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Abstract

Let A, = C[tf!, 1 <i < n] and W(n), = A,d, the solenoidal Lie algebra introduced by
Y .Billig and V.Futorny in [&], where p = (1, ..., ptn) € C" is a generic vector and
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We consider the semi-direct product Lie algebra WA (n), := W(n), x A,.

In the first part, We prove that WA (n),, has a unique three-dimensional universal central
extension. In fact we construct a higher rank Heisenberg-Virasoro algebra (see [[1,;14]). It
will be denoted by HVir(n), and it will be called the solenoidal Heisenberg-Virasoro algebra.
Then we will study Harish-Chandra modules of HVir(n),, following [14]. We will obtain two
classes of Harich-Chandra modules: generalized highest weight modules(GHW modules) and
intermediate series modules. Our results are particular cases of [:_143 In the end, we will
construct HVir(n), Verma modules using the lexicographic order on Z". In particular we
give examples of irreducible weight modules which have infinite dimensional weight spaces.
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1 Introduction

The Heisenberg-Virasoro algebra HVir was first introduced in [3], where highest weight
modules were studied and a determinant formula for the Shapovalov form on Verma modules was
obtained. In [15] (see also [ 4], []), Lu and Zhao classified the irreducible Harish-Chandra modules
over HVir, which turn out to be modules of intermediate series and highest /lowest weight modules.
Whittaker modules for HVir were studied by [[3]. Recently, a large class of irreducible non-weight
modules were constructed in [§]. The generalized Heisenberg Virasoro algebras are generalization
of the Heisenberg-Virasoro algebras where the grading by Z is replaced by an additive subgroup
G of C. Their representation theory was considered by several authors, see for example [T, 8].

Recently in [&,4], Y. Billig and V. Futorny study weight modules of finite weight spaces of
the Lie algebra W(n) of vector fields on the torus. They prove that such modules are highest
modules or quotients of modules of tensor fields. In [@], they introduced so called solenoidal
Lie algebra W(n), := A,d, as a bridge between the Lie algebra W(1) and the Lie algebra

n
0
W (n) where pp = (p1,... p1n) is a generic element in C" and d,, = Z,uiti%.
i=1 i
classification of the simple cuspidal W (n),-modules. In a forthcoming paper (see [2]), we compute
the second cohomology space H?(W(n),,C). The universal central extension of W(n), is a new
generalization of the Virasoro algebra, denoted Vir(n), and is called the solenoidal-Virasoro
algebra. Then we give a complete classification of its Harish-Chandre modules.

Then they give a

In this paper we consider the semi-direct product WA(n), := W(n), x A,, the analogue
of the Lie algebra WA(1) = W(1) x A; in the case n = 1. The first section of this paper
contains our main result given by Theorem 2.1. We compute three generating 2-cocycles and
then we classify the universal central extension of WA(n),. The obtained three-dimensional
central extension of WA (n), is called the solenoidal Heisenberg-Virasoro algebra and is denoted
by HVir(n),. In the second section, we study Harish-Chandra modules over HVir(n),,. In [[[4],
G.Liu and X.Guo give the definition of generalized Heisenberg-Virasoro algebras HVir[G]| where
G is an additive subgroup of C. When G ~ Z" HVir|G] is called rank n Heisenberg-Virasoro
algebra. Our algebra HVir(n), is an example of rank n Heisenberg-Virasoro algebra.

In the second section, following 4], we classify Harish-Chandra modules of HVir(n),. We
obtain tow kinds of modules, generalized highest weight modules (GHW modules) or intermediate
series modules. For n = 1, we obtain the classification results for the classical Heisenberg-Virasoro
algebra given by R. Lii and K. Zhao (see [[3]).

In the third section, we introduce a triangular decomposition of HVir(n), using the lex-
icographic order on Z", then we define Verma modules and anti-Verma modules. As the usual
highest weight theory, we obtain irreducible highest weight modules and irreducible lowest weight
modules of HVir(n), by taking respectively quotients of Verma modules and anti-Verma modules.
In the end, we provide that these modules have infinite dimensional weight spaces.



2 The solenoidal Heisenberg-Virasoro algebra HVir(n),

Let A, = (C[tl-il, 1 <4 < n] be the algebra of Laurent polynomials and let © = (p1,..., 1) €
n n

C™ generic, that is, for all & = (aq,..., ) € Z" | p- v := Z,u,ai # 0. Let d, := Z,uiDti,
i=1

i=1
where Dy, = ti%. Y. Billig and V. Futorny [G], introduced the solenoidal-Witt Lie algebra

W (n), := A,d, as the Lie subalgebra of the Lie algebra W(n) = Der(A,,). Let
Fy={p -a;a€Z"}.

It is the image of Z™ by the map :
o, 2" —C
a -

I'), is a subgroup of (C,+). A canonical basis of W(n),, is given by:
{epa =t%dy, p-a €Ty}
The commutators of the e,., are given by:

lepaseupl =1 (B—a)e gy, -, p- BT, (2.1)

In the case of n = 1, we take y € C* then I'), = pZ and W(n),, is isomorphic to W(1) by taking
dpy — vdy, where 7y is the square root of v . In particular if 4 = 1 we obtain the classical Witt
algebra W (1).

In the recent paper (see [2]) , we study the central extension of the solenoidal Lie algebra
W(n), introduced by Y. Billig and V.Futorny (see [d]), we obtain an analogue of the Virasoro
algebra and we called it the solenoidal Virasoro algebra and we denoted it by Vir(n),. Then we
give a classification of Harish-Chandra modules over Vir(n),. Also, we construct Vir(n),-modules
with infinite dimensional weight spaces by using the lexicographic order on Z™.

In this paper we consider the Lie algebra WA (n), := W(n), x A,. Its canonical basis is:
{epa =t%dy,ho =t p-aely, a cZ"}

Its Lie structure generated by the following brackets:

[eﬂ'a’ eu'ﬂ] =K (5 - a)eu~(a+ﬂ)'
[ha, hg] = 0.
[epashg] = (1 - B)hatp-

The main purpose of this paper is to compute central extensions of the algbera WA (n),,.

The following theorem is a generalization to multidimensional case of Theorem 3 and Propo-
sition 3 in [17] where the extension of the Lie algebra Vect(S') of vector fields on the circle by
modules of tensor densities F) is study.

Theorem 2.1. The second cohomology space H?*(WA.(n),,C) is three dimensional and it is gen-
erated by the following 2-cocycles Cy 1, Cp2, Cusz: WA(n), x WA(n),, — C defined by:



)3 — (o
Cut (€pras €8) = 0o, —p L5 0e, (2.2)
0 otherwise '

Cﬂ,2(eu-a, hﬁ) = a,—B((N ) 04)2 — (p 0‘))0#72 (2.3)
0 otherwise ' '

Cu3(ha hp) = 0a,—p 5 c s (2.4)
0 otherwise ’

Proof. The fact that the 2-cochains
Cui, Cu2, Cuz: WA(n), x WA(n), — C
are 2-cocycles is a straight forward computations using the 2-cocycle condition:
Cui([X,Y],2) + Cpa(lY, 2], X) + Cpi([Z, X],Y) = 0, (2.5)
Fori=1,2,3; X,Y,Z € WA(n),.

Let us now prove the unicity of the 2-cocycles C, 1, C) 2, Cp3.
Denote X, 1 = €. and Xo2 = ho. The first step, we prove that for i € {1,2,3} and
J,k € {1,2} each cocycle has the following form:
Cpi(Xa,js Xg k) = 0i jrk—10a,—p0i(1t - a)cpyy, for all o, € Z".
The second step, we apply known results on functional equations (see (L[], [ii]) to give the final
expressions.

Take X = X, j,Y = X, and Z = X, ;. Since condition (2.§) is cyclic in X, Y, Z, it suffices
to take (j,k,1) € {(1,1,1),(1,1,2),(1,2,2)} corresponding respectively to {C 1, Cy 2, Cp 3} since
the left hand side in condition (£.53) is equal to zero for the other possibilities.

Let us start by proving the unicity of C, 1. So we take (j, k,1) = (1,1, 1), that is (Xq,1, Xg1, X5,1) =
(€u-as €8s €pry)- Assume that there exists Wy : I'y, x I'y — C such that:

lepas euglavir, = (1B — p-a)eyarp) + Pi(p-a,p- Blep. (2.6)

The function ¥y (u - «, p - 8) can not be chosen arbitrary because of the anti-commutativity
of the bracket and of the Jacobi identity. We observe from (2.6) that if we put:

\Pl(oa ue Ck)

%
I« Cu,1, (Q#O),

/ _ / _
€40 = €u-05€pq = €pra +

then we will have
€0 € ralBVir, = (- )€, forall p-aeT,,.

This transformation is merely a change of basis and we can drop the prime and say that:
€40, epal HVir, = (1t - a)eyq for all p-a €T, (2.7)
From the Jacobi identity for e,.o, €., €. We get

le0s [€w s epal BVir, | HVir, = 1+ (B + @)eus, epalHVir, (2.8)



Substituting (2.6) in (2.8) and using (2.7) we get:

e (a+ B)a(p- o, p-B)euy = 0.
But this is equivalent to o + 5 = 6) or Wi(p-a,pu-p)=0. Then ¥y has the following form:

Ui(p- o, p- B) = da,—pbi(p- ) (2.9)

where 0, is a function from I';, to C.

The Lie bracket (2.01) becomes:

lepaseuplavir, = (-8 — - a)eyaqrp) + Oa,—p01(1 - @)cpr, pr-opu-B € Ty (2.10)

By antisymmetry of the bracket, we deduce that 6, is an odd function (61(p - ) = —01(—p - @))
and by bilinearity of the bracket, we deduce that 6; is additive. So, 0y is a group morphism from
Ty, +) to (C, +).

We now work out the 2-cocycle condition (
then (2.5) is satisfied. If v+ 4+ o = T, using (
(2.53) the following equation:

. —
2.q) on Cp 1 for ey, €pasepp. v+ +a# 0
2.10) and the the fact that 6, is odd, we get from

po (o= B)0i(p-(a+B)) —p- 28+ a)fi(p-a)+p- (B+2a)b(n-B8) =0 (2.11)

where 6 is a continuous function. Substituting 3 by —f in (2.11) we obtain the following equation:

n(a+ B0 (a—B) —pu-(a—28)01(n-a) —p- 20— B)or(u-B)=0  (212)

by adding (2.11) and (2.12) we get:

(1) [01(p- (a+B)) +01 (1 (= B)) =261 (- )] = (- B)[01 (- (a+B)) + 01 (- (B— ) — 201 (u- B)]

Let us denoted z := p- o and y := - 3 and replace them in (2.13) we will obtain: 21
2[b1(z +y) + 01 (x —y) = 261(2)] = y[b1(z +y) — 01z —y) — 261(y)] (2.14)

But (2.12) is equivalent to the following equation:
220 (x) = 2y01(y) = (z = y)br(z + y) + (z + y)b(z — y). (2.15)

Using results on functional equations by PL.Kannappan,T.Riedel and P.K.Sahoo (see [l(]),
the equation (2.15) has the following general solution:

61(z) = az® 4+ A(x)

where A : C — C is an additive function. Since we work with continuous function 6, then A will
be continuous and additive function, and so it is a linear function A(x) = bz,b € C.

Finally, 6;(x) = ax® + bz where a,b € C and for x = - a we have:

01(p-a) = a(p- @)’ +b(p - @),



The 2-cocycle 0y is non trivial if and only if a # 0 while b can be chosen arbitrary. By the

convention taken in Virasoro 2-cocycle ( n = 1), the choice a = —b = L and the generating

2
2-cocycle becomes:

. a 3 —_ . a
Cu(epar€up) = ba,—pbh (1 - @)y = %50,6%,1- (2.16)

For the unicity of the 2-cocycle C), 2, we take (j,k,1) = (1,1,2). Assume that there exists
vy : Ty xI')y — C such that:

[e,u-on hB]HVir# = (,U : ﬁ)ha—l—ﬁ + \1’2(,“ CQ /B)C,u,2- (217)

The function Wo(u - o, - 5) can not be chosen arbitrary because of the anti-commutativity

of the bracket and of the Jacobi identity. We observe from (2.17) that if we put:

Us(0, 1 - ) —

e;m =€,.0, by = ho + o Cu2, (# 0),

then we will have

€400 o HVir, = (1 - @)hy, for all a € 2.
This transformation is merely a change of basis and we can drop the prime and say that:

[eu.o, ha]HVirH = (M . Oé)ha for all a € Z"™ (2.18)
From the Jacobi identity for e,.o,€,.a, hg, we get:

€0, [ep-as RalaVir, | HVir, = 11+ (B + a)lepa, hplavir, (2.19)

Substituting (2.17) in (2.19) and using (2.18) we get:
o (a+ B)Wa(p- o, - B)epe = 0.
But this is equivalent to o + 5 = 6} or Uo(p-a,p- ) =0. Then ¥y has the following form:

Wo(p- o p- B) = ba,—pb2(p - @) (2.20)
where 6 is a function from I';, to C.

We now work out the 2-cocycle condition on C), o for (X4 1,X51,X,2) = (epa,eus, hy). If
T+ B +a# 0 then (2.5) is satisfied. If v + 3+ a = 6), using (2.9) and the the fact that 6 is
odd, we get from (2.7) the following equation:

(1B —p-a)lo(p-(a+pB) — (- (a+B))02(pn-B)+ (1 B+p a)fa(p-a)=0

Put z = p-a and y = p - 5, then we will obtain:

(y —2)02(x +y) = (y + 2)(02(y) — O2(x)) (2.21)
If x =y or & = —y the equation (2.21) is satisfied. If x # y and x # —y, then (2.21) is equivalent
to the following equation:

O2(x+y) _ Oa(x) — 0a2(y) (2.22)
Tr+y r—y .




If z # 0, put h(z) = 92535), so we have:

0ulr) ~ boly) _
T—y 2

) (2.23)

This is the well known Aczél functional equation (see [il]). Its general solution is given by:
Oa(x) = ar® + bz + ¢, for a,b,c € R
and h is C!-function such that h(x) = 64(x). But in our case 02(0) = 0 then ¢ = 0 and 3 becomes:

Oo(z) = az® + bx ¥V a,b € R.

Following the choice of the 2-cocycle in the twisted Heisenberg-Virasoro algebra corresponding
to one variable ( n =1 ), we take a = 1 and b = —1 then we obtain:

Or(p-a) = (p-a)® —p-a.

For the unicity of the 2-cocycle O, 3, we take (j,k,1) = (1,2,2). Assume that there exists
U3 :I', x I')y =€ C such that:

(hes hglaVir, = Va(p- o, - B)cus. (2.24)
From the Jacobi identity for e,.0, ha, hg we get:
po(a+ B)Ws(p- o, p- B)eps = 0.
But this is equivalent to a + 8 = ﬁ or Ws(p-a,pu-p)=0. Then W3 has the following form:
Ws(p-a,pp- f) =ba,-pbs(p - ) (2.25)
where 03 is a function from I', to C. We will have:
(e, hglHVir = 0, —p03(1 - @)cp 3,

with 03(0) =0, #3(—p - o) = —03(u - a).
Let o, 8,7 € Z" and a+ +v = ﬁ We apply the 2-cocycle condition for (Xa,1,Xg2, X52) =

(€u-as hg, hy) we obtain the equation:

(11 B)03(1 - () — (- + - B)fs(ua- B) = 0. (2.26)

If we put © = p- o and y = p - 3, then (2.24) becomes:
yO3(x +y) = (y + 2)03(y) (2.27)

If =0 or y = 0 the equation (2.27) is satisfies.
If x # 0 and y # 0, then (2.27) is equivalent to:

O3(x +y) —0s(y) _ 93(y) (2.28)

T Y




Let X =2 +v,Y =y, then (2.28) becomes:

O5(Y) — 03(X) _ 05(Y)
Y -X Yy -

(2.29)

If Y approaches X( Y — X) in the first member of (2.29), we obtain the following differential

equation:
03(X)
! —

which has solution 03(X) = aX,a € C.

Following the choice of the 2-cocycle in the twisted Heisenberg-Virasoro algebra corresponding
to one variable (n =1 ), we take a = 1/3 then we obtain

e
Os(p- ) = 'MT

Definition 2.2. The central extension of WA(n),, given by the three 2-cocycles Cy,1, Cpo and
Cps in Theorem .1 is called the solenoidal Heisenberg-Virasoro algebra (HVir(n),, [, Javir,)
where

HVir(n), := WA(n), ® Cc,1 ® Cepua ® Cep 3.

and where its Lie bracket [., |gvir, is generated by the following brackets:

(n-a)® = (p-a)

[eu.a, eﬂ.g]me = U (/8 — O‘)eu-(a—i-ﬁ) + (50{7,5 12 Cu,1 (230)
lepeas hglvin, = (- Bhass +Sap((n- @) = (- a))cys (2.31)
el
[hm hB]HVirH = 50[,,5 (M?’ )Cmg (2.32)
lcpi, HVir(n)ulgvir, =0 for all i =1,2,3. (2.33)
Remark 2.3. 1) The name solenoidal Heisenberg-Virasoro algebra comes from the facts that

HVir(n), contains a subalgebra isomorphic to Vir(n), generated by {ey.q,cu1 | @ € Z"}
and a subalgebra
H(n), := ( Paczr Chq) ® Cepo

which is isomorphic to an infinite dimensional Heisenberg algebra graded by 7.

2) For a given 2-cocycle Cy, : WA(n),, x WA(n), — C, there exists (a1, a2,a3) € C* such that
Cu=0a1C, 1+ a2Cp 2+ a3C), 3. By bilinearity its expression is given as following:

CM((eu-a, hﬁ)a (eu-'y, hn)) = C,u,l(ep-aa e,u-“/)"'
aQ(C%Q(eM'O“ hy) — Cm?(eum hﬁ))+
a3C,u,3(hﬁa hn)

for all a, B,v,n € 7.
Moreover, The Lie bracket of HVir(n), is given by:

(X, Y]gvie, = [X,Y] + Cu(X,Y), for all X,Y € HVir(n),.

8



3 Harish Chandra modules for HVir(n),

3.1 Generalities on Harish-Chandra modules

Let V be a nonzero HVir(n),-module. Suppose that the central elements ¢, 1, ¢, 2, ¢, 3 and hg
act as scalars ci, ¢g, c3, I’ respectively, on V. Set

Vi ={v e V|d,v = Iv},

which is called a weight space of weight A\. Then V is called a weight module if V' = @)c V).
Denote supp(V') = {A|V) # 0}, which is called the support of V.

Definition 3.1. A weight HVir(n),-module V' is called Harish-Chandra if dim V) < oo for
all A € supp(V') and is called uniformly bounded or cuspidal if there is some N € N such that
dimVy < N for all X\ € supp(V).

Definition 3.2. A weight HVir(n),-module V is called a module of the intermediate series if it
1s indecomposable and all its weight spaces are at most one dimensional.

3.2 Intermediate series of HVir(n),
Proposition 3.3. Let T, (a,b, F) the I',,-graded vector space:
Tu(a,b, F) = @pwer, Vyrta
where a,b, ' € C. We define an action of HVir(n), on T,(a,b, F) by:
patirta = (@41 1+ b(H - 0 esayba

ha.vlu.n+a == FUM'(H-"-OC)-FO/? (31)
Cu1Vpkta = 0,42V kta = 0,¢43V51a =0

for all k,oc € Z". Then T, (a,b, F') is a HVir(n),-module for this action.

Remark 3.4. The weight spaces of T,,(a,b, F') are one dimensional. Then T,(a,b, ) are called
cuspidal or intermediate series modules.

It is easy to check that the HVir(n),-module T} (a,b, F) is reducible if and only if F' =
0,a € I'y and b = 0,1. The module 7),(0,0,0) contains Cvy as a submodule and the quotient
7,(0,0,0)/Cug is irreducible. The module 7),(0,1,0) contains @aezn\{ﬁ}cvu'a as irreducible

submodule of codimension one. By duality, it will be isomorphic to 7),(0,0,0)/Cuvg. We will
denote it 7',(0,0,0).

Let V be a nontrivial irreducible weight HVir(n),-module with weight multiplicity one. We
may assume that hg,c, 1, c¢,2,c,,3 act as scalars F, ¢y, co, c3 respectively.

Following Lemma 3.1 and Lemma 3.2 in [15], we will prove the following proposition:

Proposition 3.5. Let = (p1,...,un) € C" a generic element that is:

poa#0, Va=(a,... a0 €Z"\ {0}



Let V := @prer,Cupn be a HVir(n),-module the action given by:
€pa-Uprta = (@ + K+ b O‘))Uu-(n—i-oz)—i—a-
haVprta = FlrausVu(eta)ta O CpiVurta = CiVurta fori € {1,2,3}.

Then all F,.q . are equal to a constant F' and ¢; =0 for i € {1,2,3} and such module V is
isomorphic to T, (a,b, F).

Proof. 1t is strait forward to prove that ¢; = 0 by restriction to Vir(n), and using results by [i16].

It is clear that supp(V) C a+1I', for some a € C. We give a proof by induction on n to prove
that Fj,.o . = F for all o,k € Z".

For n = 1, Proposition 3.5 is Lemma 3.1 in the paper [[3].

Let us prove the case of n = 2. Let h(,,) = th and let H(2) = ®1,m)ez2Chm) ® Cepz be
the Heisenberg subalgebra of HVir(2), and let V' = @, 0)ez72CUpyptpag- Let us fix [ and p and
consider Hi(1) = ®mezChm) © Ccuz and V), = @ezCvpypipng- Then Hy(1) is a subalgebra
of #H(2) isomorphic to the Heisenberg algebra #(1) and V,, is an intermediate module for H;(1).
By Lemma 3.1 in the paper (5], h(,m) acts by a constant Fj, which depends on [,p € Z but
independent of m and ¢ and ¢, 3 act by zero on V), for all p. If we interchange n by m and p by g,
then F}, will be independent of [ and p and then it will be a constant F' for all (I,m) € 72 and
cu,3 act by zero on all V.

Now, assume that the proposition is true on Z"~! where n € N and n > 2. Let H,,(n — 1) =
Daeczn-1Chiam) ©Ccpz and Vy = ©gezn-1Cop g1 p,q where ' = (p1,. .., pn—1). By the induction
hypothesis H,,(n—1) acts by a constant F},, ; on V; which depends only on m and ¢ for the moment
and ¢, 3 act by zero on V,. Now if we fix «, 8 € Z"~! and consider H(1) = OmezChia,m) ® Cep s
and Vg 1= ©4czCv. g4, g, then Fy, o will be independent of m and ¢ and then it will be a constant
F for all (a,m) € Z". m

3.3 Generalized highest weight modules

For p = (p1, pt2, ..., pin) € C?, let i/ = (g2, ..., pn) € C*~ L For any a = (aq,...,a,) € Z"
we have ji-a = pryay + 1 - o where o = (ag,. .., ay). This induces a natural embedding of ', in
', given by p/-a’ — - (0,0'). The embedding I'y < T',, as defined below, induces an embedding
of the Lie algebra HVir(n — 1),/ into the Lie algebra HVir(n), given by:

Eulal P € ny and he = hg o)

}1/(070(
Let A, 1 = C[tF',... '], then we have the following Z-grading of HVir(n),:

HVir(n), = @;czHVir(n)),

where HVir(n)), = A, _1d, ® Ap 1 ® % Cey; and HVir(n)l, = t1 Ay 1d, St1 A, 1D 2 Cepy
if i # 0. The Lie subalgebra HVir(n)g of HVir(n), is isomorphic to HVir(n —1),/. The algebra
HVir(n), has a triangular decomposition

HVir(n), & HVir(n)", & HVir(n),,

where HVir(n)i = @z‘eiNHViI‘(n)Z-

10



For a,b € C, we denote Ty (a,b, F) the HVir(n)), module of tensor fields

TH/(G,, b, F) = @,U/-HIEFHI (C’U“/_H/
subject to the action:
el Uyt = (@ + ' K 0(p" - ) v (ar gy

ha/.U“/_R/ = FU}L’-(H’-ﬁ-a’)a (32)
CpyiVprwr = 0 for i =1,2,3 and ¢/ - k', 1/ - o’ €T

We extend the HVir(n), module structure on Ty,(a,b, F) given by (3.2) to HVir(n) @

I
HVir(n)g where the elements of HVir(n),, act by zero on Ty, (a, b, F'). Let

HVir(n),

M(a7 b7 Fu’) - IndHVir(n):@HVir(n)?L

TMI (a, b, F)

be the generalized Verma module. As vector spaces we have M (a,b,I',y) = U(HVir(n),) ®
T,/ (a,b, F'). The module ]T/I/(a, b,T,/) has a unique maximal proper submodule M (a,b,T',/) trivially
intersecting T}/ (a, b, F'). The quotient module

L(a,b,Ty) == M(a,b,T,)/M(a,b,T)
is uniquely determined by the constants a,b and
L(a,b,T) = ®isoLa—iu+1,,
where La,wﬁp#, = O rer,, Lo—ipy 4 and
Lo—ipy+pn = {v € Ljdyv = (a —ip1 + 1’ - k)v}
We can similarly define MaJriuler#, and ]T/fa,wﬁp#,.

Definition 3.6. Let (ui,...,u,) be a Z-basis of 'y and let Fio =Z w1 & ... 8 Z u, and
HVir(n)EO 1= Byerz0 (HVir(n),)u. Let V be a weight module such that there exists \g € Supp(V')

and a nonzero vector vy, € Vy, such that : HVir(n);ov)\O = 0. Then V is said to be a generalized

highest weight module with generalized highest weight Ao and generalized highest weight vector vy, .
Such module V' is denoted by V(o).

In G.Liu and X.Guo (see [[4] Theorem.16) , it is proved that for a generalized Heisenberg-
Virasoro algebra an irreducible weight module with finite dimensional weight spaces is either a
cuspidal or a generalized highest weight module. In our particular case, any irreducible HVir(n),,-
module is either cuspidal or isomorphic to L(a,b,T',).

Definition 3.7. A HVir(n),-module V is called a dense module if supp(V) =a+T,, a € C

and is called a cut module if supp(V) C X+ v+ I’(Sao) where I’(Sao) =A{p-p|Ip €Z" and f.av <
0} and vy € T,.

The modules T,(a,b, F) are irreducible dense modules and L(a,b,T',s) are irreducible cut
modules.

The following theorem is a consequence of Theorem 15 and Theorem 16 in [14]. It classifies
Harish-chandra modules of HVir(n),,.
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Theorem 3.8. Let V' be a nontrivial irreducible weight module with finite dimensional weight
spaces over the Heisenberg solenoidal-Virasoro algebra HVir(n),,.

1) If n =1 then '), = pZ ~ 7, then V is of intermediate series or highest or lowest module
(see f2:14]).
2) If n > 2, then V' is isomorphic to one of the following modules:

a) V=T,(a,b,F) for (a,b) € C*\ {(0,0)} or V =T,(0,0,0).
b) V= L(a,b,T ) for some a,b e C.

4 Simple Weight HVir(n),-modules having infinite dimensional
weight spaces

Let Z" be the free abelian group of rank n whose elements are sequences of n integers, and
operation is the addition. A group order on Z" is a total order, which is compatible with addition,
that is

a<b ifandonlyif a+4+c<b+ec

The lexicographical order <., is a group order on Z".

We transport the lexicographic order <., on Z" to I';, that is
wea < p-Bif and only if o <jep B.

Let us introduce
AT = {Oé S anﬁ) <lex Oé} , AT = {a € Zn‘a <lex ﬁ}
+ + i N - [
Fu — UH(A ) — {M'O‘| 0 <lex a} , Fﬂ = UH(A ) = {,u-a|oz <lex 0}

Let (Vir(n),)+. (Vir(n),
bras defined by:

(Vir(n),)+ = @ Cepa, (Vir(n),)- = @ Cepa, (Vir(n),)o = Cd, ® Cep,

(Vir(n),)o, (H(n)u)+, (H(n),)— and (H(n),)o be the subalge-

acAt aEA~
(H(n),)+ = @ Chea, H(n)u)- = @ Che, (H(n)u)o = Cho @ Cey 2
acAT aEA~

The algebra HVir(n), has the following triangular decomposition:
HVir(n), = (HVir(n),)+ & (HVir(n),)o ® (HVir(n),)_

where,
(HVir(n),)+ = (H(n),)x & (Vir(n),)+,

(HViI‘(n)M)O = (Ceu.o @® Cho @ (Cclhl S¥ (CCMQ D (Ccu,g.

Let A = (A, ¢ ,c1,¢2,c3) € C° and denote HB(n); := (HVir(n),)o ® (HVir(n),);+. Let
the one dimentional HB(n)-module Cy where the action is given by:

eu.o.l)\ = )\Ml)\,ho.l)\ = Col)\,cml.l)\ = 011)\,0%2.1)\ = 021)\,0%3.1)\ = 031)\.
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The Verma module of HVir(n), is the induced weight module:

M()\) = Indg‘B’;;(Q“(cA .= U(HVir(n),) @u@ms(), ) Ca
The Verma module M () has a maximal proper submodule ]\/4\()\/) and the quotient V() :=

e~ —

M(X)/M(X) will be irreducible and called the irreducible highest module with highest weight A.
Moreover, every irreducible highest module will be constructed with this manner.

The irreducible lowest weight modules V(\)Y of lowest weight A are constructed in the same
manner of the ones in the case of the HVir(n), algebra.

We can also consider the Verma module of Vir(n),:

Vir(n),

K(v) = Ind(Vir(n)u)oEB(Vir(")u)Jr

C,

where v = (Ay, ¢1),eu.0.1, = Auly,cp1.1, = 11, and (Vir(n),)+ acts by 0.

The module K () has a maximal proper submodule K (v) and the quotient L(v) := K(v)/K(v)
is an irreducible highest Vir(n),-module.

The algebra HVir(n), has also the following generalized triangular decomposition:

HVir(n), = (H(n),)- ® Vir(n), ® (H(n),)o & Ceuz & (H(n),) .

Let (P(n),)+ := Vir(n),® (H(n),)o® (H(n),)+ ®Cc, 3. Let L(v) be an irreducible Vir(n),-
module. Extend it to (P(n),)+-module by letting hg acts by co, c,2 acts by c2, ¢,3 acts by c3
and (H(n),)+ acts by 0. Let the generalized Verma module of HVir(n),:

o HVir(n)
G(\) = Ind(P(n)#)Jr“L(l/)

—

where A = (v, cp, c2,¢3). The module G(\) has a maximal submodule G(\) and the quotient is
irreducible module V' (\). As a module of Vir(n), it contains L(r) as a submodule.

Theorem 4.1. Let V(X) be the irreducible highest weight module of HVir(n),, then there exists
a € supp(V (X)) such that V(\)q is an infinite dimensional weight subspace of V(\).

We have the same assertion for the lowest weight module V (\)Y.

Proof. As a module of Vir(n),,, V(A) contains L(v) as submodule. Using results in [, L(v) has in-
finite dimensional weight subspaces. We deduce that V' (A) has submodules of infinite dimensional
weight spaces. H
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