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RKKY Interactions and Multipole Order in Ab initio Wannier Model of CeCoSi
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We calculate the RKKY interactions derived from ab initio calculations for the intermetallic compound CeCoSi ex-
hibiting the hidden nonmagnetic order at 7y and examine the instability towards possible multipole orders within the
random phase approximation. All 36 multipole interactions up to rank 5 are investigated, and the maximum susceptibil-
ity exhibits an antiferro order with ¢ = 0 for nonmagnetic multipoles of monopole / and hexadecapole Hy, yielding a
charge imbalance of f electrons at two Ce atoms in the unit cell. The obtained order can explain some experiments.

The tetragonal intermetallic compound CeCoSi exhibits
the so-called hidden order (HO) at slightly higher tempera-
ture Tp =~ 12 K"? than the antiferromagnetic (AFM) order
Tx = 9.4 K. The absence of magnetic order with temperatures
Tn < T < To® has attracted much attention in terms of non-
magnetic higher-order multipole orderings, including clus-
ter multipole orderings.*> In the normal phase T > Ty, 4f
electrons show the localized behavior in bulk experiments,>®
and the crystalline electric field (CEF) level splits into three
Kramers doublets (KDs) with two CEF excitation energies
around 100-150 K determined by the inelastic neutron scat-
tering.” The fact that the nonmagnetic HO occurs first is in-
teresting, since at very low temperatures only the lowest KD is
active, and the onset of magnetic order is generally expected.
It is also noteworthy that the pressure P-dependence of T
shows a dome-shaped pressure phase diagram similar to the
so-called Doniach phase diagram, increasing to about 40 K at
P =~ 1.5 GPa and disappearing at P ~ 2.2 GPa,” reminding us
of the quantum critical point of the nonmagnetic multipole.

Recent X-ray diffraction experiment has revealed that the
electronic state at T < T is accompanied by a structural
transition to a triclinic structure,® and the interpretation of
Ty as a ferro-quadrupole order of O, + O, is also supported
by NMR measurement.”’ The magnetic phase diagram® ' at
low temperatures including structural transitions is very com-
plicated depending on the direction of the magnetic field, and
is still being studied intensively toward a unified understand-
ing. However, the proposed quadrupole mechanisms®=:1? re-
quire the quadrupole interactions to be large enough to over-
come the lowest KD fluctuations that increases at low tem-
peratures, but the magnitude and sign of the interactions and
their type dependence are only assumed phenomenologically.
Therefore, the microscopic analysis of multipole interactions
reflecting the density functional theory (DFT)-based band-
structure, fully including the conduction (c¢) bands and the
mixing between localized f and itinerant c electrons (c- f mix-
ing), is crucial for the theoretical clarification of HO.

In this letter, we report a study of the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interactions based on the multi-
orbital Wannier model derived from the ab initio calculation
on CeCoSi, and the possible multipole order within the ran-
dom phase approximation (RPA). This approach is an exten-
sion of our work on the typical localized multipole system
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Fig. 1. (Color online) (a),(b) The ¢ bands of TB model (red) and the DFT
bands of LaCoSi (black) in (a) wide and (b) narrow energy ranges, where hor-
izontal green line is Fermi-level and the high-symmetry points are I'" (0, 0, 0),
X (7,0,0), M (,7,0),Z (0,0,7), R (r,0,7) and A (1, 7, ). (¢),(d) The cor-
responding FSs for (c) LaCoSi and (d) CeCoSi depicted by Fermisurfer.'®

CeBg'""'? and should be useful for understanding CeCoSi.

First we perform band calculation for CeCoSi with the ex-
perimental lattice parameters by using the DFT-based first-
principles package WIEN2k,'” and then construct a 84-
orbital tight-binding (TB) model from the Wannier 90'> con-
sisting of Ce-4f,5d, Co-3d and Si-3p,3s orbitals together
with the sub-lattice due to 2CeCoSi/unit-cell (uc) and spin
degrees of freedom. The computational details are presented
in §1 and §2 of Supplemental Material (SM).'®

The obtained TB Hamiltonian is given by the following,

g = Hee + Hpp + Aoy ey

where S (H7.r) is the c-c (f-f) term for ¢ (f) electrons
with 56 (28) orbitals and ¢ is the c-f mixing term. By
diagonalizing .77 in the wavevector k space, we can obtain
the ¢ band dispersion &, with band-index n.

Figures 1(a) and (b) show &, — u of the TB model for Ce-
CoSi together with the DFT bandstructure for LaCoSi in wide
[narrow] energy range as shown in Fig. 1(a) [Fig. 1(b)], where
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Table 1. Classification of 36 multipole operators by IRR in the point group
C4, and TR symmetry,'829 where even (odd) rank multipoles of monopole
(dipole), quadrupole (octupole) and hexadecapole (triakontadipole) are de-
noted by I (J), O (T), and H (D), respectivelyzo) (see §3 of SM'9)).

IRR TR-even TR-odd
A 1, O,, Hy, Hy Dy
T2 (A2) He J.. T%, D!, D2
I'; (By) 0,, H, Tz D2
l—‘4 (BZ) Oxy, Hfj Tf’ lf
I's (E) 0., 0y Jody, T2, TS, T8, T

H¢, He, Hy, H,  Dl° Dple, p¥, DX Df D,

the chemical potential y is determined to satisfy the ¢ elec-
tron number n, = 32. The two bands are similar especially
for the occupied states below Fermi energy (,, = (), which
indicates that .77,_. can well describe the c electron state of
LaCoSi almost without f electrons and also is consistent with
the angle-resolved photoemission spectroscopy (ARPES) ex-
periment on CeCoSi, where the DFT bands of LaCoSi sug-
gests relatively good correspondence with the ARPES.!”

On the other hand, there also are differences between the
two bands in the vicinity of &,, = u as seen in Fig. 1(b)
and the corresponding Fermi surfaces (FSs) in the tetrago-
nal Brillouin zone (BZ) for LaCoSi and CeCoSi are shown in
Figs. 1(c) and (d), respectively. Three independent FSs are ob-
tained for the band-index 31st, 33rd and 35th, where all bands
have two-folded degeneracy due to the time-reversal (TR)
symmetry. The remarkable differences between the two bands
can be seen especially in the 31st and 33rd FSs, where the
33rd FS forming elongated arms in the I-M direction in La-
CoSi [Fig. 1(c)] yields a square hole pocket centered at "
as the 31st FS in CeCoSi with the separation of the I'-M
arms [Fig. 1(d)]. The reason for these differences is that the ¢
bands of the TB model have no complete f-electron compo-
nent, whereas the DFT bands of LaCoSi inevitably contain the
f-component due to the finite c-f mixing. For the calculation
of RKKY interactions as seen later, it is reasonable to utilize
the present c states corresponding to the localized f-electron
limit without the c- f mixing.

Next, we have extracted the one-body parameters for f
electrons from 7.7, such as the spin-orbit coupling (SOC)
constant for Agopc = 94.2 meV close to the typical value
of Ce atom. The three KDs are obtained as I's. (0 meV),
74+ (9 meV) and [, (23 meV), respectively, which disagree
the experimental CEF levels of I'7,.. (0 meV), I'7,.. (10 meV)
and T, (14 meV).” This contrasts with the results for CeB,
where the ordering of the CEF levels in the experiment has
been also obtained in the DFT model,'"'? possibly because
the CEF splitting in the present system is smaller than in
CeBg. Here and hereafter, we adopt the experimental CEF lev-
els in the following, since the c-f mixing being crucial for the
RKKY interaction is an one-body quantity between f and c
electrons and should be almost unaffected by the CEF levels.

Here we investigate the single-site multipole susceptibility
for the multipole Or,

D OO X ODmmes (@)

mymomsnig

©0) _
Xo, =

o

[1/(meV-Ce)]

=)
[1/(meV-Ce)]
o
o

o
=y

r
-

(0)
(0)

V4
V4

i A[—p,
a
L. ’_‘] 2 i ....... Dl2 ‘
8 8 % ..... D,(=D}")
> So9l R =D
o CRa ) Dia e
g : E 12 (=D])
EO . 7‘,\/‘(:7‘\/‘!) E/O 6 !“ - D
=.0. V)| Z0.60 A :
¢ —r RN —D{=D))
. 03

0 2 4 6 8 10
T [meV]

Fig. 2. (Color online) T-dependence of )(g)) for (a) monopole and
r

quadrupoles, (b) hexadecapoles, (c¢) dipoles and octupoles, and (d) triakon-
tadipoles, where the y-component of ,\(g)) (not shown) is the same as the x-
r

component due to the tetragonal symmetry, for example X(J(‘),) = X(J(i)'

where ng?mmmu is the single-site susceptibility for 6 CEF
states {m;}, |1£) = FVI —w?| £ 3) £ w| F 2) ([700), 21) =
wl 2) + VI-w?[ F 3) [Tg), B2) = | = 3) [T6) with
w = 0.95.” 6 CEF states have 6 x 6 = 36 multipoles up to
rank 5 classified into the irreducible representation (IRR) of
the Ce site under the point group Cy, as shown in Table 1.
Figure 2 shows the susceptibilities /\{(00: for (a) monopole

and quadrupoles, (b) hexadecapoles, (c) dipoles and oc-
tupoles, and (d) triakontadipoles as a function of 7, where
all multipoles Or are normalized as Tr[O%] = 6 so as to com-
pare all susceptibilities with the same footing. The suscepti-
bilities only for the TR-even monopole I and hexadecapole
H, [Figs. 2(a) and (b)], the z(x)-components of TR-odd mul-
tipoles J.(Jy), T{(TY), D;"(D}f’), Dg“(Di") [Figs. 2(c) and
(d)] show the Curie-like behavior in proportion to 1/7" at low
temperatures, since they have finite matrix elements between
the lowest KD. Other susceptibilities such as Oy;/;., O, and
Hf ,Hff [Figs. 2(a) and (b)] increase slightly with decreas-
ing T and then saturate to constant values, since they only
have finite matrix elements between the lowest KD and the
excited KDs, corresponding to Van-Vleck term. As a conse-
quence, active multipoles at low temperatures are limited to
those belonging to the same IRR under Cy,: TR-even I'} mul-
tipoles (I, Hy, O,, Hs), and TR-odd I'; and I's multipoles,
(J., T, D™y and (J,y, Ty, D)lc‘/l}’,z‘l), respectively.

Then we calculate the RKKY interactions between 12 f
states/uc (6 CEF states m and 2 sites @ = Cel, Ce2) by the
fourth-order perturbation w. r. t. #_;'"'? which is given by,

Koo (@ == S e ke Jrtea Z Sk
mymymsmy A% Nknnl Bm3,am; amy . Bmy Enke — En ’

3

k+q

where sznﬂm, = 200 VitamViopm Ustee Unerr 04 Viceam is
the one-body matrix element of 7., between c¢ (f) and
S (am) states and U, , is the eigenvector of J7._. for €. fux is
the Fermi distribution function f,x = [exp{(&,x — 1)/ Ty+1171,

where we fix the temperature used for Eq. (3) as 7 = 10 meV,
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(Color online) g-dependence of the uniform interaction Kgl) (q) for (a),(b) TR-even and (c)-(e) TR-odd multipoles and the staggered interaction
T

KS; (qg) for (f),(g) TR-even and (h)-(j) TR-odd multipoles along the high symmetry line in the BZ.

since the RKKY interaction seems less temperature depen-
dent in the present nesting-free FSs. By using Eq. (3), we
obtain the interactions for the uniform (staggered) multipole
OP(07) = [0 + (-)0E2]/ V2,

s 1 ,10C
Ko (@) = 5 2 [{6{15(1 1) = 1 KG@) ~ 60K | )
ap

where the double sign of up/down corresponds to u/s and
KeP@ = (1/6) 2y (ODmm Kot (@O g, and
Kg}loc = (1/N) 24 Kg:‘(q). In calculations, we use k-mesh

of N = 643 and consider only fo intermediate excited state,
since the contribution of f2-process is found to be not primary
for determining the multipole order from the study on CeBg
based on the dynamical mean field theory with Hubbard I ap-
proximation.”!) The excitation energy is set to Ay = 2 eV
corresponding to the center of mass of the f bands of LaCoSi
shown in Fig. 1(a), which results in an energy denominator
factor of 1 for the interaction K(q) (see §4 of SM'®),

The obtained Kg’r) (q) and K(OSE (q) for all multipoles listed in
Table I are plotted along the high symmetry line in BZ shown
in Figs. 3(a)-(e) and (f)-(j), respectively, where the positive
(negative) value for a certain multipole O(F"’S) with g enhances
(suppresses) the corresponding multipole ordering tendency.
All K(Our’s)(q) take the values in the range of —2 meV to 3 meV
and have nontrivial ¢ and multipole dependence reflecting
the ¢ band &, and c-f mixing Ve in the present DFT-
based TB model with the symmetry of the tetragonal crys-
tal, for example Oy, and O, have the same (different) values
in the I'-M (I'-X) direction. Many multipoles show a maxi-
mum at g = 0: the largest component is the staggered dipole
J [Fig. 3(h)], the second largest is the uniform hexadecapole
Hj [Fig. 3(a)] and staggered monopole 7 [Fig. 3(f)], the third
is the staggered triakontadipole D}C‘; [Fig. 3(1)]. These values
consist mainly of four nearest-neighbor couplings between
Cel-Ce2 and four next-nearest-neighbor couplings between
Cel-Cel(Ce2-Ce2), whose signs and magnitudes are compli-
cated by the type of multipoles. The detailed structure of these
interactions in real space and their relation to FSs and c-f

mixing will be reported somewhere in the near future.

The RPA susceptibility matrix (q) is given with the ma-
trices of the single-site susceptibility £’ and the interaction
K(q) as follows,

2@ =201 - R@p®] . 5)

where each matrix of Eq. (5) has 2 X 6% = 72 dimension cor-
responding to i = (am;m;) of the onsite f basis, leading to
W(O)]i,j = 6&5/\,/1(1(1)1)m2m3m4 and [/\?(k)]i,j :X%Itn2m3nz4 (Kzlmzmym)
By diagonalizing the matrix K(g){® at each g, we obtain
the maximum (first largest) eigenvalue a(q) which is en-
hanced towards a certain ordering instability with the ordered
wavevector ¢ = gmax and finally reaches a; = 1 for the critical
point of the multipole ordering phase transition.

Figure 4(a) shows the i-th largest eigenvalue «;(gmax) Up
to 3rd values as a function of 7. Each eigenvalue increases
with decreasing 7' and the maximum eigenvalue a; = 1 is re-
alized at T = 0.7 meV with gnax = 0. Here, T-dependence
of @;(q) is due to the single-site susceptibility y'* shown in
Fig. 2, since the interaction K(q) is independent of tempera-
ture as mentioned above. The interactions of the active mul-
tipoles at low temperatures show maximums at ¢ = 0 as
shown in Fig. 3, so that the corresponding multipole fluctu-
ations develop towards the multipole order at ¢ = 0. For ex-
plicit check, we plot the g-dependence of «;(g) shown in the
inset of Fig. 4(b) for (a;, T) = (0.95, 0.73 meV), where the
clear peaks can be seen at ¢ = 0 for each «; and the first and
second eigenvalues are quite close to each other.

In order to clarify such ¢ = 0 order obtained in Fig. 4(a),
we examine the enhancement rate of the RPA susceptibil-
ity X(“ b)(q)//\/(o) for all multipoles. As a results, we have
found that the RPA susceptibilities for TR-even I'j multipoles
(I, Hy, O,, Hy) dominate over the other multipoles.

Figures 4(c)-(f) show the enhancement rates for the TR-
even I'y multipoles of (c) uniform and (e) staggered compo-
nents as a function of 7', where Figs. 4(d) and (f) show the
g-dependence of the corresponding enhancement rates for the
same values of Fig. 4(b). With decreasing T, X(”) / X(O) of the

monopole / and hexadecapole Hj increase rapldly with keep-
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Fig. 4. (Color online) (a) T-dependence of the i-th largest eigenvalue

@;(gmax) of the matrix k(q),\?(o) with gmax = 0. (c),(e) T-dependence of the
enhancement rates of the g = 0 RPA susceptibility for (c) uniform and (e)
staggered multipoles (I, Hy, Oy, Hs) of the TR-even I'y. (b),(d),(f) The cor-
responding g-dependences for (a1, T) = (0.95, 0.73 meV).

ing the same value as shown in Fig. 4(c). A similar enhance-

ment is also observed in )((5) /X(c()» for I and Hj as shown in
r r

Fig. 4(e), but the staggered component is larger than the uni-
form one as compered to Fig. 4(c) and (d), where X;S) / XEO) ~
Xg()) / )(3(1)3 =~ 20 shown in Fig. 4(f) is consistent with the en-
hancement rate from Eq. (5) 1/(1 — @) = 20 times, corre-
sponding to the maximum eigenmode in Fig. 4(b). As a conse-
quence, an antiferro multipole order mixed with (I, Hp) is re-
alized due to the g = 0 staggered fluctuation as the maximum
RPA mode, while the g = 0 uniform fluctuation of (I, Hy)
inducing a phase separation instability is the second largest
one which is not realized in actually. The fluctuations of O,
and Hj also increase with keeping slightly small value com-
pared to the main components I and Hj as shown in Fig. 4(c)-
(f), since the single-site susceptibility and interactions for dif-
ferent multipoles belonging to the same IRR T’y are also fi-
nite (not shown). We also investigate the rates for other mul-
tipoles except for the TR-even I'; explicitly shown in §5
of SM,'® where the rates for the quadrupoles and hexade-
capoles have a small T-dependence and are hardly enhanced,
while that for TR-odd multipoles of (J,, T%, D1***) [I’;] and
Jsxsys T D)lc‘;y’m) [['s] enhance two to three times.

Here we discuss the relationship between the present re-
sults and previous studies and experiments. First, the obtained
antiferro order of (I, Hy) is consistent with the HO in the ex-
periments in the sense of nonmagnetic.'> This (I, Hy) or-
der is also a f-electron charge density wave (f-CDW) with
q = 0, yielding the f-electron number ny imbalance on the

(a) (b

by

5@

Ce2 Ce2

1
Cel Ce

oy Q@ 6

Fig. 5. (Color online) Schematic pictures of the f~-CDW order in the (a)
tetragonal and (b) triclinic lattices, where f-electron electric dipoles p are
dipicted by (a) dotted and (b) solid vectors, and large red (small blue) circles
indicate an increase (decrease) in the number of f electrons at Ce atoms.

two Ce atoms in uc, where ny = 1 on each Ce atomin T > T
splits into ny = 1 + (=)d on the Cel (Ce2) atom in T' < Ty
as shown in Fig. 5(a). Similar antiferro charge ordering in f-
electron systems has been discussed in studies of the filled
skutterudite compounds PrRuyP1,?? and SmRuyP;,,%> where
f-electron charge ordering is driven by the perfect nesting of
c-electron FS and realized in both metal-insulator transition.
This is contrast to the present f-CDW driven by the RKKY
interactions derived from the DFT bandstructure without the
nesting, where ¢ = 0 charge ordering is realized on the two
Ce atoms in uc and the c-electron system remains metal.

The deviation of ny from 1 in the present f-CDW is con-
sidered to be small (6 < 1), and some of them are expected to
transfer to the ¢ electron system, i. e., the f electrons should
become somewhat itinerant for 7 < T, which is supported by
the optical conductivity experiment.?? In addition, the present
f-CDW is coupled to the hexadecapole Hy, yielding to a shift
in the CEF levels with an opposite splitting at the two Ce
atoms, which may be related to the mysterious excitation ob-
served in neutron scattering.” Moreover, the contributions of
I and Hj to the f-CDW would vary gradually with pressure,
which could also explain the T, dip observed in electrical re-
sistivity under high pressure>> by accompanying the CDW of
the c-electrons, where the f-electrons are more itinerant.

Finally, under the present f-CDW order, four equivalent
electric dipoles p connecting Cel-Ce2 are realized as shown
in Fig. 5(a), and when the triclinic distortion occurs one of
them becomes inequivalent and a single electric dipole with
a vector connecting the intracell Ce atoms in uc is chosen
as shown in Fig. 5(b). The triclinic structural phase transi-
tion in the experiments®® may be regarded as a consequence
of the energy stabilizing of such the induced electric dipole
alignment. Alternatively, it may be necessary to introduce the
electron-lattice interactions into the present model in order to
describe the structural transition and one of the important is-
sues to be addressed in the future. A unified understanding of
such the structural phase transition at ambient pressure and
anomalies at high pressure is an important issue that can be
positioned as an extension of this study.

In summary, we have studied the RKKY interactions be-
tween f electrons based on the realistic Wannier model de-
rived from the ab initio calculations on CeCoSi. The RPA
analysis reveals that the leading order is a staggered ¢ = 0
monopole order coupled with hexadecapole Hj, which corre-
sponds to a f-CDW with a staggered shift in the crystal field
splitting and can explain the some experiments in the HO.
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of CeCoSi”

Takemi Yamada, Yuki Yanagi and Keisuke Mitsumoto
Liberal Arts and Sciences, Toyama Prefectural University, Imizu, Toyama 939-0398, Japan

This supplemental material contains: 1. DFT calculation conditions for WIEN2k, 2. TB model construc-
tion for Wannier90, 3. Multipole operator and single-site susceptibility, 4. Derivation of RKKY interac-

tions and 5. Enhancement rates of the RPA susceptibilities.

1. DEFT calculation for WIEN2k

Here we provide the details of the DFT calculation based on WIEN2k,!¥ which is the all-electron first-
principles code, where the basis functions are expanded by the relativistic full-potential augmented plane
wave (FLAPW) and/or APW + local orbitals depending on the core and valence states of each atom
in uc. We employ the generalized gradient approximation for the exchange-correlation potential of the
PBE-GGA potential.?® The SOC is fully included within the second variation approximation.

In self-consistent calculation, we use the experimental lattice parameters® in the space group
P4/nmm (#129), the lattice constants a = b = 4.057 A and ¢ = 6.987 A, the internal fractional coor-
dinates (x,y,z) = (0.25,0.25,0.6781) for Ce, (0.75,0.25, 0) for Co and (0.25,0.25, 0.183) for Si, and the
calculation conditions: k-mesh of 207 x 23 corresponding to 2772 k-points in the irreducible part of BZ

Ce,Co(Si) _

and the muffin-tin radius Ry; = 2.5 (1.91) bohr. The plane wave cutoff is RyrKinax = 9 and the energy

and charge convergence conditions are set to 107 Ry and 107> e, respectively.

2. TB model construction by Wannier90

We use Wannier90'™ to construct a TB model of CeCoSi with localized Wannier orbitals, which are
given by the inverse Fourier transform of the DFT Bloch states and thus can fully reproduce the DFT
bands within a certain energy window. In particular, well localized Wannier orbitals at each atomic center
can be treated as atomic orbitals, allowing for more detailed microscopic analysis than the DFT band
calculation itself and incorporating many-body interactions not included in the DFT calculation, such as
the RKKY interaction calculated in this study.

In order to simultaneously achieve the main valence bandstructure and Wannier function localization at
a high level, we construct a TB model with 84 localized Wannier orbitals, which consists of Ce-4 f, 5d (7 +
5 =12),Co-3d (5), and Si-3p,4s (3+1 = 4) for a total of 12+ 5 +4 = 21 orbitals with spin (2) degrees of
freedom and the sub-lattice (2) degrees of freedom by 2CeCoSi/uc, resulting in 21 x 2 x 2 = 84 orbitals.
The inner window (dis-frozen energy window) corresponding to the region reproducing the bandstructure
is set in the energy range from —10 eV to +4 eV and the target band for adjusting the outer window is set
to 84 + 180 = 264, where the localization of the Wannier function improves as the target band increases,
though in this study the qualitative results are almost unchanged by the case of about 84 +20 = 104 bands.
The k-mesh is set to 8% x 6 = 384 corresponding to 567 real-space hopping vectors and the disentangle

6
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convergence condition is set to 1077 A2,

The obtained TB model is given by the following form,

g = Ao + %’jlf + %-f» (6)

He Z Z hige (D)C;Ciuser (7
3,0 (U

1= 20 23 i O e 8)
i,0 mm’

Hig = 3 (Vien O}y fy 5 + o), ©)
5 im

where c o ( f ) is a creation operator of ¢ (f) electron in uc at R; with a state £ (m) being 56 d, p, s real
functions per spin on each atom (28 CEF eigenstates with total angular momentum j = 5/2,7/2 on each

(k7 ) includes the ¢ ( f) energy levels, SOC couplings,

(144 imm’

Ce atom). The c-c (f-f) matrix element of /5¢
CEF splittings and c-¢ (f-f) hopping integrals with the real-space hopping vector 9. V;;,(9) is the c-f
mixing element, which is finite in both the onsite and intersite components due to the lack of inversion
symmetry at each atom.

The wavevector k-representation of .77y is given by,

Hin = 2 2 i IkCuc + ) 0 o )i + 2 0 (Vi + ). (10

o mm’

and % can be diagonalized in k-space and transformed into the eigenstates with band-index n as fol-

lows,
S = Z Enkalkank’ i, = Z Unkem from + Z UnkeCres (11)
nk m 4

where the eigenenergy E, is the full TB bands reproducing the DFT bands of CeCoSi and an annihilation
operator a, can be written by the the eigenvector components U, and U,x,. Here we note that U, is
the eigenvector of E,; and different from U<, , which is the eigenvector of &, in the main text.

The obtained E,; describe the itinerant f-electron bands and disagree with the electronic structure
suggested by the ARPES experiment,'” while as mentioned in the main text, the diagonalized c-electron
bands of only .7Z._. shows relatively good correspondence with the ARPES,!'” which justifies starting from

the localized f-electron limit where f electrons are well localized at each Ce.

3. Multipole operator and single-site susceptibility

Here we briefly address the multipole operator and single-site susceptibility described in the main text.
As multipoles in this study, we treat only the traditional local multipoles given by 6 X 6 matrices for a Ce-
4f one-electron basis |[j = 5/2,m = —j,--- , j—1, j), i.e., electric multipoles and magnetic multipoles.'31?
In this case, we can define 6 X 6 = 36 independent operators described by a spherical tensor operator T;k)
with the same symmetry as the spherical harmonic function on isolated ions in a vacuum, where k is rank

and g = —k,—k + 1,--- ,+k. In crystals, we can also define the tesseral tensor operator T,i;’s) given by a
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Fig. 6. (Color online) T-dependence of (a) the particle-number n; = n;; + n;_ for three KDs (i = 1, 2, 3) and (b) the functions
fi-f6 in the single-site susceptibility Xﬁf,)l)mzmm.

linear combination of T,Ek) as follows,
©) _ k)
T, =T,", (12)
L(T(k) -T") (g =odd)
: 1 t R -
T = ' {(ze) + 1) = ‘15 : (13)
—2 (T(_];) + T;k)) (g = even)

I
_(T(k) + T(k)) (g = odd)
. —-q q
T}Es) = (=11 ! {(T(/O)Jr _ T(k)} = \/5 R (14)
q \/i q q .
70 _ 70 _
\5( Y~ T ) (g = even)

where (T;k))T = Tg;) and the linear combination of the even (odd) rank multipoles corresponds to the
electric (magnetic) multipoles.

Table II summarizes the classification of multipole operators in CeCoSi under the IRR of the point
group Cy, at each Ce site and their explicit representation by tesseral tensor operators, where the multipole
operators are written in the same notation as the study on the similar tetragonal compound URu,Si,, such
as monopole (dipole), quadrupole (octupole) and hexadecapole (triakontadipole) are denoted by I (J),
O (T), and H (D), respectively.?”

The single-site susceptibility )(,(,(,)l)mz,mm for 6 CEF states in the experiment” is given by the Lehmann

representation as follows,

1 é‘E E e_Em’/T — e_ m/T
0 msEm! —F [T
Xl(nl)mzm3m4 = > ZAzllnrfleannzs { mZm’ o=Em/T (1 — 6Em,Em') , (15)

T Em - Em’

where AZ;n"fz = (m| f,j,l Jon,Im') and f,,z is a creation operator for a f electron of CEF state m with energy E,,,.
Zis a partition function Z = 2(1+e /T +¢7%2/T) with the 1st (2nd) excited level A, = 10.78 (14.26) meV.
8
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The 6 CEF states of 3 KDs for {m, m’, m;} are explicitly given by,

[1£) = [T74s) = F VI = w2 [£3) = w|F3), (16)
24) = [T7ps) = wlx3) + VI = w2|F3), (17)
3+) = [Tex) = |£5), (18)

where w = 0.957 and the particle-number n;, of each KD |i+) (i = 1,2, 3) is also given by,
1 1

ny =n- = 2 = 2(1 n e*Al/T " e*Az/T)’ (19)
€_A1/T €_A1/T

Nyy =Ny = 7 = 2(1 n e—A1/T n e—Az/T)’ (20)
e—Az/T e—Az/T

N3y = N3 = 7 = 2(1 n e—Al/T n e—Az/T)' (21)

The single-site susceptibility )(f,?l),nzmSW becomes finite only for certain sets of my, m,, ms, m4 as summa-

rized in Table III, which results in the following form,

0
/\/En?mzm3m4 = 5’”3”115’”2’"4 {6’1"11’"2](‘1 + 6’2"21m2f2 + 6’3"31”12]“3
(S ) f+ (ST + S £+ (S + 6™ fo. (22)

6;7;"”2 = Omy,i+Om, j+ T Omyi=Omy. j= + Omy ixOmy, j + Omy i=Omy je (G, j=1,2,3), (23)
where f-fs are functions with different 7-dependence given in Table III.

Figure 6 shows (a) the number of occupied electrons n; = n;; + n;,_ in the three KDs and (b) the
functions fi-fs in the single-site susceptibility as a function of 7" under the present CEF. The occupied
number of the lowest KD n; (excited KDs n,,n3) increases (decreases) with decreasing 7', and finally
ny — 1 (np,n3 = 0)for T <2 meV as shown in Fig. 6(a). Corresponding to such the 7-dependence of #;,
the Curie term of the lowest KD f; increases in proportion to 1/7 with decreasing 7" as shown in Fig. 6(b).
The Van-Vleck terms between the lowest KD and the excited KDs, f4, fs5, also increase with decreasing
T, but they become constant at low temperatures of 7 < 2 meV. The T, Or-dependent differences in
single-site multipole susceptibility shown in Fig. 2 of the main text are due to the presence or absence of
f1 and f4, fs and the size of their coefficients, for example, the f; contribution of Hj is larger than taht of

I, resulting in the larger susceptibility of H than that of /.

4. Derivation of RKKY interactions
Here we derive the RKKY interaction KZ’szmm(q) of Eq. (3) in the main text. First, we introduce the

generalized periodic Anderson (GPAM) model?” which can be written by,

%PAM = %-c + jﬁ.f + %.f (24)
. 1 —ik-R; ’
= Z h;;/ (k)C;L[Ck[, + — Z Z (e k Rz ka[llﬂczgff;:am + h’c') + Z %(fl’ (25)
kot VN kl iam i
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where the first term is the same in Eq. (10) and the second term corresponds to the Fourier transform of
the f-electron of the third term in Eq. (10), where the sub-lattice degrees of freedom of Ce-f electrons are
explicitly written by @ = Cel, Ce2. The third term is the local f-electron term including the onsite energy
levels and Coulomb interactions for f electrons at each Ce atoms, where we do not write them explicitly
here.
Next, we derive the effective Hamiltonian restricted to f! states by a second-order perturbation (SOP) w.
1. t. S5 in HGpam. The resulting Hamiltonian is the multi-orbital Kondo lattice model which is explicitly
given by,
JRKL = Z S,fnf:amfmm + Z hﬁél(k)czigck@ + Z Z J, fj;n’i/f,filmﬁam’clfck’f” (26)
iam kLl damm’ Kk
where m represents 6 states of Egs. (16)-(18) on each atom « in uc at R; and s,’; is the CEF energy level
of the f! state given by O(10°~! meV) as written in the main text, while the energy level of the f° state A,
is 0(10° eV) much larger than &) Here we employ only the f’-intermediate state for the Kondo coupling

J f(fmkn;’e in Eq. (26) and obtain as follows,

1 1 1 e

kCk' (' _ % —i(k-k")R;

Jiamm’ - vafamvk’f’am' c f + . gf e > (27)
gy tDho—&n &y tho—g,

where the contribution of the f? intermediate states is treated as the same as that of the f’-intermediate
state. In a study of the dynamical mean field theory for CeBg,?" the f-electron susceptibility has been
calculated including the contribution of f”-multiplet intermediate states on 1-ion, where the contribution
of f? states is found to be less important for the main q dependence of the Stoner factor that determines
the critical point of the multipole order. Therefore the present treatment taken only the f°-contribution can
give the proper g-dependence of the RKKY interactions and obtain the dominant instability towards the
multipole order. Moreover we fix the scattered c-electron energies to the Fermi energy (= 0), &}, &}, —

0. Then the Kondo coupling Jﬁf;nkr;f/ can be written by the following form,

| N 1
AO — Snfl A() - 8");,

The RKKY Hamiltonian can be obtained from the SOP w. r. t. the Kondo coupling term together with

7 pr l . ’
kCE' T _ * —i(k-k")R;
‘]iamm/ - vat’amvk’[’am’ ( )6 l . (28)

the thermal average for the c states. The final form is given by,

— a, 1l T
<9fi{KKY - Z Z Z Kmﬁn2m3ln4(6)f:iamlf:iamgf;+6ﬁm4ﬁl+5ﬁm3’ (29)
1,0 mymy m3my
@ 1 @ iq-6
Km0 = 5 D Kitomn (@) €7°. (30)
q

where I{,(,’,’lﬁmz,,,Sm4(6) is the RKKY coupling between f states (am;m,) at R; and (Bmsmy) at R; + & with

the primitive translation vector 4. The key quantity Kf,’,lﬁ momsms (@) 1S given by,

@ 1 n nk fn’k _fnk
Kmn (@ = Conmmi s D Mty am My == (31)

mymymzmy Bms,ami”’” *amy fmy ’
Enk — Ey
p— nk n'k+q
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1 1 1 1
Cm mom3mg — + + s (32)
e [Ao—s:ﬁl Ao—eﬂz)[Ao—sf@ Ao — &,

k _ * ¢
Mgm,ﬁm’ - Z Vk:é’a/m th”ﬁm’ UZk[ UZk[’ ’ (33)
o

nk

where Cyyymymsm, 18 @ energy denominator by the f'-f° process and M'* i

denotes the scattering matrix
element between the f-electron states (am) and (8m’) via c-f mixing with the c-electron band states with
(nk). Here we set the excitation energy to Ay = 2 eV from the center of mass of the f bands of LaCoSi
shown in Fig. 1(a) of the main text, which yields the energy denominator C,,;, y,mym, = 4/ Aé =1[eV?]

due to Ay > s,fl, resulting in the same form of K,f’“ﬁ mymyms (@) as Eq. (3) in the main text.

5. Enhancement rates of the RPA susceptibilities

Figure 7 shows the enhancement rates of the ¢ = 0 RPA susceptibilities for (a)-(d) uniform and (e)-(h)
staggered components, excluding the TR-even I'y mulitpoles. It can be seen that the uniform and staggered
components exhibit similar behavior. The enhancement rates for the quadrupoles and hexadecapoles have
a small T-dependence and are hardly enhanced as shown in Figs. 7(a),(e) and Figs. 7(b),(f). These behavior
can be explained by the 7T-dependence of the single-site susceptibilities in Fig. 2(a) and 2(b) of the main
text, i.e., TR-even susceptibilities other than I'y do not include the lowest KD Curie term contribution
and are at most increased by the Van-Vleck term contribution. On the other hand, the rates for TR-odd
multipoles of (J, T¢, D!***) [I',] and (7 T, Di‘/’}jza) [['s] enhance two to three times as shown in
Figs. 7(c),(d) and (g),(h), which is attributed to the fact that the TR-odd susceptibilities shown in Figs. 2(c)

and (d) of the main text include a Curie term contribution.

11
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Table II. List of all multipole operators Or up to rank 5 and their IRRs in the point groups O and Cy4, with (x,y,z)- and
T,E;’S)-notations, where the double sign of IRR Iy corresponds to the TR-even/TR-odd symmetry.

rank 0 Cyy Or (x,, z)-notation T,(:I’S)—notation
0 TiAhH @Ay I 1 T
1T TED x Ty
ToEY) y Ty
;A7) U, z T
2 THEY THAD O, 132 -1 T
38D o L -y 7Y
THT;) THEY) O, V3yz T
THEY) O, V3zx T
T(B}) Oy Vaxy T
3 G G@) T o NBwz wo
T (T)) T5(E) T¢ 1x(5x% = 3r%) 3T - 3T
ISED T7 5y =3 — TS - 5T
,,,,,,,,,,, @y Tr ey e
r(T;) TyE) 7Y Exy? - 2) - iTs - 3T
) 1) Py - ) VAT + i
r;(B;) T¢ V522 - y?) T
4 THAYH THAD H I 4yt 4 24— 34 \/— T + [ T
CHEY) THAD He DBt - -yt - 6232 - 1) BT+ JETy
F*(B*) H, %E[x“—y“ sz(x 2)] T(c)
Ti(T}) THEY) HS (2 - 22) iy - iy
THEY)  HY B ox(2 - ) - i+ iy
,,,,,,,,,,, Gep H o Pe@-y T
Ti(T}) THE") HE LByz(72 1) 178 - JATY)
T(EY)  H Fax(ly? =) ~ AT - R
riB) H Lay(az2 - r) TS
5 THE) A Dy (e~ ) T}
,,,,,,,,,,, L s st A - S
T(T7) T5(E)) DY 3[8x*—40207 +2) + 1507 + 2| =GB VITE - V35T + V30TY)
T3(ET) DIt 3[8y* —40y2(2 + ) + 15( + 2P| =G VITY + V35T + V30Ty))
,,,,,,,,,,, Gy Dy jls-d2eemeiseeyy] o Te
[,(I;) T5(E) DX WE [yt + 2t - 207 + 27 w(VIOTE + 9V2T) + 2V21T))
I5(E7) DX WBy [+ xt - 3@ + 2P 6 (VIOTS) = 9 V2T +2V21TY))
,,,,,,,,,,, Lap D Apufeyoieey] o w
r3(1;) T3 DS I x(y? - )3 - 1) 5 (- VISTE - V3T + VIATY)
r3(E)  Df By - )3y~ 1) LS(VISTY - V3T - V14TY)
r,8) D! B2 = )32 - ) TS
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Table III. Finite sets of the matrix elements of the single-site susceptibility X(,f,)l)mzmm.

0

Xmimymamy mp, my, ms, Ny
1 Ny 1+, 1+, 1+, 1+
fl:Z_T_T I+, 1F, 1+
I eMT . 24222
PEr T T 2+,2F, 2+, 2F
L Y 3+,3+,3+,3:
hEZr =7 3+,3F, 3+, 3%
1+£,2+, 14,2+
=™y, — 1+,2F, 14,27
Jis ZA, - A +, 14,24, 1+
2+, 1F,2+, 1F
S 14,3+, 14,3+
-t My — N3y 1+, 35,1+, 3F
fs = Zn, A 34, 14,3+, 1+
3+,1F,3+, 1F
S 24,3+, 24,35
f _ e MIT _ o=2|T Ny — N34 2+,3F,2+,3F
= =

Z(Ay - Ay) A=Ay 3424 3+, 2+
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(Color online) The enhancement rates of the ¢ = 0 RPA susceptibility for (a)-(d) uniform and (e)-(h) staggered

multipoles except for the TR-even I'} multipoles as a function of T for (a),(e) monopole and quadrupoles, (b),(f) hexadecapoles,

(c),(g) dipoles and octupoles and (d),(h) triakontadipoles.
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