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Abstract

An isoperimetric inequality for lower order nonzero Neumann eigenvalues of the
Witten-Laplacian on bounded domains in a Euclidean space or a hyperbolic space has
been proven in this paper. About this conclusion, we would like to point out two
things:

e [t strengthens the well-known Szeg6-Weinberger inequality for nonzero Neumann

eigenvalues of the classical free membrane problem given in [J. Rational Mech.
Anal. 3 (1954) 343-356] and [J. Rational Mech. Anal. 5 (1956) 633-636];

e Recently, Xia-Wang [Math. Ann. 385 (2023) 863-879] gave a very important
progress to the celebrated conjecture of M. S. Ashbaugh and R. D. Benguria
proposed in [SIAM J. Math. Anal. 24 (1993) 557-570]. It is easy to see that our
conclusion here covers Xia-Wang’s this progress as a special case.

In this paper, we have also proposed two open problems which can be seen as a gener-
alization of Ashbaugh-Benguria’s conjecture mentioned above.

1 Introduction

Let (M™,(-,-)) be an n-dimensional (n > 2) complete Riemannian manifold with the metric
g := (). Let Q C M" be a domain in M", and ¢ € C>®(M™) be a smoothii real-valued
function defined on M™. In this setting, on €2, the following elliptic operator

Ay = A~ (V$, V)
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! In fact, one might see that ¢ € C? is suitable to derive our main conclusions in this paper. However, in
order to avoid a little bit boring discussion on the regularity of ¢ and following the assumption on conformal
factor e~? for the notion of smooth metric measure spaces in many literatures (including of course those
cited in this paper), without specification, we prefer to assume that ¢ is smooth on the domain (2.
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can be well-defined, where V, A are the gradient and the Laplace operators on M", re-
spectively. The operator Ay w.r.t. the metric g is called the Witten-Laplacian (also called
the drifting Laplacian or the weighted Laplacian). The K-dimensional Bakry-Emery Ricci
curvature Ricg on M™ can be defined as follows

do ® do

Ricg := Ric + Hess¢ — P

where Ric denotes the Ricci curvature tensor on M™, and Hess is the Hessian operator on
M™ associated to the metric g. Here K > n+ 1 or K = n + 1 if ¢ is a constant function.
When K = oo, the so-called oco-dimensional Bakry—Emery Ricci curvature Ricy (simply,
Bakry—Emery Ricci curvature or weighted Ricci curvature) can be defined as follows

Ricy := Ric + Hess¢.

These notions were introduced by D. Bakry and M. Emery in [2]. Many interesting results
(under suitable assumptions on the Bakry-Emery Ricci curvature) have been obtained, and
we prefer to mention briefly several ones:

e For Riemannian manifolds? (M™, g) endowed with a weighted measure dn := e %dv,
where dv denotes the Riemannian volume element (or Riemannian density) w.r.t. the
metric g, Weil and Wylie [19] proved mean curvature and volume comparison results
when the Bakry-Emery Ricci curvature Ric, is bounded from below and ¢ or |[V¢| is
bounded, improving the classical ones (i.e., when ¢ is constant). As described by J.
Mao (the corresponding author here) in [14;, pp. 31-32], one might have an illusion
that smooth metric measure spaces are not necessary to be studied since they are sim-
ply obtained from corresponding Riemannian manifolds by adding a conformal factor
to the Riemannian measure. However, they do have many differences. For instance,
when Ricg is bounded from below, the Myer’s theorem, Bishop-Gromov’s volume com-
parison, Cheeger-Gromoll’s splitting theorem and Abresch-Gromoll’s excess estimate
cannot hold as in the Riemannian case. Moreover, in order to let readers have a deep
impression and a nice comprehension on those differences, Mao [i14, page 32] has also
repeated briefly an interesting example (given in [19, Example 2.1]) to make an expla-
nation therin. More precisely, for the metric measure space (R", ggn, e~®dvgn), where
grn is the usual Euclidean metric of the Euclidean n-space R™, and dvg» denotes the
Euclidean volume density related to ggn, if ¢(z) = 5|z[* for z € R", then Hess = Agg»
and Ricg = Agrn. Therefore, from this example we know that unlike in the case of
Ricci curvature bounded from below uniformly by some positive constant, a metric
measure space is not necessarily compact provided Ricy > A and A > 0. Hence, it is
meaningful to study geometric problems in smooth metric measure spaces.

e Perelman’s W-entropy formula for the heat equation associated with the Witten Lapla-
cian on complete Riemannian manifolds via the Bakry—Emery Ricci curvature tensor
has been investigated by Li [10]. In fact, under the assumption that the m-dimensional
Bakry-Emery Ricci curvature is bounded from below, Li (U, Theorem 2.3] obtained

2 Without specifications, generally, in this paper same symbols have the same meanings.



an analogue of Perelman’s entropy formula for the W-entropy of the heat kernel of
the Witten Laplacian on complete Riemannian manifolds with some natural geometric
conditions. In particular, by this fact, he proved a monotonicity theorem and a rigid-
ity theorem for the W-entropy on complete Riemannian manifolds with nonnegative
m-dimensional Bakry—Emery Ricci curvature.

e Mao and his collaborators [8, Theorems 4.1 and 4.4, Corollary 4.2] investigated the
buckling problem of the drifting Laplacian, and firstly obtained some universal in-
equalities for eigenvalues of the same problem on bounded connected domains in the

Gaussian shrinking solitons
n _le? 1
R y Jrn, € 4 dUR”> 5

and some general product solitons of the type
nt2
(Z X ]R,g,e_Tdv,/@> ,

where Y is an Einstein manifold with constant Ricci curvature x, and ¢t € R is the
parameter defined along the line {z} xR, z € . Besides, as interpreted in [8, Remark

4.3], for a self-shrinker, if the weighted function ¢ was chosen to be ¢ = %, then the
drifting Laplacian considered in [8] degenerates into the operator £ := A — 2(z, V(-))
which was introduced by Colding-Minicozzi [1i] to study self-shrinker hypersurfaces.
For the Dirichlet eigenvalue problem of the operator £, Cheng-Peng [6] have obtained
some universal inequalities. From this viewpoint, [§, Theorem 4.1 and Corollary 4.2]
can be regarded as conclusions for the buckling problem of the operator L.

Except [§, 14], Mao also has some other interesting works related to the Witten-Laplacian —
see, e.g., (9,13, 15, 16, 23].

Using the conformal measure dn = e ®dv, the notion, smooth metric measure space
(M"™, g,dn), can be well-defined, which is actually the given Riemannian manifold (M™", g)
equipped with the weighted measure dn. Smooth metric measure space (M", g,dn) some-
times is also called the weighted measure space. For the smooth metric measure space
(M™, g,dn), one can define a notion, weighted volume (or ¢-volume), as follows:

|M"|, ::/ dn:/ e dv.
Mn n

On a compact smooth metric measure space (£, (-,-),dn), one can naturally consider the
Neumann eigenvalue problem of the Witten-Laplacian Ay as follows

Apu+pu=0 in Qc M", (1.1)
g—g:() on 012, '

where 77 is the unit normal vector along the smooth® boundary 9. The eigenvalue problem
(I1.1) can also be called the free membrane problem of the operator A,. It is not hard to

3 The smoothness assumption for the regularity of the boundary 95 is strong to consider the eigenvalue



check that the operator Ay in (1.1 is self-adjoint w.r.t. the following inner product

&4

(Fiifa) = /Q Fofdn = /Q Fofaetdv,

with f, f» € W2(Q), where W'2(€) is the Sobolev space w.r.t. the weighted measure d,
i.e. the completion of the set of smooth functions C*°(2) under the following Sobolev norm

. 1/2
1l = ( [ ran+ [ |Vf|2dn) |

Then using similar arguments to those of the classical free membrane problem of the Lapla-
cian (i.e., the discussions about the existence of discrete spectrum, Rayleigh’s theorem, Max-
min theorem, etc. These discussions are standard, and for details, please see for instance
4]), it is not hard to know:

e The self-adjoint elliptic operator —A, in (1.1) only has discrete spectrum, and all the
elements (i.e., eigenvalues) in this discrete spectrum can be listed non-decreasingly as
follows

0 = 110,6(€2) < p11,6(€) < p2,p(2) < -+ 1 Fo00. (1.2)

For each eigenvalue p;4(f2), @ = 0,1,2,---, all the possible nontrivial functions u
satisfying (1.T) are called eigenfunctions belonging to fi;4(€2). Since the first equation
in (1.1 is linear, the space of p; 4(€2)’s eigenfunctions should be a vector space. This
vector space of ji; 4(€2) is called eigenspace. Each eigenspace has finite dimension, and
usually the dimension of each eigenspace is called multiplicity of the eigenvalue. It
is easy to know that eigenfunctions of the first eigenvalue pg,(2) = 0 are nonzero
constant functions, and correspondingly, the eigenspace of jig 4(€2) = 0 has dimension
1. Eigenvalues in the sequence (1.2) are repeated according to its multiplicity. By
applying the standard variational principles, one can obtain that the k-th nonzero
Neumann eigenvalue ji; »(€2) can be characterized as follows

Ja |V f|?e=®dv
Jo fPedv

where f;,i=0,1,2,--- ,k — 1, denotes an eigenfunction of 1, 4(2). Specially, the first
nonzero Neumann eigenvalue p; 4(€2) of the eigenvalue problem (171) satisfies

Jo IV fI2dn
Jo, fdn

problem (:_1-_1') of the Witten-Laplacian. In fact, a weaker regularity assumption that 02 is Lipschitz contin-
uous can also assure the validity about the description of the discrete spectrum of the eigenvalue problem
(i1.1). However, the Lipschitz continuous assumption might not be enough to consider some other geometric
problems involved Neumann eigenvalues of (iL.1). Therefore, in order to avoid a little bit boring discussion
on the regularity of the boundary 92 (which is also not important for the topic investigated in our paper
here), we prefer to assume that 9 is smooth. This setting leads to the situation that some conclusions
of this paper may still hold under a weaker regularity assumption for the boundary 02, readers who are
interested in this situation could try to seek the weakest regularity.

:uk@(Q) = inf { fe /V[7172(Q)’ f 7& 0, /Q ffie_¢dv = 0} ) (13)

fi1,6(§2) = inf {

f EWLQ(Q),f;éO,/Qfdn:O}. (1.4)




For convenience and without confusion, in the sequel, except specification we will write
i s(S2) as p; e directly. This convention would be also used when we meet with other
possible eigenvalue problems.

In this paper, we focus on the Neumann eigenvalue problem (1:1) of the Witten-Laplacian
and can prove an isoperimetric inequality for the sums of the reciprocals of the first (n — 1)
nonzero Neumann eigenvalues of the Witten-Laplacian on bounded domains in R" or a
hyperbolic space. However, in order to state our conclusions clearly, we need to impose an
assumption on the function ¢ as follows:

e (Property I) Furthermore, ¢ is a function of the Riemannian distance parameter
t == d(o, -) for some point o € hull(f2), and ¢ is also a non-increasing convex function
defined on [0, c0).

Here hull(€2) stands for the convex hull of the domain Q. Clearly, if a given open Rieman-
nian n-manifold (M™, g) was endowed with the weighted density e ®dv with ¢ satisfying
Property I, then ¢ would be a radial function defined on M"™ w.r.t. the radial distance ¢,
t € [0,00). Especially, when the given open n-manifold is chosen to be R™ or H" (i.e., the
n-dimensional hyperbolic space of sectional curvature —1), we additionally require that o is
the origin of R™ or H".

Theorem 1.1. Assume that the function ¢ satisfies Property I. Let §2 be a bounded domain
with smooth boundary in R™, and let Br(0) be a ball of radius R and centered at the origin
o of R" such that |Qs = |Br(0)s, i.e. [odn= [y, dn. Then

1 n 1 " " 1 S n—1
11,6(S2)  p2,6(€2) tin—-1,6() ~ p6(Br(0))

The equality case holds if and only if Q) is the ball Bg(o).

(1.5)

By applying the sequence (1.2), i.e. the monotonicity of Neumann eigenvalues of the
Witten-Laplacian, from (1.5) one has:

Corollary 1.2. Under the assumptions of Theorem 1.1}, we have

p1,6(82) < p1,6(Br(0)), (1.6)

with equality holding if and only if Q0 is the ball Bg(o). That is to say, among all bounded
domains in R™ having the same weighted volume, the ball Br(0) maximizes the first nonzero
Neumann eigenvalue of the Witten-Laplacian, provided the function ¢ satisfies Property I.

Remark 1.3. The spectral isoperimetric inequality (1.6) in Corollary 1.2 has already been
proven by the authors in [§] by suitably constructing the trail function. However, we still
prefer to list it here to show the close relation between (1.5) and (1.6), and show of course

-z

the significance of the spectral isoperimetric inequality (125) as well.

Remark 1.4. (1) Topologically, the Euclidean n-space R™ is two-points homogenous, so
generally it seems like there is no need to point out the information of the center for the ball
Br(0) when describing the isometry conclusion in Theorem 1.1 However, for the eigenvalue



problem (1.11), by (1.3) one knows that even on Euclidean balls, the Neumann eigenvalues
s also depend on the weighted function ¢ (except the situation that ¢ is a constant func-
tion). This implies that for Euclidean balls with the same radius but different centers, they
might have different Neumann eigenvalues p; , since generally the radial function ¢ here has
different distributions on different balls. Therefore, we need to give the information of the
center for the ball Bgr(o) when we investigate the possible rigidity for the equality case of
(1.5).

(2) A slightly sharper version of (1.5) has also been obtained — for details, see Theorem B.Ti
in Section 3 below.

(3) As we know, if ¢ = const. is a constant function, then the Witten-Laplacian A, degen-
erates into the Laplacian A, and correspondingly the eigenvalue problem (1°1) becomes the
classical free membrane problem of the Laplacian A as follows

{ Au+ pu =0 in QcC M", (17)

g—g =0 on 0f2.
Clearly, the Laplacian —A in (1.7) only has the discrete spectrum, and all the eigenvalues
in this discrete spectrum can be listed non-decreasingly as follows

0= po(Q) < () < pa() <--- 1 +o0.

The corresponding Neumann eigenvalues pi;, can be characterized similarly as (1.3)-(1.4) with
¢ = const. instead. Now, we would like to recall some results on isoperimetric inequalities
of Neumann eigenvalues of the eigenvalue problem (1.7). For simply connected bounded
domains Q2 C R?, by using the conformal mapping techniques, Szeg6 [18] obtained

1(QA(Q) < 1 (D)AMD) = mpy (1.8)

where D stands for a disk in the plane R? and A(-) denotes the area of a given geometric
object. Later, this result was improved by Weinberger [20] to the higher dimensional case,
that is, for bounded domains 2 C R", n > 2, he proved

2/n
wy,
pa(€2) < (@) pi/z,p (1.9)

where w,, || denote} the volume of the unit ball in R” and the volume of 2, respectively.
Here p, x in (1:8)-(179) stands for the k-th positive zero of the derivative of z'7V.J,(z), with
Jy(z) the Bessel function of the first kind of order v. The equality case in (1.8) (or (1.9)) if

and only if 2 is a disk (or a ball in R™). Clearly, from the Szegd-Weinberger’s isoperimetric
inequality (1.9), one knows:

e (Fact A) Among all bounded domains in R™ having the same volume, the ball maxi-
mizes the first nonzero Neumann eigenvalue of the Laplacian.

4 Similarly, without confusion, in the sequel | - | would denote the volume of a given geometric object.



It is not hard to see that Fact A was covered by Corollary 1.2 as a special case (corresponding
to ¢ = const.). Szegé and Weinberger found that Szegé’s proof of (1:8) for simply connected
domains in R? can be improved to get the estimate

Lo, 2
pa(€) () T i,

for such domains. Brasco and Pratelli [3] made a quantitative improvement of (1:8) — for
any bounded domain with smooth boundary 2 C R", they have proven

WP o — 1 (Q)QPP" > e(n) A(Q),

where ¢(n) is a positive constant depending only on n, and A(n) is the so-called Fraenkel
asymmetry defined by

Aln) = {|Q|é|B|

(1.10)

B is a ball in R" such that |Q] = \B|} :

with QA B the symmetric difference of {2 and B. An interesting quantitative improvement
of (1:10) obtained by Nadirashvilli [17] states that there exists a constant C' > 0 such that
for every smooth simply connected bounded open set € C R2, it holds

11 1\ 1/ 1 1 A()?
o] (u1(9)+u2(9)) ] (u1(3)+u2(3))2 c

with B any disk in R?. Is it possible to improve (1.10) to the higher dimensional case? The
answer is affirmative. In fact, for any bounded domain Q C R™ (with smooth boundary),
Ashbaugh and Benguria [il] obtained the estimate

1 1 1 n 5] 2/n

Some interesting generalizations to (1.1T) have been done — see, e.g., [12, 21]. Based on the
estimate (1.1T), Ashbaugh and Benguria [I] proposed an important open problem as follows:

e Conjecture I. ([I]) For any bounded domain € with smooth boundary in R", we have
LS SR S (@) 2/
p(€) - pa(€2) 1 (S2) ~ pi/z,l Wn ’

with equality holding if and only if €2 is a ball in R™.

Conjecture I is still open until now. Recently, Xia-Wang [22] gave a very important progress
to this celebrated conjecture, and actually they proved that

1 1 1 n—1 \Q\)”"
+ Foot > = 1.12
ORI @ 2 (wn (1.12)

holds for any bounded domain 2 C R™ with smooth boundary, where the equality holds if
and only if © is a ball in R". Clearly, the isoperimetric inequality (1.12) gives a partial answer
to Conjecture I and also supports its validity. It is not hard to see that our conclusion
in Theorem 1.1 here covers Xia-Wang’s spectral isoperimetric inequality (1.12) as a special
case (corresponding to ¢ = const.).




Theorem 1.5. Assume that the function ¢ satisfies Property I. Let §2 be a bounded domain
in H", and let Bgr(0) be a geodesic ball of radius R and centered at the origin o of H™ such
that |Q|, = |Br(0)|s. Then

1 n 1 " " 1 S n—1
p1,6(€2)  pi2,6(52) tin—1,6(Q) ~ p14(Br(0))

The equality case holds if and only if Q) is isometric to the geodesic ball Bg(o).

(1.13)

Similarly, by applying the sequence (1.3), from (1.13) one has:

Corollary 1.6. Under the assumptions of Theorem 1.5, we have

p1,6(82) < p1,6(Br(0)), (1.14)

with equality holding if and only if Q0 is isometric to Bgr(o). That is to say, among all bounded
domains in H" having the same weighted volume, the geodesic ball Br(o) mazximizes the
first nonzero Neumann eigenvalue of the Witten-Laplacian, provided the function ¢ satisfies
Property I

Remark 1.7. Similar to the Euclidean case, the spectral isoperimetric inequality (1.14) in
Corollary 176 has already been proven by the authors in [§] by suitably constructing the trail
function. However, we still prefer to list it here to show the close relation between (1.13)

and (1.14), and show of course the significance of the spectral isoperimetric inequality (1.13)

| S

as well.

Remark 1.8. (1) Similar to (1) of Remark 1.4, except the situation that ¢ is a constant
function, one also needs to give the information of the center for the geodesic ball Br(0)
mentioned in Theorem 1.5 and Corollary 1.6.

(2) When investigating spectral isoperimetric inequalities (1:13)-(1:T4), there is no essential
difference between H" and a hyperbolic n-space with constant curvature not equal to —1.
(3) Ashbaugh and Benguria [il] also proposed another important open problem as follows:

e Conjecture II. ([1]) Let M" (k) be an n-dimensional complete simply connected Rie-
mannian manifold of constant sectional curvature x € {1, —1}, and {2 be a bounded
domain in M"(x) which is contained in a hemisphere in the case that k = 1. Let Bg
be a geodesic ball in M (k) such that |Q2] = |Bq|. Then

LS NS RS
pa() - p2(Q) pn(€2) ~ pa(Ba)’

with equality holding if and only if €2 is isometric to Bg.

Conjecture II is still open until now. Recently, Xia-Wang [22] also gave a very important
progress to this celebrated conjecture, and actually they proved that

1 1 1 n—1
- ot >

p(2) () fin-1() = 1(Bg) (1.15)




holds for any bounded domain 2 C H" with smooth boundary, and for a geodesic ball
Bq € H" with |Q] = |Bgl|. Moreover, the equality in (1:15) holds if and only if € isometric to
Bq in H". Clearly, the isoperimetric inequality (i.15) gives a partial answer to Conjecture
IT and also supports its validity. It is not hard to see that our conclusion in Theorem 1.5 here
covers Xia-Wang’s spectral isoperimetric inequality (1.15) as a special case (corresponding
to ¢ = const.).

Based on the deriving process of our main conclusions in Theorems 1.1 and 1.5, we would
like to propose the following two open problems, which we think it should be suitable to call
them the Ashbaugh-Benguria type conjecture.

Question A. Consider the eigenvalue problem (1.%) with choosing M™ to be M"™ = R™,
and assume that the function ¢ satisfies Property I. Let 2 be a bounded domain with
smooth boundary in R™, and let Bg(0) be a ball of radius R and centered at the origin o of
R™ such that ||, = |Bgr(0)|s. Then

1 1 1 1 n
+ TR + > .
p1,6(82)  p2,6(€2) Pn-1,6(82)  pine(Q2) ~ p1,6(Br(o))

The equality case holds if and only if €2 is the ball Bg(o).

Question B. Consider the eigenvalue problem (1.1) with choosing M"™ to be M™ = H",
and assume that the function ¢ satisfies Property I. Let €2 be a bounded domain with
smooth boundary in H", and let Bg(0) be a geodesic ball of radius R and centered at the
origin o of H” such that ||, = |Bgr(0)|s. Then

1 1 1 1 n

s @ @ T @ T @) T i (Br(0)

The equality case holds if and only if Q2 is isometric to Bg(0).

Remark 1.9. Obviously, Theorems 1.1 and 1.5 give a partial answer to the Ashbaugh-
Benguria type conjecture and also support its validity.

This paper is organized as follows. By suitably constructing trial functions, we success-
fully give a proof to Theorems 1.1 and 1.5 in Section 2. BTW, since originally the proof
of Theorem 1T is highly similar to that of Theorem 1.5, this leads to the situation that
we prefer to unify those two proofs into a single one, which finally appears as its present
version shown in Section 2. A refined result of Theorem 1.1 would be given in Section 8 —
see Theorem B.1 for details.

2 A proof of Theorems 1.1 and 1.

First, we would like to recall a property of the eigenfunction corresponding to the first
nonzero Neumann eigenvalue of the Witten-Laplacian on geodesic balls (in space forms) if
the function ¢ is radial w.r.t. some chosen point. This property has been carefully proven
in [, Appendix], and readers can check all the details therein.

=
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Lemma 2.1. (ff, Theorem 4.1]) Assume that Bg(o) is a geodesic ball of radius R and cen-
tered at some point o in the n-dimensional complete simply connected Riemannian manifold
M" (k) with constant sectional curvature k € {—1,0,1}, and that ¢ is a radial function w.r.t.
the distance parameter t := d(o, ), which is also a non-increasing convez function. Then the
eigenfunctions of the first nonzero Neumann eigenvalue i1 s(Bgr(0)) of the Witten-Laplacian
on Br(0) should have the form T'(t)%, i =1,2,--- ,n, where T(t) satisfies

T” _'_ <% - ¢/> T/ + (M1,¢(BR(O>> - (n - 1)5;2) T = 07 (2 1)

T(0)=0, T"(R) =0, T'|j0,r) # 0.

Here C,(t) = (Sk(t)) and
sin ¢, if M"(k) =S%,

Se(t) =< t, if M (k) = R",
sinht, if M"(k) = H",

with S" the n-dimensional hemisphere of radius 1.

Remark 2.2. From [§, Appendix], it is not hard to know that z;, ¢ = 1,2,--- ,n, are
coordinate functions of the globally defined orthonormal coordinate system set up in M" (k).

A proof of Theorems 1.1 and 1.5 Due to the fact that ¢ is radial w.r.t. o, one can
define a radial function f as follows

T(t), if0<t<R,
f@*:{Tum it ¢t > R, (2:2)

where R is the radius of the (geodesic) ball Br(o) satisfying the volume constraint ||, =
|Br(0)|4. The origin o would be chosen as follows: in fact, by the Brouwer fixed point
theorem and using a similar argument to that of Weinberger given in [20], one can always
choose a suitable origin o € hull(§2) such that

/f@ﬁwn:a i=1,2,-- n. (2.3)
Q t
Denote by {ej,es, -, e,} the orthonormal basis (of R™ or H™) corresponding to the coor-
dinates xy, xg, -, x,. Then (233) can be rewritten as
t
/(x, @@dn —0, =12, (2.4)
Q

with (-, -) denoting the inner product. Denote by u; the eigenfunction corresponding to the
i-th Neumann eigenvalue ; , of the eigenvalue problem (1.I). Then (2.4) implies that

t
<LU, €Z>—f§ ) 1 U
in the sense of L?-norm w.r.t. the weighted density dn. Our purpose now is to construct

suitable trail function v; for the eigenvalue p; 4 such that ); is orthogonal to the preceding
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eigenfunctions ug, uq,- -+ ,u;—1. That is to say, ¥; L span{ug,uq,---,u;_1} in the sense of
L% norm w.r.t. the weighted density dn. Define an n x n matrix Q = (¢ij)nxn With g;; given
by

t
Gij = /(a:, ei>&ujdn, i,j=1,2,--,n.
Q t
Using the orthogonalization of Gram and Schmidt (QR-factorization theorem), one knows

that there exist an upper triangle matrix M = (M,;)nx, and an orthogonal matrix U =
(@ij)nxn such that M = UQ), which implies

& t -
My = Zaikaj = / air{T, €k>—f§/ )ujdn, 1<i<i<n
k=1 L
Set ¢, =Y 1, apey, i =1,2,--- , n, and then

/Q<x, 62)@%@7 =0 (2.5)

holds for j =1,2,--- ;i —1and ¢ =2,3,--- ,n. BTW, it is easy to see that {e}, e}, - el }
is also an orthonormal basis (of R™ or H"), which is actually formed by making an orthog-

onal transformation to the orthonormal basis {ej, s, -+ ,e,}. Denote by y1,¥s, -+, y, the
coordinate functions corresponding to the basis {€/,€,,--- , e/}, that is, y; = (z,€}). Then
from (2.5) one has
t
yiyujdn:(), j=12,---i—landi=23,--- ,n. (2.6)
Q

For convention and by the abuse of notations, we prefer to use z; as coordinate functions
— based on this, we still write y; as x;, i = 2,3,--- ,n. Then in this setting, (2.6) can be
rewritten as

1o,

i Y n =0, j=12,---,i—landi=23,---,n. (2.7)
)
Together with (273) and (2:7), one has that there exists an orthonormal basis {es, €}, €5, - - , €} }
such that the coordinate functions 1, xs, - - - , x, corresponding to this basis satisfy
t
xi&ujdn: 0, j=012-,i-landi=1,23,--,n. (2.8)
Q t

Here the eigenfunction ug of the eigenvalue yi 4 can be chosen as ug = 1/1/|€2|4. Set in (2:8)
that

@bi::xi@, 1=1,2,3,---,n,
and then one has
/wiujdn:(), j=0,1,2,---,i—1landi=1,2,3,--- ,n. (2.9)
Q
Hence, our purpose of constructing trail functions v;, i = 1,2,3,--- ,n, has been achieved.

To prove our main conclusions, we also need the following truth.
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Lemma 2.3. The function 5{;(2) is monotone decreasing in the bounded domain 0 with

smooth boundary in R™ (or H™).

Proof. By (2:I) and the definition of the function f, we observe first that

lim /()
t—0 Ei@(t)

= /'(0).

Without loss of generality, we may assume f > 0. Since

d(fH\ 'O -5Hf0
E(&@)_ O

similarly, one has

ey () _ py _ Ce(R)
i (70 - S50) 0. - Sy <o
If there exists a point to such that f'(t) — g:((zg)) f(to) > 0, then there exists ¢; such that
/ (jﬁ(tl)
t1) — t1) >0,
f'(t1) Sn(tl)f( 1)
d (o Calt) _
& (ro-S85w) 6 -0 (2.10)
Combining the first equation in (2.1) and (2.10) yields at point ¢; that
nCK/ / ! gl nf
TG el S g =0 (211)

Therefore, due to ¢/ < 0, it follows from (2.11)) that

</_c{$)“”§0

So, we have

(r-5r)w < (sa-5)
(Moo o
< 0.

This is contradict with (f’ — g—:f) (t1) > 0. Hence, we have %(5{58)) < 0, and then % is

monotone decreasing. O
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By the characterization (1.3) and (2.9), one can obtain

@ [ PEans [ (75 2|9 (2)] s220) an (212)

where V is the gradient operator defined on the umit (n — 1)-sphere S"~!. By a direct
calculation to (2.12), one has

Pl < [ +—/fQV—Z sz
/ﬂ e 4i,6(€2) Q( i 1i,(€2 ’ ()dn
1 / 2 xz _2

= f ’d + /f V S-2(t)d

i (§2) QmBR(o)( ) ,uzqs ‘ (t)dn

< m:(ﬂ) /BR(O)(f)2x (e /f \vx’ S22(t)dn
= / / (F)2871(t) e ?dSdt
sn-1(
m,qs( / f?‘v & Sf(t)dn
_ m,:(Q)% /B R(O)(f, ‘— 2(t)dn,  (2.13)

where dS stands for the volume element on the (n — 1)—sphere S"~1(1) of radius 1. By [22],
one knows

S

i L ‘_ (x) (2.14)

= il

,uuZ)

Therefore, combining (2:13) with (2:14), and then doing summation over the index 7 from 1
to n, we can obtain

/de” nM(Q)/R ”+;M /f2 (2.15)

On the other hand, still from (2:14), one has

Zm ‘_(E)‘ = ; u,.;(m W(?)\Z = 2 u,-;(gz)’

which implies

n—1

1
~n(n—1) Z::,Uﬂﬁ

nﬂn,qﬁ(Q) i1

Substituting the above inequality into (2.15) results in

| rw sg @ L, 0w [ npasion). e

Q
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Applying Lemma 2.3 and [§, Lemma 4.4 and Appendix], one has

2 2 721 72(0)
/Qf (t)d"E/BR@f (t)dn, Qszu)d”S/BR(o) 525 ™

Putting the above fact into (2.16), we have

S fBR f2(8)dn o
1H1MMW Jinior |12 m—1ﬁ”qu_mABM®V

SE(t)

which implies (1.5) or (1.13) directly. This completes the proof of Theorems 1.1 and 1:5.

3 A sharper estimate

In the last section, we would like to give a more shaper estimate (for the sums of the
reciprocals of the first (n — 1) nonzero Neumann eigenvalues of the Witten-Laplacian on
bounded domains in R") than (1:5) shown in Theorem 1 1. In fact, we can prove:

Theorem 3.1. Assume that ) is a bounded domain in R™ with smooth boundary, and that
the function ¢ satisfies Property I. Then

n—1
,U1,¢(BR(O)) - 1 T 1 R 1
B, (€2) H2,6(52) Pn—1,6(2)

oo (24 (0= D) dn = FR) [y iy [0 = 1) ]
B fBR(O) fdn ’

(3.1)

where (as in Theorem 1.1) Br(0) is a ball of radius R and centered at the origin o of R™ such
that |y = |Br(0)|e, f is the function defined by (2.2), and By, By are two balls centered at
the origin o and satisfying |Bi|s = |2 N Br(0)|, |B2 \ Br(o)|s = |2\ Br(0)|e, respectively.
The equality in (3.1) holds if and only if Q is the ball Br(o).

Proof. By Lemma 2.3, we have f' — 1f < 0 and f’ > 0 in [0, R], which implies

Since |[VZ |2 =1 — f—; and (f")? — {—; < 0, with the help of trail functions v;, i =1,2,--- . n
constructed in Section 2 and by using a similar argument of deriving the inequality (2.31)
in [22], it is not hard to get

dn</[ 24—l ay. (3.2)

||M|
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Since f is increasing, we can deduce from [5, Lemma 4.4 and Appendix] by the rearrangement
technique the following:

[Fan= [ pay (33
Q Br(o)
Putting the above expression into (8.3) yields
n—1 f?
o [ pans [ e o-ng ) an 5.0
dict g I Brlo) 9
Since f(t)%, i =1,2,--- ,n, are the eigenfunctions corresponding to the eigenvalue 111 4(Br(0)),

one can obtaln from the characterization (1.4) that
f2
molBalo) [ pan= [ -0k an (35)
Br(o) Br(o)

Combining (3:4) and (8:5) results in

n—1 9
<M1,¢>(BR(0)) - W) /BR(O) frdn >

=1 g

/g {(f’)2 +(n— 1){_22} dn = /( B o) {(f’)2 +(n— 1){_22} dn
= /Q\BR(O) {(f’)2 +(n— 1)f2} dn +
/mBR(O) [(f V(- 1>£ } dn. (3.7)

By [], it is not hard to show that ()% + (n —1)4;
direction of (2N Br(o)) \ By, which implies

t2 is monotone decreasing along the radial

N2 . f? _ "2 B f?
/QOBR(O) [(f) tln=l) tQ} = /QOBR(o)ﬁBl [(f> tn-1) tz] s
/ 0+ =0T
(QNBR(0)\B1 ¢
= /QnB (0)NB l(f/>2 - 1){_2] s
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Similarly, one can obtain

/31 {(f’)2 + (n— 1){—22} dn = /BmQﬂBR(o) {(f’)2 + (n— DT?} dn +

/ - 18]
Bl\(QﬁBR (O))

2
[ Jursa-ng)ae
B1MQNBx (o) t

Gwrse-nEgZ] [ @)

where R, is the radius of the ball B;. One has from the assumption |2 N Br(o)|, = |Bils
that

v

/Q - {(f’)2 +(n— 1){—5} dn < /B 1 {(f’f +(n— 1){—22} dn. (3.10)

Since f(t) = T(R) is constant when t > R, by a direct calculation one has

/(Q\BR(O))O(B2\BR(O))

f*(R)

- n D . (311

} /(Q\BR(O))\(Bz\BR(O))

Similarly, one can get

/(Bz\BR(O))ﬂ(QﬂBR(O))

2+ -

} / . (3.12)
(B2\Br(0)\(2\Br(0))
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One has from the assumption |2\ Bg(0)|s = |B2 \ Br(0)|, that

N NP
/Q - [(f) +(n—1) tz]dn /B . {(f) +(n—1) tz]dn. (3.13)
Putting (8.7)-(8.13) into (8.6) yields

<m,¢<BR<o>>—ZZ_%) [opan= [ @i -

i=1 p4
[ s vk
B2\Br(0) t

which implies (8.11) directly by using (2.2) first and then multiplying both sides of the above
i

inequality by ( Jono) 2dn) . The equality case of the estimate (8:L) would follow by (373)
where the equality can be attained if and only if  is the ball Bg(o). O

Remark 3.2. The estimate (B:1) is sharper than (1.5) in Theorem 1.1, since the quantity
in the RHS of (B.T)) is nonnegative. This is because

"2 . f_2] _f2 _ l
/ - [(f) = an- ) [ CERFT

- [(f/(R))z +n=1) fi;f)} /BR(O)\Bl - (n_;ﬂ /Bz\BR@ o

Y
=(n-1) 7 /BR(O)\Bl n /B2\BR(O) n

= 0= D (1Bafo)\ Bl — 18\ Balo)l)
= = D (Bafo)ls — |Bile ~ (1Bl — |Balo)])
= -0 014 (0))e — (1Bl + 1Bale)
= (-0 0101, — (120 Bao)ls + 12\ Ba(o)lo + Ba(o)l)
=0.
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