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Abstract

No-regret learning has a long history of being closely connected to game theory. Recent works have
devised uncoupled no-regret learning dynamics that, when adopted by all the players in normal-
form games, converge to various equilibrium solutions at a near-optimal rate of O(T!), a sig-
nificant improvement over the O(1/+/T) rate of classic no-regret learners. However, analogous
convergence results are scarce in Markov games, a more generic setting that lays the foundation for
multi-agent reinforcement learning. In this work, we close this gap by showing that the optimistic-
follow-the-regularized-leader (OFTRL) algorithm, together with appropriate value update proce-
dures, can find O(T~!)-approximate (coarse) correlated equilibria in full-information general-sum
Markov games within 7" iterations. Numerical results are also included to corroborate our theoreti-
cal findings.'
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1. Introduction

Online learning has an intimate connection to game theory for finding solutions under various equi-
librium concepts (Robinson, 1951). In no-regret learning, the learner aims to maximize its cumula-
tive utility in response to the (possibly adversarial) outcome sequence generated by the environment.
For normal-form games (NFGs), a folklore result states that if all the players adopt certain no-
regret learning algorithms that have O(v/T)) regret guarantees against an adversarial environment,
then they can find an O(1/ \/T)—approximate Nash equilibrium in two-player zero-sum games or
an O(1/ VT )-approximate (coarse) correlated equilibrium in general-sum games after 7" iterations
(Hart and Mas-Colell, 2000; Cesa-Bianchi and Lugosi, 2006). A broad family of no-regret learn-
ing algorithms fit into this category, including the well-known multiplicative weight updates (Lit-
tlestone and Warmuth, 1994; Freund and Schapire, 1997), follow-the-regularized/perturbed-leader
(Kalai and Vempala, 2005), and mirror descent (Nemirovskij and Yudin, 1983).

1. This preprint carries essentially the same results and title as one that was submitted to a conference on December 8§,
2023, except the appearance here on page 3 of a post-submission note which provides a comparison with a recently
(January 26, 2024) posted arXiv paper by Cai et al. (2024).
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Table 1: No-regret learning convergence rates in NFGs and Markov games.

Learning objective Normal-form games Markov games
Nash equilibrium
(two-player zero-sum)

O(T~1) (Daskalakis et al., 2011) O(T~1) (Yang and Ma, 2023)

Correlated ~ . o(T- 1/4) (Erez et al., 2023)
equilibrium O(T~") (Anagnostides et al., 2022b) O(T~1) (Theorem 1)

Coarse correlated ~ . o(T- 3/4) (Zhang et al., 2022)
equilibrium O(T~") (Daskalakis et al., 2021) O(T-1) (Theorem 2)

While the O(+/T) regret is unimprovable against an adversarial environment, it need not be the
case for learning equilibria in games because each player in a repeated game is not facing adversar-
ial payoffs, but instead is interacting with other players who also exhibit certain learning behavior.
Indeed, the seminal work (Daskalakis et al., 2011) developed an algorithm based on the Nesterov’s
excessive gap technique and established its O(T~!) convergence? to Nash equilibria (NE) in two-
player zero-sum NFGs when the algorithm is adopted by both players. Recent works (Rakhlin and
Sridharan, 2013; Syrgkanis et al., 2015; Foster et al., 2016; Chen and Peng, 2020; Daskalakis et al.,
2021; Anagnostides et al., 2022a,b) significantly strengthened this line of results by devising other
no-regret learning dynamics that find different equilibrium solutions at a faster rate than O(1/v/T).
Notably, Syrgkanis et al. (2015) showed that if all the players in a general-sum NFG employ an
optimistic version of follow-the-regularizer-leader (henceforth OFTRL), the players’ strategies con-
verge to the set of coarse correlated equilibria (CCE) at a fast rate of O (7"~ 3/ 4) such a rate was later
improved to O(T~') by Daskalakis et al. (2021). More recently, the O(T~1) rate was established
for swap regrets and correlated equilibria (CE) in NFGs (Anagnostides et al., 2022a,b).

Despite the encouraging fast convergence results in NFGs, very few results are known for the
more challenging regime of Markov games (also known as stochastic games (Shapley, 1953)). The
only exceptions include Zhang et al. (2022) and Yang and Ma (2023), who established the O(T 1)
convergence of OFTRL (together with smooth value updates) to NE in two-player zero-sum full-
information Markov games, matching the best rates in NFGs. As for general-sum Markov games,
the best known results for CCE and CE are O(T~3/*) (Zhang et al., 2022) and O(T~/4) (Erez
et al., 2023), respectively, which largely lag behind their 5(T‘1) counterparts in NFGs. In fact,
establishing O(7T~1) convergence to CCE or CE in general-sum Markov games has been raised as
an important open question by Yang and Ma (2023).

Contributions. In this work, we close this gap by developing no-regret learning algorithms with
accompanying value update procedures and establishing their fast 6(T ~1) convergence to CCE or
CE in general-sum Markov games. For CE (Section 3), we consider the OFTRL algorithm with a
log-barrier regularizer, and integrate it with the celebrated external-to-swap-regret reduction (Blum
and Mansour, 2007) and smooth value updates. Our O(T~!) convergence analysis builds on a
Regret bounded by Variation in Utilities (RVU) property (Syrgkanis et al., 2015) for the weighted
swap regret at each state. We make a seemingly trivial observation that swap regrets are always non-
negative and use it to easily bound the second-order path lengths of the learning dynamics. For CCE
(Section 4), we consider standard OFTRL with negative entropy regularization but combine it with a
stage-based value update scheme. We show that this algorithm induces a no-average-regret problem

2. Throughout the paper, we use 5() to suppress the poly-logarithmic dependence on 7'.
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within each stage, which allows us to apply existing analysis for the individual regret of the players
(Daskalakis et al., 2021). Table 1 compares our results with the best-known convergence rates of
no-regret learning in NFGs and Markov games. We further provide numerical results (Section 5) to
validate the O(T 1) convergence behavior of our algorithms.

Post conference submission note. An independent paper by Cai et al. (2024) investigates the same
problem of O(T~!) convergence to CE in general-sum Markov games. They also consider OFTRL
with the log-barrier regularizer and smooth value updates and establish a similar convergence rate as
in Theorem 1 of this paper. Interestingly, their algorithm performs V-value updates, which allows for
a more preferred decentralized implementation, and they prove its equivalence to Q-value updates as
we had done in this paper. Compared with their convergence rate for CE, however, our Theorem 1
happens to shave off an additional log 7 factor by using a more refined analysis of a weighted
average of a sequence (Lemma 4 from Yang and Ma (2023)). Our work has further established the
O(T~1) convergence to CCE (Section 4), which has not been considered by Cai et al. (2024).
Further related work. Learning in Markov games has been widely studied in multi-agent rein-
forcement learning (MARL) (Bai and Jin, 2020; Wei et al., 2021; Cen et al., 2021, 2022; Zhao et al.,
2022; Cai et al., 2023; Wang et al., 2023; Mao et al., 2023). Closest to ours are the works by Liu
et al. (2021); Jin et al. (2022); Song et al. (2022); Mao et al. (2022); Mao and Basar (2023) who
have shown 6(1 /V/T) convergences to CCE or CE in multi-player general-sum Markov games
under bandit feedback.

2. Preliminaries

No-regret learning. Let A be a finite set of actions. At each iteration ¢ € N, a learning agent
selects a strategy ' € A(A) as a probability distribution over the action space. The environment
returns a utility vector ! € R, and the agent obtains a utility of (!, u'). The classic notion of
regret, or more generally ®-regret (Greenwald and Jafari, 2003), is used to measure the performance
of the learning agent in terms of the suboptimality in hindsight. Formally, given a sequence of

strategies (!, ..., 1) over T iterations, the incurred ®-regret is defined as
T
Regl = 2132% <¢*(azt) —x, ut> . (1)
t=1

In particular, Regg is called external regret (or simply regret) if ® is the set of all constant functions
{¢: ¢(x) = ¢p(a),Va,x’ € A(A)}, and swap regret if @ is the set of all linear transformations
{¢ : ¢(x) = QT x, where Q is a row stochastic matrix}. One can see that swap regret is a more
powerful notion of hindsight rationality by allowing a broader class of possible deviations.
Markov game. An N-player episodic Markov game is defined by a tuple G = (N, H, S, {Az-}fil,
{ri}}¥,, P), where (1) N = {1,2,..., N} is the set of agents; (2) H € N, is the number of
time steps in each episode; (3) S is the finite state space; (4) .A; is the finite action space for agent
i€ N;5)ri: [H] xS X Aay — [0, 1] is the reward function for agent i, where A, = ij.il A;
is the joint action space; and (6) P : [H] x S x Ay — A(S) is the state transition function.
The agents interact in an unknown environment for 7" episodes. At each step h € [H], the agents
observe the state s;, € S and take actions ay, ; € A; simultaneously. Agent i then receives its reward
Thi(Sh, an), where ap, = (ap1,...,an Nn) € Aan, and the environment transitions to the next state
Sha1 ~ Pn(-|sn, ar). We make a standard assumption (Jin et al., 2022; Song et al., 2022) that each
episode starts from a fixed initial state s1. Let S = [S|, A; = | A;|, and Apax = max;en A;.
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Policy and value function. A (Markov) policy m; € II; : [H] x & — A(A;) for agenti € N
is a mapping from the time index and state space to a distribution over its own action space. Each
agent seeks to find a policy that maximizes its own cumulative reward. A joint, product policy
m = (m,...,mn) € Il induces a probability measure over the sequence of states and joint actions.
We use the subscript —i to denote the set of agents excluding agent 4, i.e., N'\{i}. We can rewrite
7 = (m;, m—;) using this convention. For a joint policy 7, and forany h € [H], s € S, and a € Ay,
we define the value function and Q-function for agent ¢ as
H H
Viti(s) = B[ 3 rwa(swsaw)lsn = 5|, QfLi(s,@) =E[ D rwilow, aw)lsn = .0 = a]. @)
h'=h h'=h
For notational convenience, for any V' : S — R, we define [P, V] (s,a) := Eyp, ([s,a) [V (5')].
For an arbitrary Q-function Qp; : S x Aan — R, we write [Qpi74](5) := (Qn,i(s, ), 7n(s,-)) and
(Qn,iTh,—i] (S, i) := (Qn,i(s,ai, ), mh—i(s,-)) for short.
Full-information feedback. Following Zhang et al. (2022); Yang and Ma (2023); Erez et al. (2023),
we consider the full-information feedback setting where each agent can observe the expected re-
wards it would have received had it played any candidate action. In our formulation, this can be
interpreted as an oracle from which each agent i can query [Qp ;7 —i](s,a;) for each candidate
action a; € A; at any state s € S.
Correlated policy and (coarse) correlated equilibrium. We define 7 = {7, : R x (S x A)"~1 x
S — A(A)}hern as a (non-Markov) correlated policy. Specifically, the agents first sample the
value of z € R from an underlying distribution using a common source of randomness (e.g., a
common random seed), and then they can use z to coordinate their choices of actions. Such a
virtual coordinator is crucial for learning CCE/CE as shown in the literature (Mao and Bagar, 2023;
Song et al., 2022; Jin et al., 2022), and is standard in decentralized learning (Bernstein et al., 2009;
Arabneydi and Mahajan, 2015; Mao et al., 2020). For each h € [H], 7, maps from z € R and
a state-action history (s1,a1,...,Sn—1,@n—1, Sp) to a distribution over the joint action space A,j.
Unlike product policies, such action distributions in general cannot be factorized into independent
probability distributions over the individual action spaces. For a correlated policy «, we let 7; and
7_; be the proper marginal distributions of 7 whose outputs are restricted to A(A;) and A(A_;),
respectively. The value functions for non-Markov correlated policies at step h = 1 are defined
similarly as those for product policies (2).
For any correlated policy m = (m;, m—;), the best response value of agent i is denoted by

fo’i(sl) = sup, Vi (s1), where the supremum is taken over all (non-Markov) policies

of agent ¢ independent of the randomness of 7_;. A policy ﬂ';r is agent ¢’s best response to 7w_; if

it achieves the supremum. Given the PPAD-hardness of Nash equilibria (Daskalakis et al., 2009),
people often study relaxed equilibrium concepts in general-sum games, such as CCE and CE.

Definition 1. (¢-CCE) For any ¢ > 0, a correlated policy m = (m;, w_;) is an e-approximate coarse
correlated equilibrium if V|';'" " (s1) > V""" (s1) —¢,Vi € N.

To properly define a CE, we need to first specify the concept of a strategy modification. For-
mally, for agent ¢, a strategy modification ¢; = {¢7 , : h € [H],s € S} is a set of mappings
from agent 7’s action space to itself, i.e., ¢} , : A; — AZ Given a strategy modification ¢;, when-
ever a policy 7 selects the joint action a = 7(a1, ...,ay) at step h and state s, the modified policy
¢;om will select (ay,...,a;_1, gbfm-(ai), ait1,-..,ay) instead. Let ®; denote the set of all possible
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Algorithm 1 Optimistic follow-the-regularized-leader for correlated equilibria (agent )
Initialize: Q) ,(s,a) < 0,70 ,(s,a;) + 1/A;,Vs € S,h € [H],a;,a; € Aj,a € Aup;
for iterationt < 1to T do
Policy update:
for action a; € A; do
t.a; -1 j | - —1_t— .
Zh,a; (87 CL;) - 2321 wj"/Tim.(S, al)[ %,ﬂz,ﬁ](& a;) + wtﬁz,il(& al)[ 2,;%,;](& ag)v
qzzl (87 ) — argimaxgeA(A;) (<Q?, 7762707:1 (Sa )/wt> - R(Q&')) , Vs €8,h € [H]a
Find }, ; such that 7} ;(s,-) = >_, c 4. Tr}flvi(s,ai)qfﬁi(s, ),Vs € S,h € [H],a; € Aj;
Value update:
for h < H to1do
Lisa) « (1 a)Q (s.a) + (W + Ph[Q;LHﬂ;LH}) (s,a),¥s € S,a € Au;
Output policy: 7@ = 71, where 7} is defined in Algorithm 2.

strategy modifications for agent ¢. A CE states that no agent has the incentive to deviate from a
correlated policy 7 by using any strategy modification.

Definition 2. (¢-CE) For any € > 0, a correlated policy m is an e-approximate correlated equilib-
rium if V{7,(s1) > maxy,cq, ijw(sl) —e,VieN.

3. Convergence to Correlated Equilibria

In this section, we present our optimistic follow-the-regularized-leader (OFTRL) algorithm for
learning correlated equilibria in general-sum Markov games in Section 3.1, and then establish its
O(T~1) convergence in Section 3.2.

3.1. Algorithm

Algorithm 1 describes the OFTRL procedure run by agent ¢ € N. Since the algorithms run by all
the agents are exactly symmetric, in the following, we only illustrate our algorithm using a single
agent 7 as an example. Algorithm 1 consists of three major components: The policy update step
that computes the strategy for each matrix game, the value update step that updates the (Q-)value
functions, and the policy output step that generates a CE policy.
Policy update. At each fixed (s,h) € S x [H], the agents are essentially faced with a sequence of
matrix games, where the payoff matrix for agent 7 in the ¢-th matrix game is given by the estimated
Q-function Qz’i(s, -) at the corresponding iteration ¢. For learning CE in matrix games, a folklore
result suggests that each agent should employ a no-swap-regret learning algorithm. Specifically,
suppose that each agent employs a no-swap-regret algorithm such that the cumulative swap regret
up to time 7' € N, is upper bounded by SwapReg”; then, the empirical distribution of the joint
actions played by the players is an (SwapRegT /T')-approximate CE (Hart and Mas-Colell, 2000).
For a fixed matrix game at (s, h) X S x [H|, we follow the generic reduction introduced in (Blum
and Mansour, 2007) to obtain a no-swap-regret learning algorithm 2,,p from a no-(external-)regret
base algorithm .o7. Specifically, Blum and Mansour (2007) maintain a separate no-regret algorithm
<, for each candidate action a € A; of the agent. 2., computes a strategy by combining the
strategies of the A; base algorithms. At time step ¢ € [T'], each base algorithm <7, outputs a
distribution ¢“%(-) € A(A;), where ¢"*(a’) is the probability that it selects @’ € A;. Then, a (row)
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Algorithm 2 Policy 7/

Input: Policy trajectory {7}, }c(m) (7] of Algorithm 1;
for step h/ < h to H do
Sample 7 € [t] with probability P(r = j) = aZ;
Play policy 77, at step h';
Sett < 7.

stochastic matrix ¢ € RA:*4i s constructed, where the a-th row of q' is equal to the ¢%* vector.

Sswap Obtains the action selection strategy by computing a stationary distribution® 7! € A(A;) of
q* such that (qt)TTrt = 7. Upon receiving the payoff vector u! € R%4¢ (in the case of Algorithm 1,

ul = | {L iﬂi,— ;1(s, -) for agent 7) from the environment, .7, returns to each .27, base algorithm

at(a) fraction of the received utility, so that .c7, is updated with a utility vector of 7*(a)u? € R4:.
It is shown that .o7,p guarantees no-swap-regret as long as each base algorithm 7, has sublinear
(external) regret in 7T'.

In Algorithm 1, we use weighted OFTRL as the no-regret base algorithm .27. OFTRL (Syrgkanis
et al., 2015) extends the standard FTRL paradigm by maintaining a prediction sequence m/! of the

utilities. Given a utility sequence (u!,...,u’), OFTRL computes the strategies by
t—1
x' := argmax {n<m,mt+2uj> —R(w)}, 3)
TeA(A;) j=1

where n > 0 is the learning rate, and R is the regularizer. In Algorithm 1, we instantiate (3)
with m! = u'~! and the log-barrier regularizer R(x) = — ", . 4 log(x[a;]). Such a log-barrier
regularizer satisfies the self-concordant condition in Anagnostides et al. (2022b), which is used
to establish the Regret bounded by Variation in Utilities (RVU) property (Syrgkanis et al., 2015)
of the swap regret. Due to the time-varying learning rates in the value update step (to be discussed
momentarily), we additionally use a weighted variant of OFTRL that considers a weighted sum over
the utility sequence. The choice of the weights {w; } jc;) will also be defined shortly. Combining
the OFTRL base algorithm, the utility weights and the external-to-swap-regret reduction, we arrive
at the policy update rule as presented in Algorithm 1. With the Blum and Mansour (2007) reduction,
we name our no-swap-regret algorithm BM-OFTRL.

Value update. For any (h, s, a), we update the Q-value estimates at each iteration in a Bellman
manner using a weighted average of previous estimates. We perform incremental updates using the
classic step size oy = (H + 1)/(H + t) proposed by Jin et al. (2018). With this step size, the value
update rule in Algorithm 1 effectively becomes:

t
Qz,i(sa CL) = Z Oég (rh,i + Ph[Q§L+1,i7riL+1]) (8? a’)vvs € Sa ac -Aalb (4)

j=1
where of = a; H;":j-i-l(l — ay) and of = ay. One can verify that 2;:1 ol = 1. Given

the time-varying weights o, to ensure that our policy update step is no-swap-regret in the matrix
games defined by the Q-value estimates, we define the weights of our weighted OFTRL procedure
in Algorithm 1 to be w; := of /a; for any fixed t € [T]].

3. It is known that such a distribution 7* exists and is computationally efficient.
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Policy output. Our output policy 7 is a state-wise weighted average of the history policies, where
the weights are again related to the step sizes «]. The construction of 7 is formally defined in
Algorithm 2, which is closely related to the “certified policies” from Bai et al. (2020). Specifically,
Algorithm 2 takes the policy trajectory {FZ}}LG[ H),ter) of Algorithm 1 as input. For each step
h € [H], Algorithm 2 randomly samples a joint policy from the policy trajectory using the sampling
probabilities ] and let all the agents play this joint policy at the given step. Similar to Song et al.
(2022); Mao et al. (2022); Zhang et al. (2022), the constructed policy 7 is a correlated policy because
the agents implicitly use a common source of randomness to select the same history iteration. We
will show that the output policy constitutes an approximate CE. We also remark that existing results
for learning Nash equilibria in two-player zero-sum Markov games (Zhang et al., 2022; Yang and
Ma, 2023) do not require such a shared randomness and generally output Markov policies.

3.2. Analysis

In the following, we present the analysis of Algorithm 1. We use the following notion of CE-Gap
to measure the distance of a correlated policy to a CE:

CE-Gap() := max max (Vf??”(sl) - foz-(sl)) :
where recall that @; is the set of strategy modifications for agent i. The following theorem states
that Algorithm 1 finds an O(T~!)-approximate CE in 7 iterations.

Theorem 1. If Algorithm I is run on an N-player episodic Markov game for T iterations with a
1

learning rate n = TONIVEA the output policy T satisfies:
5
6144N H Aa log T

- T) <
CE-Gap(7) < T

Theorem 1 improves the existing O(7~'/4) rate (Erez et al., 2023) of no-regret learning to CE
in full-information Markov games. The parameter dependences in Theorem 1 also match the best
known rate for normal-form games (Anagnostides et al., 2022b), except that Theorem 1 introduces
an additional O(H %) dependence on the Markov game episode length. We remark that we make no
effort to improve the constant factors in the bounds, which can certainly be tightened.

The proof structure of Theorem 1 is conceptually similar to those for learning Nash equilibria
in two-player zero-sum Markov games (Zhang et al., 2022; Yang and Ma, 2023) . We first introduce
a few notations to facilitate the proof. For any (s,h) € S x [H], we define the per-state weighted
swap regret up to iteration ¢ € [T'] in the corresponding matrix game as

t
SwapRegh,i(s) = max >~ af (6} 0m i (5) =] (5., 1Q) ), _(5.))
h,i" Z j=1
SwapReg}, = max max SwapReg’,fm(s).
For any (h,t) € [H| x [T], we further define the best response CE value gap as

piomt 7t
5t := max max max (V () =V S)
h7GeN Té ses \ i () = Vii(5))

where 7’7}1 is defined in Algorithm 2 and we slightly abuse the notation ¢; to denote a strategy
modification that is only effective starting from step . By the definition of 6} and 7, one can easily
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see that CE-Gap(7) = CE-Gap(7!) < 6f. To control §7, we first use the following lemma to
establish the recursive relationship of the best response CE value gaps between two consecutive
steps h and h + 1:

Lemma 1. (Recursion of best response CE value gaps) For any fixed (h,t) € [H] x [T], we have
t

5 < Z a{diH + SwapReg}, . %)
j=1

Therefore, upper bounding CE-Gap(7) breaks down to controlling the per-state weighted swap
regrets for every (s,h) € S x [H]. We can further establish the upper bound of SwapRegzvi(s) in
the next lemma. The proof of this lemma relies on an RVU bound for the swap regret of BM-OFTRL
under time-varying learning rates in normal-form games.

Lemma 2. (Per-state weighted swap regret bounds) For any t € [T],h € [H],s € Sandi € N,
Algorithm 1 ensures that

4A?H logt  32nH3N? 2
SwapReg}, ;(s) <— pr 80 20 ; + 8yNH? ZZatHW}L A — Wfl e )H1 (6)
J=2 k#i

1
Ifn < seong e we further have
N

ANA2 Hlogt 32nNH2?(N?2+H
E SwapReg! ;(s) < ma); SLp Ll i 1)
‘ ’ n

=1

2

204anZZ Hh —Wif(Sw)Hl- (7

We note that there is a discrepancy between (5) and (7). Specifically, (5) requires an upper bound
for the maximum of the swap regrets over the agents while (7) controls the sum of them. This poses
some additional challenges for learning NE (in zero-sum Markov games) or CCE in existing works
(Zhang et al., 2022; Yang and Ma, 2023), because some players may experience negative regret
(Hsieh et al., 2021) and the sum of regrets in general does not upper bound the maximum individual
regret of the players. For CE, however, we can take advantage of a seemingly trivial property that
the swap regret is always non-negative. This is in sharp contrast to the (external) regret and one
can easily verify this property by letting all the strategy modifications ¢; ; in SwapRegﬁm(s) be
identity mappings. In this case, the discrepancy will not impede us as we can easily upper bound
the maximum (5) by the sum (7), which already yields an O(¢~!) convergence rate. Our proof of
Theorem 1 instead follows a different route that upper bounds the second-order path lengths of the
learning dynamics, which leads to an improved rate in terms of the dependence on N.

4. Convergence to Coarse Correlated Equilibria
4.1. Algorithm

Algorithm 3 describes the stage-based OFTRL procedure run by agent ¢ € N for learning CCE.
Similar to Section 3, Algorithm 3 also consists of three components: policy update, value update,
and policy output. The policy update step is standard OFTRL with a negative entropy regularizer,
also known as the optimistic Hedge (see e.g., Chen and Peng (2020)). Our policy output step,
formally described in Algorithm 4 (in Appendix C), is conceptually similar to Algorithm 2 for CE.
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Algorithm 3 Stage-based OFTRL for coarse correlated equilibria (agent 7)
Initialize: Q} ;(s,a) < 0,70 ,(s,a;) < 1/A;,Vs € S,h € [H],a;,a; € Aj,a € Aup;
Set stage index 7 < 1, t5*" < 1,and L, + H

for iterationt < 1to T do
Policy update: For all s € S, h € [H], and a; € A;,

t—1
(s ai) > QR mh _il(s,ai) + [QF i (s, ai);
t/:tﬂart
7h4(s,+) < argmax ((@, 00}, ;(s,-)/H) — R(x)) ;
:EEA(AZ')

ift — "+ 1> L, then
tend g sttt 41, Loyy + [(14+1/H)L,J;
Value update: Foreach h € [H],s € S,a € A,y,7 € N

tend
1 /
W) e — 3 (vt PalQfs il ) (s, @)
T # =tstart

T T+ 1w (s,a;) « 1/A;,Vs € S,h € [H],a; € A,
Output policy: Sample ¢ ~ Unif ([T]). Output 7 := 7} where 7}, is defined in Algorithm 4.

The value update step here is substantially different from that of Section 3. Rather than per-
forming incremental updates as in Algorithm 1, we instead employ stage-based value updates by
dividing the total T iterations into multiple stages and only updating the value estimates at the end
of a stage. We use 7 € Ny to index the stages and use L, to denote the length (i.e., number of
iterations) of the 7-th stage. We set the lengths of the stages to grow exponentially at a rate of
(1+1/H) sothat L1 = [(1+ 1/H)L;]. The exponential growth ensures that the total 7" itera-
tions can be covered by a small number of stages, while the (1 + 1/H) growth rate guarantees that
the value estimation error does not blow up during the H steps of recursion. Such a mechanism was
initially proposed in single-agent RL (Zhang et al., 2020) and has later been advocated for creating
a piece-wise stationary environment in MARL (Mao et al., 2022). The benefit of using stage-based
value updates here is that we only need to bound the per-state average regret in the corresponding
matrix games (in contrast to the weighted regret as in Section 3), which allows us to easily apply
existing regret analysis results for normal-form games.

4.2. Analysis

We use the notion of CCE-Gap to measure the distance of a correlated policy to a CCE: CCE-Gap()
= maxieN(VlT;ﬂ’i (s1)—V{%(s1)), where the best response value Vlf’i (s) is defined in Section 2.
The following theorem shows that Algorithm 3 finds an O(T~!)-approximate CCE in T iterations.
Theorem 2. If Algorithm 3 is run on an N -player episodic Markov game for T iterations with a

learning rate n, = O( ~ in each stage T, then the output policy 7 satisfies:

é)
log4 L-
NH?log Apax - log® T)
T )

CCE-Gap(7) = O <
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Figure 1: Convergence of CCE/CE-Gap(7) Figure 2: Convergence of CCE/CE-Gap(7) x T

Theorem 2 improves the best-known rate of 6(T —3/4) (Zhang et al., 2022) for OFTRL in
general-sum Markov games. Compared to its counterpart O (N log Ay ay-log* T'/T") in normal-form
games (Daskalakis et al., 2021), Theorem 2 incurs an extra O(log T') factor due to the stage-based
value estimates. The proof of Theorem 2 starts by showing a recursive relationship of the best re-
sponse CCE value gaps between two consecutive steps h and h+1. As a consequence of stage-based
value updates, CCE-gap(7) breaks down to the sum of the per-state average regret over the stages,
which allows us to apply each player’s individual (average) regret bound in NFGs (Daskalakis et al.,
2021) for each stage. The proof is then completed by upper bounding the total number of stages.
We defer the complete proof of Theorem 2 to Appendix C due to space limitations.

5. Numerical Results

In this section, we numerically evaluate Algorithm 1 (denoted by “Smooth OFTRL CE”) and Algo-
rithm 3 (“Stage-based OFTRL CCE”) to validate our O(T~!) theoretical convergence guarantees.
Our simulations additionally consider an OFTRL algorithm with incremental value updates similar
to that of Algorithm 1 for learning CCE (“Smooth OFTRL CCE”). We did not prove the con-
vergence of such an algorithm but would be interested to see its numerical performance given its
intuitive form. We conduct numerical studies on a simple general-sum Markov game with 2 players,
2 states, and 2 candidate actions for each player. Detailed definitions of the transition and reward
functions of the game can be found in Appendix D. Figure 1 illustrates the convergence of the three
algorithms to their corresponding equilibrium solutions as the number of iterations increases. To
clearly demonstrate their convergence rates, we further plot the behavior of CCE/CE-Gap(7) x T'
as T increases. We can observe from Figure 2 that for all three algorithms, CCE/CE-Gap(7) x T'
essentially become a constant for any reasonably large value of 7. This indicates that our algorithms
indeed converge at a rate of O(T~!) numerically. We also observe that OFTRL with stage-based
value updates numerically converges faster than its incrementally-updated counterpart despite using
the same learning rate, which advocates the use of stage-based value updates in Markov games.

6. Concluding Remarks

In this paper, we have studied the fast convergence of no-regret learning in full-information general-
sum Markov games and answer the open question of Yang and Ma (2023) in the affirmative. We
have shown that within 7" iterations, BM-OFTRL with smooth value updates finds an 6(T —1)-
approximate CE, and OFTRL with stage-based value updates finds an O(7~!)-approximate CCE,
both of which match the best-known rates in normal-form games. For future research, it would
be interesting to investigate whether OFTRL with smooth value updates attains the same O(7~1)

10
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convergence to CCE as has been observed in our simulations. Another direction is to improve our
rates in terms of the dependence on H and log T, or to prove any lower bounds for them.
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Appendix A. Technical Lemmas

Lemma 3. (Extension of Theorem 4.3 in Anagnostides et al. (2022b) to time-varying learning rates)
In a no-regret learning problem as defined in Section 2, suppose that BM-OFTRL (3) is run with
log-barrier regularization and a time-varying learning rate n; < m, V't € [T]. Then, for any
T > 2, the swap regret is bounded by

r_ 2|AflogT d ¢ o2 1 Tﬁll 1t
Swaplteg” < +4;mHu vl 2048|A|;m =" ==l

Proof sketch. The proof follows a similar procedure as that of Theorem 4.3 in Anagnostides et al.
(2022b), except that we need to re-derive their Theorems B.1 and 3.1 under a time-varying learning
rate. We skip the proof here as such an extension is straightforward. O

Lemma 4. (Theorem 3.1 from Daskalakis et al. (2021)) In a normal-form game with N players and
A; actions for player i € [N|, suppose that all the players run OFTRL for T steps with negative

entropy regularization and a learning rate n = @(m). Then, there exists a constant C' > 1

such that the regret of player i satisfies

Reg? < CNlogA; -log'T.

Appendix B. Proofs for Section 3

Lemma 1. (Recursion of best response CE value gaps) For any fixed (h,t) € [H] x [T'], we have
t . .
5 < Z ol (5{H_1 + SwapReg}, .
j=1

Proof. For any fixed i € N and s € S, we know from the definition of 7}, from Algorithm 2 that

Viks) =3 o <7ri;,i<s, ), [(h ; [th,?fm) wz,,-] (s, ->> . ®)

For a fixed 7’7,2, we use ¢ to denote the best response strategy modification that maximizes the value
function starting from step h. In this case, we know from the definition of the value function that

¢ .

¢: —t . . ¢;077J .

Vh’iorh(s) = H,lzlaiA E ol <q§fm Oﬂi’i(s, ), |:<7'h;i + [Pth+17ih+l]> ﬂf“_i] (s, )>
h,it ti=1

t _j —7 —7
. . ¢:<> J J .
:ré)lsaXZag <¢271 <>7T¥m(S, ), |:<Th,i + [PhV,erf,li] + [PthJrthH] _ [PhV}ZrJ’;ED ﬂ-;b,l':| (s, )>

hi =1
: i/ is J ﬁi-ﬁ—l J j ¢2°7_r;1+1 7?{‘1-0-1 ’
< msaXEIO‘t <¢h7i o myi(s:0), [("”hﬂ‘ + [PthJrl,i])ﬂhﬁi} (s, ')> T2 max (Vh+1,i - Vh+1,i) (s).
h, 5 -
) ]:1 j=1
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Subtracting (8) from the above equation leads to:

t . .
promt ¢> oft 7
Vi (s) <o Dmax (VT ) = Vi)

+msaxza{<¢7m<>7ri7i(s,-)fw{;i(s,-), [(Thz Iy Vhﬁﬂ) h,— }(Sv')>' ©)

h,i j=1
In the following, we will show that (9) is equal to SwapRegzvi (s). It suffices to show that Q% .(s,a) =

(rhi+ [P Vhﬁri]) (s,a),Vt € [T],a € A,. We prove this claim by backward induction over h €

[H]. Notice that the claim trivially holds for h = H as Qtlﬁ(s, a) =rpi(s,a),Vt € [T],a € Ay
Suppose that the claim holds for h; then, for step h — 1, we have that

¢
Qh_1.4(s,a) Za (rh,l,i + thl[QgL,ﬂiL]) (s,a)
j=1

t

=rp_1i(s,a) + Py 1[204 hﬂh](s,a)

7j=1
t

—ri1a(s.a) + Puoa [ 3 (s + (B 70 (5,)

j=1
ﬁ't
=rp—1i(s,a)+ [Ph,thﬂ (s,a),

where the first step is by (4), the second step changes the order of summation, the third step uses
the induction hypothesis, and the last step is due to (8). This completes the proof of Qz J(s,a) =

(rh i [Pth:ﬁ]) (s, a). Substituting it back to (9), we obtain that

* ot 7t . * 7] 7
th?;lo "(8) = V,i(s) < Z o] max <Vh¢_f_iih“ (s") — Vh_ﬁﬁ( )) + SwapReg], ;(s).

-
Since the above inequality holds for any 7 € A and s € S, and since Vh h“( ') < maxg, thsﬁ TS

at step h + 1, we can conclude that
t
5 < E ajdflﬂ + SwapReg?,

This completes the proof of the recursive relationship of best response CE value gaps. U

Lemma 2. (Per-state weighted swap regret bounds) For any ¢t € [T],h € [H],s € Sandi € N,
Algorithm 1 ensures that

4A2?H logt 3277H3N2 N )
SwapReg, ;(s) < . +8 NH2Z S o Hwhk( ) - W?L,kl(s")Hl
! Jj=2 keN k#i
1 ! )
L -
~ o, 2t =it
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i .
Consequently, if n < sseNI I Ve further have

N
Z SwapReg!. (s) <4NA12naXH logt 32nNH?*(N? + H)
i=1 S nt t

Rl Y
204877H ZZ H”hl Thi (5 )Hl‘

Proof. Ateach fixed (s, h) € S x [H], the agents essentially face a no-swap-regret learning problem
in a matrix game, where the payoff matrix of agent ¢ is Q' ,(s,-) at iteration t. We can apply
the weighted swap regret bound (Lemma 3 in Appendix A) of OFTRL under the Blum-Mansour
reduction in normal-form games to obtain:

t
SwapReg';m(s) = max Z al <¢fn oml (s,) —m (s,+), Q7 ;) _.](s, )>
B i A A : : h

t

:a% , max Z<¢Z7i07r;{’i(5,')—ﬂi}i(s,'),w][ hi™ ?L Z](S,-)> (10)

h,i:‘AiH’Ai ,_
2A Qy logt no -1 2
241] 5,) = w Q) (s, )|
(e.)
j-1 2
204817A Z“’J 1H7T’” )= T (8 ')‘1’ (i

where (10) is due to the choice of the weights w; = oy / a}. (11) uses Lemma 3 from Appendix A,
by instantiating u’(-) in Lemma 3 as w;[@7 ;7 _.](s, ), the prediction m’ = w; [Qib fﬂ{b (s, ),

and the learning rate 7; = n/wj;. To further upper bound the above equation, notice that

t 1 9
no i g ji—1_j—1
S s Qf g, )5, ) — sl A G5,
. (o]
j=t 7
¢ . ) i 2
=Y naduw |[(1Q4m ) — @45, _) + (@ ) — [@4 =) (s
j=1 °°
o j j—1 2 2| s i1 2
<2 naju; (||@his) = @ ||+ B2 its ) = m s )|
j=1
¢ ¢ 4 . 2
<2 Znatle(ozj)QH2 + 2217(1%ij2 Hw%ﬁi(s, ) = W{L;li(s, )H , (12)

1
J=1 J=1

where the second step uses the observation that (a + b)* < 2a? 4 2b?, the Holder’s inequality, and
the fact that ||Qfl_z1 lloo < H. The third step is due to our value update rule in Algorithm 1, which
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yields

@it = Qi (50| = | meu@hi ) + i (s + Pul@hamhia]) ()|
<ajmax {||@} s)|| || (i + PuIQG s imh]) (5]}
<ajH.

To continue from (12), we apply the properties that w; = o 7 /ol and ZJ 1 o) (o) < 23:1 (aj)?/t <
(H +2)/t < 3H/t (see Lemma 6 in Yang and Ma (2023) for a proof) to obtain:

(12) —2Znatw] a;) H? + ZZnatw]Hz Hﬂ'h _i(s,0) = 7rf;_1i(s7 )H

j=1
677H3 ! 1 2 j j—1 2
< ; +2277atij Hﬂﬁ_i(s,-)—Fi,_i(sa')Hl
j=1
6nH? 2 ~ j 1 2
j J
<N =DEY o] Y |w ) =) (13

j=1 keN k#£i

In the last step, we used that the total variation between two product distributions is bounded by the
sum of the total variations of each marginal distribution (see e.g. (Hoeffding and Wolfowitz, 1958)):

2

| (s =il 6,0 :<a§4,‘ﬁh (s,amy) — ) L(s,asy) >2

:< Yo (s an) = [T 7 (s, k)

;

a_;€A_; " k#i ki
2
(S lFhutoon =)
_<Z |7 5,0 = i35,
ki

. . 2
SOV =D X o) = w3 (s,
<( );- (5, a) = mh (s, ak) |

1

and the last step is by the Cauchy—Schwarz inequality. Substituting (13) back to (11) leads to

2A%a;logt L j i 2
SwapRegzﬂ-(s) <T T 4 8p(N —1)H? Zai Z Hw{hk(s, = 7[‘{17]61(8, )H1
i =1 kEN ki

24nH?3 i 9
t 204877A Z Wi= 1H7r,” ) = T (37‘)H1

t

4A%H logt ‘ , - 5
§27t+877(N—1)H2Zag S Hﬂlfuk(s’ ) —adil(s, ')Hl
! J=2  kEN ki
SpHAH N 1 e B
" t T 20480 A > H”ﬁi(s ) =, (s, )’ , (14
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where the second inequality uses oy = (H + 1)/(H +t) < 2H/t. This step also takes out the term
for 7 = 1 and upper bounds it by

SN —DH%} Y [[nk (s, ) = alu(s )| <
keEN k#i

32n(N — 1)?H?
t )

using the fact that of < 1/t (Lemma 6 in Yang and Ma (2023)). This proves the first claim in the
lemma. To further establish the second statement, we sum over (14) to obtain

3 + 87( HQZZat Hﬂ-hz —Will(s,-)Hl

Z SwapRegz7i(s) < ;
=1 N i=1 j=2

ANA?H logt

N t i—1
32nNH?(H + N?) 1 o H ; i H2
N t 20487 ;; A T4 (8) = T4 (857)

<4NA3Hlogt N 32nNH?(H + N?)

nt t
+ZZ 8n(N —1)2H? — _ ol ij (s,) —ml M )H2
== 2048nHA; ) TR it 27
<4NA?Hlogt n 32nNH?*(H + N?)
- nt t

2

)

1

204817sz H i —W?”l(s’-)‘

where the second step uses the fact thatlag_ Jod = (j —1)/(H +j —1) > 1/H, and the last step
is due to the condition that n < TNV 0

Theorem 1. If Algorithm 1 is run on an N-player episodic Markov game for 7" iterations with a
learning rate 1 = m, the output policy 7 satisfies:

5
6144NH3 A2axlog T
T .
Proof. Using (7) from Lemma 2, we upper bound the second-order path lengths by

8nNH? Z Zat Hw,” — (s, )H

=1 j=2

CE-Gap(7) <

2

1

ANA%2 Hlogt 32nNH?*(N?+ H
§877NH2 . 204877HAmax ( max og + n ( —+ )) ,

nt t
where we used the crucial fact that the swap regret is non-negative. Substituting the above equation
back to (6) yields

<4A§H10gt N 32nH3N? 216 N2[H* A3

loct 219,,3 N4 f76
SwapReg}, ;(s) < max 087 | 2

nt t t t
5

_ 2048 N H 3 Aax log ¢

— t M

15)
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where the second step uses n = m. Since (15) holds for any i € A/ and s € S, we can
apply it back to the recursion of best response CE value gaps from Lemma 1 to obtain

t 5 5

- 2048NHz2 A2« logt
5235 0451]1““‘ P - g.
j=1

Starting from 8%, ; = 0, we can show via backward induction that for any (h,t) € [H] x [T7,

3 5
6144N A% (H —h+1)H2 logt
t )

5y, <

where we applied Lemma 4 from Yang and Ma (2023) that 22:1 a{ /i <1+ %)% We conclude
the proof of the theorem by referring to the property that CE-Gap(7) < 67. O

Appendix C. Supplementary Material for Section 4
C.1. Policy Output Algorithm

Algorithm 4 Policy 7! for stage-based OFTRL
Input: Policy trajectory {r} } ne(H]te[r) of Algorithm 3;
for step h/ < h to H do

Uniformly sample j from {ti‘?tr;_l, tSTtE‘S_l +1,... ,t‘;‘z‘g)_l};
Play policy 7, for step h';
Sett « j.

C.2. Proofs

Lemma 5. (Recursion of best response CCE value gaps) For any fixed (h,t) € [H]| x [T], let
T = 7(t) denote the stage of t. Then, we have

tend
1 T—1
t J T—1
T— —gstart
=t

Proof. For any fixed i € A and s € S, we know from the definition of 7’12 from Algorithm 4 that

tend .
7t 1 . 7 .
Ve == 5 (adeo |(merimvi) m o) 60). ae
” J=ty
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From the definition of the best response value function,

tend

T—1 .
T’ﬁ—;h,i 1 T -|-77T|-£L i .
Vui ' (5) ZWT(STSX(A.) 1 ; <7T" (5:)s [(rns + [PV 1), i) (s, ')>
k3 ’ T ]: :'la_rtl
tend
1 T—1 ; 7—|—£+1 7‘r£Jrl T,ﬁi+17,i j
= max I, Z <7TZ- (s,-), [(Th,z‘ + [PthJrLZ-] — [PthJrLZ.] + [PthJrLZ. ])Trh,fi] (s, )>
" J=t7
tend
1 — T 7_F2+1 j
< max - Z <7Ti (s,°), [(rni + [PV 211 ™ i (s, )>
T g
1 i j i
T g1, 0
g 3 me (W W)
J=tr
Subtracting (16) from the above equation leads to:
t L ]. j
T’ﬁ- —t ﬁ-t 1‘77? ,—1 T
Viii " (5)=Vyi(s) < T Z max (Vh+1h,i+1 - hﬁlz) (s')
T—1 —start €s
J=t
1 o , _j .
rmax — 3 (wl(s,) =7, (5. [na + BV A, ] (s)). (D
K o=ty

Using a similar inductive argument as in the proof of Lemma 1, we can show that the term in (17)
is equal to Reg] ' (s), which leads to

T77Trt —i 7_T't ]- Taﬁj —q 7—1_J —1
Var ) = V) < o D max (Vb = Vi) () + Regi7 ().
=t

Since the above inequality holds for any ¢ € A/ and s € S, we can conclude that

1y
1 A
¢ -1
G < T, Z Chyr + Regp
]:tia,nl
This completes the proof of the recursive relationship of best response CCE value gaps. O

Theorem 2. If Algorithm 3 is run on an N-player episodic Markov game for 7" iterations with a

learning rate 7, = @(m) in each stage 7, the output policy 7 satisfies:

NH31og Apayx - log® T
CCE—Gap(T‘r):O< o8 o8 >

T
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Proof. We introduce a few more notations before presenting the proof. Let 7(¢) denote the index
of the stage that iteration ¢ belongs to. We denote by 7 the total number of stages, i.e., 7 := 7(T).
For any (7, h, s), we define the per-state (average) regret for player i € A in the 7-th stage of the
corresponding matrix game as

end
[

Reg(s) = max = 3" (wi(s,) ~ (s, QR 1(s.9).

ﬂ'j(s’)EA(-Az) LT j:tslan

Reg’ := maxmax Re
gh N ses ghz( )

where Q7 ; is player i’s Q-function estimate at stage 7. For any (h,t) € [H| x [T'] and for the policy
7} as defined in Algorithm 4, we define the best response CCE value gap as

ieN se8

_t
¢} = max max (V,jZ M (s) — V}:Tf(s)> .
By the definition of 7 and ¢}, we have

CCE-gap(7) = Hé%( <V1T,;;7r_i(31) - Vfi(sl)>

T
maxmax( VIT o) v (s) > < fZg. (18)

t

We use Lemma 5 to establish the following recursive relationship of the best response CCE value
gaps between two consecutive steps h and h + 1:

tend

< Z ¢l +Regi . (19)

T 1] tst\rl

Hence, upper bounding CCE-gap(7) breaks down to controlling the per-state regret in the cor-
responding matrix game for each (7,s,h) € [T] x S x [H]. In our stage-based OFTRL, since
the reward matrix @7 , in each stage is fixed and Reg;ﬂ-(s) is the standard (average) regret, we
can readily apply the individual regret bound of each player when running OFTRL in normal-form
games (Daskalakis et al., 2021). Specifically, Theorem 3.1 from Daskalakis et al. (2021) (restated
as Lemma 4 in our Appendix A) shows that with a learning rate 7, = @(m), there exists a

constant C' > 1 such that for any (¢,7,s,h) € N x [T] x § x [H],

CNHlog A; -log* L,
L, '

Regj, ;(s) < (20)
Notice that we multiplied the regret bound by H because Daskalakis et al. (2021) assumes the re-
wards to be from [0, 1] but our rewards lie in [0, H]. According to the definition in Algorithm 4, the
behavior of the policy 7, is unchanged for all ¢ within the same stage 7 as it always uniformly sam-
ples a time index from the previous stage and plays the corresponding history policy. Consequently,
the value estimation error ¢}, does not change within a stage 7(t); that is, ¢} takes the same value for
all t € [t3, 1Y), We occasionally slightly abuse the notation and use ] to denote the estimation
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Table 2: Reward matrices for Player 1. Table 3: Reward matrices for Player 2.
S0 ‘ bo b1 S1 ‘ bo b1 S0 ‘ bo b1 S1 ‘ bo b1
0.8 02 ap | 1.0 0.2 ap | 0.2 1.0 ap | 0.5 1.0
00 1.0 a; | 0.5 0.8 a; | 0.5 0.0 a; | 1.0 0.2

t d
] tsldrl <h+1 - Cthll SubStltutlng (20)
and the above equation back to the recursion (19), we obtaln that

CNH log Amax - 1og4 Ly

< Z CNH log Apay - log* T 21
fyr? L pyn—1
NH?1log Amayx - log* T
<3C og og 22)

= L,T )

where the second step is by applying the inequality recursively over h, and the last step holds
because our choice of the stage lengths L1 = | (1 + 1/H )L, | implies that

1 1 1 h"h“ 1 1I\? 3
- < 14 — < 1+—) <=2,
Lo won — Lr H =1 H L.

We then substitute (22) back to (18) and change the counting method to obtain

¢end
" 3CNH?log Amay - log* T
CCBan(r) < 1Y <13 3 e
T= 1] tstart T

< 3CN7H?10og Amax - log* T
J— T .

It remains to bound the total number of stages 7. Since the lengths of the stages increase exponen-
tially as Lry1 = |(1 4+ 1/H)L.| and the T stages sum up to 7" iterations, by taking the sum of a
geometric series, it suffices to find a Value of 7 such that (1+ 1/H)™ > T/H. Using the Taylor
series expansion, one can show that (1 + )H > e — 577, and hence any T > lfgl(e /g) satisfies the

condition. This completes the proof of the theorem. O

Appendix D. Simulation Details

Our numerical studies are conducted on a simple general-sum Markov game with 2 players, 2 states
S = {s0, 51} and H = 2 steps per episode. Each player has 2 candidate actions A = {ag, a1} and
B = {bg, b1 }, respectively. The reward matrices for Player 1 and Player 2 at the two states are given
in Tables 2 and 3, respectively. The state transition function is defined as follows: In both states sg
and s1, if the two players take matching actions (namely (ag, bg) or (a1, b1)), the system stays at the
current state with probability 0.8, and transitions to the other state with probability 0.2. On the other
hand, if the two players take opposite actions (namely (ag, b1) or (a1, by)), the environment will stay
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at the current state with probability 0.2, and will transition to the other state with probability 0.8.
We choose a constant learning rate 77 = 0.2 for all the three algorithms. We have also experimented
with other choices of the transition and reward functions and have observed similar behavior as

shown in Figures 1 and 2.
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