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We propose a mechanism of topology-induced symmetry breaking, where certain local symmetry
preserved by the Hamiltonian is broken in the excited eigenstates due to the nontrivial boundary
condition. As a demonstration, we study magnon excitations on a Möbius strip comprising of two
antiferromagnetically coupled spin chains. Even under a simple Hamiltonian respecting local rota-
tional symmetry and without considering curvature effects, magnons exhibit linear polarization of
the Néel vector devoid of chirality and form two non-degenerate branches that cannot be smoothly
connected to or be decomposed by the circularly-polarized magnons typically seen in antiferromag-
nets. One branch supports standing-wave formation on the Möbius strip while the other does not,
owing to its spectral shift incurred by the boundary condition. Our findings showcase the significant
influence of real-space topology on the physical nature of quasiparticles.

Introduction. In solid-state systems, physical proper-
ties of quasiparticles are believed to be direct manifesta-
tions of symmetry and interactions, whereas the subtle
impact of real-space topology remains elusive. Prevailing
studies often adopt periodic boundary conditions (PBCs)
on the quasiparticles [1], for which the system becomes
topologically equivalent to a circle, a torus, or a 3D-torus
depending on the dimensionality. However, there exist
exotic structures such as Möbius strips and Klein bot-
tles that do not conform with the PBCs. Concerning the
physical behavior of quasiparticles on such an object, it
is tempting to ask: what are the physical implications of
the non-trivial boundary conditions?

By topological nature, a Möbius strip is non-orientable
with a single surface and a single edge, hence precluding
the application of any ordinary PBC. Recently, elemen-
tary excitations residing on Möbius strips have aroused
increasing theoretical attentions [2–9]. Experimentally,
Möbius strips have been realized in a wide range of sys-
tems such as molecules [10, 11], single crystals [12], res-
onators [13–15], and optical cavities [16, 17], fertilizing
a vibrant arena for exploring new physics emerging from
the Möbius topology. However, most of these studies fo-
cused on the local curvature effects of the strip based
on continuous geometry. It is far from clear if there are
any residual consequences arising only from the Möbius
boundary condition when spatial curvature is discarded.

In this Letter, we propose a hitherto unknown
mechanism, dubbed topology-induced symmetry break-
ing (TISB), which unravels the extraordinary behavior
of quasiparticles enabled exclusively by the topological
boundary conditions (TBCs) but has nothing to do with
any curvature effects. TISB refers to a situation that cer-
tain local symmetry respected by the Hamiltonian is ex-
plicitly broken in the eigenspace of quasiparticles. While
this new mechanism could entail profound consequences
in various systems with non-trivial real-space topology,
here we demonstrate its manifestation in magnonic exci-

FIG. 1. Schematic illustration of the system. (a) An AFM
nano-ribbon consists of two ferromagnetic spin chains, where
the red (blue) arrows signify the equilibrium spin orientation
of the A (B) sub-lattice. The black dashed arrows indicate the
manner of spin precessions associated with the left-handed
magnon mode, where SA has a larger amplitude than SB .
On the contrary, the right-handed mode is characterized by
a larger precession of SB over SA (not shown). (b) and (c)
depict the two distinct ways of connecting the ribbon into
a Möbius strip. While the AFM ground state is compatible
with the TBC, the excited states in the form of circularly-
polarized magnons are radically disrupted.

tations on a Möbius strip.

As illustrated in Fig. 1(a), we consider a nano-ribbon
composed of two ferromagnetic spin chains oppositely
aligned, forming an effective antiferromagnetic (AFM)
system involving two sub-lattices. The nano-ribbon can
be wrapped into a Möbius strip using two distinct ways
of twisting based on Fig. 1(b) and (c). To motivate the
following discussions, we first make a critical observa-
tion: although the ground-state AFM spin configuration
is compatible with the Möbius TBC, the magnons exci-
tations with circular polarizations are inherently irrecon-
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cilable with the system topology. Specifically, when only
the exchange interactions and the easy-axis anisotropy
are considered, the system respects the O(2) rotational
symmetry in the spin space. Consequently, the magnon
eigenmodes disregarding the TBC are circularly polar-
ized, exhibiting either left-handed or right-handed chi-
rality for both spin species [18–20]. For example, in the
left-handed mode, SA and SB both rotate clockwisely,
but SA has a larger oscillation amplitude, which is in-
dicated by the black dashed arrows. As illustrated in
Fig. 1(b) and (c), however, imposing the Möbius TBC by
connecting the 1 and N sites with A and B swapped will
inevitably disrupt both the chirality and the amplitude
of the spin precessions. Therefore, the magnon solutions
that are commensurate with the Möbius topology must
be fundamentally different from the circularly-polarized
magnons widely known for collinear AFM materials.

Model and Results. Let us start with the AFM spin
configuration depicted in Fig. 1(a), where the red and
blue arrows indicate the spins on the A and B sub-lattices
for the ground state. A Möbius strip can then be con-
structed based on either Fig. 1(b) or Fig. 1(c), which are
topologically distinct and satisfy different TBCs to be
specified later. Excluding any geometric effects originat-
ing from the curvature of the strip [21–26], we consider a
minimal Hamiltonian that preserves the local rotational
symmetry about the local z axis:

H0 =− JF
∑

⟨i,j⟩
(SAi · SAj + SBi · SBj)

+ JAF

∑
i
SAi · SBi −K

∑
i
(Sz 2

Ai + Sz 2
Bi ), (1)

where i labels the lattice on the strip, JF (JAF ) is the
nearest-neighbor exchange interaction for (between) the
same (different) spin species, and K is the perpendicular
easy-axis anisotropy. In our convention, all these param-
eters are positive. Contrary to a single ferromagnet spin
chain arranged on a Möbius strip [23, 27], our system is
free from geometrical frustration, thus no domain walls
are present in the ground state.

To derive the quantum magnon excitations, we apply
the linearized Holstein–Primakoff transformations on the
spin raising and lowering operators, S± = Sx ± iSy, for
each sublattice

S+
Ai ≈

√
2Sai, S−

Ai ≈
√
2Sa†i , Sz

Ai = S − a†iai, (2a)

S+
Bi ≈

√
2Sb†i , S−

Bi ≈
√
2Sbi, Sz

Bi = b†i bi − S, (2b)

where ai (bi) represents the annihilation of a magnon on
site i and sublattice A (B), and S is the spin magnitude
on each site. By neglecting the constant terms, we obtain
the magnon Hamiltonian as

H =(2K + 2JF + JAF )S
∑

i
(a†iai + b†i bi)

− JFS
∑

⟨i,j⟩
(a†iaj + a†jai + b†i bj + b†jbi)

+ JAFS
∑

i
(a†i b

†
i + aibi). (3)

We cannot directly apply Fourier transformations to
Eq. (3) because the PBCs, ai+N = ai and bi+N = bi, are
explicitly broken. Instead, we have

ai+N = bi, bi+N = ai, (4)

which means the definitions of A and B chains are inter-
changed after winding around the Möbius strip by 2π.
Regarding Eq. (4), we recombine ai and bi to define the
following operators:

αi =
1√
2
(ai − bi)e

iξ
πxi
L , βi =

1√
2
(ai + bi), (5)

where xi specifies the position of site i from 1 to N along
the strip [see Fig. 1], L is the total length of the nano-
ribbon, and ξ = ±1 corresponds the two distinct ways
of connection illustrated in Fig. 1(b) and 1(c). The new
magnon operators αi and βi satisfy not only the bosonic
commutation relations but also the PBCs: αi+N = αi

and βi+N = βi. Using this new set of basis, the magnon
Hamiltonian Eq. (3) becomes

H =(2K + 2JF + JAF )S
∑

i

[
α†
iαi + β†

i βi

]
− JFS

∑
⟨i,j⟩

[
eiπξ(xi−xj)/Lα†

iαj + β†
i βj + h.c.

]
− JAFS

2

∑
i

[
ei2πξxi/Lα†

iα
†
i − β†

i β
†
i + h.c.

]
, (6)

where h.c. denotes hermitian conjugate. Equation (6) is
naturally decomposed into H = Hα +Hβ for the αi and
βi sectors. Applying the Fourier transformations

αk =
1√
2N

∑
i
e−i(k−ξπ/L)xi(ai − bi), (7a)

βk =
1√
2N

∑
i
e−ikxi(ai + bi), (7b)

we can derive the momentum-space Hamiltonian. To this
end, we adopt the Bogoliubov-de-Gennes (BdG) basis

Ψα = (αk, α
†
−k+2πξ/L)

T, Ψβ = (βk, β
†
−k)

T (8)

with l = L/N being the lattice constant, Hα = Ψ†
αHαΨα

and Hβ = Ψ†
βHβΨβ . Here, the BdG Hamiltonian reads

Hα(β) = S

(
Qα(β) −JAF /2

−JAF /2 Qα(β)

)
, (9)

where Qα = K + JAF /2 + JF [1 − cos (k − ξπ/L)l] and
Qβ = K + JAF /2 + JF [1 − cos (kl)]. It should be noted
that in the α sector, magnons of momentum k couple
those of momentum −k+2πξ/L; whereas in the β sector,
k pairs with −k without a shift.
Owing to the bosonic commutation relations of the

BdG basis, we need to diagonalize σzHα(β) rather than
Hα(β) for the magnon solutions [28]. In this regard, we
obtain the eigen-frequencies (we set ℏ = 1)

ω±
α(β) = ±S

√
q1α(β)q

2
α(β) (10)
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with the corresponding eigenvectors

v±α(β) =
(√

q1α(β) ±
√

q2α(β),
√

q1α(β) ∓
√
q2α(β)

)T

(11)

where q1α(β) = Qα(β)+JAF /2 and q2α(β) = Qα(β)−JAF /2
are both positive. The negative frequency branches and
their associated eigenvectors are redundant solutions,
which can be interpreted as a hole representation. For
instance, v−β (k) describes a hole at k that corresponds to
a real β-magnon at −k. A similar picture is applicable
to the α branch so long as the 2πξ/L momentum shift
appearing in Eq. (8) is taken into account. Consequently,
v+α(β) and v−α(β) are linearly dependent, representing one

unique physical solution.
Let us concentrate on the positive frequency branches

and consider the ξ = 1 connection [i.e., Fig. 1(b)]. For
simplicity, we also omit the super-index +. With a proper
normalization of v+α(β), the magnon eigenmodes associ-

ated with ωα(β) are described by

α̃k =

√
q1α +

√
q2α

2
√
Qα

αk +

√
q1α −

√
q2α

2
√
Qα

α†
−k+2π/L (12a)

β̃k =

√
q1β +

√
q2β

2
√
Qβ

βk +

√
q1β −

√
q2β

2
√
Qβ

β†
−k (12b)

and their α̃†
k, β̃

†
k counterparts. Figure 2(a) and (b) plot

the discretized dispersion relations for N = 10 (only the
lowest few states on each branch are shown), along with
illustrations of the magnon eigenmodes at k = 0. While
the β modes distribute symmetrically ωβ(−k) = ωβ(k),
the α branch shifts rightward by δk = π/L such that
ωα(−k) = ωα(k + 2δk). The skewed ωα(k) is intimately
related to the asymmetric paring of Ψα in Eq. (8), which
originates from the non-trivial topology of the Möbius
strip. It is easy to verify that setting ξ = −1 [i.e., using
the connection of Fig. 1(c)] leads to a leftward shift of
ωα(k), or δk = −π/L. Interestingly, if we reversely count
the sites on the strip, the spectral shift δk also flips sign,
but in this case the eigenvectors are different from what
one would obtain for ξ = −1.
To better understand the magnon eigenmodes, we now

express Eq. (12) in terms of the original spin variables.
Using S± = Sx ± iSy and Eqs. (2) and (7), we obtain

α̃†
k =

∑
i

ei(k−δk)xi

2
√
NSQα

[√
q1αS

x
Ai − i

√
q2αS

y
Ai

−
√
q1αS

x
Bi − i

√
q2αS

y
Bi

]
, (13a)

β̃†
k =

∑
i

eikxi

2
√
NSQβ

[√
q1βS

x
Ai − i

√
q2βS

y
Ai

+
√
q1βS

x
Bi + i

√
q2βS

y
Bi

]
, (13b)

where it is important to note that q1α(β) > q2α(β) > 0.
In the classical limit, both the α and β branches fea-
ture a right-handed (left-handed) elliptical precession of

FIG. 2. (a, b) Illustrations of the α and β modes at k = 0,
and the plots of the lowest few modes on each branch for
ξ = 1, N = 10, l = 1, S = 2, JF = JAF = 1, and K = 0.1.
While ωβ(−k) = ωβ(k) is symmetric, ωα(−k) = ωα(k + 2δk)
is skewed by δk = π/L. The spectral shift of the α branch
is accompanied by an intrinsic π phase difference in the spin
precessions between sites i = 1 and i = N , reflecting the
impact of the Möbius TBC. (c) Left: a 3D illustration of
the spin precessions in the α and β modes, where SA and
SB rotate elliptically with an equal amplitude and opposite
chirality, rendering the Néel vector linearly-polarized (see the
color-shaded planes). Right: an illustration of the oscillating
Néel vector (solid blue) and the oscillating spin vector (dashed
red) for the α and β modes based on Eq. (15). That δnα ⊥
δnβ should not be confused by their being shown in different
locations. (d) Ordinary right-circular (R) and left-circular
(L) magnon modes, and their superposition L−R and L+R
characterized by a linearly-polarized Néel vector (solid blue)
orthogonal to the oscillating spin vector (dashed red).
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SA (SB) with the major axes lying in the x direction;
SA and SB always precess about the easy-axis with the
same amplitude and opposite chirality. The distinctions
between the two branches manifest in two aspects, as
schematically demonstrated in Fig. 2(a)–(c). First, from
a local bird-eye view, SA and SB in the α-mode at k = 0
overlap with each other when passing the minor axes of
their elliptical trajectories while becoming back-to-back
when passing the major axes. On the contrary, SA and
SB in the β-mode at k = 0 are back-to-back on the mi-
nor axes while overlapping each other on the major axes.
Second, due to the momentum shift δk = π/L in the α
branch, the spin precessions on site i = N differ from
those on site i = 1 by a π phase even for k = 0, which
exactly compensates the impact of the Möbius TBC that
connects sites 1 and N with a flip. In contrast, the β
mode at k = 0 does not exhibit a phase difference be-
tween i = 1 and i = N , which, in combination with the
first distinction above, is just commensurate with the
Möbius TBC.

Discussion. To demonstrate the unique characteristics
of the magnon eigenmodes, we draw a 3D perspective in
Fig. 2(c) where SA and SB share the same origin such
that their precessional trajectories are concentric about
the local z axis. It is easy to deduce that the Néel vector
n = (SA−SB)/2S undergoes a pendulum-like oscillation
restricted to the plane containing the major (minor) axes
of the two elliptical trajectories in an α mode (β mode).
Comparatively, the total spin vector S = (SA + SB)/2S
oscillates linearly on a plane orthogonal to that of the
Néel vector. That is to say, by the standard of spin wave
polarization [19, 20], both the α and β modes are linearly
polarized, thus being devoid of chirality.

The above intuitive picture can be corroborated by a
straightforward algebra. According to Eqs. (12) and (13),
the real-time evolution of the classical spin vectors is

Sα
A/B ∼ Re

[(
±
√
q1αx̂+ i

√
q2αŷ

)
eiωαt−i(k−δk)x

]
, (14a)

Sβ
A/B ∼ Re

[(√
q1β x̂± i

√
q2β ŷ

)
ei(ωβt−kx)

]
, (14b)

for the α- and β-branch, respectively, where the + (−)
sign corresponds to the A (B) sublattice. From Eq. (14),
we can read off the oscillating components of the Néel
vector and the total spin vector as

δnα(k) ∼ x̂
√
q1α cos [ωα(k)t− (k − δk)x], (15a)

Sα(k) ∼ ŷ
√
q2α sin [ωα(k)t− (k − δk)x], (15b)

δnβ(k) ∼ ŷ
√
q2β sin [ωβ(k)t− kx], (15c)

Sβ(k) ∼ x̂
√
q1β cos [ωβ(k)t− kx], (15d)

all of which are indeed linearly polarized bearing null
chirality, confirming the picture inferred in Fig. 2(c). As
q1α(β) > q2α(β) > 0, the oscillation amplitude of the Néel

vector is larger (smaller) than that of the total spin in
an α (β) mode, namely, |δnα| > |Sα| and |δnβ | < |Sβ |.
The geometry embedded in Eq. (15) is illustrated by the
right panel of Fig. 2(c).

Since the total number of sites N = L/l is finite, the
magnon eignmodes must be discrete, taking place only at
k = 0, ±2π/L, ±4π/L · · · as plotted in Fig. 2. Because
the spectrum ωα(k) ̸= ωα(−k) is skewed by δk = π/L
while ωβ(k) = ωβ(−k) is symmetric, only the β modes
can form standing waves on the Möbius strip, whereas the
α modes cannot. Consider the Néel vector for example,
δnβ(k) + δnβ(−k) ∼ ŷ sinωβt cos kx, where t and x are
separated, hence representing a standing wave. For the
α branch, ωα(−k) = ωα(k + 2δk), thus time and space
do not separate in δnα(k) + δnα(−k), prohibiting the
formation of standing waves. The disparity between the
α and β branches is an intrinsic topological property of
the AFM magnons on a Möbius strip.

At this point, it is instructive to compare the unique
magnon eigenmodes on a Möbius strip with what would
become the eigenmodes if the nano-ribbon in Fig. 1(a) is
wrapped into a topologically trivial band without twist-
ing (which imposes an ordinary PBC). The latter case
only admits the well-known eigenmodes in collinear AFM
materials [29] because we have excluded the local curva-
ture effect in our model. To this end, Fig. 2(d) illustrates
the right-circular (R) and left-circular (L) eignmodes, as
well as their coherent superposition L−R and L+R fea-
turing elliptical precessions of SA and SB with opposite
chirality, which leads to a linearly-polarized oscillation of
the Néel vector n without chirality (so does the total spin
vector S). While L−R is locally identical to the α mode
shown in Fig. 2(a), it is not accompanied by a built-in
π phase shift at k = 0, let alone a spectral shift. The β
modes are not even locally similar to L − R or L + R,
which are emergent eigenmodes enabled by the Möbius
topology. Unlike L− R and L+ R, neither α nor β can
be expressed as linear superposition of R and L. This is
because a Möbius strip is a non-orientable manifold on
which the chirality of spin precessions becomes ambigu-
ous globally, given that +z and −z are indistinguishable.
In other words, the eigenspace spanned by α and β is not
smoothly connected to that spanned by R and L; they
belong to distinct topological classes.

It is established that in easy-axis AFM materials such
as MnF2 [19, 30], R and L are degenerate in energy in the
absence of magnetic fields. In easy-plane AFM materials
such as NiO, the existence of hard-axis anisotropy breaks
the rotational symmetry and lifts the degeneracy, render-
ing L − R and L + R the magnon eigenmodes [20, 29].
That is to say, symmetry dictates the nature of eigen-
modes. The spin Hamiltonian we adopted in this Letter,
however, preserves the local rotational symmetry (with
respect to the local easy axis). Therefore, the suppression
of the circularly-polarized modes, hence the absence of
chirality in the Néel vector dynamics, is solely attributed
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to the Möbius topology. This introduces an intriguing
but hitherto unknown mechanism: Non-trivial topology
in the real space alone can lead to spontaneous symme-
try breaking in the eigenspace of elementary excitations
without the aid of symmetry-breaking interactions. The
physical consequence manifests as a lifted degeneracy of
the eigenmodes which possess a lower symmetry than the
Hamiltonian. Because a quantum of angular momentum
associated with the R-(L-)circular mode is +ℏ (−ℏ), the
TISB we found here is followed by the suppression of
longitudinal magnon spin currents on a Möbius strip.

To close our discussion, we mention that the lowest
β mode (k = 0) is in principle observable via the AFM
resonance driven by a microwave, while the α modes are
difficult to probe as they are at odds with standing waves.
Nonetheless, our findings are amenable to meta-materials
such as magnonic crystals, wherein an α-mode locally
excited by an oscillating magnetic field will propagate in
opposite directions but can never form standing waves,
leaving a non-reciprocal circulation of energy along the
strip which is detectable by optical methods.

Outlook. Even though we have demonstrated the TISB
in the AFM magnons on a Möbius strip, the mechanism
itself is general and can manifest in other contexts with
different quasiparticles or TBCs. For example, we an-
ticipate that the eigenmodes of phonon excitations on a
Möbius strip to be linearly polarized while the circularly-
polarized chiral phonons are suppressed by the Möbius
topology. For photons that are governed by Maxwell’s
equations, the axis of circular polarization is parallel
to the momentum k, which defines a distinct geometry
compared to ours, calling for a separate investigation.
For tight-binding electrons on a Möbius strip, while the
Hamiltonian is very similar to ours, the fermionic statis-
tics brings a fundamental distinction in the diagonaliza-
tion [which does not involve σz as that in Eq. (10)]. Un-
der alternative TBCs such as a Klein bottle, even the
AFM magnons could acquire new features of TISB be-
yond what we showed in this Letter. Therefore, our find-
ings could greatly inspire a broader research endeavor
in the near future highlighting the profound impact of
real-space topology on the physical nature of elementary
excitations.
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