;; is defined by Fi; = {(ui, vj) : Asj(u;) + Bij(vj) < @45} for some functions
A;; and B;; which are increasing and continuous, but not necessarily linear.

In some cases, the distinction between TU and ITU is quite insignificant. In particular, if ¢
and j bargain in autarky with reservation utilities % and o, then one can perform a rescaling of
the utilities of both partners @; = A;j(u;) and 0; = B;;(v;), express the reservation utilities in the
new scale, and the problem becomes a TU one. In stark contrast, when instead of bargaining in
isolation, partners are part of a matching market, things change drastically and this distinction
becomes highly relevant. Assume that ¢ is in discussion with two potential partners j; and jo; in
that case, it will generally be impossible to find a new utility scale under which the bargaining
problems with both j; and jo are TU. To quote Chiappori (2017) (with our own emphasis), the TU
setting “allows to transfer utility between agents at a constant exchange rate so that, for a well-
chosen cardinalization of individual preferences (...) irrespective of the economic environment”.
In the matching setting studied in this book, the partner’s choice is endogenous, and thus the
cardinalization of individual preferences is no longer irrespective of the economic environment.

We argue that I'TU is more appropriate than transferable utility for modeling a number of
matching markets, for at least two reasons. First, in some settings, there are clear restrictions on
the transfer technology that prevent utility from being perfectly transferable. For example, on the
labor market, the wage paid by the firm differs from the wage received by the worker due to the
(possibly nonlinear) tax schedule in place on that market.

Second, the assumption of perfectly transferable utility is restrictive, despite its advantages.
For example, suppose that on the marriage market, married men and women bargain over utility
allocations in typical collective fashion. If utility is perfectly transferable, the model yields the

*We are grateful to Antoine Jacquet for useful comments.
1We use the term “imperfectly transferable utility” throughout this chapter, but others have used terms such as
matching with “nontransferabilities” or “not fully transferable” utility, see e.g. Legros and Newman (2007).



same demand for public goods (e.g., expenditures on children) irrespective of the distribution of
resources or allocation of bargaining power within the household.

Throughout the chapter, we will explore models outside of the TU realm. We begin by intro-
ducing the notations and then discuss a few motivating examples. Our presentation in this chapter
is biased towards our own work. Our presentation of aggregate equilibrium in ITU models, as well
as a number of related results and applications follows the exposition in Galichon, Kominers, and
Weber (2019), hereafter abbreviated GKW; we have also used material from Chen et al. (2023a)
and Chen et al. (2023Db)

1.2 Setting and notations

We consider a general two-sided matching model with one-to-one assignment. To introduce our
notation, we use the example of matching men to women? on the marriage market. However, our
notation can be adapted to other matching contexts, such as matching workers to jobs or children
to childcare center positions.

Consider a marriage market where two populations of men and women meet and may form
heterosexual pairs. Men are indexed by ¢ € Z and women are indexed by j € J. At this individual
level, a matching is a variable j;; equal to 1 if man ¢ and woman j are matched, and 0 otherwise.
Note that the matching must satisfy basic feasibility conditions, such as the requirement that each
individual can only be matched to at most one partner, ie. p;; € {0,1}, > .c7p; < 1 and
> ier ij < 1.

Later, we will adopt a more “macroscopic” perspective. We will assume that men and women
can be gathered in a finite number of types, which are defined as groups sharing similar observable
characteristics. We let x; € X and y; € ) denote the types of man 7 and woman j, respectively.
The number of types of men (resp. women) is |X| (resp. |V|). We let n, and m, denote the
total mass of men of type z and women of type y, respectively. We define the sets Ay = X U {0}
and Yy = Y U {0}, where 0 denotes the option of singlehood. The set of couple types is given by
XY =X x ), and the set of household types by XYy =X x YU X x {0} U{0} x V.

At this macroscopic level, an aggregate matching is a vector (fizy)zex ycy measuring the mass
of matches between men of type x and women of type y. We let M denote the set of feasible
matchings, that is, the set of vectors iy, > 0 such that Zyey Hey < Ny and erx Py < My
The strict interior of M, denoted M?, is the set of matchings Hzy > 0 such that Zyey Py < Mg
and er x May < my. We call the elements of MO interior matchings. Finally, we let Hz0 and figy
denote the mass of single men of type x and the mass of single women of type y, respectively.

1.3 A bestiary of models

We motivate the use of ITU matching models through the following examples. Examples 1 and 2
examine a simple matching model of the labour market in which transfers (wages) are taxed at a
single tax rate, or according to some convex tax schedule. Examples 3 and 4 introduce a simple
matching model of the marriage market in which partners spend their income on private and public
consumption.

Ezample 1 (Matching with flat taxes). Consider a matching model in which workers (indexed by
i € 7) match with firms (indexed by j € J). Let a;; be the amenities enjoyed by worker i at firm
j and ~;; be the productivity of worker ¢ when working in firm j. We denote w;; the gross wage

2For the purposes of this chapter, we focus on the heterosexual marriage market. The homosexual marriage has
been studied in e.g. Ciscato, Galichon, and Goussé (2020).



paid by the firm to the worker. Suppose wages are taxed at a rate of 7;;, then worker ¢ and firm j
receive utilities u; = ay; + (1 — 735)w;; and vj = ~;; — wyj, respectively. Let A\;; = 1/(1 — 755) and
®;; = N\jjoyj + ;. It is easy to show that the Pareto frontier, which describes the set of Pareto
efficient utility allocations that worker ¢ and firm j can achieve, is characterized by the following
equation:

V; = (I)ij - )\Uul

The frontier is a straight line, but not necessarily of slope —1 as in the TU case. Unless A\;; = A
for all 4, j pairs, it is not possible to find a cardinalization of the utilities such that frontier is of
slope —1 for all 7 and j. Later, we will refer to this model as the linearly transferable utility (LTU)
model.

Ezample 2 (Matching with progressive taxes). Consider the same setting as in example 1, but this
time assume that there are K tax thresholds t!,...,t% and K + 1 tax rates. Any income between
thresholds t* and t*+1 is taxed at rate 7%, income above t¥ is taxed at rate 7%, and income below
t! is not taxed. We assume the tax schedule is convex, i.e. that the tax rates are increasing. It can
be shown that the Pareto frontier is described by the equation

— i g Eok A\
Vj = ke{Iél’ln;K}{’YZ‘] + A al] A ’U,l}

where \¥ = 1/(1 — 7%) and where afj is a function of the amenities, the tax thresholds and tax
rates. The frontier of the bargaining set is piecewise linear, and the bargaining set itself can be
thought of as the intersection of many elementary bargaining sets of the type described in example

1.

Ezample 3 (Matching with private consumption and marital affinity). Consider a matching model
of the marriage market in which men (indexed by ¢ € 7) match with women (indexed by j € J).
Suppose that when a man ¢ and a woman j form a match, they must decide on how to allocate
their income B;; between private consumption for the man (¢;) and private consumption for the
woman (c;). For simplicity, we assume that men and women receive utilities u; = o + 735 log(c;)
and v; = 7;; + 7i;log(c;), respectively, where the terms o and v capture marital affinities, 7 is a
preference parameter, and ¢; and ¢; are such that ¢; + ¢; = B;;. In this model, the Pareto frontier

is given by

vj = ij + Tijlog <Bij — exp <uz — 7”))
The frontier of the bargaining set is non-linear. Except in trivial cases in which «, v and 7 do not
depend on (7, j), it is not possible find a cardinalization of the utilities such that the frontier is
a straight line of slope —1 for all ¢ and j. Later, we will refer to this model as the exponentially

transferable utility (ETU) model.

Ezample 4 (Matching with private consumption, marital affinities and public goods). Consider
the same setting as in example 3, but assume that couples can decide on a discrete amount of
public good g € G and allocate the remaining income B;;(g;) between private consumption for
the man and private consumption for the woman. Let the utilities received by men and women be
wi = a;j(gk) + Tijlog(c;) and v; = 755(gk) + Tijlog(c;), respectively. The equation of the Pareto

frontier becomes
ui — Vi (9k
vj = max {’Yij(gk) + 735 log (Bij(gk) — exp (2”()>) }
9LEG Tij

The frontier is once again non-linear. The bargaining set is not convex and can be thought of as
the union of many elementary bargaining sets of the type described in example 3.



2 Pairwise bargaining sets

We begin by describing the utility allocations that a matched pair can agree on. We assume that
when a man and a woman match, they decide on an outcome within a feasible (or bargaining)
set of utility allocations. We describe the structure of these bargaining sets, providing an implicit
representation and illustrating our approach with several examples.

2.1 The Pareto efficiency approach vs. the Pareto weights approach

The collective approach to household decision fundamentally relies on the “Pareto efficiency
assumption”, which states that couples make decisions that are Pareto efficient. In this chapter’s
terminology, if F;; is the set of utilities (u;,v;) that are jointly achievable by 7 and j, then i and j
will never pick a pair of utilities (u;,v;) which is Pareto dominated. On figure 1, that means they
lie on the Pareto frontier, which is the solid black line that envelopes the blue set F;;.

While this assumption is arguably plausible, it is often replaced by a stronger “Pareto weights
assumption” which states that couples pick pairs of utilities (u;,v;) which maximize the weighted
sum of the utilities w;;ju; + (1 — w;j) vj over the set F;;. The weights w;; and (1 — w;;) are deemed
the Pareto weights associated with ¢ and j respectively. Geometrically, these points are obtained
by taking the frontier of the convex hull of the feasible set; they are represented in the solid red
line on figure 1. If the feasible set is described by F;; = {(us,v;) : vj < Fjj (u;)} where Fjj(.) is
concave, the chosen utilities will be (u;,v; = Fjj (u;)) such that

Wij

= _Fi/j (ul) )

1*(4)1']‘

which obtains u; as a increasing function of i’s Pareto weight.

While the two approaches coincide in the case where F;; is convex, they are in general not
equivalent, as it is apparent on the figure. There as F;; is not convex, there are points on the
Pareto frontier of F;; which are not on the frontier of the convex envelope conv (F;;). These points
will never be picked by the Pareto weights approach. But far from being a mathematical subtlety,
this can be a serious modeling issue, as we argue in the following example.

Consider the problem of home ownership decision. A couple needs to decide whether to rent or
buy their home. Assume that the feasible set of partners’ utilities (u;,v;) is Fg if they rent, and
.7-'5 if they buy. The unconditional feasible set of utilities is therefore

Fij=FyUFy

which is depicted in figure 1. Here, the set .7-"53 U .7-"5 is not convex, so its Pareto frontier, which
is represented in thick black on figure 1, has some points that are never picked by the Pareto
approach; these points are the points that do not coincide with the red envelope. Yet, which point
is selected on the Pareto frontier is determined endogenously at equilibrium by the other options
that are available to the partners in other potential match. This may perfectly be a point which is
not picked up by the Pareto weights method.

One may respond to that critique by assuming that agents have a von Neumann-Morgenstern
utility and lotteries over .7-“5“ U }“5 , which means in economic terms that partners are allowed to
randomize between buying and renting. In that case, the set of feasible utilities is replaced by its
convex envelope F;7"" := conv (J—“ﬁu]—“ﬁ ), and all points of the frontier of the convexified set can be
picked up this time by the Pareto weights approach. But that approach relies on a bold assumption:

that partners rely on randomization for big decisions (here, home ownership decision, but the



Figure 1: Choice of public goods and randomization

Us

argument, would transpose for other public good decisions within the household, such as fertility,
residential location, labor market participation, etc.), and that such a randomization actually
increases their utility. It is permitted to remain skeptical of the plausibility of this behavioural
assumption.

Throughout this chapter, we shall therefore adopt the Pareto efficiency approach, but not the
Pareto weights approach. We will assume that the household’s bargaining process leads them to a
Pareto efficient solution, but we will not assume that they randomize their decisions, so we will not
follow the Pareto weights approach. Instead, which point of the Pareto frontier will be picked will
be determined by competitive market equilibrium, and which are the multiple outside options that
each partner can considering getting with other potential partners. As we shall see, in the case of
large markets, there is a unique such point.

2.2 Properties of feasible sets

In this section we define the precise requirements that we will impose on the feasible set of utilities.
We suppose that if man i € 7 and woman j € J are matched, they bargain over utility allocations
(ui,vj) € Fij. We call the set F;; a feasible utility set, or bargaining set and make the following
assumptions on the structure of such sets:

Definition 1 (Galichon, Kominers, and Weber 2019). The set F;; is a proper bargaining set if the
three following conditions are met:
(i) Fij is closed and nonempty.



Figure 2: Examples of bargaining sets.

(a) LTU (b) ETU

(¢) Intersection of LTU (d) Union of ETU

(ii) Fij is lower comprehensive: if v’ < u, v’ <w, and (u,v) € F;j, then (u/,v) € Fj.
(iii) Fi; is bounded above: If u, — +oo and v, bounded below, then for N large enough
(un,vyn) ¢ F for n > N; similarly for u,, bounded below and v,, — +0c0.

Figure 2 shows the bargaining sets associated to some of the examples explored in the introduc-
tion. Note that the bargaining sets need not be convex in our framework. We only require the sets
to be closed (which is necessary for efficient allocations to exist) and non-empty, lower comprehen-
sive (which is equivalent to free disposal), nonempty (which along with lower comprehensiveness
implies that if both partners’ demands are low enough, they can always be fulfilled) and bounded
above (which is a scarcity requirement, that rules out the possibility of both partners obtaining
arbitrarily large utilities).

2.3 Distance-to-frontier function

The distance-to-frontier function implicitly describes bargaining sets. It measures the signed dis-
tance of a utility allocation (u,v) to the frontier of the bargaining set F;; along the diagonal, up



to a factor of v/2. The distance is positive if the allocation lies outside the feasible set, negative
if it lies inside the feasible set, and equal to 0 if it lies on the frontier. GKW formally define the
distance-to-frontier function as follows:

Definition 2 (GKW). The distance-to-frontier function Dz, : R? — R of a proper bargaining set
Fij is defined by
Dy, (u,v) =min{z € R: (u - z,v — 2) € Fi;}. (1)

Definition 1 ensures the distance-to-frontier function exists. In addition, it satisfies the following
properties:
Lemma 1 (GKW). Let F;; be a proper bargaining set. Then:
(i) Fij = {(u,v) € R* : D, (u,v) < 0}.
(ii) For every (u,v) € R?, D, (u,v) € (—00, +00).

(i4i) Dz, is >-isotone, meaning that (u,v) < (u',v") implies D, (u,v) < Dg,;(u',v"); and u < o’
and v < V' jointly imply
Dx,;(u,v) < Dg,;(u',0).

(iv) Dz, is continuous.
(U) Dfij(a +u,a+ U) =a+ D}—ij(u‘iv)'

Representing bargaining sets implicitly with distance-to-frontier functions is particularly use-
ful in practice. One important advantage of that approach is that basic geometric operations on
bargaining sets can be expressed as algebraic operations on the corresponding distance-to-frontier
functions. Specifically, the distance-to-frontier function for the union of sets is the minimum of the
corresponding distance-to-frontier functions, and the distance-to-frontier function for the intersec-
tion of sets is the maximum of the distance-to-frontier functions. The following lemma formally
states this:

Lemma 2 (GKW). Assume that Fi,...,Fk are K proper bargaining sets, as introduced in defi-
nition 1. Then:

1. The sets Fy = Uke{l,...,K} Fr and Fn = mke{l,...,K} Fi. are proper bargaining sets,

2. The distance to frontier functions for the sets F, = Uke{l,...,K} Fr. and Fn = ﬂke{l,.‘.,K} Fi
are given by

Dr, (u,v) = min{Dx, (u,v),...,Dr, (u,v)}
Dr. (u,v) = max{Dx, (u,v),..., Dr, (u,v)}.

Using this lemma, we can construct complex models from elementary ones. For example, the
bargaining set in example 2 is the intersection between elementary bargaining sets of the same type
as the ones described in example 1. Similarly, the bargaining set in example 4 is the union between
elementary bargaining sets of the same type as the ones described in example 3.

2.4 Examples

In this section, we revisit examples 1, 2, 3 and 4 presented in the introduction. But first, we discuss
two cornerstone models in the matching literature, namely matching models with transferable
utility and non-transferable utility, and explain how they fit into our framework.



2.4.1 Transferable Utility (TU) models

In the classical TU matching model, it is assumed that the partners generate a joint surplus
®;; = av; +ij, which they split between themselves. Utility is perfectly transferable: if one partner
gives up one unit of utility, then the utility of the other partner increases exactly by one unit. The
Pareto efficient utility allocations (u,v) are such that u + v = ®;;. The bargaining set is

Fii = {(u,0) € R* s utv < @y}, 2)

from which we derive the distance-to-frontier function
u+v— (I)ij

Dij(u,v) = 5

3)

2.4.2 Non-Transferable Utility (NTU) models

In non-transferable utility models, utility is not transferable at all. The maximum obtainable utility
of each partner is fixed and is independent from what the other partner gets. Assuming that when
man ¢ and woman j are matched they bring surpluses «;; and +;;, respectively, the bargaining set
is

Fij = {(u,v) € R? s u < ovij, 0 < 35}, (4)

from which we derive the distance-to-frontier function
D;j(u,v) = max{u — ojj,v — vij }. (5)

2.4.3 Linearly Transferable Utility models

Consider the setting of example 1, with one modification. We assume that besides having workers
pay income taxes (recall that wages are taxed at a rate 7;; on the workers’ side), firms pay social
contributions so wages are taxed at a rate x;; on their side. We let the tax rates 7;; and k;;
depend on both ¢ and j. In this context, if worker 7 and firm j match and set a wage w;j, they
receive utilities u; = ay; + (1 — 735)wij and v; = ;5 — (1 + Ki;)w;j, respectively. The corresponding
bargaining set is given by

Fij = {(u,v) eR?: Aiju + Gjv < ‘I’ij}7

where A\;; = 1/(1 —7;;) >0, G; = 1/(1 + ki) > 0, and ;5 = N4 + (57vi5. We obtain the
J j j J J j ij 37Yij

distance-to-frontier function
)\iju -+ C,-jv — (I)ij

6
Aij + Gij (6)
Note that without loss of generality, we can normalize \;; + (;; = 2, and when \;; = (;; = 1 we
recover the standard TU model.

Di]’ (u, 7}) =

2.4.4 Exponentially Transferable Utility models

Consider the setting of example 3. Recall that when man ¢ and woman j match, they share income
B;; which they allocate to private consumption for the man (¢;) and for the woman (c;), so that
¢; +c; = B;j. Let the man and the woman utility functions be given by

uij(ci) = 5 + Ty log ¢; and Uij(Cj) = Yij + Tij log Cj



where the terms o;; and ~;; capture marital affinities (non-economic gains to marriage). In this
case the bargaining set is

Fij = {(u,v) € R?: exp (u_a”) + exp (v_%j) < Bij}~
Tij Tij

The expression of Dj; is:

exp (u;:j”) + exp (%)
Dij(u, v) = 7ijlog B.. ' (™)
ij

As pointed out in GKW, an interesting property of this exponentially transferable utility model
is that it interpolates between the non-transferable and fully transferable utility models. Indeed,
suppose that B;; = 2, then 7;; — 0 gives the NTU model, while 7;; — +o0 gives the TU model.
Here, we can think of the parameter 7;; as measuring the degree of transferability.

Note that after a nonlinear rescaling, the ETU model can be expressed as a LTU model. Let
7;; = 7, for all pairs (4,7), and let U = exp(u/7) and V = exp(v/7). The utility allocations
(U,V) on the Pareto frontier satisfy the equation U exp(—c;/7) + V exp(—vij/7) = B;j. Letting
Xij = exp(—ay;/T), Gij = exp(—7i;/7) and ®;; = Bjj, the equation describing the frontier rewrites
AijU + G;V = ®@;; with associated distance-to-frontier function

o )\ijU + CijV — CDij

which is the LTU model.

2.4.5 Revisiting example 2

We now reexamine example 2 in light of the LTU model and lemma 2. Recall that in that example,
wages are taxed only on the workers’ side, according to a convex tax schedule.

Let us introduce the quantity ozfj,
ff;r 1 afj + (1 —7%) (tk*1 —¢¥). The utility of a worker receiving gross wage wj; is given by
u; = min{afj + (1 — Tk) wij, k = 0,..., K}, while the utility of the firm is simply v; = ~v;; — w;;.
The bargaining set is

which we define recursively as follows: we let a% = oyj, and

(07

.E-j:{(u,v)ERQ:VkE{O,...,K},ugaZ—i—<1—Tk> (’yij—v)}.

Let }'ZI; ={(u,v) €eR?:u < afj + (1 =7%)(vij —v;)}. We have F;; = ﬂkﬂ@,
set F;; is the intersection of the elementary LTU sets ]-"i’;. Each of these sets has a frontier that is
linear (but not necessarily of slope —1), so that the frontier of the set F;; is piecewise linear. From

lemma 2, we obtain the distance-to-frontier function

u—afy+ (17 <v—%'j>}.

i.e. the bargaining

(8)

ke{0,.... K} 2 — 7k

D;j (u,v) = max {

2.4.6 Revisiting example 4

We now make use of lemma 2 to reexamine example 4. We consider a similar setting to example 4,
but assume that partners must decide on some amount of public good consumption g € G, where



G is a closed set that may be finite or not. In some applications, this set might be discrete, e.g.
in models featuring fertility decisions. Given the chosen amount of public good consumption, we
assume that the partners allocate the remaining income B;;(g) to the private consumption of the
man (¢;) and of the woman (c;), so that ¢; +¢; = B;j(g). Suppose that the utilities received by the
man and the woman are given by

uj(ci, g) = ij(g) + mijloge;  and  vij(cj, 9) = 7ij(g) + 7ijlog ¢y,
respectively. The bargaining set is
Fij = {(u,v) eR?:3g € G, exp <u—OéU@> + exp <U_%J(m> < Bij(g)} .

Let Fij(g) = {(u,v) € R? : exp((u — u5(g))/7i5) + exp((v — 7ij(9))/7i5) < Bij(g)}. Note that
Fij = UgegFij(g), that is, the bargaining set is the union of elementary ETU sets. From lemma 2,
we obtain the distance-to-frontier function

Bij (9)

(9)

D;j (u,v) = 1;16151 75 log

2.4.7 Matching with uncertainty

Consider household bargaining setting similar to that of example 3, to which we add uncertainty.
When man ¢ and woman j match, they share income Bij € R which we assume to be stochastic.
We let ¢; € R and ¢; € R be the contingent private consumptions of the man and the woman,
respectively. For a given allocation of private consumption (c¢;, ¢j), we let U;(c;) and Uj(c;) be the
utilities received by the man and the woman, respectively. We assume that the utility function are
concave, e.g. Uj(¢;) = a;j + 75log(c;) and Uj(cj) = 745 + 7ijlog(c;) as in the ETU model.

Following a collective approach, we introduce Pareto weights to parametrize the frontier of the
bargaining set. We let A be the Pareto weight of the man and 1 — A be the Pareto weight of the
woman. For a given A and income realization B, couple ij solves

Sij()\; B) = max {)\UZ(CZ) + (1 — )\)V](Cj) 1ct ¢y < B}

ci,c; >0
Thus, the bargaining set for that couple is
Fij = {(u,v) cR2: )\m[ax] {)\u +(1-XNv-E [Sij ()\;Bij)} } < ()} :
€lo,1

from which we obtain the distance-to-frontier function

D;j(u,v) = )\Iél[%)i] {/\u +(1-MNv-E [Sij ()\; BU>] } .

)

3 Stable matchings without heterogeneity

3.1 Setting

In our matching framework, men and women can form heterosexual pairs or remain unmatched. If
a man ¢ or a woman j remain unmatched, they receive their reservation utility, denoted U;p and
Vo;, respectively. If man ¢ and woman j match, they bargain over a proper bargaining set F;;.
The indirect payoffs of man 7 and woman j are denoted u; and vj, respectively, and are determined
at equilibrium. Finally, ;;; denote the matching which, like the indirect payoffs, is determined at
equilibrium.
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3.2 From transferable utility to imperfect transferability

In the transferable utility framework, when man i and woman j match, they generate surplus terms
a;j and 75, respectively. The total surplus generated by the pair (7,j) is denoted ®;; = v + vij-
In addition, if man ¢ and woman j match, they agree on a transfer ¢;; from the woman to the man.
This transfer, which can be positive or negative, is determined at equilibrium.

After transfer, the man and the woman receive utilities o;; 4 t;; and v;; — t;;, respectively. The
indirect equilibrium payoffs are given by u; = max;je 7{ci;+ti;,Uso } and v; = max;ez{vij —ti;, Vo; }-
Therefore, for any ¢ and j, the inequalities u; > «a;; + t;; and v; > «;; — t;; hold jointly and we
have u; +v; > ay; + v;5. Additionally, u; > U;o and v; > Vy; should hold for all 7 and j, since
partners can always leave an arrangement if it yields less than their reservation utility. Together,
these inequalities form the well-known pairwise stability conditions. Finally, if ¢ and j are matched
then w; +v; = ay; + ;5. Similarly, if ¢ (j) is unmatched, then u; = Uig (v; = Vo;). These equalities
are known as the complementary slackness conditions.

In the TU framework, we can thus define an individual equilibrium outcome as a triple (u;, us, v;)
that satisfies the following conditions:

(ii) for all 7 and j, u; + v; > @5, with equality if p;; = 1;

(iii) uw; > Ui and vj; > Vyj, with equality if Zj pi; =0 and if ), pui; = 0, respectively.

Now moving on to the imperfectly transferable utility framework, an individual equilibrium out-
come is defined in a similar way to the above, with one key difference: the linear stability condition
from the TU framework is replaced with a nonlinear counterpart. Specifically, at equilibrium,
D;j(uj,vj) > 0 should hold for every i and j. Suppose not: then there would be a pair (7, ) such
that (u;,v;) lies strictly within the feasible set Fj;. Thus, there would exist payoffs (u,v’) such
that « > u; and v' > v; (with at least one strict inequality) and (u/,v") € F;;. This would imply
that ¢ and j could both be better off by matching together. Note that if ¢ and j are matched, we
require (u;, v;) to be feasible, that is D;;(u;, vj) < 0, hence this equation should hold with equality.

This yields the following definition of an individual equilibrium outcome:

Definition 3 (GKW). The triple (jj,ui, vj)icz jes is an individual equilibrium outcome if the
following three conditions are met:

(1) pij €{0,1}, 325 pij < land 30, pi; < 13
(ii) for all ¢ and j, Djj(ui,vj) > 0, with equality if p;; = 1;
(iii) u; > Ujp and vj; > Vyj, with equality if Zj pij = 0 and if ) pi; = 0, respectively.

The vector (uij)icz jes is an individual equilibrium matching if and only if there exists a pair of
vectors (uj, vj)iez jes such that (p,u,v) is an individual equilibrium outcome.

4 Stable matchings with heterogeneity

We now extend our model by assuming that agents can be grouped into a finite number of observable
types, and have heterogeneous (unobserved) tastes. This macroscopic analog of the individual
equilibrium, called the “aggregate equilibrium”, describes the equilibrium matching patterns and
systematic payoffs for each type. We will define this concept in more detail below.
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4.1 Unobserved heterogeneity

Within a given type, agents have similar observable characteristics, but heterogeneous tastes. Let
x; € X denote the observable type of man ¢ and y; € ) denote the observable type of woman j
(see notations in the introduction to this chapter). We assume that the feasible set of utilities F;;
jointly obtainable by ¢ and j is a random set whose stochasticity has the following structure.

Assumption 1. There ezist families of probability distributions (Pg)zcx and (Qy)ycy such that

(i) if i and j are matched, there evists (Ui, Vj) € Fu,y,;, where Fyy. is a proper bargaining set in
the sense of definition 1, such that u; = U; + &iy; and vj = Vj + 0,5,

(it) if i and j remain single, then they obtain utilities ;0 and noj, respectively,
where the random vectors (€;y)ycy, and (Ngj)ecx, ore i.i.d. draws from P, and Q,, respectively.

Note that in the TU case, assumption 1 boils down to assuming that the joint surplus ®;;
can be decomposed into ®;; = Py, + €iy; + 1,5, which is the “additive separability” assumption
commonly found in the literature.

Next, we impose the following assumption on the distributions of the idiosyncratic terms

(€iy)yeyo and (Nzj)zexy, P and Qy:
Assumption 2. P, and Q, have non-vanishing densities on RY and R,

Assumption 2 requires the distributions P, and Q, to have full support and be absolutely
continuous. Full-support ensures that for any pair of types  and ¥, there exist individuals of those
types with arbitrarily large valuations for each other. This implies that at equilibrium, there will
be matches between individuals of all observable pairs of types. Absolute continuity, on the other
hand, ensures that with probability one, both the men and women choice problems have unique
solutions.

4.2 Another parameterization of bargaining sets

Before delving into the concept of aggregate equilibrium and its properties, we introduce an explicit
parametrization of the bargaining frontier, which will prove instrumental in our analysis.

Let Fy be a proper bargaining set and D, be the associated distance-to-frontier function. Let
(u,v) be a utility allocation lying on the frontier of the bargaining set, i.e. such that Dr,, (u,v) = 0.
GKW define the wedge w as the difference w = u — v. They show that there exists two 1-
Lipschitz functions Ur,, and Vr,, defined on a nonempty open interval (wx,, Ws,) such that Uz,
is nondecreasing and Vg, is nonincreasing, and such that the set of utility allocations that are
located on the frontier of the bargaining set is given by {(Ux,, (w),VF,, (w)) : w € (Way, Way)}-
Therefore, these functions provide an explicit representation of the bargaining frontier.

In addition, GKW show that Ur, (w) and Vr, (w) are the unique values of u and v solving the
equations Dr, (u,v) =0 and w = u — v and that they are given by

Ur,,(w) = =D, (0,—w), and Vg, (w) = =D, (w,0). (10)

Building on this explicit wedge parameterization, we introduce the following technical restriction
on the bargaining sets JF,:

Assumption 3. The sets F, are such that for each man type v € X, either all the Wyy, y € YV
are finite, or all the Wyy, y € Y coincide with +00. For each woman type y € Y, either all the wyy,
x € X are finite, or all the wyy, * € X coincide with —oo.
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This assumption, which is needed to ensure existence of an equilibrium, imposes that the max-
imum utility any man or woman can obtain with any partner is either always finite, or always
infinite.

4.3 Aggregate equilibrium

We define an aggregate equilibrium as follows:

Definition 4 (GKW). The triple (tzy, Usy, Vay)zex yey is an aggregate equilibrium outcome if the
following three conditions are met:

(i) p is an interior matching, i.e. u € MY;

(ii) (U,V) is feasible, i.e.

ny(Umyany) =0, Ve e X,y ); (11)
(iii) p, U, and V are related by the market-clearing condition
uw=VGU)=VH(V) (12)

where

GU) =Y nE [fyneaf{ny +ey,cio}| and H(V)=> myE [glg{vmy + Mgy Mot (13)
TEX yey

are the total indirect surplus of men and women, respectively.
The vector (figy)zex yey is an aggregate equilibrium matching if and only if there exists a pair
of vectors (Uyy, Vay)zex yey such that (u, U, V) is an aggregate equilibrium outcome.

Implicitly, the justification for using definition 4 lies in the fact that we are looking for an
individual equilibrium (g5, u;,v;) with the property that there exist two vectors of systematic
utilities (Uyy) and (Vyy) such that if i is matched with j, then u; = Uy,y; + €iy;, and vy = Vi +
Nz,j- Although it might seem restrictive at first glance, GKW demonstrate that: (i) an individual
equilibrium of this form always exists, and (ii) under the additional assumption that the frontier
of the feasible set is strictly downward sloping (which rules out the NTU case, for example), any
individual equilibrium is of this form. We now examine each of the conditions that make up
definition 4.

Condition (i) states that the matching must be feasible and lie in the strict interior of M, i.e.
that fizy > 0, Zyey Pay < Mg and D -y floy < My.

Condition (ii) relates the systematic utilities (Uy,) and (V) through a feasibility condition.
To understand where these systematic utilities come from, let us adapt the definition of an indi-
vidual equilibrium to our framework with parametrized heterogeneity. The triple (15, u;, v;) is an
individual equilibrium outcome when: p;; € {0,1}, Zj pij < 1land Y, pu; < 1; for all ¢ and j,
Dyy,; (wi — €45, 05 — Nay5) > 0, with equality if ;5 = 1; and w; > €;0 and v; > ng; with equality if
> jHij =0 and ), p1;; = 0, respectively. Note that the nonlinear stability conditions read: for any
pair of types z € X and y € ),

min {Dyy(u; — €y, v5 — Nzj)} >0,
1T, =T
JYi=y

which holds with equality if there is a matching between a man of type x and a woman of type y. Let
us define Uyy = min;.,—{u; — iy} and Viy = minj.,. = {v; —nz;}; then the above inequality yields
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Dyy(Usy, Vay) > 0. GKW show that, under weak conditions, this actually holds as an equality,
that is
Diy(Usy, Vay) = 0. (14)

Condition (iii) relates the matching and the systematic utilities through market clearing condi-
tions. It builds on the intuition that the matching problem with heterogeneity in tastes is analogous
to a pair of discrete choice problems, each pertaining to one side of the market. The discrete choice
formulation allows us to relate the vector of systematic utilities (Uyy) and (V) to the equilibrium
matching p such that p, is the mass of men of type  and women of type y who mutually prefer
each other. Note that from the definition of U,y and V,,, we have u; > maxycy{Usy + €iy, €i0}
and v; > maxzex{Vay + N2j, 105}, which can be shown to hold with equality. Thus we obtain the
discrete choice problems

u; = Iyneaa)}({Umiy + ey, €0} and vj = max{Vay, + 105,70}

in which each agent chooses the type of their partner. To obtain the mass of men of type x
demanding a partner of type y and women of type y demanding men of type x, we refer to the
Daly-Zachary-Williams theorem which indicates that these masses are given by 0G(U)/0U,, and
OH(U)/0Vyy, respectively. At equilibrium, these quantities should coincide for all couple types,
that is, VG(U) = VH (V) in vector notation.

4.4 Existence, uniqueness and computation

GKW propose to reformulate the matching model as a demand system to show existence and unique-
ness of an aggregate equilibrium outcome (p, U, V). Recall that the condition Dy (Uygy, Vay) = 0
in definition 4 is equivalent to the existence of wedges W,y = Uy — Vyy such that Uyy = Upy(Way)
and Vyy = Vyy(Wyy). From now on, these wedges will play the role of market prices while the
couple types xy € XY will be treated as goods that are being produced by men and demanded by
women. Interpreting 0G(U(W))/0U,, and 0H (V(W))/0V,, as the supply and demand of the zy
good, respectively, we introduce the excess demand function:

Z(W) := VHV(W)) — VGUW)). (15)

The next step is to find a price vector W such that the excess demand is zero for all goods. GKW
show that such a price vector exists and is unique:

Theorem 1 (Galichon, Kominers, and Weber 2019). Under assumptions 1, 2 and 3, there exists
a unique vector W such that
Z(W)=0. (16)

Finally, we can obtain the unique aggregate equilibrium outcome (u, U, V'), where u, U, and
V' are related to the solution W to system (16) by Uy = Uyy(Way), Vay = Vay(Way), and p =
VG(U) =VH(V) (Corollary 1, GKW).

As the proofs of existence and uniqueness in theorem 1 are instructive, they are succinctly
discussed below.

The proof of existence is constructive, and relies on a Jacobi algorithm. The algorithm’s ability
to produce a solution crucially hinges on the excess demand function Z satisfying the gross sub-
stitutability condition (see GKW, Proposition 3). We now explain intuitively what that condition
means in our setting, by describing what happens when the price Wy, of good zy increases (keeping

14



all other prices constant). First, excess demand for good xy decreases as there is less demand from
women and more supply from men for that good. Second, for women of type ¥, other types of men
become relatively more attractive, hence excess demand for goods z'y (where a’ # x) increases.
Conversely, for men of type x, other types of women become relatively less attractive, hence excess
demand for goods xy’ (where y' # y) increases. Third, the excess demand for good x’y’ does not re-
spond to changes in the price of good zy if 2’ # = and y' # y. Fourth, as W, increases, singlehood
becomes weakly less attractive for all men, and strongly less so for men of type x, while singlehood
becomes more attractive for women. Hence, the excess demand, aggregated over all couple types,
decreases.

The algorithm then works as follows. We start by choosing a vector W? of initial prices, that
are high enough so that excess demand is negative for all couple types zy (i.e. so that Z(W?) <0).
Then, at each step ¢ > 1, we decrease the price of each good zy such that the excess demand for
that good is zero, keeping all other prices fixed (i.e. we set W, to be such that Z(W},, Wf;;) =0).
Gross substitutability ensures that, for all pairs zy, the ij are decreasing while the excess demand
remains negative at every step. GKW show that the sequence Wxty remains bounded below; thus,
it converges monotonically and its limit is a solution to equation (16). The algorithm is described
formally below:

Algorithm 1.
Step 0 | Start with W such that Z(W?) <0.

Step ¢ | For each z € X,y € Y, let W/, solve Z(W}, , W' ) = 0.
The algorithm terminates when sup,, ¢ yyy [WE, — Wh'| <e.

Uniqueness follows directly from the results of Berry, Gandhi, and Haile (2013), which imply
that Z is inverse isotone. By definition, the mapping Z is inverse isotone if, for any W and W’,
Z(W) < Z(W') implies W < W’. The following argument established uniqueness. Suppose there
are two vectors W and W’ such that Z(W) = Z(W') = 0. Since Z(W) < Z(W’'), then W < W".
And since Z(W) > Z(W'), then W > W'. Hence W = W".

5 The ITU-logit model

In this section and the next, we shall work under the assumption of logit heterogeneities. That is,
we assume that P, and Q, are the distributions of i.i.d. Gumbel (standard type I extreme value)
random variables.

While the logit assumption is not required for empirical work, it leads to a very tractable
empirical framework. We will first show how our model can be conveniently reformulated as a
matching function equilibrium model with partial assignment, and then examine some examples.
In the next section, we will show how to estimate these models.

Remark 1 (Beyond the logit case). While the assumption of logit heterogeneities features promi-
nently throughout the remainder of this chapter, it is possible to use the framework with more
general heterogeneities, albeit at the cost of convenience and tractability.

We now provide a concise overview of the steps involved in determining the aggregate equilib-
rium under general heterogeneities. For a given price vector W, we compute the systematic utilities
using the functions U (W) and V(W). We then draw many values of the idiosyncratic terms (e;y)yey,
and (7g;)zex, from the desired distributions (provided that assumption 2 is satisfied) and compute
H(V(W)) and G(U(W)). Recall that in our demand system interpretation, 0G(U(W))/OUy, is the
supply of the zy good, and 0H (V(W))/0V,, is the demand for that good at price vector W. We
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repeat these steps for possibly many values of W until we find the price vector such that excess
demand is zero for all goods on the market (see theorem 1 and surrounding discussions).

5.1 Matching functions

With logit heterogeneities, it is well-known that the systematic utilities U, and V,, can be re-
covered, in closed form, from the matching p. We have, by the classical log-odds-ratio formula,
that Upy = log(fay/pz0) and Vi = log(ftay/poy), which, together with the feasibility condition
Dyy(Uzy, Vay) = 0 yields a relation between fiy, ftz0 and pg,, namely

ny (10g Hzy — log 120, log Moy — log MOy) =0 (17)

which implies log ptzy = —Dgy(—log piz0, —log poy) by the translation property of distance-to-
frontier functions. This gives us
My = Mxy(ﬂxoa HOy)’ (18)

where M, is the matching function associated to the ITU-logit model:

Ma:y(,UJ:cOa ,U()y) = eXp(_Dzry(_ log fi40, — log MOy))- (19)

Although we call that relation a “matching function”, it is important to note that this relationship
between the number of “vacancies” pi.0 and o, and the number of matches pi,, does not exactly
play the same role as matching functions that appear in the macroeconomic approaches to the
labor markets, specifically in the search-and-matching literature, as surveyed in Petrongolo and
Pissarides (2001). There, a matching function specifies a dynamic relationship between matches
and vacancies, with the understanding that the numbers of matches that are formed at the end of
a period are a function of the number of vacancies at the start of the period. In our setting, we
are at equilibrium, and the relation between these quantities is to be understood as a simultaneous
equation between these quantities. Of course, it is possible to bring these approaches closer to
each other when considering stationary equilibria in a search-and-matching market, as sketched in
section 7.7.

5.2 Examples

We revisit some of the examples introduced earlier in the special case of logit heterogeneity. Recall
that the matching function is given by expression (19). By construction, the aggregate matching
functions in this framework are homogeneous of degree 1 in the masses of singles.

In the TU model, the matching function becomes

1/2 1/2 o
May(1120- ftoy) = finh 1) €xD - (20)

The NTU specification with logit heterogeneities yields the matching function

Mxy(,“aco, ,UOy) = min{pz0e™*, MOye%Cy}- (21)

In the elementary LTU model explored in section 2.4, the matching function is

" _ e et Cay 22
Ty (Hm07 ,LL(]y) = Hzo Hoy exp ﬁ ’ ( )
zy zy

Note that we recover the TU matching function whenever A\;, = ¢z = 1.
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Finally, in the case of the elementary ETU model with logit heterogeneity, we obtain the
matching function:

—1/7a —1/7a —Tx
exp(—Qay/Tay)Hy [Ty + eXp(_%ﬂy/Twy),on & y) ’ (23)

M =
Ty (ﬂmOa NOy) ( Bxy

As noted earlier, when B;, = 2 and 7,, — 0, we recover the NTU-logit matching function,
while 7., — 400, equation (23) gives the TU-logit matching function.

5.3 Matching function equilibrium

Matching functions relate 15, to the masses of singles 1,0 and p,. Combined with the require-
ment that u € MY, this yields a system of nonlinear equations that fully characterize the aggregate
matching equilibrium. The concept of matching function equilibrium builds on this idea. Follow-
ing Chen et al. (2023b), we define:

Definition 5 (Matching function equilibrium). The matching patterns iy, tiz0, poy form a match-
ing function equilibrium, if these quantities are related together by (18), and if .0 and po, satisfy
the following system

Ny = Hz0 + Zyey MJJy(MZ‘()a Moy)7 VJI S X

(24)
My = Uoy + ZLEEX Mmy(UmOHU'Oy)v Vyel.

Definition 5 stresses that in the logit case, finding the aggregate equilibrium is equivalent to
solving the system of nonlinear equations (24)—a system of | X |+ |)Y| equations in the same number
of unknowns.

While existence and uniqueness of a solution to this problem follows from theorem 1, it is
instructive to give an alternative proof of the existence part, which is constructive and provides an
algorithm to compute the equilibrium. The algorithm is described below:

Algorithm 2.
Step 0 Fix the initial value of pg, at ,ugy = my.
Step t (t > 1) | Keep the values ,ué;l fixed. For each x € X, solve for the value uf, of pz0
such that the equality .0 + Zyey My (20, ttoy) = ng holds.
Keep the values pl, fixed. For each y € Y, solve for the value y, of pq,
such that the equality pioy + >, c v May(tz0, poy) = my holds.
The algorithm terminates when sup, |uf,, — u6;1| <e.

Algorithm 2 converges to the unique solution to system (24), a result that we formally state in
the following theorem.

Theorem 2. Under assumptions 1 and 3 and logit random wutilities, algorithm 2 converges to a
solution (i, ug,) to the system of equations (24).

The proof of this result is straightforward after noticing that the Mf)y form a decreasing sequence
bounded below by 0. This implies that this sequence converges, which implies in turn that the
sequence !, also converges. Continuity of the matching functions then imply that the limits of
these two sets of sequences are solution to system (24).

In the transferable utility case, the two steps in algorithm 2 can be expressed in closed form;
this algorithm, initially described by Galichon and Salanié (2021), is an extension of the Iterated
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Proportional Fitting Procedure (IPFP), also known as Sinkhorn’s algorithm, popular in the optimal
transport literature.

Algorithm 2 bears an interesting relation with the deferred acceptance algorithm of Gale and
Shapley, where, if the x’s form the proposing side, is such that initially, all the y’s are unassigned;
like in the Gale and Shapley algorithm, the welfare of the x’s keep decreasing along the algorithm,
while the welfare of the y’s keep increasing. Therefore, one may view algorithm 2 as a continuous
counterpart of the deferred acceptance algorithm.

6 Estimation

In this section, we follow a parametric approach and assume that (D,,) belongs to a parametric
family (Dgy) where 6 € R are the parameters of interest. We propose to estimate these parameters
by maximum likelihood. We introduce the likelihood and discuss computational challenges.

6.1 The likelihood

Typically, empirical applications will build on a model that specifies the surplus or payoff functions
of the agents on the market. We gather in the vector 6 the model’s parameters that are of interest to
the econometrician. For a given value of 0, we can construct the bargaining sets .ng and compute
the associated distance-to-frontier functions Dgy. This, in turn, allows us to compute the matching
function, according to equation (19). In the remainder of this section, we will assume sufficient
smoothness on the parametrization, i.e. for each zy € XY, the map (6, u,v) — (Dzy(ux,vy))xy is
twice continuously differentiable from R% x RI*l x RVl to RIFI*VI,

We assume that we have a sample of N i.i.d. draws of household types zy € XY U Xy U Y,
so that we observe the matching i = {{/izy }zycxy, {flz0}zex, {fioy}yey} as well as the margins
(7, m). We let ¢ = (n,m) denote the distribution vector of men and women’s types.

Given 6 and , let (,u%, ,ug;f) be the (unique) solution to system (24). The predicted equilibrium

marriage patterns M% are obtained from

0 0 0, 0,
0 = MO, (125, 1gd)

Letting N?¢ denote the predicted mass of households on the market, the predicted frequency
I1,,(8,¢) of a household of type zy is defined as
07
iy

.y (0,¢) = W (25)

Letting 7 = i/ N , the log-likelihood function is written

(#10,0) = ) #aylog Ty (6, ).

zyeXVo

Note that the margins ¢ can be estimated alongside the other parameters in our framework.
However, our focus is on estimating the parameters 6. Thus the margins are nuisance parameters
and we propose to replace these by the consistent estimator A7, where A is the matrix such that
Ap = (.

The next theorem unpacks the likelihood function and provides an expression for the variance-
covariance matrix for the parameters 6.
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Theorem 3 (GKW).
(i) The log-likelihood is expressed using

—1 (7|6, A7) Z nyDe ugg,vy + Z Faoud + Zﬂ'oyv +log N (6, An), (26)
TYeX xy zeX yey
where the quantities ul = —loguzo and vg = —log,ugy form the unique pair of vectors (u,v)

solution to

{exp(—um) + D ey exp(—Dzy(ux, vy)) = Mg (27)

exp(—vy) + X pex exp(=DY, (uz, vy)) = 1iy.

(ii) Letting 0 be the mazimum likelihood estimator, N'/2(0 — 0) = N(0,Vy) as the sample size
N — 400, where the variance-covariance matrix Vy can be consistently estimated by

Vo = (T11) " (T12) AV AT, (T11) Y, with Vi = diag(n) — wr’ (28)

where T11 is the Hessian® of —1(#|0, () with respect to 6 and Tio is the matriz of cross-derivatives
of —=l(7|0, ) with respect to 0 and C.

6.2 Estimation and computational challenges

Following GKW and Chen et al. (2023b), we present two estimation approaches and discuss some
related computational challenges.

In the so-called “nested approach” to estimation, we estimate 6 with the following steps: (i)
pick a value of 6 ; (ii) compute the unique pair of vectors (u,v) solving system (27), (iii) evaluate
the log-likelihood and (iv) update the value of 6 (e.g. using the gradient of the log-likelihood).
According to this approach, the vectors (u,v) are endogenous equilibrium quantities solutions to
the system of equation (27) that need to be determined for each value of 6.

The success of the nested approach hinges on our ability to solve system (27) efficiently (specifi-
cally, at step (ii) of the procedure described above). Fortunately, it turns out that there is a simple
iterative procedure that will achieve that, which we have already formally described in algorithm 2.
Importantly, under our main assumptions, algorithm 2 (adapted to the notations of theorem 3)
converges toward the unique solution to (27) and always provides the solution, unlike more tradi-
tional methods such as the Newton descent. Whenever the distance-to-frontier function is known
in closed form, algorithm 2 can also be very fast. Galichon and Salanié (2021) show that in the
TU-logit case it is even possible to obtain closed form expressions for the solutions u and v at
each step of the algorithm, a result that we recall in remark 2 below. If, on the other hand, the
distance-to-frontier function is not known in closed form, then algorithm 2 can be slow and the
nested approach to maximum likelihood estimation is not recommended. Finally, note that to ease
computations (specifically, at step (iv) of the nested approach to estimation), there is an analytic
expression of the gradient of the log-likelihood, see e.g. Chen et al. (2023b).

An alternative approach is to treat (u,v) as exogenous parameters to be estimated alongside 6.
This is in line with the Mathematical Program with Equilibrium Constraints (MPEC) approach.
In this case, we solve

max [(7]6, u,v, A7) (29)

6,u,v

3We operate under the assumption that Z;; is invertible. The partially identified case when this matrix is no
longer invertible requires specialized techniques, which are not the focus here.
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0 .
subject to exp(—tq) + Zy@’ exp(*D;y(ux’ vy)) = iy
eXp(—Uy) + ZwGX eXp(_ny(uaﬂa 'Uy)) = My.

where the expression of I(7|0, u, v, () is analogous to equation (26), except that u and v are param-
eters. This approach consists in maximizing the likelihood under the equilibrium constraints that
the system of equations (27) represents.

Remark 2 (Simplifications in the IPFP algorithm). Following Galichon and Salanié (2021), we
recall how in the TU-logit model one can obtain closed form expressions for the solutions v and v
at each step of algorithm 2. The system of equations (27) rewrites

Y, —uz— .
exp(—ug) + D, cy €xp (M) = iy

@gy—ux—vy N
exp(—vy) + D cx XD <72 ) = 1.

that is

{Ag + 24, K, = fiy
BZ + 2By K, = 1,

where we have A; = exp(—uz/2), Ky = (1/2) 3, ¢y exp(—(vy — @%)/2), By, = exp(—vy/2) and
Ky = (1/2) > cxexp(—(uz — <1>§y)/2). Thus, we can directly solve for A, and B, (and therefore
for u, and vy) since

Ay =+/n, + K2— K, and

By = \/my, + K2~ K,.

Remark 3 (Augmenting the likelihood). In both the nested and MPEC approaches, we have con-
structed a likelihood function that only uses the information contained in the matching patterns.
However, in many applications, solving for the distance-to-frontier function to obtain the predicted
marriage patterns will also return predictions for other decision variables included in the model.
If the data contains information about these variables, then the likelihood function can be aug-
mented to account for that information. Consider for example the ETU-logit model. Suppose we
parametrize oy and 7.y, and store the parameters in the vectors 6, and 0., respectively. Let 7 de-
note the vector of the 7,,,. The parameters to be estimated are gathered in the vector 6 = {0, 60, 7}.
For a given value of 6, let u’ and v? be the unique solution to (27) and pf the vector of predicted
matching patterns. For couple type xy, the predicted private consumption of the man is given by
exp((log ,ugy +uf — agy) /Txy) while that of the woman is given by exp((log ,uzy + vg - %?jy) [Tay). If
private consumption is observed (with some measurement error) by the econometrician, then this
information can be incorporated into the likelihood function.

7 Remarks and discussions

7.1 Positive assortative mating

Positive assortative mating (PAM) is well studied in the TU case. There, supermodularity of the
surplus function ensures positive assortative mating. In the context of imperfectly transferable
utility models, assortativeness has been studied in e.g. Legros and Newman (2007), Chiappori and
Reny (2016), Chade and Eeckhout (2017) and Chiappori (2017). We now explore some of these
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ideas, following a similar approach to that of Chiappori (2017, chapter 7). For simplicity, we will
assume that men and women differ along a single dimension z € R and y € R, respectively. Let
V(z,u(x),y) denote the maximum utility a woman y can receive when matched with man z set
to receive utility u(z), and let F(z,y) = V(z,u(x),y). A woman y chooses her preferred man and
receives payoff

v (y) = max F (z,y)

which yields the first order condition
O F (2, T (x))=0

where T'(.) is the assignment rule. Thus 0,V (z,u(x),y) + 0,V (z,u(x),y)u (x) = 0, hence

u (z) = — %V(@.ul®).v) - gince the first order condition holds for all x, then differentiating a second
IV (z,u(z),y)

time with respect to  yields 07, F (z,T (x)) + 82, F (z,T (x)) T' (z) = 0, that is

(z)

02, F (x,T (v
x

T
! —
T(z) = 92,F (x,T (

)
)
From the second order condition, 97, F (z, T (z)) < 0, thus T” (z) is of the same sign as 82, F (x, T (x)),
that is, we have PAM whenever

As pointed out in Chiappori (2017), this restriction is a generalization of the famous Spence-
Mirrlees condition. In particular, in the TU case where V(z,u(x),y) = ®(z,y) — u(z) (where
®(z,y) denotes the marital surplus), we have 0,V (z,u (z),y) = 0 and equation (30) boils down
to the usual supermodularity condition on the surplus function. In addition, note that having
92,V (z,u(x),y) > 0 (i.e. women prefer high-type men, even more so when they are high-type
themselves), 0,V (x,u (z),y) > 0 and 0y, V (x,u (z),y) > 0 (i.e. it is easier for high-type women
to bid for men as the frontier is flatter) would result in PAM, unsurprisingly.

02,V (z,u(z),y) — 0wV (z,u(x),y) >0 (30)

7.2 Comparative statics

In this section we examine how changes in exogenous parameters affect the matching numbers 1.,
and the equilibrium utilities Uy, and V,,. The framework can be used to obtain comparative statics
results that are relevant in many applications, e.g. to study the impact of a change in the distance
function or in the parameters of the underlying model (for example, a change in the quantities «
and 7 in the examples of section 2.4). For the sake of brevity, we will only study the effect of
changes in the distributions of characteristics of the populations.

We start by introducing an aggregate matching equation, which is a useful reformulation of
the system of equations in definition 4. Building on this reformulation, we derive the comparative
statics results.

7.2.1 Aggregate matching equation

The aggregate matching equation formulation consists in rewriting the the system of equations in
definition 4 as a simpler system of equations that only depends on the matching p. To achieve this,
we introduce the Legendre-Fenchel transform (a.k.a. convex conjugate) of G and H:

G*(u) = sup {Z,unyxy - G(U)} and H*(v) =sup {Z VayVay — H(V)} . (31)
U Ty 4 Ty
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Under smoothness assumptions (that hold here given assumption 2), results from convex analysis
(see Rockafellar 1970) indicate that

u=VGU) <= U=VG* (p) andv=VH(V) < V =VH"(v).

Using these results, we can express U and V' as functions of u and substitute these out in the system
of equations in definition 4. Equilibrium can then be characterized by a set of |X'| x |Y| equations
that only depends on p. GKW conclude that a matching u € MY is an aggregate equilibrium
matching if and only if

D, ((96’*(#) OH* (p)

) =0forallz e X, y e ). 32
Ottary 3uxy> (32)

(see GKW, proposition 1).

7.2.2 Change in populations

Building on this reformulation, we provide comparative statics results, which allows us to predict
the vector of change in ¢,y in the number of matched pairs at equilibrium as a function of the
change in the number of men and women of each types, dn, and ém,. From the expression of d,
we can recover the expression of the systematic utilities at equilibrium 6U and V.

In order to do this, we shall use the vectorized elements u, U and V and use the following
notations. First, ou, 6U, and 6V are the doubly-indexed vectors whose (zy)-th entry are re-
spectively Opizy, 0Uyy, and 6Vy. Then, we let 9,D (resp. 0,D) be the doubly-indexed matrix
whose (zy) (z'y)-th entry is 0,Dgy (resp. 0yDgy) if z = 2’ and y = y/, 0 otherwise. We denote
9*G* (resp. 0°H*) the doubly-indexed matrix whose (zy) (2'y')-th entry is 9>G* (1) /OpayOpizry
(resp. O*H* (11) /OptayOpzryy). Finally, we let “ " (resp. “5m) be the doubly-indexed vector whose
(xy)-th term is fizy0ns /1y (resp. u$y6my/my)

Using these notations, we now focus on the effect of a change in the population on the equilibrium
outcome. As Becker (1993, pp. 120-122) puts it:

“[...] An increase in the number of men of a particular quality tends to lower the
incomes of all men and raise those of all women because of the competition in the
marriage market between men and women of different qualities.”

We formalize this Beckerian intuition in the following result.

Theorem 4. Suppose assumptions 1, 2, and 3 hold and let (u, U, V') be the unique equilibrium out-

come. Assume that n and m are changed by some infinitesimal quantities dn and dm, respectively.
Then:
(i) The change in u is given by

m

(ii) The changes in U and V are given as a function of du, én and dm by
) )
U = (°G¥) <5u - “”) and 5V = (92H*) ((m - ’“‘m) . (34)
n m
(iii) In particular, under transferable utility, equation (33) becomes

m
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To clarify the structure of our comparative statics, we look at an example with logit unobserved
heterogeneity and no observable heterogeneity.

Ezample 5 (Comparative statics). Consider an ITU-logit model and assume that there is only one
type of man and one type of woman. Let u be the number of married couples. In this case, the
systematic part of the equilibrium utilities of married men and women are U = log i/ (n — p) and
V =logp/ (m — p), and 9*G* = ﬁ and O?H* = ”(TZL’LH). Then, equation (33) simplifies to

OuD (m — p) én+ 0,D (n — p) dm

o = .
a MﬁuD(m—,u)njL&;D(n—,u)m
We have 5 5 5
7“:97”_1_(1_9)7’”’
7 n m
where we take
OuD (m —p)n

0=

OuD (m — p)n+0yD (n—p)m’
Thus, we can compute that

o =170 (‘Sm—‘;”) and 5V = (M—am>

n—pu m n m—p\n m

from which we see that if ‘%m > %" (i.e., if the women’s relative increase in population is larger
than the men’s), then the systematic utility of men increases, and the systematic utility of women
decreases. (The converse is also true.)

Finally, we consider the effect of the change in population supplies on the average welfare of a
man of type z and a woman of type y, defined as

uy = G, (U) and vy = Hy (V)
We obtain the following result:

Corollary 1 (Unexpected Symmetry). Maintain assumptions 1, 2, and 3. Assume that the popu-
lation numbers vary by dn and dm. Then the “unexpected symmetry” result of Decker et al. (2013)
holds within men and within women, namely

Ouy  Ouy
Ong  Ong

and Ovy . 8’Uy/ )

- Y
omy,  Omy
however, symmetry does not necessarily hold across men and women, i.e.

vy
on,’

Ouy

does not always coincide with
omy

even though it does in the TU case.

7.3 Equilibrium vs optimality

One of the many appealing properties of TU is the fact that equilibrium and optimality coincide.
We shall discuss this statement in greater detail, both in the case with and without heterogeneity,
and contrast with the ITU case.
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In the case without heterogeneity, it is well known that the TU matching model can be refor-
mulated as an optimal assignment model (or problem), in which a social planner maximizes total
surplus under feasibility conditions on the matching. The optimal assignment problem is written
as a linear programming problem, in which the complementary slackness conditions for optimality
coincide with our equilibrium conditions. This is specific to the TU case, however ; in the ITU case,
equilibrium conditions are not, in general, the first-order conditions associated to an optimization
problem. That is, equilibrium cannot be interpreted as the solution to some welfare maximization
problem.

In the case with unobserved heterogeneity, things are no different. Recall that a matching
€ MY is an aggregate equilibrium matching if and only if

p. (96" (w) OH(u)
YN\ Otay T Optay

):Oforallme)(,yey. (35)

which, in the TU case, boils down to
VG () + VH () = 0. (36)

It turns out that equation (36) coincides with the first order conditions associated with the following

welfare maximization problem
ml?x {Z ,uasy(I)zy -& (M)} 9
zy

where £ := G*4+H* is an entropy penalization term. This is again a specific feature of the TU model.
In general, equation (35) cannot be interpreted as the first-order conditions of an optimization
problem because the Jacobian of the function defined by the left hand-side of equation (35) is not
symmetric.

7.4 Unregularized case

In the case when there is no heterogeneity, but when individuals are clustered into types z € X for
the men and y € Y for the women, definition 3 has a straightforward extension which is summarized
into table 1 below. An equilibrium outcome is a vector (u,u,v) solution to this set of equations.

Variable | Constraint Complementarity
Pay = 0 Dyy (ug,vy) >0 ny HayDay (uz,vy) =0
fz0 = 0 Uy > 0 Z:):EX HazoUy = 0

Hoy = 0 vy >0 Zygy HoyVy = 0

Ug Zy Moy T Hz0 = Ng NA

Uy Zy Pay + pzo = My | NA

Table 1: Equilibrium matching with imperfectly transferable utility

As one can see on table 1, the first column contains the variables (“primal” or quantity-like y,
as well as “dual” or price-like u and v), the second contains the corresponding constraints, and the
third column represents the complementary slackness condition. In the TU case, these relations
are simply the optimality conditions associated with a linear programming problem; in the general
ITU case, one loses the reference to optimization.
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Several approaches exist to prove that an equilibrium outcome (u,u,v) exists. When n, = 1
and m, = 1 for all  and y, Kelso and Crawford (1982)’s approach consists in discretizing the set
of v, into a finite set of possible values v; =0< UZ <. < fuf and consider a deferred acceptance
algorithm where the 2’s propose. In an initial round, the v,’s are set to their smallest value v; =0.
Each z then makes an offer to the y maximizing u,, where u®  is such that Dgy (uk vk). If noy

x xy
received more than one offer, the algorithm stops. If some y’s zre made more than oyne Z,(’)ffer, then
the values of v, for these y go up by one step, and the proposal phase is repeated. The algorithm
runs in that way until each y receives at most one offer. Hatfield and Milgrom (2005) provide a
reformulation of Kelso and Crawford’s algorithm in lattice-theoretic terms.

Scarf (1967) using a combinatorial lemma which also provides a computational argument. The
idea behind Scarf’s argument is to look for two basis of variables. First, a basis that guarantees
primal feasibility, meaning that all the constraint that only involve u in table 1 are satisfied; such
a problem alone is not difficult. Second, a basis that guarantees dual feasibility, which deals with
all the constraints in table 1 involving variables u and v only; again, this problem alone is not
hard. As shown by Scarf, the problem of complementarity consists of ensuring that these two basis
coincide. Scarf shows that it is quite straightforward to construct a primal feasible basis and a dual
feasible basis that have all but one element in common. He then proceeds to show that a pivoting
algorithm in the spirit of Lemke and Howson (1964) algorithm initialized on these overlapping basis
necessarily terminates when the two basis coincide.

In Galichon, Kominers, and Weber (2015), it is shown that the proof of existence of a solution
to the unregularized problem described in table 1 can be deduced very simply from the existence
of a solution to the regularized problem of section 4.3. Indeed, one can show that if we take as
function My (120, ftoy) = exp(—Day(—log ppo, — log poy) /o), which recovers (19) when o = 1, a
matching function equilibrium exists for any value of ¢ > 0, and when o — 0, the solution to
the matching function equilibrium problem tends to a solution to the unregularized equilibrium
matching problem.

Other approaches to the existence of an equilibrium matching outcome exist. Alkan (1989)
studies existence in this problem using a continuation method starting from the TU case. Alkan
and Gale (1990) use a non-constructive topological argument.

7.5 Full assignment

In all the models examined so far, agents on the market had the option to remain single. We call
these models matching models with partial assignment (Chen et al. 2023b). In this section, we
discuss matching models with full assignment instead, i.e. models in which agents are not allowed
to remain unmatched.

For simplicity, we will use the ITU-logit model once again. Full assignment implies that
Yopex N = Zyey my, i.e. there is an equal mass of agents on both sides of the market since
all must match. While it is no longer possible to recover the systematic utilities U, and V,, from
the matching patterns, one can show that

Uzy = log iy + a; and Vi = log pizy + by

where a, and by, play the role of fixed effects and are given by a, = —log}_, y exp(Uszy)/ne and
by = —log ) . crexp(Vay)/my. The feasibility condition Dyy(Usy, Vay) = 0 from definition 4 yields
log ftzy = —Dgy(az, by) from which we obtain the matching function M,, which relates the mass of
matches of type zy to the fixed effects a, and by, that is

My = Mmy(am by)
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where Mgy (az,by) = exp(—Dgy(ag,by)). The analog to the matching function equilibrium with
partial assignment in the full assignment case is given below:

Definition 6 (Chen et al. 2023a). A matching function equilibrium model with full assignment
determines the mass ji,,, of xy € XY matches by an aggregate matching function which relates ji.,
to the fixed effects a, and b,, that is

Mzy = Mxy(aza by)a

where the fixed effects a = {a,}zex and b = {b,},cy satisfy a system of nonlinear accounting
equations
{nm =Y ey May(as,by), V€ X, -

My = ZCEEX sz(amby% v (IS y

Note, however, that there is some dependency in system (37), since by assumption )y 1, =
> ey My and by construction >, >° ey May(az,by) = >y > pcx May(as, by) for any (a,b).
Therefore, existence and uniqueness of an equilibrium in matching function equilibrium models with
full assignment is all but guaranteed. However, it turns out that under some mild conditions on the
matching function M,, (namely, continuity, strict isotonicity and appropriate limiting behavior),
an equilibrium exists. In addition, under normalization of one of the a, or b,, that equilibrium is
unique?. Therefore, like the partial assignment models, full assignment models are well suited for
empirical work, where the estimation methods introduced in section 6 can be used.

7.6 Non-transferable utility

In this chapter, our definition of non-transferable utility yields the bargaining sets
Fij = {(u,v) € R? : u < aj, v < 735}

Unlike traditional NTU models, we allow for utility burning. That is, if ¢ and j are matched,
then u; < oy; and v; < 7;;, when at least one of these inequalities holds as an equality, but not
necessarily both. In our model, the stable payoffs are not necessarily the (only) efficient allocation
(cij,vij)- A possible justification for allowing utility burning is that if agents on one side of the
market are relatively scarce, then the agents on the other side of the market can engage in wasteful
competition, which decreases their utility.

Despite these differences, there is a connection between the NTU stability concept defined in
this chapter and NTU stability as it features in the existing literature. In fact, Galichon, Hsieh, and
Sylvestre (2020) shows that when there is one agent of each type, our notion of NTU equilibrium
exactly coincides with traditional NTU stability.

The connection breaks however when there are more than a unit mass of agents per observable
type, or when there is unobservable heterogeneity, as in our empirical framework. This explains
why the matching function we obtain in the NTU-logit case differs from others in the literature.
For example, in Dagsvik (2000) and Menzel (2015), the matching function, which is based on
conventional NTU stability, is given by gy = pzopoye®=7=v. In contrast, recall that our matching
function in the NTU-logit case is pizy = min{puz0e®*¥, poye?¥}. In the first case, the underlying
model is that men and women receive utilities o, + €;; and 7y + 7;;, respectively, where €;; and
7;; are i.i.d. type I extreme value distributed shocks. In the second case, the underlying model is

“Uniqueness holds under more general normalizations on (a,b), as demonstrated in Chen et al. (2023a).
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that partners receive utilities agy — wg, + €y and yay — w;’y + 7)zj where both wg, and w;y are
nonnegative and at least one of these terms is equal to 0 and ;, and 7,; are i.i.d. type I extreme
value distributed shocks. Note that the NTU model in Dagsvik-Menzel features i.i.d. preference
shocks over individuals, while our model features preference shocks over types. Therefore, the
matching function from Dagsvik-Menzel is not positive homogenous of degree one: as the mass
of individuals per type increases, the fraction of married individuals increases, whereas it remains
constant in our model.

7.7 Search-and-matching

The distance function approach allows one to generalize the search-theoretic framework of matching
with search frictions a-la Shimer and Smith (Shimer and Smith 2000) from the TU to the ITU case.
In that paradigm, at each time pairs xy meet according to some Poisson process and both agents
decide whether to match or not. Both have a reservation utility associated with not matching which
is endogenously determined as the option value of waiting for a better match.

More precisely, we consider a continuous-time model where agents discount the future with rate
r. An unmatched man of type x experiences random meetings with women of type y as a Poisson
process arrival of intensity pjpigy; similarly, an unmatched woman of type y experiences random
meetings with men of type x as a Poisson process arrival of intensity ppu.o. Matches between type
x and type y are exogenously destroyed as a Poisson process of intensity 9.

Let U, be the intertemporal value of being type unmatched of type x. We assume that if an
agent of type x is matched with a type y, then its intertemporal value is U, + Sgy, with Sy, > 0.
Similarly, we let V,, be the intertemporal value of being type unmatched of type y, and we assume
that if an agent of type y is matched with a type x, then its intertemporal value is V, 4 S, with
Syz > 0. In a match between z and y, the partners will respectively get (ugy, vzyy) which is on the
frontier of F,, at each period until a match is dissolved therefore the Bellman equation of men of
type & matched with women of type y is

r(Ug + Szy) = Ugy — 0Say,
r (Ve + Syz) = Ugy — 0y

and thus wgy = rU; + (r 4+ 0) Szy and vgy = 17V + (r + 0) Syz. But as (ugy, vyy) is on the frontier
of Fuy, Dyy (ny, U{L‘y) = 0, and therefore

Dy (rUyz + (14 0) Sy, rVy + (r +6) Syz) = 0.

Given that (rUs, V) is the threat point in this bargaining game, if one assumes Nash bargain-
ing, one has S;, = Sy, and therefore

_ Dy (rUyz,mVy)
(r+9)
Therefore, agents match if Sy, > 0, that is if Dy (rUs,7Vy) < 0. Letting u, = rU, and

vy = rVy, one can write the Bellman equation associated with unmatched agents of type = and y,
respectively

Sey =

Uy = p Z oy max {0, —Dgy (uz, vy) } (38)
yey

vy = p Z o Mmax {0, —Dyy (g, vy) } (39)
reX
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and steady state on the flows of xy matches yield the matching function
Hay = gHIONOyl {Day (uz,vy) <0} (40)

where the involved unknowns are subject to

Ng = M0+ Z gﬂ:cO,UJOyl {D:cy (uwv vy) < 0} (41)
yey

my = oy + Z gﬂxONOyl {Dazy (uz, vy) < 0} (42)
zeX

We can therefore extend Shimer and Smith’s definition of a steady-state search equilibrium from the
TU to the ITU case: such equilibrium is an outcome (pzy, f120, Loy, Uz, Uy) satisfying equations (38)
o (42) above.

8 Related literature

In the following section, we provide a brief overview of the literature on, or connected to, matching
models with imperfectly transferable utility.

Transferable utility. At one end of the spectrum are matching models with (perfectly) transfer-
able utility. Koopmans and Beckmann (1957) is one of the earliest paper to study the assignment
problem and its formulation as a linear programming problem. Shapley and Shubik (1971) studies
assignment games, with a particular emphasis on the core of such games. Becker (1973) is one of
the early application of the assignment problem to marriage markets. Many of the fundamental
results from that early literature can be found in Roth and Sotomayor (1990, chapter 8), Galichon
(2016, chapter 3) or Browning, Chiappori, and Weiss (2014, chapter 7).

Non transferable utility. At the other hand of the spectrum are non transferable utility models.
The classical NTU model is studied in Gale and Shapley (1962), along with the deferred-acceptance
algorithm that produces a stable matching for such matching markets. NTU models are covered
in detail in Roth and Sotomayor (1990). Galichon, Hsieh, and Sylvestre (2020) examine a NTU
framework with utility burning, and therefore provides a comprehensive analysis of the connections
between this chapter’s treatment of NTU models and the classical NTU model.

Imperfectly transferable utility. Several researchers have explored the theory of ITU matching,
including Crawford and Knoer (1981), Kelso and Crawford (1982), and Hatfield and Milgrom
(2005). These studies have identified conditions and algorithms for finding competitive equilibria
outcomes in ITU matching markets and have studied the structure of the sets of equilibria.

Other notable contributions to ITU matching theory include the work of Kaneko (1982), Quinzii
(1984), Alkan (1989), Alkan and Gale (1990), Gale (1984), Demange and Gale (1985), and Fleiner
et al. (2019). The papers provide results on the existence of equilibria and analyzed properties
of the core. Pycia (2012) features a many-to-one ITU matching framework, and characterizes the
sharing rules that lead to pairwise alignment of preferences and existence of equilibria.

More recently, N6ldeke and Samuelson (2018) examined connections between abstract notions
of convexity and matching with ITU, while Greinecker and Kah (2021) analyzed the notion of
pairwise stability in a ITU framework with a continuum of agents.

Distance-to-frontier functions. The approach of describing bargaining sets via distance-to-
frontier functions draws its inspiration from the literature on directional distance functions and
efficiency in production, see e.g. Deaton and Muellbauer (1980), Chambers, Chung, and Fire
(1998), and Parmeter and Kumbhakar (2014).
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Ezistence and uniqueness results. The methods introduced in this chapter to establish existence
and uniqueness of an equilibrium are based on the notion of gross substitutability, which features
prominently in Kelso and Crawford (1982) and in the literature on demand inversion problems, e.g.
Berry, Gandhi, and Haile (2013). Other approaches to establish existence of an equilibrium in the
unregularized case include Scarf (1967), Kelso and Crawford (1982), Alkan (1989), Alkan and Gale
(1990) or Hatfield and Milgrom (2005), as discussed in section 7.4.

In our setting, uniqueness also hinges on the full support assumption, for similar reasons that
uniqueness arises in continuum matching settings, as in Chiappori, McCann, and Nesheim (2010)
in the TU case or Azevedo and Leshno (2016) in the NTU case. Other papers have followed a
different approach, e.g. Galichon and Salanié (2021) rely on convex optimization, albeit in the TU
case.

Our reformulation of the matching model as a demand system is in the same spirit as Azevedo
and Leshno (2016) in the NTU case without unobserved heterogeneity. Recently, Chen et al. (2023a)
follow a similar approach (with a supply system) to provide existence and uniqueness results in the
full assignment case.

Assortative mating. Our treatment of assortative mating in the ITU case follows Chiappori
(2017, chapter 7). Legros and Newman (2007) studies assortativeness in ITU models, provides
conditions under which PAM arises, and discuss applications to matching under uncertainty with
risk aversion. More recently, Chiappori and Reny (2016) considered a similar setup with risk
sharing, while Chade and Eeckhout (2017) extended the setting of Legros and Newman (2007) to
the case where agents have different risky endowments.

Empirical frameworks. Choo and Siow (2006)’s seminal work in the TU case exploits (logit)
heterogeneity in tastes for identification purposes, building on the insights of McFadden (1974).
They were also the first to realize the analytical convenience of the separability assumption, which
decomposes the joint surplus into a systematic component and unobserved heterogeneity compo-
nents. Many papers have followed in the steps of that paper, e.g. Fox (2010), Chiappori, Oreffice,
and Quintana-Domeque (2012), Dupuy and Galichon (2014), Chiappori, Salanié, and Weiss (2017),
Ciscato and Weber (2019) and Galichon and Salanié (2021), among others. In the NTU case, sev-
eral papers have used a similar strategy, e.g. Dagsvik (2000), Menzel (2015), Hitsch, Hortagsu, and
Ariely (2010) or Agarwal (2015). In the ITU case, the literature is much more sparse. To the best
of our knowledge, Galichon, Kominers, and Weber (2019) was the first paper to provide a tractable
empirical framework for matching with ITU.

Finally, the ITU-logit model presented in this chapter is reminiscent of the demography lit-
erature on matching functions, e.g. Schoen (1981). In economics, matching functions have been
studied in detail in Siow (2008), Mourifié (2018) and Mourifié and Siow (2021). Chen et al. (2023b)
define and study the properties of matching function equilibria, which consists of a behaviorally
coherent matching function and accounting constraints, and encompasses many models in this
literature.

Estimation and computation. Estimation of the ITU-logit model by maximum likelihood is
described in Galichon, Kominers, and Weber (2019). Chen et al. (2023a) and Chen et al. (2023b)
discuss the estimation of matching function equibria models (with full assignment and partial
assignment, respectively) by maximum likelihood. Algorithm 2 used in those papers is reminiscent
of the iterative projective fitting procedure algorithms used in other literatures under different
names, see Idel (2016) for a review. In the TU-logit case, algorithm 2 simplifies as shown in
Galichon and Salanié (2021) and reminded in remark 2. The MPEC approach to estimation draws
from the works of Dubé, Fox, and Su (2012), Su and Judd (2012), and Pang, Su, and Lee (2015).

Marriage markets. The collective approach to household decision making, introduced in Chiap-
pori (1988), Apps and Rees (1988) and Chiappori (1992), assumes that decision makers in household
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bargain and take Pareto-efficient decisions (see Del Boca and Flinn 2012, for a discussion on the
efficiency assumption). This approach has spurned a vast theoretical and empirical literature and
collective models have quickly become a cornerstone of family economics (see Browning, Chiap-
pori, and Weiss 2014, for a review). However, in these models, both household formation and the
allocation of bargaining power are taken as given. Therefore, a growing literature has attempted
to embed collective models into matching models of the marriage market in order to endogenize
family formation and the allocation of bargaining power. Most of the early papers reconciling the
collective and matching approaches have done so in the TU case, e.g. Iyigun and Walsh (2007),
Chiappori, Iyigun, and Weiss (2009), Choo and Seitz (2013), Chiappori, Dias, and Meghir (2018)
(see also Browning, Chiappori, and Weiss 2014, chapters 8 and 9 for a review). In the ITU case,
Chiappori (2012) provides an illustrative example on how to embed a collective model into a match-
ing framework (see also Chiappori 2017, chapter 7). Galichon, Kominers, and Weber (2019) provide
an empirical matching framework with I'TU and features several examples inspired by the collective
approach. Weber (2022) discusses further the connection between collective models and ITU mod-
els, and characterizes “proper” collective models that can be embedded in the empirical framework
described in this chapter. Reynoso (2023) extends the framework to incorporate a life cycle model
and provides an application.

While the framework introduced in this chapter is frictionless, other papers in the search and
matching literature have examined the connection between collective models and marriage mar-
kets. For example, Goussé, Jacquemet, and Robin (2017) focuses on the TU case while Coles and
Francesconi (2019) considers the ITU case and provides an application with NTU.

Finally, other papers in the literature have followed a completely different approach, e.g. Cher-
chye et al. (2017) derive Afriat-style inequalities from stability conditions on the marriage market to
obtain bounds on intra-household sharing rules, which describe how resources are allocated within
households.

Labour markets. Dupuy et al. (2020) studies an I'TU matching problem with linear taxes and
provides comparative statics results, as well as an application to the college-coach football labour
market.

30



References

Agarwal, N. (2015). An empirical model of the medical match. American Economic Review, 105(7),
1939-78.

Alkan, A. (1989). Existence and computation of matching equilibria. Furopean Journal of Political
Economy, 5(2), 285-296.

Alkan, A., & Gale, D. (1990). The core of the matching game. Games and Economic Behavior,
2(3), 203-212.

Apps, P. F.; & Rees, R. (1988). Taxation and the household. Journal of Public Economics, 35(3),
355-369.

Azevedo, E. M., & Leshno, J. D. (2016). A supply and demand framework for two-sided matching
markets. Journal of Political Economy, 124 (5), 1235-1268.

Becker, G. S. (1973). A theory of marriage: Part I. Journal of Political Economy, 81(4), 813-846.

Becker, G. S. (1993). A treatise on the family: Enlarged edition. Harvard University Press.

Berry, S., Gandhi, A., & Haile, P. (2013). Connected substitutes and invertibility of demand.
Econometrica, 81(5), 2087-2111.

Browning, M., Chiappori, P.-A., & Weiss, Y. (2014). Economics of the family. Cambridge University
Press.

Chade, H., & Eeckhout, J. (2017). Stochastic sorting. working paper.

Chambers, R. G., Chung, Y., & Fare, R. (1998). Profit, directional distance functions, and Nerlovian
efficiency. Journal of Optimization Theory and Applications, 98(2), 351-364.

Chen, L., Choo, E., Galichon, A., & Weber, S. (2023a). Existence of a competitive equilibrium with
substitutes, with applications to matching and discrete choice models. working paper.

Chen, L., Choo, E., Galichon, A., & Weber, S. (2023b). Matching function equilibria with partial
assignment: Existence, uniqueness and estimation. working paper.

Cherchye, L., Demuynck, T., De Rock, B., & Vermeulen, F. (2017). Household consumption when
the marriage is stable. American Economic Review, 107(6), 1507-34.

Chiappori, P.-A. (1988). Rational household labor supply. Econometrica, 56(1), 63-90.

Chiappori, P.-A. (1992). Collective labor supply and welfare. Journal of Political Economy, 100(3),
437-467.

Chiappori, P.-A. (2012). Modeles d’appariement en économie: Quelques avancées récentes. Revue
économique, 63(3), 437-452.

Chiappori, P.-A. (2017). Matching with transfers: The economics of love and marriage. Princeton
University Press.

Chiappori, P.-A., Dias, M. C., & Meghir, C. (2018). The marriage market, labor supply, and edu-
cation choice. Journal of Political Economy, 126(S1), S26-S72.

Chiappori, P.-A., Iyigun, M., & Weiss, Y. (2009). Investment in schooling and the marriage market.
American Economic Review, 99(5), 1689-1713.

Chiappori, P.-A., McCann, R. J., & Nesheim, L. P. (2010). Hedonic price equilibria, stable matching,
and optimal transport: Equivalence, topology, and uniqueness. Economic Theory, 42(2),
317-354.

Chiappori, P.-A.; Oreffice, S., & Quintana-Domeque, C. (2012). Fatter attraction: Anthropometric
and socioeconomic matching on the marriage market. Journal of Political Economy, 120(4),
659-695.

Chiappori, P.-A., & Reny, P. J. (2016). Matching to share risk. Theoretical Economics, 11(1), 227—
251.

Chiappori, P.-A., Salanié, B., & Weiss, Y. (2017). Partner choice, investment in children, and the
marital college premium. American Economic Review, 107(8), 2109-67.

31



Choo, E., & Seitz, S. (2013). The collective marriage matching model: Identification, estimation,
and testing. Emerald Group Publishing Limited.

Choo, E., & Siow, A. (2006). Who marries whom and why. Journal of Political Economy, 114 (1),
175-201.

Ciscato, E., Galichon, A., & Goussé, M. (2020). Like attract like? a structural comparison of
homogamy across same-sex and different-sex households. Journal of Political Economy,
128(2), 740-781.

Ciscato, E., & Weber, S. (2019). The role of evolving marital preferences in growing income in-
equality. Journal of Population Economics, 33(1), 307-347.

Coles, M. G., & Francesconi, M. (2019). Equilibrium search with multiple attributes and the impact
of equal opportunities for women. Journal of Political Economy, 127(1), 138-162.
Crawford, V. P., & Knoer, E. M. (1981). Job matching with heterogeneous firms and workers.

Econometrica, 49(2), 437-450.

Dagsvik, J. K. (2000). Aggregation in matching markets. International Economic Review, 41(1),
27-58.

Deaton, A., & Muellbauer, J. (1980). Economics and consumer behavior. Cambridge University
Press.

Decker, C., Lieb, E. H., McCann, R. J., & Stephens, B. K. (2013). Unique equilibria and substitution
effects in a stochastic model of the marriage market. Journal of Economic Theory, 148(2),
778-792.

Del Boca, D., & Flinn, C. (2012). Endogenous household interaction [Annals Issue on “Identifica-
tion and Decisions”, in Honor of Chuck Manski’s 60th Birthday]. Journal of Econometrics,
166(1), 49-65.

Demange, G., & Gale, D. (1985). The strategy structure of two-sided matching markets. Econo-
metrica, 53(4), 873-888.

Dubé, J.-P., Fox, J. T., & Su, C.-L. (2012). Improving the numerical performance of static and
dynamic aggregate discrete choice random coefficients demand estimation. Fconometrica,
80(5), 2231-2267.

Dupuy, A., & Galichon, A. (2014). Personality traits and the marriage market. Journal of Political
Economy, 122(6), 1271-13109.

Dupuy, A., Galichon, A., Jaffe, S., & Kominers, S. D. (2020). Taxation in matching markets.
International Economic Review, 61(4), 1591-1634.

Fleiner, T., Jagadeesan, R., Janké, Z., & Teytelboym, A. (2019). Trading networks with frictions.
Econometrica, 87(5), 1633-1661.

Fox, J. T. (2010). Identification in matching games. Quantitative Economics, 1(2), 203-254.

Gale, D. (1984). Equilibrium in a discrete exchange economy with money. International Journal of
Game Theory, 13(1), 61-64.

Gale, D., & Shapley, L. S. (1962). College admissions and the stability of marriage. The American
Mathematical Monthly, 69(1), 9-15.

Galichon, A. (2016). Optimal transport methods in economics. Princeton University Press.

Galichon, A., Hsieh, Y.-W., & Sylvestre, M. (2020). Aggregate stable matching with money burning.
working paper.

Galichon, A., Kominers, S. D., & Weber, S. (2015). The nonlinear Bernstein-Schrédinger equation in
economics. In F. Nielsen & F. Barbaresco (Eds.), Geometric science of information (pp. 51—
59). Springer International Publishing.

Galichon, A., Kominers, S. D., & Weber, S. (2019). Costly concessions: An empirical framework
for matching with imperfectly transferable utility. Journal of Political Economy, 127(6),
2875-2925.

32



Galichon, A., & Salanié, B. (2021). Cupid’s Invisible Hand: Social Surplus and Identification in
Matching Models. The Review of Economic Studies, 89(5), 2600-2629.

Goussé, M., Jacquemet, N., & Robin, J.-M. (2017). Household labour supply and the marriage
market in the UK, 1991-2008. Labour Economics, 46, 131-149.

Greinecker, M., & Kah, C. (2021). Pairwise stable matching in large economies. Econometrica,
89(6), 2929-2974.

Hatfield, J. W., & Milgrom, P. R. (2005). Matching with contracts. American Economic Review,
95(4), 913-935.

Hitsch, G. J., Hortagsu, A., & Ariely, D. (2010). Matching and sorting in online dating. American
Economic Review, 100(1), 130-63.

Idel, M. (2016). A review of matrix scaling and Sinkhorn’s normal form for matrices and positive
maps.
Iyigun, M., & Walsh, R. P. (2007). Building the family nest: Premarital investments, marriage
markets, and spousal allocations. The Review of Economic Studies, 74(2), 507-535.
Kaneko, M. (1982). The central assignment game and the assignment markets. Journal of Mathe-
matical Economics, 10(2), 205-232.

Kelso, A. S., & Crawford, V. P. (1982). Job matching, coalition formation, and gross substitutes.
Econometrica, 50(6), 1483-1504.

Koopmans, T. C.,; & Beckmann, M. (1957). Assignment problems and the location of economic
activities. Fconometrica, 25(1), 53-76.

Legros, P., & Newman, A. F. (2007). Beauty is a beast, frog is a prince: Assortative matching with
nontransferabilities. Fconometrica, 75(4), 1073-1102.

Lemke, C. E., & Howson, J. T. (1964). Equilibrium points of bimatrix games. Journal of the Society
for Industrial and Applied Mathematics, 12(2), 413-423.

McFadden, D. (1974). Conditional logit analysis of qualitative choice behavior. In P. Zarembka
(Ed.), Frontiers in econometrics (pp. 105-42). New York: Academic Press.

Menzel, K. (2015). Large matching markets as two-sided demand systems. Econometrica, 83(3),
897-941.

Mourifié, I. (2018). A marriage matching function with flexible spillover and substitution patterns.
Economic Theory, 67(2), 421-461.

Mourifié, I., & Siow, A. (2021). The Cobb-Douglas marriage matching function: Marriage matching
with peer and scale effects. Journal of Labor Economics, 39(S1), S239-S274.

Noldeke, G., & Samuelson, L. (2018). The implementation duality. Econometrica, 86(4), 1283—
1324.

Pang, J.-S., Su, C.-L., & Lee, Y.-C. (2015). A constructive approach to estimating pure character-
istics demand models with pricing. Operations Research, 63(3), 639—-659.

Parmeter, C. F., & Kumbhakar, S. C. (2014). Efficiency analysis: A primer on recent advances.
Foundations and Trends®) in Econometrics, 7(3-4), 191-385.

Petrongolo, B., & Pissarides, C. A. (2001). Looking into the black box: A survey of the matching
function. Journal of Economic literature, 39(2), 390-431.

Pycia, M. (2012). Stability and preference alignment in matching and coalition formation. Econo-
metrica, 80(1), 323-362.

Quinzii, M. (1984). Core and competitive equilibria with indivisibilities. International Journal of
Game Theory, 13(1), 41-60.

Reynoso, A. (2023). The impact of divorce laws on the equilibriumin the marriage market. working
paper.

Rockafellar, R. T. (1970). Convez analysis. Princeton University Press.

33



Roth, A. E., & Sotomayor, M. A. O. (1990). Two-sided matching: A study in game-theoretic mod-
eling and analysis. Cambridge University Press.

Scarf, H. E. (1967). The core of an N person game. Econometrica, 35(1), 50-69.

Schoen, R. (1981). The harmonic mean as the basis of a realistic two-sex marriage model. Demog-
raphy, 18(2), 201-216.

Shapley, L. S., & Shubik, M. (1971). The assignment game I: The core. International Journal of
Game Theory, 1(1), 111-130.

Shimer, R., & Smith, L. (2000). Assortative matching and search. Econometrica, 68(2), 343-369.

Siow, A. (2008). How does the marriage market clear? an empirical framework. Canadian Journal
of Economics/Revue canadienne d’économique, 41(4), 1121-1155.

Su, C.-L., & Judd, K. L. (2012). Constrained optimization approaches to estimation of structural
models. Econometrica, 80(5), 2213-2230.

Weber, S. (2022). Collective models and the marriage market. working paper.

34



	Introduction
	Motivating remarks
	Setting and notations
	A bestiary of models

	Pairwise bargaining sets
	The Pareto efficiency approach vs. the Pareto weights approach
	Properties of feasible sets
	Distance-to-frontier function
	Examples
	Transferable Utility (TU) models
	Non-Transferable Utility (NTU) models
	Linearly Transferable Utility models
	Exponentially Transferable Utility models
	Revisiting example 2
	Revisiting example 4
	Matching with uncertainty


	Stable matchings without heterogeneity
	Setting
	From transferable utility to imperfect transferability

	Stable matchings with heterogeneity
	Unobserved heterogeneity
	Another parameterization of bargaining sets
	Aggregate equilibrium
	Existence, uniqueness and computation

	The ITU-logit model
	Matching functions
	Examples
	Matching function equilibrium

	Estimation
	The likelihood
	Estimation and computational challenges

	Remarks and discussions
	Positive assortative mating
	Comparative statics
	Aggregate matching equation
	Change in populations

	Equilibrium vs optimality
	Unregularized case
	Full assignment
	Non-transferable utility
	Search-and-matching

	Related literature

