arXiv:2403.05827v1 [math.RA] 9 Mar 2024

Automorphisms and derivations on algebras
endowed with formal infinite sums

Vincent Bagayoko Lothar Sebastian Krapp
IMJ-PRG Universitat Konstanz
Salma Kuhlmann Daniel Panazzolo
Universitat Konstanz Université de Haute Alsace

Michele Serra
TU Dortmund

12th March 2024

Abstract

We establish a correspondence between automorphisms and deriva-
tions on certain algebras of generalised power series. In particular, we
describe a Lie algebra of derivations on a field k((G)) of generalised power
series, exploiting our knowledge of its group of valuation preserving auto-
morphisms. The correspondence is given by the formal Taylor expansion
of the exponential. In order to define the exponential map, we develop
an appropriate notion of summability of infinite families in algebras. We
show that there is a large class of algebras in which the exponential induces
the above correspondence.

Introduction

Let k& be a field of characteristic 0. The automorphism group of the valued
field k((t)) of Laurent series was studied in Schilling’s classical paper [22]. A
derivation on k((t)) is a k-linear map 0: k((t)) — k((t)) satisfying the Leibniz
product rule. The k-vector space of derivations on k((¢)) becomes a Lie algebra
once endowed with the Lie bracket [01,0s2] := 01002 — 02 0 9;. Let o and 0
denote respectively an automorphism and a derivation. Via the Taylor series of
the logarithm and of the exponential,

log(o) = #(Id —o)" and exp(d) = > %a[n] (1)

nz=1 n>0

(where @[ denotes the n'® iterate of a map ¢), one obtains the fundamental
relation between the group of automorphisms and the Lie algebra of derivations
of k((t)) (cf. [21, Chapter 3]).



Fields of generalized power series k((G)) with coefficients in k and exponents
in an arbitrary ordered abelian group G are instrumental to the valuation and
model theory of fields (for example, when G = Z, then k((G)) is just the Laurent
series field). In [18], the authors described the group of valuation preserving
automorphisms of k((G)), as a semidirect product of four distinct factors.

Our initial motivation for the present work was to describe the Lie algebra
of derivations on k((G@)), exploiting our knowledge of its group of valuation pre-
serving automorphisms. To this end, we cast the problem into the following
more general setting. Given a k-algebra A (not necessarily commutative), we
study the interplay between the Lie algebra of its derivations and the group of
its automorphisms. Here, the essential issue is to give appropriate conditions
under which the infinite sums in (1) are indeed well-defined. To deal with this
issue, we explore a general notion of summability in algebras, and of strongly
linear maps (that is, linear maps that commute with infinite sums). We show
that there is a large class of algebras in which the exponential and logarithm
induce the desired correspondence for strongly linear 9 and o.

In Section 1 we introduce the axiomatic notion of vector spaces and algebras
with a structure of formal summability, called summability spaces and sum-
mability algebras (see Definitions 1.1 and 1.27). A related notion has been
presented independently in a categorical framework by Freni [6]. We show that
the algebra of strongly linear maps on a summability space inherits a natural
structure of summability algebra (Proposition 1.30). In Section 1.4, we first
recall the construction of the algebra k{(J)) of formal series with coefficients in
k and non-commuting variables X;,j € J. We show in Proposition 1.34 that
this algebra has a natural structure of summability algebra.

In Section 2, we introduce the notion of summability algebras with evalu-
ations (see Definition 2.3). This allows any power series in k((.J)) to be evaluated
in A for each set J (see Remark 2.4). More precisely, such an algebra A is local
(Proposition 2.8), and each summable family a = (a;),es ranging in its max-
imal ideal m defines a unique strongly linear algebra morphism ev,: k{(J) — A
that maps each variable X; to a;.

In this paper, we will apply evaluation morphisms for the univariate and
bivariate cases only. In the univariate case (when J is a singleton), we can
identify k((J)) with k[X] (the algebra of formal power series in the variable X).
In particular, the formal power series

1

-1 n+1
log(1+ X) := Z %Xﬂ and exp(X) := Z ﬁXn
nz1 n>0

can be evaluated at each € € m. Furthermore, the relations
exp(log(l+¢))=1+¢ and log(exp(e)) =¢

follow (see Corollary 2.10) from evaluating the corresponding identities [24, Sec-
tion 1.7, Theorem 7.2] in k[X] at €. In the bivariate case, we likewise obtain (see
Corollary 2.12) the Baker—Campbell-Hausdorff formula (see [8, Section 1.3.2]



or [24, Section 1.4.7])

log(exp(e) - exp(d)) = e+ + %[8, 5]+ %([5, [€,0]] — 19, [&,8]]) + - - -

for £, € m. Our first main result is a correspondence between automorphisms
and derivations (Theorem 2.14) for all summability subalgebras (of strongly
linear maps) with evaluations.

The purpose of Section 3 is to provide a large class of algebras to which The-
orem 2.14 applies. To this end, we introduce algebras of Noetherian series in Sec-
tion 3.3. Those include algebras of polynomials, algebras of formal series in com-
muting or non-commuting variables, and fields of generalised power series k((G)).
Given an algebra A of Noetherian series, we consider the algebra &k Idy +m where
m is the closed ideal of contracting strongly linear maps (see Definition 3.12). We
show (Theorem 3.16) that this is an algebra with evaluations. Our second main
result Theorem 3.17 is that the exponential is a bijection between the subset of
m consisting of derivations and the subset of Idy +m consisting of automorph-
isms of A. In the case when A = k((@)) is a field of Hahn series, this group is
one of the three factors in the decomposition [18] of strongly linear valuation
preserving automorphisms of k((G)). It follows in particular (Corollary 3.20)
that this group is divisible and torsion-free. We derive from Theorem 3.17 our
third and final main result Theorem 3.19, which moreover takes into account the
Lie structure on the corresponding algebras. More precisely, we prove a formal
analog of the Lie homomorphism theorem (cf. [8, Theorem 3.7]) for contracting
strongly linear derivations and strongly linear automorphisms.

In Section 4, we focus on the case where k is an ordered exponential field
[14], and we discuss the possibility of extending our correspondence to the other
two factors in the semidirect decomposition of the group of valuation preserving
automorphisms of k((G)).

Conventions and notations

We denote by N the set of natural numbers with 0 and by N>° without 0. The
power set of a set X is denoted by P(X) and its subset consisting of all finite
subsets of X is denoted by Pgn(X).

Given sets A, B, a function f: A — B is a subset of A x B with the
functional property. We often also identify the function f with the corresponding
family (f(a))aca. The set of functions from A to B is denoted by BA. If B C C,
then B4 C C4. Note also that A? = {(}}.

Recall that an ordering on a set {2 is a binary relation < on € such that
for all p,q,r € Q, we have

ptpand [(p<qgAhg<r)=p<r]

We then say that (£2, <) is an ordered set and for p, ¢ € ), we write p < ¢if p = ¢
orp<gq. If u: N— Q is a sequence, then we say that u is increasing (resp.
strictly increasing) if for all m,n € N with m < n, we have u(m) < u(n)



(resp. u(m) < u(n)). A subsequence of u is a sequence v = uop: N — Q
where ¢: N — N is strictly increasing.

If I is a set and (M, +,0) is a monoid (i.e. an associative, unital magma),
then the support of an f € M is the subset

suppf := {i € I : (i) # 0}

of I. This object will be ubiquitous in the paper.

Throughout the paper, we fix a field k. All vector spaces and
algebras considered below are over k. All considered algebras are
associative, but not be necessarily unital, nor commutative. We will sometimes
assume that k has characteristic 0. Given a vector space V and a set I, the
set V! of maps v: I — V is equipped with its natural vector space structure
(pointwise operations). Note that the subset V) of maps with finite support
is a subspace of V. Given vector spaces Vi, Vs, we write Lin(V;, Va) for the
vector space of linear maps V3 — Va, and we set Lin(V;) := Lin(V4, V7). A
unital algebra A is called local if one of the following equivalent assertions is
satisfied [19, Theorem 19.1]:

e A has a unique maximal left ideal;
e A has a unique maximal right ideal;
o the set A\ U(A) of non-units in A is an ideal of A.

Then the maximal left and right ideals are equal to A\ U(A). Given an algebra
(A,+,-) and a,b € A, we write

[a,b] :=a-b—b-a € A,

and we recall that (A, +,[-,+]) is a Lie algebra.

1 Formal summability in algebras

1.1 Summability spaces

Freni [6] introduced a category 3 Vect whose objects are vector spaces equipped
with a notion of formal sums. We propose an axiomatic description of such
spaces, in the vein of [10, Section 6.2], that is more tailored to our purposes. It
was shown by Freni to be equivalent to his [6, Proposition 3.27].
Let V be a vector space. We generalise the notion of finite summation
operators
YoV —V, (vo,...,Upn_1) —vo+ -+ Up_1

to abstract sums ;v € V of families v: I — V indexed by possibly infinite
sets I. Not all families v in the space V! can be summed in a consistent way:
if I is infinite and there is a v € V'\ {0}, then the constant family (v);c; cannot
be summed. So we are to introduce axioms specifying the intended properties



of sets domX; C V! of summable families in conjunction with properties of

operators X;. It is very convenient for application to be able to do this for

arbitrary sets I. This leads us to the following notion of summability spaces.
For a set I, let X1 be a k-linear function

E]: domEl —V

whose domain dom X; is a subspace of the vector space V!. Given sets I, J,
consider the following axioms:

SS1 V) Cdom¥; and Xpv =3 v(i) for all v € V1),

1€Esupp v

SS2 if ¢: I — J is bijective and v € dom X, then v o ¢ € dom;, and
Yi(voyp) =X .

SS3 if I = |_|j€J I; and v € dom ¥y, then writing v; := v[;, for each j € J, we
have

SS3a v; € dom ¥y, for all j € J,
SS3b (E]].Vj)je] € dom X, and
SS3c E[V = ZJ ((EIjVj)jeJ).

SS4 if I =L U and (v,w) € domX;, x domXy,, then the function (v U
w): I — V given by (vUwW)(i1) := v(i1) and (vUW)(iz) = w(iz) for all
i1 € I and iy € I5 lies in dom Y.

UF For all v € domX; and all families f = (f;)ier of k-valued functions
fi + Xi — k with finite domains X;, writing I f := {(i,2) : i € INx € X, },
the family fv := (fi(z)v(i))@z)ers lies in dom Xpy.

The reader can see that these axioms generalise various properties of finite
summation operators X, for n € N, including associativity and commutativity
(or invariance under reindexing) of the sum.

Definition 1.1. We say that ¥ = (X); (where I ranges in the class of all sets)
is a summability structure on V, or that (V,3¥) is a summability space,
if (V,X) satisfies the axioms SS1 to SS4 above for all sets I, J. If, moreover,
axiom UF is satisfied for all I, then the summability space (V,X) is called
ultrafinite.

Remark 1.2. In the ultrafinite case, one can bound the cardinality of supports
of summable families by that of the underlying vector space. Thus we could
consider families ¥ indexed by I in the powerset of V. Our choice of indexing
by all sets is for practical purposes. O

Throughout the rest of the section (V,Y¥) denotes a summability
space.

Definition 1.3. For any set I, any element of dom X is called a summable
family.



In the following, we establish some basic properties of summability spaces.
Notation 1.4. We shall write ), ; v(i) for ¥rv.

Lemma 1.5. Let (V,X) be a summability space, let 1, I, I be sets and let
f = (fi)ier is a family of k-valued functions with finite domains X; := dom f;.
Then the following hold:

(i) If 1 is finite and of the form I = {i1,...,in} for some n € N, then
dom¥; = VI = VW and for any v € VI we have £p = Y, v(i) =
Do v(ig)-

(i) If I = UL, then for any (v,w) € dom Xy, xdom X, we have Xj(vUw) =
Z[1V+E]2W.

(iii) If (V,X) is ultrafinite, then for any v € X1 also ((3,cx, fi(x))v(i)),., €

Y7 and et
Srr(fv) =Y (Z fi(@) v(i).

iel \zeX;
Proof.
(i) This follows immediately from SS1.
(ii) Let u= (vUw). Then u; = v and uy = w. By (i), SS3 and SS4,
Yru=3Y40E5w)jeny = Snw + X0 = X, v+ YL w.

(iii) For any i € I, let I; = {i} x X;. Then If =[|,.; I;. Applying SS3, UF
and (i), we obtain

Srr(fv) = S1 (B (fi(@)V(0) ayefipxx,ier) = D (Z fz‘(l’)"(i)>

i€l \zeX;
-y (z fi<x>> v

i€l \z€X;

O

We now show that any summability space satisfies a version of Dirichlet’s
rearrangement theorem.

Proposition 1.6. Let (V,X) be a summability space. Let I,J be sets and let
v € domX;x ;. Then for each iy € I and for each jo € J, we have v(ig,-) €

domX; and v(-,jo) € domX;. Moreover, (ZjeJ v(i,j))‘ , € domY; and
1€
(Eielv(iaj))jeJ € dom X7, with

Do Doviid) = ) V(LﬁZ(Zv(i,j)) .

i€l \jeJ jed (i,4)eIxJ jedJ \iel



Proof. Apply SS3 for I x J both with (I x J); := I x {j} for each j € J and
with (I x J); := {i} x J for each i € I. a

Let W C V be a subspace. Let X' = (5])1isaset be a family of partial
functions ¥}: W/ — W. We say that ¥’ is a restriction of ¥ if for each I,
the partial function ¥; extends X} (that is dom ¥} C dom X; and X; restricts
to X7 on dom X%).

Definition 1.7. Let W C V be a subspace.

(i) We say that W is a closed subspace if for any set I and any w €
dom E; N W, we have Xyw € W.

(ii) If W is a closed subspace of V', then ¥ naturally restricts to a summability
structure ¥W on W by setting dom X% := dom%; N W’ and ZWw :=
Y;w for any set I and w € dom S}V

We leave it to the reader to check that (W, X%) in Definition 1.7 is indeed
a summability space, and that (W, ") is ultrafinite if (V,X) is ultrafinite. We
next give some simple examples of summability spaces.

Example 1.8. Any vector space V has a summability structure called the
minimal summability structure, where for each set I, we have

dom¥; = VD and v e V) 3pv = Z v(i).

1€Esupp v
This structure is ultrafinite. O

Example 1.9. Let (I', <) be a non-empty linearly ordered set. Let H,crk
denote the Hahn product of the constant family (k)~er, i.e. the vector space
of functions I' — k with well-ordered support, under pointwise sum and scalar
product. A natural summability structure ¥ on V' := H,crk is obtained as
follows. Given a set I, a function v: I — V is formally summable if the

subset Sy := |Jsuppv(i) of T is well-ordered, and for each v € T, the set
i€l

I.,:={ie€l : v €suppv(i)} is finite. Define dom¥; := {v:I — V

v is formally summable } as the set of formally summable families I — V. For

v € dom X;, we define ¥;v to be the function

L—k v Y v(i),
i€ly -
whose support is indeed well-ordered, as it is contained in Sy. This summability
space is ultrafinite. O

Example 1.10. Assume that Kk =R or £k = C. Let (V,| |) be a Banach space
with absolute value | |:V — RZY. For any set I, define dom ¥; to be the set
of families f: I — V with countable or finite support, such that given a bijec-

tion i: A — supp f where A < w, the real-valued sequence (Z;Z:O |f(l(p))|) N
ne



converges. We then define )7, f = 7 _ f(i(n)). Note that this does not de-
pend on the choice of bijection.

This summability structure is not ultrafinite in general. Indeed if V' is non-
trivial, then for any non-zero v € V, the family (%)n N is summable, whereas
(vn!)pen is not. O

Bornological spaces

We now consider an important class of summability spaces called bornological
spaces (see also [6, Section 2.1]). We will appeal to this in Section 2 and Sec-
tion 3.

Definition 1.11. Let © be a set. A bornology on 2 is a set B of subsets of
) which contains all finite subsets of 2 and which is closed under finite unions
and subsets, i.e. such that for all A, B C Q, we have

(AeBANBeB)=— AUBe€eB and (ACBABeB)=— AcB.

Given a bornology B on  and a vector space V, we write V8! for the set of
functions Q@ — V whose support lies in B. Assume that (V, X)) is a summability
space and let 2 be a non-empty set. We define a structure of summability space
on VB! as follows. If I is a set and f: I — VB is a function, then we say that
f is B-summable if

e the set | ;. suppf(i) lies in B, and
e for all p € Q, the family (f(¢)(p))ier is summable in (V,X).

If f is B-summable, then we define Z?f e VIBl to be the function p —
2ier £(0)(p)-

In the particular case when B = P(Q), we have VI8l = V2. We say that
a family f: I — V% is pointwise summable with respect to ¥ if it is
P(2)-summable, i.e. if each family (£(¢)(p))icr for p € © is summable in (V, X).

Proposition 1.12. Let (V,X) be a summability space. Then (VI8 £8) is a
summability space. Moreover, it is ultrafinite if (V,X) is ultrafinite.

Proof. Throughout the proof, we fix sets I, J and a generic element p € (2.
Let f,g : I — VI8l be B-summable families and let ¢ € k. For all i € I, we
have

supp(f(i) + cg(i)) C (suppf(i)) U (supp g(i))

50 Ujey supp((f + cg) (i) € (Uiey supp£(i)) U (User supp g(4)).-

Since (J;c;supp (i), U;c; suppg(i) € B and B is closed under finite unions
we deduce that |J;.; supp((f + cg)(i)). Since dom ¥ is a vector subspace of
VI, the family (£(i)(p) + cg(i)(p))ics is summable in (V,%). This shows that
f + cg is B-summable. Moreover

> (E@)(p) + cgli)(p))ier = Y _(E(@)(P)ier + ¢ Y (8(1)(P))ier,
I

I I



50 Y ier(fteg) =2 f+cX s

If f has finite support, then J,.;suppf(i) is a finite union of sets in B,
whence an element of B. The family F' = (£(¢)(p)):cs has finite support, so it is
summable with sum >, £(i)(p). We deduce that f is B-summable, with
dier £ =2 icqupp r £(i) € B. So SS1 holds for B-summability.

Let ¢ : J — I be a bijection. Then we have

U supp f (¢ U supp f(z

jeJ el

which lies in B. The family (f(¢(j))(p));es lies in dom ¥y, by SS2 in (V,X),

and we have

Y Ee() | () =D fe()p) =Y fi)(p) = (Z f(Z')) (p)

jeJ jeJ i€l i€l

So >, fop=73",f, whence SS2 holds for B-summability.
Now assume that I = | |;c,;I;. For j € J, we have Uite suppf(i) C
Uiersupp£(i) so ;e suppf(i) € B by closedness of B under subsets. The
family (£(i)(p))ies, is also summable by SS3a in (2,V). So (£(i))ies, is B-
summable. We set f; := 3, £(i).

We have

U suppf; C U U supp f(7) U supp f(7)

JjeJ jeJ \i€l; i€l

so ;e suppf; € B. By SS3b and 1.1 in (V,X), the family (£f;(p));jes is sum-
mable with sum > icr £(@)(p). Tt follows that (f;);ecs is B-summable with sum
> icr (7). So SS3 holds.

Let I, I, be sets with I = I[1UI, and let f; : [; — VB and £, : I, — VI8!
be B-summable. We have

U supp(f; U £5)( U supp f1 (¢ U supp f2(4)),
el i€y i€ly
which lies in B since it is closed under unions. The family ((f;Uf2)(4)(p))icr =
((F1(2)(p))ien, U (£2(4)(p)) )icr, is summable in (V, %) by SS4 in (V,X), so f; Uf,
is B-summable.
Assume finally that (V,X) is ultrafinite. Let (h;);cr be a family indexed by
I of k-valued functions h; with finite domains X;. We have

U U supphi(a)f (i) < | supp£(3),
el xeX; el

which lies in B. By ultrafiniteness, the family (h;(2)f(i)(p))icirzex; is sum-
mable, so (h;(2)f(7))icrrzex; is B-summable. So UF holds. a



We say that (V[B], ¥8) is a bornological space. For v € V and p € Q, write
Iipyv for the function Q@ — V with (14,,v)(q) = 0if ¢ # p and (1pv)(p) = v.
For f € VI8 the family (1, f(p))peq is B-summable with sum f. So any
element f of VI8 is a sum

f = Z ]l{p}f(p)a (2)

PEQ

which can be considered as a formal series with coefficients in V and with
support in B.

Example 1.13. On the Hahn space H, cyk = k" of formal power series, point-
wise summability with respect to the minimal summability structure on k coin-
cides withformal summability as described in Example 1.9.

O

Example 1.14. If (G,+, <) is a totally ordered Abelian group, then the no-
tion of Rayner field family gives a bornology on G contained in that of well-
ordered subsets of G. The resulting Rayner field [12] is a bornological space.
These fields were among those for which we sought to understand the derivation-
automorphism correspondence. Our results apply in particular to them. O

1.2 Strongly linear functions
Let (V,X), (V4,%1) and (V2, X2) be summability spaces.

Definition 1.15. A function ¢ : V; — V5 is said strongly linear if it is
linear, and if, for all sets I and families v € dom X ;, the family ¢ o v lies in
dom X5 ; and

2271((25 o V) = Qﬁ(ZL[V).

We write Lin™ (V;,V43) for the set of strongly linear functions V; — V5, and
Lin™(V) := Lin ™ (V, V).

Example 1.16. If ¥; is the minimal summability structure on Vi, then we
have Lin™(Vy, V») = Lin(Vy, Va). O

Example 1.17. Consider the Hahn space V' = H,crk of Example 1.9. For all
order-preserving maps u: I' — I', the function V. — V : f +— fou is strongly
linear. O

In general, linear maps between summability spaces that are not defined
using non-constructive methods often turn out to be strongly linear. As the
next example shows, using the axiom of choice allows one to define non-strongly
linear but linear functions.

Example 1.18. Let kY = k[ X] be the space of formal series with coefficients
in k, together with its summability structure of Example 1.9. Let W be a
complement to the subspace k[X] of k[X] of functions N — k with finite sup-
port. Let p be the unique linear map k[X] — k[X] with (W) = {0} and

10



w(X™) = (1+ X)™ for each n € N. Then p is not strongly linear. Indeed, the
family (X™)pen is summable in k[X] but ((1+ X)™)nen is not summable, since
0 lies in the support of each of its elements. O

Example 1.19. If V = H,¢crk is the Hahn space of Example 1.9, then given a
strongly linear map p: V — V and a € V, we have

pla) = u(Y_a()1,) =Y a(y)u(l,).

vyel’ vyel
In particular, the function p is determined by the family (x(1-))yer- O
Proposition 1.20. Lin™(V},V5) is a subspace of Lin(Vy, Va),

Proof. Let ¢, € Lin™(V4,Va), ¢ € k, let I be a set and let v € dom X 7.
Since dom X ; is a vector subspace of VQI and X ; is a linear map, the family
¢ o v+ cp ov is summable with sum

Yor(pov)+cXar(hov) =031 1v)+ (B2 rv) = (¢ + cp)(X1,1v).

This shows that ¢ + cp € Lin™ (V1, V3). o

Proposition 1.21. Lin™(V}) is a subalgebra of (Lin(Vy), +,0).

Proof. Let ¢,7 € Lin™(V}), let I be a set and let v € domX; ;. Then ¢ ov
is summable with sum ) , ;¥ ov = (Zl,l v) by strong linearity of 1. So
(po(ov))er is Summable’by strong linearity of ¢, with sum ZQ,I po(ov) =
10) (d) (ZLI v)) Since ¢ o ¢ is linear, this shows that ¢ o € Lint (V7). O

Corollary 1.22. Lin™(V}) is a Lie subalgebra of (Lin(V1),+,[ ],.).
We next equip Lin™ (V1, V3) with a structure of summability space.

Definition 1.23. Let .J be a set, and let ¢ : J — Lin™ (V1,V3) be a function.

(i) We say that ¢ is Lin-summable if for all sets I and all v € dom ¥ ;, the
family ¢(v) := (¢(4)(v(i))) i j)erxs lies in dom Xy 7y .

(i) If ¢ is Lin-summable, then we define a function >, ; ¢(j) : Vi — V> as
follows. For v € V7, define

Y o) | () = S2,0(¢(5)(v)) e

jeJ

Lemma 1.24. If J is a set and ¢ : J — Lin*(V1, V5) is Lin-summable, then
its sum ¢ := ZjGJ &(j) is strongly linear.

11



Proof. Let ug,vy9 € V and ¢ € k. The linearity of each ¢(j) for j € J gives that
¢ (up+cvy) = P(ug)+ep(vg). Now Xy is linear, so ¢(ug+cvg) = @(ug)+cp(vo),
i.e. ¢ is linear.
We next prove that ¢ is strongly linear. Let I be a set, let v € dom X, ; and
set
V] = EI,IV eW.

The family ¢(v) is summable. By Proposition 1.6, both (ZjeJ ¢(])(V(l))>
and (3;; gb(j)(v(i)))jEJ are summable with
Y2,0(X2,1(P(7) o v))jes = X2,1(X2,59(v(i)))ier = Lo, 1(dov).

By strong linearity of each ¢(j), we have Xo 1(¢(j)ov) = ¢(j)(vo) for all j € J,
whence ¢(vg) = Xa 1(¢ o v). This shows that ¢ is strongly linear. o

icl

For each set I, we define a function E]fin as follows. The domain of ZI;in is
the set of Lin-summable families V; — V5 indexed by I, and for such a family
#, we define X" = %, 1¢(7) € LinT(Vq, Va).

Proposition 1.25. The structure (Lin™ (Vi, V3), £4") is a summability space.
Moreover, it is ultrafinite if (Va,32) is ultrafinite.

Proof. Let J be a set, let (¢(j))jes and (¥(j));es be Lin-summable, and let
¢ € k. We also fix once and for all a set I and a summable family v € dom X ;.

Note that for each set L and Lin-summable family ¢ indexed by L, the func-
tion ¥;er (1) the pointwise sum E?(Vl)cp in the bornological space (V5)P(V1)),
So the equalities in SS1, SS2 and SS3c are automatically satisfied, and we only
need to show the summability of families involved in the axioms SS1-SS4 and
UF.

The family
(@(7)(v (@) + cp(3)(v(D)) i.yerx
is summable by SS2 in (V;,33) and definition of Lin-summability. So ¢ + ctp
is Lin-summable. The axiom SS1 follows trivially from the validity of SS1 in
(Va,33), and likewise SS4 follows from the validity of SS4 in (V3, ¥3).

If Jp, Jo are sets and ¢ : J| — J3 is a bijection, then for all Lin-summable
¢ : Jy — Lint(V1, V4), the function

((ID,Id)ZJ1XI — JQXI
(7,9) = (p(1):9)

is bijective, so by SS2 in (V5,¥), the family (¢(¢(j))(v(4))) (et x1 is sum-
mable. Therefore ¢ o ¢ is Lin-summable, i.e. SS2 holds.

Let us now show that SS3 holds. Suppose that J = | |, J; for a set L. For
l € L, we write ¢; = ¢ | J;. Note that

IxJ=||IxuJ.

leL
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It follows that and from SS3 in (Va,Xs) that each family ¢,(v) for | € L is
summable in (V2,%s). So each ¢, is Lin-summable. Write o(l) = >_,; ¢; for
each [ € L. We claim that o := (o (1)) is Lin-summable. Indeed, the family

o(v)= | é;i(v(i)
JEN (il)ETXL
is summable by SS3 in (V4, ¥s). Therefore SS3 holds.

Let us next prove that SS4 holds. Suppose that J = J; U Ja, that ¢, :
J — Lin+(V17 V) and ¢, : Jo — Lin+(V17 V3) are Lin-summable and write
¢, U ¢y = . Then we have p(v) = ¢, (v) U ¢5(v), so ¢p(v) is summable by
SS4 in (Va, o).

Assume now that (V5,X) is ultrafinite. Let (f(j));cs be a family of k-
valued functions with finite domains dom f; = X for each j € J. The family
(fi(@)@(5)(v(i))(i.j)erxTrzex, is summable by ultrafiniteness of (V2,¥2), so
f@ is Lin-summable. Thus UF holds. a

We now give a criterion for the summability of families of strongly linear
maps on bornological spaces.

Proposition 1.26. Assume that (V,X) is ultrafinite. Suppose that k is equipped
with the minimal summability structure. Let Q2 be a set and let B be a bornology
on Q. Let J be a set and let ¢p: J — Lin™ (k!B V) be a function. Then ¢ is
Lin-summable if and only if for all S € B, the family (¢(5)(1p}))(jp)eixs 8
summable in (V,X).

Proof. We need only prove the “if” direction of the equivalence. So let I be
a set and let f : I — kBl be B-summable. Write

I,:={iel:pesuppf(i)}

for each p € Q, and set
S = Usuppf(i) e B.
iel
Since S € B, the family (#(j)(1ip}))jesnpes is summable in (V,¥). For
p € Q, the family (£(7)(p))ies is summable in k, so I, is finite. We deduce
by ultrafiniteness that the family (¢(j)(1¢pf(7)(p)))jesrpeanicr, is summable,
whence (¢(7)(11,)£(7)(p)))jesrpeanier is summable by SS4 in (Vi,%;). It fol-
lows from Proposition 1.6 that the family (Zpes d)(j)(l{p}f(i)(p))) is
jeJniel

summable. Since each ¢(j) is strongly linear, we have (¢(j)(£(¢)))jesnicr =
(Zpes qb(j)(]l{p}f(i)(p)))jeJMe]. So (¢(j)(£(1)))jesnicr is summable, i.e.  is
Lin-summable. O
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1.3 Summability algebras

Let (A, +, ) be a algebra, where (A, +, ) is a possibly non-commutative, possibly
non-unital ring. Let ¥ be a summability structure on the underlying vector
space of A.

Definition 1.27. We say that (A, Y) is a summability algebra if the following
axiom is satisfied.

SA For all sets I,J and all (f,g) € domX; x domX;, the family f - g :=
(£(2) - g(4))(i,jyerxs lies in dom X7y 7, and we have

e () (39)

IxJ

Proposition 1.28. Let (A,X) be a summability algebra. Then for a € A, the
left and right product functionsa - : A — A;b—aband - a: A — A;b+— ba
are strongly linear.

Proof. By SA, for all summable families (b;);c; in A, the families (a - b; ),ej
and (b; - a);e; are summable, with >, a-b; =a- (3, b)) and 3,0, b - a =

(ZiEI b1) - a.

O

Example 1.29. Let (I', 4,0, <) be a linearly ordered Abelian group, and con-
sider the summability space A := H,crk of example 1.9. Using the group
structure on I', one can define an algebra operation

Vg€ AVYET, (f-9)(v):= Y fla)

at+pB=y

The definition is due to Hahn [7]. This algebra is a summability algebra. See
section 3 for more details. O

Proposition 1.30. Let (V,X) be a summability space. Then (Lin™(V), Xlin)
is a summability algebra.

Proof. By Proposition 1.25, we need only prove that SA holds in Lin™ (V). Let
I and J be sets, let ¢p: I — Lin™ (V) and 4: J — Lin™ (V) be Lin-summable
with respective sums ¢ and ¥. Let L be a set and let v: L — V be summable
n (V,%).

Since 4 is Lin-summable, the family (¢(j)(v(l)))(j,esxr is summable in
(V,%). Since ¢ is Lin-summable, the family ((¢(i) o ( ))(v(l)))( iG)EIXTXL
is summable in (V,¥). This shows that (¢(i) o ¥(j)) i j)erxs is Lin-summable.
Let vy € V. As above, the family

F = ((¢(i) o (7)) (v0)) i j.1yerx s
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is summable in (V,X). We have

(é09)(vo) = (Z ¢<z'>> S () (wo)

i€l jeJ

= #@0) | Y_ %) (vo)

iel jed
= Z Z & (1) (¢ (j)(vo)) (each ¢(7) is strongly linear)
iel jeJ
= > o)) (w)). (Proposition 1.6)
(i,5)elxJ
So potp =Y, #(i) o1p(j). Therefore SA holds in Lin™ (V). a

A closed ideal of a summability algebra (A4,X) is a two-sided ideal of A
which is also a closed subspace of (A4, X).

1.4 Algebras of formal power series

To=

neN

Let J be a set. Write

where J% = {()}. We see elements of J* as finite words with letters in J.
For m,n e N, if 8=(81,...,8m),¥Y = (Y1,---,7n) € J*, we define

B’Y = (617"%57)1371’-"7’7”) € Jm+’ﬂ g J*’

where it is implied that 08 = 0() = 0 for all § € J*. This concatenation operation
endows J* with a structure of cancellative monoid, with the important property
that given 6 € J*, the set

{(B,7) € J* x J*:0 =By} (3)

is finite (it has exactly n + 1 elements when 6 € J").
The following construction, also considered in [21, Chapter 0, p 17], is a par-
ticular case of Bourbaki’s notion of total algebra [2, Chapter III, Section 2.10].

Proposition 1.31. The vector space k" is a unital algebra under the Cauchy
product

(P-Q)0):= > PBQM). (4)

0=p~
for any P,Q € k7" and any 0 € J*.

Notation 1.32. We write k((J)) := k7.
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We recall some properties of k{(.J)). For P € k{(J)) and n € N, we write
supp,, P := (supp P)NJ" = {0 € J" : P(6) # 0}.
Note that we have

supp, P-Q C | J (supp,, P) (supp, Q), (5)
m—+p=n

where AB = {ab : (a,b) € A x B} for all subsets A, B C J*. Concatenation of
subsets of J* is associative. An easy induction gives:

Lemma 1.33. Form,n € N and Py,..., P, € k{(J)), we have

supp,,, P1 -+ P, C U (supp,,,, P1) - (supp,,, Pn)-

mi+--+mp=m

The set
k(T)o :={P € k(J) : 0 ¢ supp P} ={P — P(0): P € k({(J))}

is a two-sided ideal in k{(J)).
Given 0 € J*, we write Xy for the function 14y : J* — k with support {6}
and Xy(0) = 1. So Xy = 1, and writing 6 = (04,...,0,), we have

Xog = Xg, -+ Xo

n*

We will write k{(m)) := k{J)) for m € N and J = {0,...,m — 1}. Note
that k((0)) = k and that k(1)) is the commutative algebra of power series in one
variable X, and with coefficients in k.

By Proposition 1.12, pointwise summability with respect to the minimal
summability structure on k gives an ultrafinite summability structure on k{(J)) =
k7", which we denote by ¥. Recall that a family P: I — k((J)) is pointwise
summable here if and only if for all § € J*, the family (P(i)(8));cr has finite
support, i.e. if and only if the set

Ip:={iel:0csuppP(i)}
is finite. As in (2), the series representation of a P € k{(J)) is
P =Y P(0)X,.
oeJ*
Proposition 1.34. The structure (k{J)),X) is a summability algebra.

Proof. We need only show that SA holds. Let I and L be sets, let P: I —
kE{J)and Q: L — k{J)) be pointwise summable. Let n € N and 0 € J". We
have
(IxL)y = {G@,)eIxL:0ecsuppP(i)-Q(y)}
= {(@,l)eIxL:3y,peJiclgnle L}
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where for 3,7 € J* the sets Iy :={i € I : f € suppP(i)} and L, :={l € L:

~v € supp Q(1)} are finite. Since {(8,7) € J* x J* : § : v = 0} is finite, we

deduce that (I x L)g is finite. So (P(i)Q())(i,1)yerxr is pointwise summable.
For n € N and 6 € J", the previous arguments give

( 3 P(z’)~Q(l)) © = > > POHEADMW

Gl)EIXL Biy=0 (i,1)EI5 X L

> (Z P(z‘)(m) (Z Q(l)(v))

Biy=6 \i€lg leL,
- (Z p(¢)> (8) <Z Q(l)> ()
Biy=0 \iel leL

_ ((ZP(>) . (z Q(l)>> ).

This shows that } -, ;. P(1) - Q(I) = (>ierP@) - (e QD)) hence that
SA holds. O

2 Derivations and endomorphisms

2.1 Strongly linear derivations

Let (A, ) be a summability algebra. We write End™ (A) for the set of strongly
linear endomorphisms of algebra of A. Note by Proposition 1.21 that End™ (A)
is closed under composition.

Definition 2.1. A strongly linear derivation on A is a strongly linear func-
tion 0 : A — A which satisfies the Leibniz product rule

Va,be A,0(a-b) =0(a) - b+a-9().
We write Der™ (A) for the set of strong derivations on A.
It follows from Proposition 1.21 that (Der™(A),+,[ ],.) is a Lie algebra.

Proposition 2.2. Der™(A) is a closed subspace of Lin™ (A).

Proof. Let I beaset, let (0;)ics be a family in Der" (A) which is Lin-summable,
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and write 0 := ), 0;. Let a,b € A. We have

d(a-b) = Zai(a-b)

i1
= ;@(a) ‘bt 3y(b))
=Y "0i(a) b+ a-9;(b)
i€l i€l
- (Z 5¢(a)> b+a- (Z &(b)) (SA)
- a(f)l. b+a-db). .
So & € Dert (A). -

2.2 Evaluating formal power series

Given a set J, the summability algebra k{(.J)) extends the completion k (J)
of the free associative algebra on J. It is well-known [21, Chapter 0, p 17—
18] that elements of k{.J) can be evaluated at tuples of elements in its maximal
ideal. This allows for the development of a formal Lie correspondence for formal
power series, based on the evaluation of the Taylor series of the exponential and
logarithm.

It is very convenient to extend these results to more general summability
algebras. Then one can see k((J)) as a universal and free summability algebra,
acting by evaluation on summability algebras, so that universal identities (such
as expolog = id) that can be stated in summability algebras could be proved
once in k{J)) and then obtained in general by evaluating into summability
algebras.

Definition 2.3. Let (A, X) be a unital ultrafinite summability algebra. Then we
say that (A4, ) has evaluations if A is of the form A = k+m where m is a closed
ideal, and for all sets .J, all f € dom X7, the family (£(61) - - - £(0n))o=(0,.....0,)e0
is summable in (4, X).

Remark 2.4. Let us justify this definition.

Given a summability algebra A and a family f: J — A, the evaluation
eve(P) of a formal power series P € k{(.J)) at f ought to be the sum of the fam-
ily (P(j1y s Jn)f(51) - £(4n))r,....jn)cs+ - Indeed, if all such families are sum-
mable, then evg will be the only strongly linear morphism of algebras between
k{J) and A that sends X; to f(j) for each j € J.

For P = ) X, this entails that f be summable. Furthermore, if f(j) €

jeJ
k* for a certain j € J, then for P = Y (f(j))"*XF, we see that the family
kEN
(P(j1, s Jn)E(1) - - - £(3n)) (1. jm)e g+ has (1)gegjy+ as a subfamily, hence is not
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summable. So if evaluations are to be defined in the case when A = k((.J)), then
f should range in the maximal ideal k{.J))o of k{J).

In general, writing m for the set of elements eva(P) € A where J ranges
among all sets, P ranges among all elements in k{(J))o and f ranges among sum-
mable families for which (P(j1,...,5n)f(j1) - - £(jn))(s,... ju)es+ is summable,
then m is a two-sided ideal of the algebra A’ := k + m.

Imposing furthermore that m be a closed subspace of A, we might as well
take A = A’ and thus work with summability algebras of the form A =k +m
for a two-sided ideal m of A. O

We will see (Proposition 2.8) that such a summaility algebra k& + m is local
with maximal ideal m. Let J be set. Let us check that k(J)) = k+ k{(J))o itself
has evaluations.

Proposition 2.5. The set k{(J))o is a closed ideal of k{(J), and (k{(J)),%) has
evaluations.

Proof. Let Q: I — k((J))o be pointwise summable. We have (3, ; Q(i)) (0) =
> ico Q1) (0) =0, 50 3., Q(i) € k(J))o, which is thus a closed ideal.

We next want to show that the family (Q(i1) - Q(in)),....in)er+ is point-
wise summable. Let m € N and 0 = (6,...,0,,) € J™. Writing Ig :={i € I :
B € supp Q(i)} for all 5 € J*, we have

Iy = {ieI":neNAHOesupp,, Q1) - Qin)}
- U U Ig, x - x1g,
nEN By---Bn=0

Since each Q(7) lies in k{(J))o, we have supp, Q(¢) = () for all 4 € I, so we have

in fact
pcly U Isx-xls,.
n<m By Br=>0

Now since each set X,, := {(B1,...,0n) € (J*)" : B1--- By = 0} is finite and
each Ig,3 € J* is finite, we deduce that Ij is finite. Therefore the family
(Q(i1) - - - Q(in))i=(is,....i)er+ is pointwise summable. O

If (A, m,X) are as in Definition 2.3, then for all sets J, all f € dom X'} and
all P € k{J)), we define the evaluation of P at f as

eve(P) == > P(O)f(0,)---£(6,) € A.

0=(61,...,00)ET*

If J={0,...,m—1} for an m € N, then we simply write eve), .. .¢m-1)(P) :=
er(P).

Theorem 2.6. Assume that A = k 4+ m has evaluations. For all sets J and all
f € dom X%, the evaluation map evy : k{(J)) — A is a strongly linear morphism
of algebras.
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Proof. That evy is a linear map is a direct consequence of the fact that

S (n.0)mennpe ) is linear. For P,Q € k((J)), SA gives

eve(P) - eve(Q) = > PB)RMEBL) - £(Bm) - £(1) -+ £(7p)

m,pENABET ™ AyE TP

= 3 (P-QOF6) - £6,)

neNAOeT™
= er(P . Q)

So evy is a morphism of algebras.
Let P: I — k((J)) be pointwise summable and set P := ), ; P(i). Con-

sider the element
Pl=>" X,

ocJ*

of k({(J). Since (A,X) has evaluations, we have a pointwise summable family
(P(0)(01) - -£(0n))o=(o,,....0,)e+- Consider the family of finite subsets of &

(Cln,0))o=(01,...0,) e+ = {P@)(0) : P()(0) # 0} })o=(,.....0,)e+-
Recall that (A,X) is ultrafinite, so (cP'(0)£(01) - £(0n))o=(6:.....0.,) e AceC .0,
is summable in (4, X¥). By SS2, so is the family
g = (P(i)(0)f(01) - f(en))f):(el,...,Gn)EJ*/\iEI{;~
By SS4, the family

(eve(P(7)))icr = (P(i)(0)f(01) - - - f(an))ez(el,...,en)eJ*m‘eI

is summable as the union of the families g and (0)g—(s,.....9, ) *nicr\1,- Again
by ultrafiniteness of (A, X), we have

> eve(P(i) = > (Z P(n(a)) £(61) - £(0n) = eve(P).

i€l neENAO=(01,...,0,) i€lg
This shows that eve is strongly linear. O

The previous theorem allows us to derive identities in a sumability algebra
A = k+m with evaluations from universal identities in k((.J)) which only involve
finite products and infinite sums. We apply this in the next two results.

The next proposition extends this to identities involving composition of
formal power series (i.e. evaluations of formal power series at formal power
series). We will apply this to the exponential and logarithmic series in the next
subsection.

Proposition 2.7. Let A = k+m be a summability algebra that has evaluations.
Let I,J be sets. Consider two families Q : I — k{(J)o and f : J — m which
are summable in their respective algebras. For P € k{(I)), we have

er(eVQ (P)) = ev(evf(Q(i)))iel (P)
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Proof. Let ig € I. We have evg(X;,) = Q(io), so

eve(evq(Xiy)) = eve(Q(io)) = eVieve(Q(i))ics (Xio)-

Since evgoevq and eV(ev,(Q(i))):c; are strongly linear morphisms of algebras,
we deduce that the identity holds for all P € k{(I)). o

Proposition 2.8. Let A = k + m have evaluations. Then A is local algebra
with mazximal ideal m.

Proof. We first show that each element of 1 + m is invertible in A. Let
a=1+¢e¢€1l+m. Since (4,%) has evaluations, writing

P:=1-Xo+ X2 — X3 +---€k{1),

we may consider the evaluation ev.(P) € A. We have P(1+X) = (1+Xo)P =1
in k£({(1)), so Theorem 2.6 gives ev.(P) - (1+¢)=(1+¢)-ev.(P)=1,ie 14¢
is a unit in A with inverse ev.(P).

We deduce that £*(1 4+ m) = k* + m is contained in U(A). Since m is a
proper ideal, it follows that A\ U(A) = m. So A\ U(A) is an ideal, whence A
is local with maximal ideal m. O

2.3 Exponential and logarithm

In the sequel of Section 2, we assume that k& has characteristic zero. It is known
[24] that given a finite set .J, the algebra k((.J)) is equipped with an exponential
exp: k((J)o — 1+ k{(J)o and a logarithm log: 1 + k{(J))o — k{J))o, which
are inverses of one another, and are given by evaluating the usual formal series.
Using our previous results, we will recover a number of known identities known
in that case for all summability algebras with evaluations.

We consider two particular elements of k(1)) defined as follows

1 n (_1)n+1 n
Ep:=)Y_ — X and Lo=)_ — X7
n=0 n=1

Given a summability algebra (A, ¥) which has evaluations, and writing m for
its maximal ideal, we have two functions

exp:m — 1l4m

§ +— evs(Ep)
and

log:1+m — m

§ — evs_1(Lo).
Proposition 2.9. [24, Section 1.7, Theorem 7.2] We have

evLo (EO — 1) = eVEO_l(Lo) = XQ.
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Corollary 2.10. Let (A,X) be a summability algebra with evaluations, with
mazximal ideal m. Then exp: m — 1+ m and log : 1 + m — m are bijective,
and are functional inverses of one another.

Proof. This follows from Proposition 2.7. For instance, for € € m, we have
log(exp(e)) = eVey, (5y—1)(Lo) = eve(eve, (Eg — 1)) = eve(Xo) = €.
The other identity follows similarly. O
Next consider the following elements of k{(2)) for n € N:
1

E, = exp(Xl):ZﬁXf
neN

1 m m,
K, = > XX XX (6)

mylpi!---my!lp,!
mi1+p1,,mi+p; 21 e nPn
mi+pi+...+m;+pi=n

1 n+1
Xo* X1 = Z LKH.
n
n>0

We have the formal Baker—-Campbell-Hausdorff Theorem:

Proposition 2.11. [24, Section 1.8] We have evg,.g,—1(Lo) = Xo*X1. Moreover,
Ko = Xo+ X1 and each K,,,n > 0 lies in the Lie subalgebra of (k{(2)),+,0,[-,])
generated by commutators of Xg and X;.

Let A = k + m have evaluations. For all 41, d2 in m, we define
S %0y = evg 5, (XoxXy) em. (7)
As a consequence of Proposition 2.7, we have:

Corollary 2.12. Let (A,X) be a summability algebra with evaluations, and let
m denote its mazimal ideal. Then for all 61,02 € m, we have exp(dy) -exp(da) =
exp((51 * 52)

2.4 A group isomorphism between derivations and auto-
morphisms

Let (A, Y) be an ultrafinite, unital summability algebra. Let m C Lin™ (A) be a
closed subalgebra such that £Id4 + m has evaluations.

Proposition 2.13. The exponential induces a bijection between Der™ (A) N'm
and End™ (A) N1d4 +m.

Proof. Our proof is a slight adaptation of [20, Theorem 4] to our formal
context. Let 9 € Dert(A) Nm and let a,b € A. For n € N, an easy induction
using the Leibniz product rule shows that
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We have

meN peNp!
1
= Z W5[7%]((1).5[17}(@) (SA)
m,peEN P
1
= o™ (a) - 9P (b SS3
IO LECREL (553)
- 1
- (il [n—i]
%;i!(nﬂ,a (a) - 0" ~I(0)
B o™ (a - b)
N k!
neN

So exp(9) € End™(A). Conversely, let ¢ € End™(A) N1d4 +m and write ¢ :=
Idg —o € m. Let a,b € A. As in the proof of [20, Theorem 4], there is a family
(Chln)k,ineN € QN3 such that for all n > 0, we have both

n l
eM(a-b) = >3 corme™(a)- M) in A, and

=0 m=0

n l
(21 4+ 220 —2z122)" = Z Z cn,l’mz’lﬂzé_m in Q[[z1, 22]].

=0 m=0

Note that given [,m € N we have

vn > 14+ m,cp i m =0. (8)

So the sum Sp , := :z %cml,m has finite support. We have

log(1 — (21 + 22 — 2122)) = log(1 — 21) + log(1 — 22)

in Q[[z1, 22]]. Identifying in the left and right hand terms the coefficients of 2} 2§
for p # 0 and g # 0, we deduce ithat S;,,, = 0if m ¢ {0,1} or | = 0. Considering
the coefficients of 2} and 2, for I > 1, we see that Sio =51 = % otherwise.
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Now
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Therefore log(o) is a derivation. O
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Theorem 2.14. Consider the operation x of section 2.3 on m. The structures
(Der™(A) Nm, %) and (End™(A) N1Ids 4+m,0) are groups, and the exponential
map of Proposition 2.13 is a group isomorphism.

Proof. By Proposition 2.8, each ¢ € Id4 +m is invertible in Id 4 +m, and its
inverse is obviously a morphism of algebra of A, so End*(A4)NId4 +m is a group
under composition. We conclude with Corollary 2.12 and Proposition 2.13. O

Corollary 2.15. The group (End*(A)NId4 4+m, o) is divisible and torsion-free.

Proof. Let n € N>? and a € Der(A4) Nm. Note that the n-fold iterate of a
in (Der™(A), ) is a * a - xa = na. It follows since k has haracteristic zero that
(Der™ (A) Nm, ) is torsion-free. Furthermore, we see that the n-fold iterate of
La in (Der™ (A), *) is a, whence (Der™ (A4) Nm, x) is divisible. We conclude with
Theorem 2.14. O
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Proposition 2.16. For all 0 € Ida+m, writing C(c) = {p € End™(4) N
Ida+m: poo =ocopu}, we have a group morphism
I (k,+,0) — (C(0),0,1da)
¢ — old:=exp(clog(a)),
with oM = o and (o1l = o1V for all ¢, ¢’ € k. It is injective if o # Id 4.

Proof. Write 0 := log(c) € Der®(A) and let ¢ € k. Recall by Proposition 2.11
that for n € N>°, the terms ev(y .9)(Ky,) and ev . 9)(Ky), where K, is as
in (6), lie in the Lie algebra generated by commutators in 0 and cd. All such
commutators are zero, so ev(y o) (Kn) = ev(c,0)(Kn) = 0. It follows since
ev(s,00)(Ko) = 0 + c0 = ev(cp,9)(Ko) that (cd) 0 = (c+1)d = 0 * (cd), so cd
commutes with 9, whence exp(cd) = ol € C(0).

For ¢,c € k, we have olt¢l = exp(cd + ¢/8) = exp((cd) * (¢')) as above.
So olet¢'l = exp(cd) o exp(¢'d) = o9 o ol¢l. Thus [ is a group morphism. We
also have ¢!’ = exp(¢’ log(exp(clog(0)))) = exp(cc’ log(o)) = olec’],

Assume that o # Id 4, so log(o) # 0. The kernel of the morphism is

{c € k:exp(clog(o)) =1da} = {c € k: clog(o) = 0} = {0}.

So this morphism is injective. |

3 Application to Noetherian series

3.1 Noetherian orderings

Definition 3.1. Let (£2, <) be a partially ordered set. A chain in (Q2,<) is a
subset of §) which is linearly ordered by the induced ordering. A decreasing
chain in (9, <) is chain Y C Q without minimal element, i.e. with

YyeY,3z €Y, (z<y).

An antichain in (€, <) is a subset ¥ C ©Q, no two distinct elements of which
are comparable, i.e. with

Vy,z€Y,(y<zVy=2z2) = y==z

We say that (2, <) is Noetherian, or that < is a Noetherian ordering on €, if
there are no infinite decreasing chains and no infinite antichains in (€2, <).

Note that linear Noetherian orderings are exactly well-orderings.

Proposition 3.2. [10, Proposition A.1] An ordered set (Q, <) is Noetherian if
and only if every sequence u : N —  has an increasing subsequence.
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If (X, <x) is a partially ordered set, then a bad sequence in X is a sequence
u : N — X such that there are no numbers 7,j € N with ¢ < j and u; <x u;.
Given a function f : X — N, a bad sequence u in X is said minimal for f if for
all i € N, there are no bad sequences v in X with (vg,...,v;—1) = (ug,...,ui—1)
and f(v;) < f(u;). If there is a bad sequence in X, then there is a minimal one
for f (see [10, p 307]).

Lemma 3.3. [9, Theorem 2.1] Let (X, <) be a partially ordered set. The fol-
lowing statements are equivalent

a) (X, <) is Noetherian.
b) There is no bad sequence in (X, <).
See [9, Theorem 2.1] for other characterizations of Noetherian orderings.

Lemma 3.4. [9, Theorem 2.3] Let (21, <1) and (22, <2) be Noetherian ordered
sets. Then their product 21 X Q9 is Noetherian for the ordering

(p1,p2) < (q1,q2) <= ((p1,p2) # (q1,92) Ap1 < P2 A1 < q2).

Proposition 3.5. Let (2, <) be an ordered set. Then the set N of Noetherian
subsets of Q is a bornology on Q.

Proof. If X CY are subsets of €, then a decreasing chain (resp. an antichain)
in X is a decreasing chain (resp. an antichain) in Y. So X is Noetherian if ¥
is Noetherian. Let Xi, X5 be Noetherian subsets of 2. If C' were an infinite
decreasing chain in X; U X5, then CNX; or CN X, would be a decreasing chain
in X7 or Xy respectively, which cannot be. If A is an antichain in X; U Xj,
then A N X; and AN X, are antichains in X; and X5 respectively, so A must
be finite. So X; U X5 is Noetherian. Thus A is a bornology on Q. ]

We next state a weaker and simplified version of van der Hoeven’s theorem
[10, Appendix A.4]. A function ¥ sending each p € Q to a subset ¥(p) of Q is
called a choice operator on (). The choice operator ¥ is said Noetherian if
for all Noetherian subsets Y C 2, the set

Yy =9y cQ
yey

is Noetherian. It is said strictly extensive if for all p € Q, we have
p<d(p), thatis, Vyed(p),p<y.

For any non-empty word w = (wo, . .., wy,) € Q* \ {0}, we write we := w,, € Q
for the last “letter” of w. Let Y C 2 be a subset. Let ¥+ (Y) denote the set of
non-empty words (wo, . .., w,) € Q*\ {0} where wyg € Y, and for each i < n, we
have w; ;1 € Y(w;). We endow 97 (Y) with the ordering <y defined by

w <y w = we < W,.
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Proposition 3.6. Let ¥ be a Noetherian and strictly extensive choice operator
on Q. Then for all Noetherian subsets Y of Q, the set 97(Y') is Noetherian for
<g.

Proof. This version follows from an application of [10, Theorem A.4] to a
simple case. Nonetheless, let us adapt van der Hoeven’s proof to the present
simplified setting.

Assume for contradiction that ¥+ (Y) is not Noetherian. So there is a min-
imal bad sequence (w;)ien € 97 (Y)Y for the length function w ~ |w|. As-
sume that there is an infinite set I C N with |w;| = 2 for all ¢ € I. Then
Y :={w;o:i€ I} CY is Noetherian. Since ¥ is a Noetherian choice operator,

the set
Yo = 9(xio)
icl

is Noetherian. But then {w; : i € I'} is Noetherian for <y: a contradiction.

So there is an m € N with |w;| > 2 for all j > m. For j > m, we write
zj = (W0, W jw,|—2) € VT(Y). We claim that the set Z := {z; : j > m},
is Noetherian for <y. Indeed, assume for contradiction that (z;,)ien is a bad
sequence in Z with jo < j; < ---. We further claim that

u = (U)(),...7’wj0,1,2j072j1,...)

is a bad sequence, contradicting the minimality of (w;);en. Assume for contra-
diction that w is not bad. Since (zj,)icw is bad, there must exist i < jy and
p € N with w; <y 2;,. Since ¥ is strictly extensive, we have

(wj,)e € 9((25,)e) > (24, )e:

S0 w; <y Wy,: a contradiction. Therefore Z is Noetherian. It follows since ¢ is
Noetherian that {w; : i > m} is Noetherian: a contradiction. O

3.2 Spaces of Noetherian series

We fix an ordered set (€2, <) and a summability space V' with the minimal
summability structure. We have an ultrafinite summability space (VW eV )
where N is the bornology of Noetherian subsets of . We say that (VW I sV )
is a space of Noetherian series.

Lemma 3.7. Let I be a set and let £ : I — VNI be a function. Consider the
set

Ne = {(i.p) € I x Q2 p € supp£(i)},

ordered by (i,p) <¢ (j,q) <= p < q. Then £ is N-summable if and only if
(Ng, <g¢) is Noetherian.

Proof. Consider a non-empty chain C for (N, <¢). Given (i,p) € C, we have
p € U;ersuppf(i), and (i,p) is <¢ minimal in C' if and only if p is minimal in
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U,crsupp f(é). So Nt as infinite decreasing chains if and only if |J,.; supp f(4)
has infinite decreasing chains.

Consider an antichain A in (N, <¢). For (i,p),(j,q) € A, either p = ¢
and ¢ # j or p and ¢ are not comparable in (Q,<). So N¢ has an infinite
antichain if and only if there is an infinite antichain in (J,.; supp f(é) or there
is an p € (J;c; supp f(¢) such that the set I, = {i € I : p € supp f(¢)} is infinite.

In view of the definitions of A/-summability and Noetherian orderings, we
deduce that f is A/-summable if and only if (N, <g) is Noetherian. |

3.3 Algebras of Noetherian series

We fix an ordered monoid (M, +,0, <), i.e. a monoid (M, +,0) together with
an ordering < on M with

Vigghe M,f<g= (f+h<g+hAh+f<h+g). 9)

Let N denote the bornology of Noetherian subsets of (M, <). We write
k(M) = kW, with its pointwise summmability structure SV with respect to
the minimal summmability structure on k. As in [23, 18], given g € M, we write
t9 for the function M — k with support {g} and value 1 at g, i.e. 9 = Lg.
Recall by (2) that for each a € k((M)), the family (a(g)t9)gen is N-summable,

with sum
a= Z a(g)t?.
geEM

The vector space k((M)) is equipped with the Cauchy product

Vg e M, (a-b)(g):= Y a(g)b(g). (10)
f+h=g

Lemma 3.8. The function a - b is well-defined and lies in k((M)).

Proof. We first show that for g € M, the set

I:={(f,h) € (suppa) x (suppbd) : f +h =g}

is finite. Assume for contradiction that it is infinite. If its projection I; on
the first variable is infinite, then we find an injective sequence f : N — I3.
Let h : N — suppb be a sequence with (f(n),h(n)) € I for all n € N. Since
I; C supp a is Noetherian, by Proposition 3.2, there is an increasing subsequence
fop of f. Likewise, there is an increasing subsequence h o p o 1) of h o .
We have g = fopo(l) +hopot(l) > fopo(0)+hopoy(l) and
fopo(0)+hopot(l) = fopoip(0)+hopot(0)=gby(9),s0g>g: a
contradiction.

If I is finite, then the projection of I on the second variable must be infinite,
and we obtain a symmetric contradiction. Therefore I is finite. So a - b is well-
defined.
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We next show that the set

S:={g€ M :3(g1,92) € (suppa) x (suppb),g = g1 + g2}

is Noetherian. It will then follow since supp(a - b) C S that a - b € k(M)).
Let (gn)nen be a sequence in S and let f € (suppa)Y and g € (supp b)Y with
gn = f(n) + h(n) for all n € N. By Proposition 3.2, there is an increasing
subsequence f o ¢ of f, and an increasing subsequence h o p o of h o . Thus
(Gp((n)))nen = fo@oth 4+ hopotis an increasing subsequence of (g )nen-
We deduce with Proposition 3.2 that S is Noetherian. O

Proposition 3.9. For the Cauchy product, the structure k(M) is a unital
algebra with multiplicative identity 1 := ¢°.

Proof. Let a,b,c € k(M)) and g € M. We have

(a-0)-c= 3 (a-0)g)elge)

g1+92=g

= Z ( Z a(93)b(g4)> c(g2)
91+92=g \g3+ga=g1

= Z a(93)b(ga)c(gz2)- ((M, +) is associative)
g1+93+g4=g

Likewise a- (b-¢) =3, | st ga=g 4(93)0(g4)c(g2) = (a-b) - c. So the product is
associative. It is clearly bilinear. It is easy to see that

(- a)(g) = (a-t°)(9) = alg),

so 1 is the multiplicative identity in k((M)). O

Proposition 3.10. The algebra k(M) with its structure of bornological space
s a summability algebra.

Proof. We have to show that SA holds. This follows as in [11, Proposition 3.3],
where the commutativity of the monoid does not play a role. O

In particular, for a,b € k((M)), the family (a(g1)b(g2)t9 792)4, goemr is N-

summable, with sum

a-b= > a(g)b(gs)t .
91,92€M

We call k((M)) the algebra of Noetherian series (with coefficients in k and
exponents in M).
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3.4 Contracting linear maps

In this subsection and the next one, we fix an ordered set 2, we consider again
the bornology N of Noetherian subsets of 2, and we write V := EWI for the
corresponding bornological space. Given v,w € V, we write

v<w
if w # 0 and for all p € suppw, there is a ¢ € supp w with p > q.

Proposition 3.11. [11, Proposition 4.6] The relation < is an ordering on V.
Moreover, for u,v,w € V, we have u < wAv < w = u+v < w.

Definition 3.12. A function ¢ : V — V is said contracting if for all a,b € V,
we have

v#Ew = d(w) — Pp(v) < w—v.

We write Lin (V) (resp. Lint(V)) for the sets of contracting linear (resp.
strongly linear) maps V. — V. Note that

Lin% (V) = Lin< (V) N Lin™ (V). (11)
Lemma 3.13. LinL (V) is a subalgebra of Lin(V).

Proof. If ¢,v € Lin,(V) and ¢ € k, then for v € V\ {0}, we have supp ci)(v) C
supp ¢ (v) so et (v) < v. We deduce with Proposition 3.11 that ¢(v)+cpp(v) < v,
whence ¢ + ctp € Ling (V). If ¢(v) = 0, then ¢(¢p(v)) = 0 < v. Otherwise
o(¥(v)) < ¥(v) where ¥(v) < v so ¢ o p(v) < v by Proposition 3.11, whence
$ot € Ling (V). o

Lemma 3.14. If ¢ : V — V is strongly linear, then it is contracting if and
only if supp ¢(1(,y) > p for all p € Q.

Proof. Assume that ¢ satisfies the condition above, and let v € V be non-
zero. By strong linearity, for each p € supp ¢(v), there is a ¢ € suppv with p €
supp ¢(1yq3). Thus there is an r € supp 1,3 with p > u. But supp 143 = {q}
so r = ¢, whence p > ¢q € suppv. This shows that ¢(v) < v. Since ¢ is linear, it
follows that ¢ is contracting. The converse is immediate since ¢(1py) < 1y}
is equivalent to supp ¢(1,y) > p. ]

Corollary 3.15. Lin® (V) is a closed subalgebra of Lin™ (V) and a closed ideal
of k1dy + Lin® (V).
Proof. That Lin® (V) is a subalgebra follows from Proposition 1.21, (11) and
Lemma 3.13. Let ¢: J — Lin® (V) be Lin-summable and set
o= ¢(j) € Lin (V).
jeJ
Let p € Q. We have suppo (L) € Ujessupp @(j)(1,y). Lemma 3.14 gives

supp @(j)(1ypy) > p for each j € J, so suppo(ly,)) > p, so o is contracting,
again by Lemma 3.14. O
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Theorem 3.16. The algebra k1dy + Lin® (V) has evaluations.

Proof. Let J be a set and let (¢;)cs C (Lin®(V))7 be Lin-summable. Let us
show that the family

(Go, ©---0Pq,)(0,...00)cT*

is Lin-summable. We may assume that J is non-empty, and it suffices to show
that

(¢, © -0 00,)(00,....0,)cT*

is Lin-summable.

Let m: Q x J — (2 denote the projection on the first variable. We consider
the ordering < on 2 x J given by (p,i) < (¢q,j) <= p < q. Consider the choice
operator ¥ on Q x J given by

Vp e Q,9(p,i) :=1{(q,7) : j € J Aq€suppd;(L)}-

Since each ¢; for j € J is contracting, this is a strictly extensive choice operator.
Let Y C Q x J be Noetherian. Let us show that the set

Yo ={(¢,j):j€JANEBpen(Y),(qg€suppd;(lpy)))}

is Noetherian by showing that each sequence in Yy has an increasing sub-
sequence. Let (gn,Jjn)nen be a sequence in Yy, and pick for each n € N a
(PnsJp) €Y with g, € supp ¢;, (1yp,}). Since Y is Noetherian, we may assume
by Proposition 3.2 that (p,,j},)nen is increasing.

Assume that (pp)nen has a constant subsequence. Without loss of gener-
ality, we may assume that it is constant itself. Assume that (j,)nen has no
injective subsequence. So it has a constant subsequence (jy(n))nen. The se-
quence (qy(n))nen in the Noetherian set supp ¢Jw(0)(]l{Pw(o)}) has an increasing
subsequence (qyop(n))neN; and (Gpou(n)s Ju(0))neN is an increasing subsequence
of (gn,jn)nen. Assume now that (j,)nen has an injective subsequence. Since
(#5, )nen is Lin-summable, the family (¢, (1{,}))nen is N -summable. There-
fore (gn)neny must have a strictly increasing subsequence, whence (g, jn)neN
has a strictly increasing subsequence.

Assume now that (p,)nen has no constant subsequence. So (pn)nen has a
strictly increasing subsequence (py(n))nen. The family (¢, ., (Lip,.,}))nen is
N-summable. In particular (g,(n))nen has a strictly increasing subsequence,
whence again (gn, jn)nen has a strictly increasing subsequence.

This shows that ¢ is Noetherian. Let S C ) be a Noetherian subset and pick
an arbitrary j € J. By Proposition 3.6, the set 97 (S x {j}) is Noetherian for
<y. This means by Lemma 3.7 that the family (pe),co+(sx{;}) is N-summable.
Write

I:={(p,n,00,...,0,) :pESARENANb,...,0, € J}.

For i = (p,n,0y,...,0,) € I, let W, denote the set of words

w = (wo,...,wn+1) € 19+(S X {J})
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where wo = (p,j) and wry1 = (Prt1,de,,) for a pri1 € supp ¢o, (Lir(w,)})-
Note that for each i = (p,n, ¢o, ..., ¢,) € I, there is a family ¢ € k"¢ such that

d)n ©---0 ¢0(p) = Ewewi C(w)]l{ﬂ'(w.)}'
The sets W;, i € I are pairwise disjoint, so by SS4, Proposition 1.6 and UF,

the family (3-,,cp, (W) Lin(wa)});c; = (96, 0+ © Do, (P))pesnenngs,... o, 18
N-summable. We conclude with Proposition 1.26. O

3.5 The Der-Aut correspondence for Noetherian series

Let V = kW be a space of Noetherian series. By Theorem 3.16, the summability
algebra kIdy + Lin® (V) has evaluations. As a consequence of Corollaries 2.10
and 2.12, we have a group operation

1 Lin% (V) x Lin% (V) — Lin%(V)
(6.4) +— S+ +5(B0Y—Yod)+

and a group isomorphism

exp : (Lini (V),x) — (Idy+ Lin': (V),0) (12)
6 3t
neN

Let A = E(M)) be an algebra of Noetherian series, where M is an ordered
monoid. Let 1-Aut} (A) denote the group of bijective strongly linear morphisms
of algebra o : A — A which preserve products, and with o(a) —a < a for all
a € A\ {0}. In the case when M is a linearly ordered group, our notation
1-Aut; (A) is compatible with that of [18]. Applying Theorem 2.14, we obtain:

Theorem 3.17. The structures (Der’;(A),*) and (1-Aut} (A),o0) are groups,
and we have an isomorphism

exp: (Der%(A),*) — (1-Aut; (A),0)

olnl
J Z o

neN
We finish with a formal analog of the Lie homomorphism theorem.

Theorem 3.18. Let W be an ordered set, let Ny be its bornology of Noeth-
erian subsets and consider the space of Noetherian series W = ENWI. Let
® : Lin® (V) — Lin% (W) be a strongly linear morphism of Lie algebras. Then
there exists a unique group morphism ¥ : Idy + Lin* (V) — Idw + Link (W)
with

U(exp(¢)) = exp(®(¢))

for all ¢ € Lin® (V).
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Proof. We have Idy + Lin* (V) = exp(Lin% (V)) by (12), so the function ¥ si
uniquely determined by

U (o) := exp(®(log(0)))

for all o € IdV+Lin<(V). Let 01,09 € Idy + Lin% (V) and write (¢1,¢2) :=
(log(o1),log(o2)) € Derf(A). Since ® is a morphism of Lie algebras, we have
P(ev(e, 02)( n)) = eV(d(01),d(00)) (Kn) for all n € N, where K,, € k((2)) is as
described in (6). Slnce ® is strongly linear, we deduce that ®(ev(g, ,)(Xo *

X1)) = eV(@(p1),8(p2)) (Xo * X1), 1.

(1 * ¢2) = D(¢1) x P(d2). (13)
It follows that
U(o1 009) = U(exp(p * ¢3)) (Corollary 2.12)
= exp(®(¢1 * ¢2))
= exp(®(¢1) * D(¢2)) (13)
= exp(P(p1)) o exp(P(¢p2)) (Corollary 2.12)

Therefore ¥ is a morphism. O
The same arguments using the identity 1-Aut; (A) = exp(Der® (A)) give:

Theorem 3.19. Let B be an angelra of Noetherian series. Let ® : Der‘: (A) —
Deri (B) be a strongly linear morphism of Lie algebras. Then there exists a
unique group morphism W : 1-Aut; (A) — 1-Aut; (B) with

U(exp(9)) = exp(®(9))
for all 9 € Dert (A).
As a consequence of Corollary 2.15, we have:

Corollary 3.20. The group 1-AutZ(A) is divisible and torsion-free.

4 Toward a full correspondence

4.1 Decomposing valuation preserving automorphisms

Let k be an ordered field and let G be a linearly ordered Abelian group. There
is a natural ordering on the field K := k((G)) for which it is an ordered field [14].
The field K is a Hahn field as per [23, 18].

Let v—Autz(K) denote the group of strongly linear automorphisms of the
algebra K with a < b = o(a) < o(b) for all a,b € U(K) where a < b if and
only if a £ b and b # a. By [18, Theorem 3.7.1], the group v-Aut} (K) is the
semi-direct product of the following three subgroups:
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a) The group 1-Aut; (K).
b) The group G-Exp(K) of functions

U,:am Z z(g)t?

geG
where 2 € Hom((G, +), (k*,)).
c¢) The group o-Aut(G) of functions

PN Z a(g)t“(g)

geG

where p € Aut(G, +, <).

4.2 Prelogarithms

Write Ky := {a € K : suppa < 0}. The ordered group (K,+,0) has [14,
Theorems 1.4 and 1.8] an additive lexicographic decomposition

K=K, +k+K=~,
whereas (K>, -, 1, <) has a multipicative decomposition
K>O _ tG . k>0 . (1 —|—K<).

A prelogarithm is an embedding log: (K>°,-,1,<) — (K, +,0,<). It is
compatible with the valuation v on K if for all a > 0, we have v(log(a)) >
0 < v(a) > 0 and v(log(a)) > 0 <= wv(a — 1) > 0. A logarithm is a
surjective prelogarithm. The existence of a compatible logarithm is equivalent
[14, Lemma 1.21] to the existence of the three following isomorphisms of ordered
groups.

a) A right logarithm, i.e. an isomorphism (1 +K=,-1,<) — (K=, 4,0, <).
b) A middle logarithm, i.e. an isomorphism (k> -1, <) — (k,+,0, <).
c¢) A left logarithm, i.e. an isomorphism (t¢,-,1, <) — (K., +,0, <).

This is illustrated in the following picture

K = K, + k + K~

K> = ¢ . k20 . 14+ KS

Exponentiation along the additive and multiplicative decompositions
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Although prelogarithms always exist, no right logarithm exsits if G is non-
trivial [17, Theorem 1]. This obstruction can be circumvented by considering
directed unions of fields of Hahn series, such as log-exp series, or fields of EL-
series [14, Chap 5, Section 2].

One can interpret the formal exp-log correspondence between each Der: (K)
and 1—Aut2'(K) as a non-commutative generalisation of the natural right logar-
ithm on K, which is the isomorphism

(1+K< <) N (K< + <) P N Z (_l)mngrl
meN m

We want to investigate how this correspondence extends to the group v-
Aut; (K), mapping it to an appropriate Lie subalgebra of Der™ (K). Let us
first extend the correspondence to the subgroup IntAut; (K) := G-Exp(K) x 1-
Aut} (K) on K.

4.3 The middle correspondence

Let G-Der(K) denote the commutative group, under pointwise sum, of (strongly
linear) derivations d, of the form

Va e K, da( Y alg)t?) = > alg)a(g)t?

geG geG

where oo € Hom((G, +), (k,+)).

Note that Hom((G,+), (k,+)) and G-Der(K) are vector spaces and d. is a
k-linear isomorphism. Let e : (k,+,<) — (k7°,-,<) be an isomorphism of
ordered groups, i.e. the inverse of a middle logarithm on K. Writing k™ as the
direct product k% ~ {1, -1} x k>°, we obtain

HOIII((G, +), (k>< ) )) = HOIH((G7 +)7 ({17 _1}v )) x Hom((Gv +), (k>05 ))
= Hom((Gv +)’ (ZQv +)) X HOHI((G, +)’ (kv +))

We have Hom((G,+), (Z2,+)) ~ Hom((G/2G,+),(Z2,+)) which is trivial if
and only if G is 2-divisile. In that case, we have an isomorphism

Hom((G,+), (k,+)) — Hom((G,+), (k*,")); a+— eoa.
which yields a Der-Aut correspondence G-Der(T) — G-Exp(T) ; do — Yeon-

4.4 Toward a left correspondence

Consider the Lie algebra DerZ (K) of strongly linear derivations 9: K — K such
that v(d(a)) > v(a) for all @ € K. This is the semi-direct product of the Lie
algebra G-Der(K) with the Lie ideal Der;(K). Combining the right and middle
Der-Aut correspondences, we obtain an isomorphism between Der (K) and the

group IntAutZ'(K) of internal strongly linear v-automorphisms of K. This is
summed up in the following picture, where the upper (resp. lower) decomposi-
tion is given by semi-direct internal products of groups (resp Lie algebras).
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Derk(K) = G-Der(k) x  Der®(K)

IntAut; (K) G-Exp(k) o  1-Aut}(K)

Der-Aut correspondence along middle and left logarithms

What of the left part of the decomposition of v-Aut(K)? Under what condi-
tions on K is there a corresponding Lie algebra D of strongly linear derivations
such that DerZ (K) is a Lie ideal of D+DerZ(K) and that there exists a bijective
correspondence between D and o-Aut(G)?

In some cases, automorphisms of (G, +, <) have been shown [15, Proposi-
tion 4.9] to induce strongly linear derivations on K. Furthermore, the derivations
can be chosen compatible with a specific prelogarithm on K [16, Section 3].

Future work. We plan to investigate this construction method in order to
obtain further derivations coming from automorphisms on G.
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