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Entanglement asymmetry, which serves as a diagnostic tool for symmetry breaking and a proxy
for thermalization, has recently been proposed and studied in the context of symmetry restoration
for quantum many-body systems undergoing a quench. In this Letter, we investigate symmetry
restoration in various symmetric random quantum circuits, particularly focusing on the U(1) sym-
metry case. In contrast to non-symmetric random circuits where the U(1) symmetry of a small
subsystem can always be restored at late times, we reveal that symmetry restoration can fail in
U(1) symmetric circuits for certain small symmetry-broken initial states in finite-size systems. In
the early-time dynamics, we observe an intriguing quantum Mpemba effect implying that symmetry
is restored faster when the initial state is more asymmetric. Furthermore, we also investigate the
entanglement asymmetry dynamics for SU(2) and Z2 symmetric circuits and identify the presence
and absence of the quantum Mpemba effect for the corresponding symmetries, respectively. A uni-
fied understanding of these results is provided through the lens of quantum thermalization with
conserved charges.

Introduction.— The eigenstate thermalization hypoth-
esis (ETH) [1–5] lays a compelling foundation for statis-
tical physics by showing that the ensemble theory can de-
scribe the equilibrium state of a chaotic quantum many-
body system undergoing a unitary evolution. Specifi-
cally, the reduced density matrix of a small subsystem
A equilibrates to a canonical ensemble: ρA = e−βĤA/Z
where ĤA is the system-of-interest Hamiltonian and Z is
the normalization constant. Furthermore, if ĤA respects
U(1) symmetry, the subsystem equilibrates to a grand
canonical ensemble: ρA ∝ e−βĤA−µQ̂A with µ denoting
the chemical potential and Q̂A representing the conserved
charge operator. Consequently, [Q̂A, ρA] = 0, and the
weak symmetry (also known as average symmetry) for
subsystem A can always be restored even with a U(1)
symmetry-broken initial state. In other words, symmetry
restoration for the small subsystem under quench is an
indicator of quantum thermalization. This relation also
holds for non-Abelian symmetries with non-commuting
conserved charges [6].

In addition to the late-time or equilibrium behaviors,
non-equilibrium dynamics have attracted significant at-
tention due to rich interesting phenomena. One example
is the counterintuitive Mpemba effect [7] which states
that hot water freezes faster than cold water and has
been extended in various systems [8–14]. Quantum ver-
sions of the Mpemba effect have also been extensively
investigated [15–23] where an external reservoir driving
the system out of equilibrium is necessary for the emer-
gence of Mpemba effects. Recently, an intriguing anoma-
lous relaxation phenomenon has been observed in isolated
quantum many-body systems [24]. The U(1) symmetry-
broken initial states are evolved with the U(1) symmetric
Hamiltonian and the weak U(1) symmetry restoration for
subsystem A is observed when the subsystem size |A| is

less than half of the total system size N [25–35]. More
importantly, symmetry restoration occurs more rapidly
when the initial state is more U(1) asymmetric. This
phenomenon is dubbed as the quantum Mpemba effect
(QME) [24] and has been demonstrated experimentally
on quantum simulation platforms [36].

Previous work has demonstrated that the U(1) sym-
metry of ρA with |A| < N/2 can be restored when the
whole system is the random Haar state [37], which can be
regarded as the output state of random Haar circuit with-
out U(1) symmetry at late times. This raises a natural
question regarding the existence of the QME in the dy-
namics of random Haar circuits with and without the cor-
responding symmetry. Moreover, previous investigations
on QME have primarily focused on the U(1) symmetry
restoration and Hamiltonian dynamics [24, 36, 38, 39].
Although the non-equilibrium dynamics after a global
Z2 symmetric quantum quench has been investigated be-
fore [40], no QME has been observed. Therefore, it re-
mains open questions whether QME manifests in the dy-
namics for other alternative symmetry restoration and
whether symmetric random quantum circuits [41–55],
play a similar role as the quenched Hamiltonian dynam-
ics. Last but not least, a unified theoretical understand-
ing on symmetry restoration, the QME, and its relation
with thermalization is still elusive.

In this Letter, we investigate the dynamics of subsys-
tem symmetry restoration across a range of symmetric
and non-symmetric quantum random circuits, consider-
ing different initial states. To quantify the degree of sym-
metry breaking in subsystem A, we employ the concept of
entanglement asymmetry [24, 35, 40, 56], which has been
extensively studied as an effective symmetry broken mea-
sure in out-of-equilibrium many-body systems [39, 57]
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and quantum field theories [58–60]. It is defined as

∆SA = S(ρA,Q)− S(ρA). (1)

Here S(ρA) represents the von Neumann entropy of sub-
system ρA, and ρA,Q =

∑
q ΠqρAΠq where Πq is the pro-

jector to the q-th eigensector of the corresponding sym-
metry operator g. In the case of U(1) symmetry, the
symmetry operator g is the total charge operator in sub-
system A, Q̂A =

∑|A|
i σz

i and the computational basis
coincides with the eigenbasis of Q̂A. We also extend the
definition of entanglement asymmetry to SU(2) cases for
the first time, where a carefully designed unitary trans-
formation is required for ρA to properly address non-
commuting conserved charges [6]. It is worth noting that
∆SA ≥ 0 by definition and it only vanishes when ρA is
block diagonal in the eigenbasis of the symmetry oper-
ator. Symmetry restoration as indicated by ∆SA = 0
is also a necessary condition for quantum thermalization
due to the thermal equilibrium form of the mixed state.
Due to the randomness in circuit configurations, we fo-
cus on the average entanglement asymmetry E[∆SA]. In
the theoretical analysis, we utilize Rényi-2 entanglement
asymmetry E[∆S(2)

A ] by replacing von Neumann entropy
with Rényi-2 entropy for simplicity, which shows quali-
tatively the same behaviors as entanglement asymmetry.

Based on the rigorous theoretical analysis and exten-
sive numerical simulations, we have revealed that the
subsystem symmetry restoration of the U(1) symmetric
circuits depends on the choice of the initial state, which
significantly differs from the case of random Haar cir-
cuits where the dynamics are agnostic of different initial
states. Specifically, when choosing a tilted ferromagnetic
state with a sufficiently small tilt angle θ as the initial
state, we demonstrate that the late-time entanglement
asymmetry remains non-zero in finite-size systems, in-
dicating that the final state remains symmetry broken.
Conversely, the symmetry can always be restored when
the initial state is more U(1) asymmetric with a large tilt
angle as long as |A|/N < 1/2.

Furthermore, we have also observed the emergence
of QME in the entanglement asymmetry dynamics of
U(1) symmetric quantum circuits, which is absent in
random Haar circuits without symmetry. As previously
mentioned, symmetry restoration serves as an indicator
of thermalization. However, the thermalization speed
might vary significantly across different charge sectors
(see also results for thermalization in U(1) symmetric
circuits [61, 62]). Specifically, charge sectors with larger
Hilbert space dimensions tend to thermalize faster. Con-
sequently, the symmetry restoration occurs faster when
the initial state lives with a larger overlap in the N/2
charge sector, i.e., more U(1) asymmetric in terms of
tilted ferromagnetic states. In sum, the mechanism be-
hind QME is attributed to faster thermalization induced
by more asymmetric initial states. Of course, this state-

FIG. 1. Random circuit with 6 qubits. The initial state is cho-
sen as the tilted ferromagnetic state and the blue rectangle
represents random two-qubit gates in the even-odd brick-wall
pattern. For the U(1) symmetric circuits, each two-qubit gate
respects U(1) symmetry, resulting in a block diagonal struc-
ture for the unitary matrix of quantum gates.

ment strongly relies on the choice of initial states, which
is consistent with the observation that QME only occurs
for some given sets of initial states.

Setup.— For the U(1) symmetry restoration, inspired
by the previous studies [24], we adopt a tilted ferromag-
netic state as the initial state (see more numerical results
with different initial states in the SM [6]) defined as

|ψ0(θ)⟩ = e−i θ
2

∑
j σy

j |000...0⟩, (2)

where σy
j is the Pauli-Y operator on j-th qubit and the

tilt angle θ determines the charge asymmetric level of
the initial states: when θ = 0, |ψ0(0)⟩ = |000...0⟩ is U(1)
symmetric and ∆SA = 0 for any subsystem A. As θ in-
creases, the entanglement asymmetry ∆SA also increases
until it reaches its maximal value at θ = π/2.

As shown in Fig. 1, the initial state undergoes the
unitary evolution of the random quantum circuits where
two-qubit gates are arranged in a brick-wall structure. In
the case of non-symmetric circuits, each two-qubit gate is
randomly chosen from the Haar measure. For the U(1)
symmetric case, the matrix for each two-qubit gate is
block diagonal as shown in Fig. 1 and each block is ran-
domly sampled from the Haar measure. One discrete
time step ∆t = 1 includes two layers of two-qubit gates.
We calculate the dynamics of entanglement asymmetry
E[∆SA] of subsystem A averaged over different circuit
configurations to monitor the dynamical and steady be-
haviors of symmetry restoration.

Symmetry restoration in the long-time limit.— We ap-
proximate the long-time limit of random circuit ensemble
with a simpler ensemble U for a single random unitary
U acting on all qubits to compute Rényi-2 entanglement
asymmetry [63–66]. The approximation is justified as the
analytical results from such global unitary approximation
are consistent with numerical results for the average en-
tanglement asymmetry under the evolution of long-time
random U(1) symmetric circuits composed of local gates
[6]. For the non-symmetric random circuit evolution, U
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FIG. 2. The average Rényi-2 entanglement asymmetry
E[∆S

(2)
A ] in the long-time limit of random circuit evolution

starting from the tilted ferromagnetic initial states with the
tilt angle (a) θ = 0.5π and (b) θ = 0.05π versus the subsystem
size |A|. The increasing intensity of colors represents increas-
ing system sizes N ∈ {8, 12, . . . , 100}. The blue and red lines
represent the results for U(1)-symmetric random circuits and
random circuits without symmetry restriction, respectively.
The grey dashed lines represent the entanglement asymmetry
for the initial states.

constitutes a global 2-design for the Haar measure. Con-
sequently, the average Rényi-2 entanglement asymmetry
at late time is [37]

E[∆S(2)
A ] ≈ − log

ñ
1 + 22|A|−N/

√
π|A|

1 + 22|A|−N

ô
. (3)

With large N , E[∆S(2)
A ] approches zero if |A| < N/2

while it sharply changes to a non-zero value log
√
π|A|

if |A| > N/2. Therefore, the broken symmetry of sub-
system A with |A| < N/2 can always be restored by the
non-symmetric random circuits at a late time, regardless
of the choice of the initial state.

For the U(1)-symmetric random circuit evolution, U is
a global 2-design for the composition of the Haar mea-
sures over each charge sector [64–66]. The average Rényi-
2 entanglement asymmetry can be accurately obtained by
calculating certain summations of polynomial numbers of
binomial coefficient products, which arise from counting
charge numbers [6]. As shown in Fig. 2, for the most
asymmetric initial state with tilt angle θ = 0.5π, the
steady state results from the non-symmetric evolution
and U(1)-symmetric evolution coincide. However, as θ
deviates from 0.5π, notable disparities emerge between
these two evolution settings. We note that E[∆S(2)

A ] of
the steady state is always lower than that of the initial
state in the case of U(1)-symmetric random circuit, while
this is not necessarily true in the non-symmetric evolu-
tion. In this sense, non-symmetric random circuit evo-
lution is featureless whereas symmetric random circuit
evolution has an operational meaning of monotonically
decreasing the asymmetry in the subsystem.

Under the condition of large system size and large tilt
angle, a simplified analytical form of E[∆S(2)

A ] can be
obtained by approximating the binomial coefficients with
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FIG. 3. (a) The average Rényi-2 entanglement asymme-
try E[∆S

(2)
A ] in the long-time limit of U(1)-symmetric ran-

dom circuit evolution at |A| = N/4 versus the tilt angle
θ. The increasing intensity of colors corresponds to N ∈
{8, 12, . . . , 100}. The inset depicts the peak position θmax

versus N . (b) The phase diagram for the symmetric restora-
tion at |A| < N/2. The red and blue areas represent the
symmetry-restored and persistent symmetry-breaking phases,
respectively. The “critical point” θc ≈ 2θmax for the finite size
crossover depends on N with a 1/

√
N scaling.

the Gaussian distributions,

E[∆S(2)
A ] ≈ − log

ñ
1 + g(θ)2|A|−N/

√
π|A|

1 + g(θ)2|A|−N

ô
, (4)

which resembles the non-symmetric case in Eq. (3) except
for the θ-dependent base factor

g(θ) = 2 exp

ï
−1

2
log2
Å
tan2

θ

2

ãò
. (5)

If θ = 0.5π, Eq. (4) coincides with Eq. (3), giving an
analytical explanation for the coincidence in Fig. 2(a).
If the tilt angle remains large but deviates from 0.5π,
Eq. (4) indicates that the main characteristic remains
unchanged compared with the non-symmetric case: the
symmetry is restored for a small subsystem of |A| < N/2
but still broken for |A| > N/2.

However, if the tilt angle is small, the Gaussian ap-
proximation fails. We rely on direct estimation of the
summations of binomial coefficients [6], which shows that
for small tilt angles such as θ < 0.1π, E[∆S(2)

A ] will con-
verge to a significant finite value in the long-time limit
even for |A| < N/2 and large finite N . In other words,
when the symmetry breaking in the tilted ferromagnetic
initial state is relatively weak, it becomes challenging to
fully restore the subsystem symmetry through the U(1)-
symmetric random circuit evolution. Conversely, those
initial states exhibiting more severe symmetry breaking
can restore the symmetry successfully instead. This phe-
nomenon is reminiscent of an extreme limit of the QME,
where instead of restoring slowly, the symmetry does not
fully restore for initial states with small symmetry break-
ing. As shown in Fig. 3, there exists a critical value
θc where on the small-θ side the symmetry is not re-
stored, leaving a persistent symmetry-breaking phase. It
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FIG. 4. (a)(b) show the entanglement asymmetry dynamics
of subsystem A = [0, N/4] for random quantum circuits with
and without U(1) symmetry respectively. We use N = 16 in
the former case and N = 8 in the latter case. The insets show
the results with subsystem A = [0, N/2]. QME exists for U(1)
symmetric random circuits while it is absent in random cir-
cuits without any symmetry. Additionally, the entanglement
asymmetry dynamics do not depend on the initial state in the
latter case.

is worth noting that the above discussions only apply to
the finite-size system as the critical value θc slowly varies
with the system size N with a scaling of θc ≈ 1.13π/

√
N .

Quantum Mpemba effect in early time dynamics.—
Now we proceed to consider the entanglement asymme-
try dynamics for different initial states with varying tilt
angles θ. The numerical simulations are performed us-
ing the TensorCircuit package [67]. We observe that the
entanglement asymmetry decays more rapidly as the tilt
angle increases for U(1) symmetric random quantum cir-
cuits, as illustrated in Fig. 4 (a). Namely, a QME emerges
in the symmetry restoration process. It is important
to highlight that the presence of QME depends on the
choice of specific initial states and we observe the ab-
sence of QME when the tilted Néel state is chosen as
the initial state as shown in Fig. 5 (b). Nevertheless,
we emphasize that the presence of QMEs is not a fine-
tuned phenomenon. We further investigate the entangle-
ment asymmetry dynamics and observe QME with var-
ious sets of initial states, including tilted ferromagnetic
states where the tilt angle on each qubit is randomly sam-
pled from [−W,W ], which is more compatible with the
experimental demonstration of QMEs on quantum de-
vices since it doesn’t require high precision state prepa-
ration [6].

On the contrary, for non-symmetric random circuits,
we observe a collapse in the entanglement asymmetry
dynamics for various initial states, as depicted in Fig. 4
(b). Consequently, although the entanglement asymme-
try still tends to zero at late times, the QME disappears
trivially. This behavior can be understood in terms of the
effective statistical model, where the initial state depen-
dence has been eliminated as the inner product between
different initial product states and the first layer of ran-
dom unitary gates is constant [6].

Furthermore, we note that QME is captured by the
early-time behaviors of the entanglement asymmetry dy-
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FIG. 5. Entanglement asymmetry dynamics with the initial
state as (a) tilted ferromagnetic state with a domain wall in
the middle and (b) the tilted Néel state. In the former case,
the QME is present, whereas it is absent in the latter case,
although the late-time behaviors are the same for both initial
states based on the analytical results.

namics, making the local spin configurations of the initial
states crucial due to the casual cone structure. By con-
trast, the late-time behaviors only depend on the distri-
bution over different charge sectors of the initial state [6].
As a result, the tilted Néel state and the tilted ferromag-
netic state with a domain wall in the middle converge to
the same steady state with the same entanglement asym-
metry. However, QME is observed in the latter case while
not in the former case, as shown in Fig. 5, as the latter
initial state resembles the ferromagnetic state locally.

In addition, we have conducted investigations on se-
tups that incorporate additional symmetries, such as spa-
tial or temporal translational symmetry (random Floquet
circuit) [68–71]. We have found that thermalization ac-
companied by symmetry restoration and the QME per-
sists in these setups as well [6]. Interestingly, the tem-
poral translation symmetry slows down the symmetry
restoration, consistent with the slow thermalization re-
sults in [70].

The unified mechanism behind the QME is that the
thermalization speeds for different charge sectors are
speculated to be different. Charge sectors with larger
Hilbert space dimensions might show faster thermaliza-
tion as indicated by the proxy results of entanglement
asymmetry, while charge sectors with O(1) dimension
generally fail the ETH. Therefore, the criteria for the
presence of QME is accordingly a suitable set of initial
states where the extent of symmetry breaking is linked
with the larger overlap with charge sectors of larger di-
mensions. Following such criteria for the initial states,
more asymmetric initial states will thermalize faster with
faster symmetry restoration. This crucial observation
provides insights on the presence (absence) of QME for
tilted ferromagnetic (Néel) states. For the tilted Néel ini-
tial state, more asymmetric states with larger θ deviate
more from the largest charge N/2 sector and thermalize
slower. Contrary to the QME, symmetry restoration is
slower for more asymmetric initial states in this case.

Finally, we also investigate the symmetry restoration
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dynamics in quantum circuits with SU(2) and Z2 sym-
metries. We extend the definition of entanglement asym-
metry for SU(2) symmetry and identify the presence (ab-
sence) of QME in the SU(2) (Z2) symmetric circuits [6].
The unified mechanism above also provides insights into
these different internal symmetry cases. For Z2 symme-
try, there are only two equally large Hilbert subspaces,
and the thermalization speeds of different initial states
are expected to be similar with no QME. In the SU(2)
symmetry case, the dimensions of different symmetry sec-
tors vary from constant to exponential scaling like the
U(1) case. Therefore, QME can be observed for designed
initial states satisfying the criteria above.

Conclusions and discussions.— In this Letter, we have
presented a rigorous and comprehensive theoretical anal-
ysis of subsystem symmetry restoration under the evo-
lution of random quantum circuits respecting the U(1)
symmetry. Our findings reveal that U(1)-symmetric cir-
cuits hinder the U(1) symmetry restoration when the in-
put is a tilted ferromagnetic initial state with a small
tilt angle θ. Conversely, the symmetry can always be re-
stored when the tilt angle is large, i.e., the initial state
is more U(1)-asymmetric. These results highlight the
distinctions between U(1)-symmetric and non-symmetric
circuits in terms of symmetry restoration and quantum
thermalization.

Besides the late-time analytical results, we have nu-
merically investigated the early-time dynamics of symme-
try restoration. Our results demonstrate the emergence
of QME with specific initial states. We also provide a
unified mechanism with the lens of quantum thermaliza-
tion to understand the QME and successfully apply the
understanding to the presence and absence of QME re-
garding different initial states and different internal sym-
metries including SU(2) and Z2 symmetries.
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I. SYMMETRY PROPERTIES OF THERMAL EQUILIBRIUM STATES

For a nonintegrable system under Hamiltonian H with some conserved commuting or noncommuting charges Qa,
the thermal equilibrium state is given by quantum thermodynamics as [72–77]

ρth =
1

Z
e−β(H−

∑
a µaQa), (S1)

where Z is the partition function for normalization Z = Tr(e−β(H−
∑

a µaQa)), and these coefficients of β and µ are
determined by the expectation value E = Tr(ρthH) and ⟨Qa⟩ = Tr(ρthQa). When the charges are noncommuting as
for non-Abelian symmetries of H, the equilibrium state is often referred as non-Abiliean thermal states (NATS) as
the counterpart of generalized Gibbs ensemble (GGE) [78–82] for integrable systems.

If all charges Qa are commuting with each other, we can easily find a unitary transformation U such that U†|i⟩ =
|Qa = Qa(i)⟩ which transforms the computational basis |i⟩ into the common eigenstate of multiple charges Qa. For
example, for Q = Jz, U = I already satisfies the requirement. The transformed density matrix gives

UρthU
† =

1

Z
e−β(UHU†−

∑
a µaUQaU

†). (S2)

The matrix on the exponential after the transformation is block diagonal for different charge sectors {Qa}. We
can show this by checking the matrix elements as ⟨i|UHU†|j⟩ = ⟨Qa = Qa(i)|H|Qa = Qa(j)⟩ ∝ δQa(i),Qa(j) and
⟨i|UQaU

†|j⟩ = ⟨Qa = Qa(i)|Qa|Qa = Qa(j)⟩ = Qa(i)δij . The matrix exponential of the block diagonal matrix by
charge sectors is still a block matrix of the same structure. Therefore, a thermal equilibrium state must admit a
block diagonal structure on the basis of commuting charges (or equivalently, after applying the similar transformation
U). Such a block diagonal structure is a manifestation of the symmetry restoration for corresponding charges. We
thus conclude that symmetry restoration is a necessary condition for thermalization. Another way to understand the
symmetry restoration in one dimensional system is provided by Mermin-Wagner-Hohenberg theorem [83–85]. The
finite energy density of the initial symmetry-broken state acts as an effective non-zero temperature and leads to
general symmetry restoration because the Mermin-Wagner-Hohenberg theorem forbids the spontaneous breaking of
a symmetry at a finite temperature in 1D.

Now we focus on the noncommuting charges case. We use SU(2) symmetry as a representative example in the
following analysis. Suppose we choose the Jz direction arbitrarily and apply a similar procedure as the Abelian case,
namely, we introduce U†|i⟩ = |J, Jz⟩, where J and Jz is a set of good quantum numbers characterizing quantum
states as the basis of SU(2) group irreducible representations. We now have ⟨i|UHU†|j⟩ ∝ δJ(i),J(j)δJz(i),Jz(j) and
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⟨i|UJzU†|j⟩ = Jz(i)δi,j . The two terms keep the expected block diagonal structure from SU(2) symmetry. However,
UJx,yU

† has non-diagonal non-zero terms between states of different Jz, thus leaving the final density matrix with
no explicit block diagonal structure.

To overcome the above issue, we need to find a better, more fine-grained transformation U , such that U†|i⟩ = |J, J ′
z⟩.

And now the J ′
z direction is properly determined, such that we have Tr(ρthJx′) = Tr(ρthJy′) = 0. We can decompose

the new transformation U as U0R. U0 is the same as the above paragraph, composed of CG coefficients, transforming
the computational basis into the SU(2) irreducible representation basis |J, Jz⟩. The newly introduced unitary matrix
R is effectively a rotation which can be defined as R = eiθ1Jxeiθ2Jy , rendering Tr(ρthJx′) = Tr(ρthJy′) = 0 vanish.
According to SM Section I in Ref. [76], this condition indicates that µx = µy = 0, and the thermal state is now as:

UρthU
† =

1

Z
e−β(U0HU†

0−µzU0J
′
zU

†
0 ), (S3)

with the expected block diagonal structure.
An equivalent perspective to understand the above transformation is that the chemical potentials µa transforms

as an adjoint representation of SU(2), namely the SU(2) symmetry of the state is understood as G(g)ρth(µ⃗)G†(g) =
ρth(ad(g)µ⃗) where g is the group element of SU(2) transformation and G(g) is the corresponding representation
operator (R is an example of G(g)). ad(g) is the adjoint representation of SU(2) (J = 1 representation for SU(2),
SO(3) faithful representation, 3D rotation). Instead, the trivial symmetry invariant definition for SU(2) symmetry
G(g)ρthG

†(g) = ρth doesn’t work for the thermal equilibrium state [56], as it implies that Tr(ρthJ⃗) = 0 which may not
be compatible with the initial conditions. On the contrary, for the U(1) symmetry in the case of the commuting charges,
each chemical potential is a scalar with respect to the corresponding symmetry operations, and G(g)ρthG

†(g) = ρth
holds for g ∈ U(1). This corresponds to the familiar definition of weak symmetry for mixed states ρth which cannot
directly apply to SU(2) symmetry case as we comment above. The difference lies in that SU(2) symmetry covariant
state space is much larger than SU(2) symmetry invariant state space (⟨J⟩ = 0).

Now, the density matrix after the transformation in Eq. (S3) keeps the block diagonal structure across different
{J, Jz} sectors and successfully manifests the SU(2) symmetry in the system dynamics. Again, symmetry restoration
is also the necessary condition for the thermalization in this non-Abelian case.

In random circuit setups we detailed in the following sections, the effective H = 0 is taken for a small subsystem.
For a generic random Haar circuit, the final output state in the subsystem is a fully mixed state I/2N . With U(1)
symmetric random circuit, the subsystem density matrix will converge to ρ ∝ e−µJz at long times limit, as long as the
initial state ρ0 is generic and not solely or largely lie in the charge sectors of extreme values. The equilibrium density
matrix for the subsystem can be numerically checked with Eq. (S28). This also explains why when the tilt angle θ
is small on the ferromagnetic state, the symmetry restoration is very slow or even impossible for finite-size systems.
The reason is that the initial state has a rather large overlap with Jz = N sector of Hilbert space dimension 1. Note
that these O(1) dimension sectors cannot thermalize as ETH doesn’t apply. Therefore, the state with small θ is slow
in thermalization or fails to thermalize in finite-size systems. This also explains QME: QME is observed for the set of
initial states, where the more symmetry is broken, the faster thermalization and thus faster symmetry restoration set
in. For the SU(2) case, since the initial state already gives zero expectation on Jx, Jy, the final thermalized subsystem
follows ρ ∝ e−µJz directly. In sum, in featureless random circuit cases, due to the lack of H, the final thermalized
subsystems are all described by the diagonal matrix. This viewpoint also underlies our assumption that Z2 symmetry
cannot show QME behavior as each sector of Z2 symmetry is exponentially large and equally easy to thermalize.

Specifically, for the initial states tested in SU(2) case in our work, we can directly verify that ⟨Jx⟩ = ⟨Jy⟩ = 0 for
even size subsystems and thus the natural direction of Jz coincides with the preferred direction J ′

z, i.e. R = I, only
U0 transformation is required to reveal the symmetry structure of the evolved state.

II. MORE NUMERICAL RESULTS FOR U(1) SYMMETRIC QUANTUM CIRCUITS

A. With additional symmetries

In this section, we show more numerical results of the entanglement asymmetry dynamics with the same setup as
that in the main text. In contrast to the previous results, the quantum circuits now possess additional symmetries
beyond the U(1) symmetry. The initial state is chosen as the tilted ferromagnetic state as shown in Eq. 2. The
numerical results with additional (discrete) spatial translation symmetry, temporal translation symmetry, and spatial
and temporal translation symmetries are shown in Fig. S1 (a)(b)(c) respectively. In all these cases, QME still exists.
Moreover, we find that the presence of temporal translation symmetry slows down the U(1) symmetry restoration and
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thermalization as shown in Fig. S1 (d). This is consistent with the results in Ref. [70] where U(1) symmetric random
Haar Floquet circuit is reported to show slow thermalization.
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FIG. S1. Entanglement asymmetry dynamics with additional (a) spatial translation symmetry (T), (b) temporal translation
symmetry (F), and (c) spatial and temporal translation symmetries (FT). A is set to [0, N/4] and [0, N/2] in the main panels
and the insets with N = 16, respectively. In (d), we show the comparison between entanglement asymmetry dynamics in the
presence of additional symmetries with fixed tilt angle θ = 0.2π in the main panel and θ = 0.5π in the inset. The presence of
temporal translation symmetry slows down the U(1) symmetry restoration.

B. With different initial states

Besides the three sets of initial states discussed in the main text: tilted ferromagnetic states, tilted Néel states, and
tilted ferromagnetic states with a middle domain wall, we further investigate the entanglement asymmetry dynamics
with initial states chosen as tilted ferromagnetic or Néel state with tilt angle on each qubit randomly sampled from
[−W,W ]. Although the existence of QME depends on the choice of the initial state, as shown in Fig. S2, QME
still exits with an initial random tilted ferromagnetic state. The presence of QME from such initial states with
randomness addresses the concern that QME is only specific to some fine-tuned states. And such initial states with
random parameters are more suitable for experimental demonstration of QME on quantum devices because they do
not require high-precision state preparation. In other words, the on-site randomness is irrelevant to the existence of
QME.
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FIG. S2. Entanglement asymmetry dynamics with initial (a) tilted ferromagnetic state and (b) tilted Néel state where tilt
angle on each qubit is uniformly randomly sampled from [−W,W ]. The QME exists in the former case while it is absent in the
latter case, consistent with the results of uniform tilted angles.

Moreover, as mentioned in the main text, the entanglement asymmetry in the long time limit only depends on the
distribution over different charge sectors of the initial states. Here, we numerically validate this prediction via the
late-time entanglement asymmetry with initial states chosen as uniformly tilted Néel state and ferromagnetic state
with a middle domain wall, the results are shown in Fig. S3.

C. Numerical results after a quench of global U(1) gate

In the analytical analysis, we have utilized a global U(1) symmetric unitary to approximate the brick-wall quantum
circuits with sufficiently long depth. Here, we have numerically verified this approximation via the consistency check
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FIG. S3. Entanglement asymmetry at late times with initial state chosen as tilted Néel state (red) and tilted ferromagnetic
state with a middle domain wall (blue). The tilt angles are θ = π/10 and θ = π/2 for (a) and (b), respectively. These two
initial states have the same late-time behaviors, although the early-time behaviors are significantly different.

of Rényi-2 entanglement asymmetry at the late time of U(1) symmetric quantum circuits and after a quench of global
U(1) symmetric gate, as shown in Fig. S4. Moreover, we have also verified the analytical results as discussed below
with numerical results, as shown in Fig. S5.

0.0 0.2 0.4
|A|/N 

0.00

0.05

0.10

0.15

0.20

[∆
S

(2
)

A
] 

(a)
N= 8
N= 8
N= 12
N= 12

0.0 0.2 0.4
|A|/N 

0.0

0.1

0.2

0.3

0.4

0.5

[∆
S

(2
)

A
] 

(b)
N= 8
N= 8
N= 12
N= 12

0.0 0.2 0.4
|A|/N 

0.0

0.1

0.2

0.3

0.4

0.5

[∆
S

(2
)

A
] 

(c)
N= 8
N= 8
N= 12
N= 12

FIG. S4. Rényi-2 entanglement asymmetry at the late time of U(1) symmetric quantum circuits composed of local gates (red)
and after a quench of global U(1) symmetric unitary (blue) are consistent with each other as anticipated. The initial state is
chosen as a tilted ferromagnetic state with tilt angles equaling 0.1π, 0.3π, and 0.5π for (a)(b)(c) respectively.
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FIG. S5. Rényi-2 entanglement asymmetry after a quench of global U(1) symmetric unitary obtained from numerical simulation
(blue) and analytical form (red). The initial state is chosen as a tilted ferromagnetic state with the tilt angle equaling 0.1π
and 0.5π for (a) and (b) respectively.



12

III. NUMERICAL RESULTS FOR OTHER SYMMETRIC QUANTUM CIRCUITS

A. Z2 symmetric quantum circuits

In this section, we present the numerical results of entanglement asymmetry dynamics in the Z2 symmetric quantum
circuits. The symmetry operator of Z2 symmetry is

∏
i σ

x
i and Z2 symmetric two-qubit gates are given by

UZ2
= T †

Å
U+1 0
0 U−1

ã
T, (S4)

where U+1 and U−1 are 2× 2 random Haar matrix corresponding to the +1 and −1 eigenbasis respectively, and T is
the transformation matrix from Z2 symmetric basis to z basis,

T =

á 1√
2

0 0 1√
2

0 1√
2

1√
2

0

0 1√
2

−1√
2

0
1√
2

0 0 −1√
2

ë
. (S5)

We choose two different initial states: one is the tilted GHZ state given by

|ψ0(θ)⟩ = e−i θ
2

∑
j σy

j |GHZ⟩, (S6)

where |GHZ⟩ = 1√
2
(|0⟩

⊗
N + |1⟩

⊗
N). The other is the tilted ferromagnetic state. As shown in Fig. S6 (a)(b), there is

no QME in the entanglement asymmetry dynamics of Z2 symmetric quantum circuits. Moreover, we also calculate the
entanglement asymmetry at late times. Different from the case of U(1) symmetric circuits with a tilted ferromagnetic
state as the initial state, the Z2 symmetry of subsystem A with |A| < N/2 will always be restored, independent of
the choice of initial states and tilt angles, as shown in Fig. S6 (c)(d).
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FIG. S6. (a)(b) show the entanglement asymmetry dynamics of Z2 symmetric circuits with N = 16. (c)(d) show the entan-
glement asymmetry at late times versus subsystem size. The tilt angles are θ = 0.1π and θ = 0.2π in the main panel and the
inset. The initial state is the tilted GHZ state and the tilted ferromagnetic state for (a)(c) and (b)(d) respectively.
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B. SU(2) symmetric quantum circuits

In the main text, we have demonstrated that the QME emerges in the entanglement asymmetry dynamics of U(1)
symmetric quantum circuits. Here, we show numerical results for the SU(2) symmetric quantum circuits. The initial
state is chosen as the tilted ferromagnetic state with staggered tilt angles, i.e.,

|ψ0(θ)⟩ = e−i θ
2

∑
j(−1)jσy

j |000...0⟩. (S7)

We can directly verify that ⟨Jx⟩ = ⟨Jy⟩ = 0 for even size subsystems and thus the natural direction of z coincides
with the preferred direction z′ for the block diagonalization of the equilibrium density matrix. Therefore, the SU(2)
symmetry restoration indicates that the reduced density matrix is block-diagonal corresponding to the {J2, Jz} sectors.
However, we emphasize that the block-diagonal structure is only a necessary but not sufficient condition for the non-
Abelian symmetric density matrix because the Schur lemma also requires there is some equivalence among different
sectors when the dimension of the irreducible representation is larger than 1. Namely, different from the case of
Abelian symmetries, the zero entanglement asymmetry does not necessarily mean that the quantum state respects
the corresponding non-Abelian symmetry. In sum, vanishing entanglement asymmetry with repect to SU(2) symmetry
is a necessary condition for SU(2) symmetry restoration and SU(2) symmetry restoration is a necessary condition for
quantum thermalization. Therefore, we can still use the entanglement asymmetry as an indicator of the symmetry
restoration and thermalization for the non-Abelian symmetries. The numerical results are shown in Fig. S7. We also
observe the QME in the entanglement asymmetry dynamics as anticipated by the unified mechanism we developed
in the main text.
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FIG. S7. Entanglement asymmetry dynamics of SU(2) symmetric quantum circuits with the presence of QME. Here N = 16.
The initial state is a tilted ferromagnetic state with staggered tilt angles.

IV. ANALYTICAL RESULTS

In this section, we provide the analytical results for the dynamical and steady behaviors of entanglement asymmetry
under the evolution of random quantum circuits with and without U(1) symmetry.

A. Calculation without symmetry in the early time

As shown in the main text, the entanglement asymmetry dynamics collapse for different initial states for random
circuits without any symmetry. To understand this phenomenon, we can consider the average of random two-qubit
gates,

EU (Ut,(i,i+1) ⊗ U∗
t,(i,i+1))

⊗2 =
∑

σ,τ∈S2

Wg(2)d2 (στ
−1)|ττ⟩⟨σσ|i,i+1, (S8)
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where S2 = {I, S} with I =
∑

ij |iijj⟩ and S =
∑

ij |ijji⟩ being the elements from S2 permutation group. The initial
ferromagnetic state can be written as |ψ0(θ)⟩ =

⊗
i ψ

i
0(θ) where |ψi

0(θ)⟩ = cos θ
2 |0⟩i + sin θ

2 |1⟩i. The reduced density
matrix in the two-copy replicated Hilbert space is

|ρi⟩ = (cos2
θ

2
|00⟩+ cos

θ

2
sin

θ

2
|01⟩+ cos

θ

2
sin

θ

2
|10⟩+ sin2

θ

2
|11⟩)⊗2. (S9)

Thus,

⟨I|ρi⟩ = ⟨S|ρi⟩ = 1. (S10)

Therefore, the output state of the first layer of random two-qubit gates does not depend on the initial state, and
the entanglement asymmetry dynamics collapse for different initial states. In fact, this conclusion still holds as long
as the initial state is a product state.

Next, we provide the analytical results for the dynamics of entanglement asymmetry under the evolution of random
quantum circuits with and without U(1) symmetry in the long-time limit.

B. Calculation without symmetry in the long-time limit

Suppose the evolution time is sufficiently long, e.g. polynomial with the system size. In that case, the circuit
ensemble can usually be approximated by a single Haar-random unitary acting on all qubits at least for the second
moment in Rényi-2 entanglement asymmetry [63]. We denote this “global” random unitary as U and the corresponding
ensemble as U. Suppose ρ0 is a pure initial state and ρ = U†ρ0U is the resulting randomly evolved state. Denote
the reduced density matrix of subsystem A as ρA = trĀ(ρ), where Ā is the complement region of A. We use |A| to
represent the number of qubits in the subsystem A. The total number of qubits is denoted as N .

If there is no symmetry restriction at all, then U just means the Haar measure on the whole Hilbert space. The
corresponding detailed calculation can be found in Ref. [37]. Here we reproduce the same results using an alternative
method, which facilitates the derivation of the U(1)-symmetric case below. As we know, the purity of ρA can be
written as the expectation of a certain SWAP operator with respect to the 2-fold replica of ρ, i.e.,

tr
(
ρ2A
)
= tr2A(ρ

⊗2
A S|2A) = tr2A[tr2Ā(ρ

⊗2)S|2A] = tr
[
ρ⊗2(S|2A ⊗ I|2Ā)

]
, (S11)

where S|2A and I|2Ā are the SWAP operator and the identity on the 2-fold replicas of subsystem A and Ā, respectively.
The corresponding tensor network diagram is

. (S12)

Using the formula from the Weingarten calculus [86], the average of the 2-fold replica of the Haar-random state is

EU[ρ
⊗2] = EU[U

†⊗2ρ⊗2
0 U⊗2] =

(tr ρ0)
2I + tr

(
ρ20
)
S

d2 − 1
−

(tr ρ0)
2S + tr

(
ρ20
)
I

d(d2 − 1)
=

I + S

d(d+ 1)
, (S13)

where we have used the fact that ρ0 is a pure state. Here d = 2N denotes the Hilbert space dimension of the entire
system. Hence, the average of the purity of ρA is

EU[tr
(
ρ2A
)
] = tr

ï
(I + S)

d(d+ 1)
(S|2A ⊗ I|2Ā)

ò
=
dAd

2
Ā
+ dĀd

2
A

d(d+ 1)
=
dĀ + dA
d+ 1

=
2|Ā| + 2|A|

2N + 1
, (S14)

where dA and dĀ denote the Hilbert space dimensions of subsystem A and Ā respectively. Next, we consider the
“pruned” reduced state [24]

ρA,Q =

|A|∑
q=0

Πq|AρAΠq|A, (S15)



15

where Πq|A is the projector on the charge sector of q charges restricted to subsystem A. Namely, ρA,Q is the result of
removing all non-zero elements outside the block-diagonal structure of charge sectors in ρA. The purity of ρA,Q can
be written as

tr
(
ρ2A,Q

)
=

|A|∑
q=0

tr [Πq|AρAΠq|AρAΠq|A] =
|A|∑
q=0

tr
[
ρ⊗2((Πq|A)⊗2S|2A)⊗ I|2Ā

]
. (S16)

The tensor network diagram corresponding to a single term in the summation is

, (S17)

where the orange blocks represent the projector Πq|A. Substitute the expectation EU[ρ
⊗2] and we obtain

EU[tr
(
ρ2A,Q

)
] =

∑
q

tr
[
EU[ρ

⊗2]((Πq|A)⊗2S|2A)⊗ I|2Ā
]

=

|A|∑
q=0

tr

ï
I + S

d(d+ 1)
((Πq|A)⊗2S|2A)⊗ I|2Ā)

ò
=

|A|∑
q=0

d2
Ā

d(d+ 1)
tr
[
(Πq|A)2

]
+

dĀ
d(d+ 1)

tr
[
(Πq|A)⊗2

]
=

d2
Ā

d(d+ 1)

|A|∑
q=0

Ç
|A|
q

å
+

dĀ
d(d+ 1)

|A|∑
q=0

Ç
|A|
q

å2

=
dAd

2
Ā

d(d+ 1)
+

dĀ
d(d+ 1)

Ç
2|A|
|A|

å
=

1

2N + 1

ï
2|Ā| +

(2|A|)!
2|A|(|A|!)2

ò
,

(S18)

where we have used a special case of Vandermonde’s identity, i.e., the summation of the squared binomial coefficients
chosen from n equals the central binomial coefficient chosen from 2n. The ensemble average of the 2-degree Rényi
entanglement asymmetry, i.e., the difference between the 2-degree Rényi entropies of the pruned state and the original
state, can be approximated by the negative logarithm of the ratio of the two average purities above for the sake of
the concentration of measure [37]

∆S
(2)
A = S2(ρA,Q)− S2(ρA) ≈ − log

EU[tr
Ä
ρ2A,Q

ä
]

EU[tr(ρ2A)]

= − log

ï
1

1 + 22|A|−N

Å
1 +

(2|A|)!
2N (|A|!)2

ãò
≈ − log

ñ
1

1 + 22|A|−N

Ç
1 +

4|A|

2N
√
π|A|

åô
= − log

ñ
1 + 4|A|−N/2/

√
π|A|

1 + 4|A|−N/2

ô
.

(S19)

One can see that in the large size limit N → ∞, E[∆S(2)
A ] is almost zero when |A| < N/2 and sharply changes to a

non-zero value log
√
π|A| when |A| > N/2.
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C. Calculation with U(1) symmetry in the long-time limit

Next, we consider the random circuits with the global U(1)-symmetry restriction. That is to say, every gate in the
circuit should commute with the on-site symmetry operator e−iZjθ, i.e.,

= , (S20)

where the blue square represents the given gate and the red circles represent the Pauli-Z rotation gates. To construct
the ensemble U that respects a certain symmetry, one reasonable choice is to assemble the Haar measures over each
subspace of irreducible representation (irrep) for that symmetry. That is to say, under the eigenbasis of the symmetry,
we require each sub-block to be an independent Haar-random unitary, i.e.,

U =

{
U | U =

⊕
q

(Uq ⊗ Iq), Uq is Haar-random

}
, (S21)

where q is the label of irreps. Iq is the identity of dimension dq in a single irrep of q. Uq is a unitary of dimension rq
on the tensor-product-quotient space of the rq repeated irreps of q. The symmetric ensemble U is defined by taking
each Uq as an independent Haar-random matrix.

For the global U(1) symmetry, q just corresponds to the total charge number Q̂ =
∑

i ni or say the total spin
z-component

∑
i σ

z
i . As the U(1) group is Abelian, its irreps are all one-dimensional dq = 1, which are just the

phase factors with different frequencies eiqθ. The number of repeated irreps of q equals the number of occupation
configurations corresponding to q charges on N sites, i.e., rq =

(
N
q

)
. For simplicity, we replace the direct sum by a

normal sum with projectors

U =

{
U | U =

∑
q

UqΠq

}
, (S22)

where Πq is the projector onto the subspace of q, i.e., the q-charge sector. Note that Πq corresponds to the subspace
of all the repeated irreps of q, instead of just one of them. Compared to Eq. (S21), Uq in Eq. (S22) is enlarged to the
whole Hilbert space by padding identities. Under the eigenbasis of the symmetry, Uq and Πq take the form of

Uq =

Å
∗ 0
0 I

ã
, Πq =

Å
I 0
0 0

ã
, (S23)

where the upper left block represents the q-charge sector and the lower right block represents the others. Hence we
naturally have UqΠq = ΠqUq. In other words, UqΠq can be seen as a pseudo-unitary padded with zeros outside the
q-charge sector. We will denote

Vq = UqΠq (S24)

for simplicity below.
We start from the first-order integration. Since Haar averaging requires that each unitary is paired with its

conjugation (otherwise the integral vanishes), the first-order integration over the U(1)-symmetric ensemble U becomes

EU [ρ] = EU
[
U†ρ0U

]
= EU

(∑
q

V †
q

)
ρ0

Ñ∑
q′

Vq′

é
=
∑
qq′

EU
[
V †
q ρ0Vq′

]
=
∑
q

EU
[
V †
q ρ0Vq

]
=
∑
q

EU
[
U†
qΠqρ0ΠqUq

]
=
∑
q

tr(Πqρ0Πq)

rq
Πq =

∑
q

tr(ρ0Πq)

rq
Πq.

(S25)

One can see that the result is almost the maximally mixed state but with different weights on different charge sectors,
which respects the weak symmetry eiQ̂θEU [ρ] e−iQ̂θ = EU [ρ]. Moreover, if the initial state ρ0 respects the strong
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symmetry eiQ̂θρ0 = eiqθρ0, i.e., the non-zero elements in ρ0 is within a single charge sector, then Eq. (S25) tells us
that the evolved state will be the “maximally mixed state” within the q-charge sector, which still respects the strong
symmetry, exhibiting the charge conservation law of the evolution.

After partially tracing out subsystem Ā, the result is still a diagonal matrix under the computational basis, implying
that the averaged reduced density matrix EU[ρA] must also respect the weak symmetry. To be specific, by definition,
we know the projector Πq can be decomposed as

Πq =

q∑
q′=0

Πq′ |A ⊗Πq−q′ |Ā, (S26)

where Πq′ |A denotes the projector to the q′ charge subspace restricted on the subsystem A. By default, we assume if
q′ > |A| then Πq′ |A = 0. Hence the index q′ actually takes values from max{0, q − |Ā|} to min{q, |A|} in Eq. (S26).
The partial trace of the projector is

trĀ Πq =
∑
q′

Πq′ |A tr(Πq−q′ |Ā) =
q∑

q′=0

Ç
|Ā|
q − q′

å
Πq′ |A. (S27)

We denote
(
n
k

)
= 0 if k > n. Hence, the averaged reduced density matrix is

EU[ρA] = EU[trĀ ρ] =
∑
q

tr(Πqρ0Πq)

rq
trĀ Πq =

∑
q′q

tr(ρ0Πq)

rq

Ç
|Ā|
q − q′

å
Πq′ |A, (S28)

One can see that the result depends on the initial state ρ0 only via the factor tr(ρ0Πq). If the initial state takes the
form of the Y -tilted ferromagnetic state

e−
i
2

∑
j σy

j θ |0⟩⊗N
=

Å
cos

θ

2
|0⟩ − sin

θ

2
|1⟩
ã⊗N

=
∑
b

Å
cos

θ

2

ãN−q(b) Å
− sin

θ

2

ãq(b)
|b⟩ , (S29)

where b represents 01-bit strings and q(b) counts the number of 1 in b, then the weight in the q-charge sector is

tr(ρ0Πq) =
∑
b

Å
cos2

θ

2

ãN−q(b) Å
sin2

θ

2

ãq(b)
⟨b|Πq|b⟩

=
∑
b

Å
cos2

θ

2

ãN−q(b) Å
sin2

θ

2

ãq(b)
δq(b),q

= rq

Å
cos2

θ

2

ãN−q Å
sin2

θ

2

ãq
.

(S30)

The averaged reduced density matrix hence becomes

EU[ρA] =

|A|∑
q′=0

q′+|Ā|∑
q=q′

Å
cos2

θ

2

ãN−q Å
sin2

θ

2

ãq Ç |Ā|
q − q′

å
Πq′ |A

=

Å
cos2

θ

2

ã|A| |A|∑
q′=0

Å
tan2

θ

2

ãq′
Πq′ |A,

(S31)

where the summation over (q − q′) is simply the expansion of the binomial
(
cos2 θ

2 + sin2 θ
2

)|Ā|
. One can see that

when θ → 0 or θ → π, the weights concentrate on the q′ = 0 or q′ = |A| charge sector, consistent with the fact
that the initial all-zero / all-one state will not be changed and thus not thermalize by the U(1)-symmetric evolution.
When θ ∈ (0, π/2), the weights form an exponential distribution decaying from q′ = 0 to q′ = |A| with the decaying
rate − log

(
tan2 θ

2

)
. Similarly, when θ ∈ (π/2, π), the weights also form an exponential distribution but decaying from

q′ = |A| to q′ = 0. If θ = π/2, the weights are uniform, i.e., the averaged reduced density matrix becomes exactly the
maximally mixed state. It is worth noticing that the results depend on the initial state ρ0 only through the initial
distribution over different charge sectors, i.e., the factor tr(ρ0Πq). The same is true for the second-order integration
below.
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Next, we consider the second-order integration. According to the conjugation-pair rule of Haar averaging, the
second-order integration can be expanded as

EU
[
U†⊗2AU⊗2

]
= EU

(∑
q

V †
q

)⊗2

A

Ñ∑
q′

Vq′

é⊗2 =
∑

qpq′p′

EU
[
(V †

q ⊗ V †
p )A(Vq′ ⊗ Vp′)

]
=
∑
q ̸=p

EU
[
(V †

q ⊗ V †
p )A(Vq ⊗ Vp)

]
+ EU

[
(V †

q ⊗ V †
p )A(Vp ⊗ Vq)

]
+
∑
q

EU
[
(V †

q ⊗ V †
q )A(Vq ⊗ Vq)

]
.

(S32)

The first term can be integrated as

∑
q ̸=p

EU
[
(V †

q ⊗ V †
p )A(Vq ⊗ Vp)

]
=
∑
q ̸=p

tr[A(Πq ⊗Πp)]

rqrp
Πq ⊗Πp. (S33)

The second term can be integrated as

∑
q ̸=p

EU
[
(V †

q ⊗ V †
p )A(Vp ⊗ Vq)

]
=
∑
q ̸=p

tr[AS(Πq ⊗Πp)]

rqrp
(Πq ⊗Πp)S, (S34)

where S is the SWAP operator on the two replicas. The third term can be integrated as∑
q

EU
[
(V †

q ⊗ V †
q )A(Vq ⊗ Vq)

]
=
∑
q

ñ
tr
(
AΠ⊗2

q

)
I + tr

(
SAΠ⊗2

q

)
S

r2q − 1
−

tr
(
AΠ⊗2

q

)
S + tr

(
SAΠ⊗2

q

)
I

rq(r2q − 1)

ô
Π⊗2

q .

(S35)

If we take A = ρ⊗2
0 , then the above three terms in EU[ρ

⊗2] reduce to

∑
q ̸=p

EU
[
(V †

q ⊗ V †
p )ρ

⊗2
0 (Vq ⊗ Vp)

]
=
∑
q ̸=p

tr(ρ0Πq) tr(ρ0Πp)

rqrp
Πq ⊗Πp, (S36)

∑
q ̸=p

EU
[
(V †

q ⊗ V †
p )ρ

⊗2
0 (Vp ⊗ Vq)

]
=
∑
q ̸=p

tr(ρ0Πqρ0Πp)

rqrp
(Πq ⊗Πp)S

=
∑
q ̸=p

tr(ρ0Πq) tr(ρ0Πp)

rqrp
(Πq ⊗Πp)S,

(S37)

∑
q

EU
[
(V †

q ⊗ V †
q )ρ

⊗2
0 (Vq ⊗ Vq)

]
=
∑
q

ñ
tr(ρ0Πq)

2
I + tr

(
(ρ0Πq)

2
)
S

r2q − 1
−

tr(ρ0Πq)
2
S + tr

(
(ρ0Πq)

2
)
I

rq(r2q − 1)

ô
Π⊗2

q

=
∑
q

tr(ρ0Πq)
2

rq(rq + 1)
(I + S)Π⊗2

q ,

(S38)

where we have used the fact that ρ0 is a pure state so that tr
(
ρ20
)
= 1 and

tr(ρ0Πqρ0Πp) = tr(ρ0Πq) tr(ρ0Πp),

tr
(
(ρ0Πq)

2
)
= (tr(ρ0Πq))

2.
(S39)
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Hence, the expectation of the purity of ρA is

EU[tr
(
ρ2A
)
] = tr

[
EU[ρ

⊗2](S|2A ⊗ I|2Ā)
]

=
∑
q ̸=p

tr(ρ0Πq) tr(ρ0Πp)

rqrp
[tr(trĀ Πq trĀ Πp) + tr(trA Πq trA Πp)]

+
∑
q

tr(ρ0Πq)
2

rq(rq + 1)

[
tr
(
(trĀ Πq)

2
)
+ tr

(
(trA Πq)

2
)]
.

(S40)

The involved trace factors can be calculated as

tr(trĀ Πq trĀ Πp) =
∑
q′p′

Ç
|Ā|
q − q′

åÇ
|Ā|
p− p′

å
tr(Πq′ |AΠp′ |A)

=
∑
q′

Ç
|Ā|
q − q′

åÇ
|Ā|
p− q′

åÇ
|A|
q′

å
=

min{q,p}∑
q′=0

Ç
|Ā|
q − q′

åÇ
|Ā|
p− q′

åÇ
|A|
q′

å
≡ f(q, p, |A|, |Ā|),

(S41)

tr(trA Πq trA Πp) = f(q, p, |Ā|, |A|), (S42)

tr
(
(trĀ Πq)

2
)
= f(q, q, |A|, |Ā|), (S43)

tr
(
(trA Πq)

2
)
= f(q, q, |Ā|, |A|), (S44)

Remember that
(
n
k

)
= 0 if k > n and hence the index q′ actually takes values from max{0, q − |Ā|, p − |Ā|} to

min{q, p, |A|} in the definition of f(q, p, |A|, |Ā|) in Eq. (S41). If the initial state takes the form of the Y -tilted
ferromagnetic state, the two coefficients in Eq. (S40) become

tr(ρ0Πq) tr(ρ0Πp)

rqrp
=

Å
cos2

θ

2

ã2N−q−p Å
sin2

θ

2

ãq+p

,

tr(ρ0Πq)
2

rq(rq + 1)
=

rq
rq + 1

Å
cos2

θ

2

ã2N−2q Å
sin2

θ

2

ã2q
.

(S45)

Thus, the average purity of ρA becomes

EU[tr
(
ρ2A
)
] =

∑
q ̸=p

Å
cos2

θ

2

ã2N−q−p Å
sin2

θ

2

ãq+p

[f(q, p, |A|, |Ā|) + f(q, p, |Ā|, |A|)]

+
∑
q

rq
rq + 1

Å
cos2

θ

2

ã2N−2q Å
sin2

θ

2

ã2q [
f(q, q, |A|, |Ā|) + f(q, q, |Ā|, |A|)

]
.

(S46)

On the other hand, the purity of the pruned reduced state is

tr
(
ρ2A,Q

)
= tr

(∑
qp

Πq|AρAΠq|AΠp|AρAΠp|A

)
=
∑
q

tr (ρAΠq|AρAΠq|A)

=
∑
q

tr
[
ρ⊗2((Πq|A)⊗2S|2A)⊗ I2Ā

]
.

(S47)
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Thus the average purity of the pruned state is

EU[tr
(
ρ2A,Q

)
] =

∑
q′

tr
[
EU[ρ

⊗2]((Πq′ |A)⊗2S|2A)⊗ I|2Ā
]

=
∑

q ̸=p,q′

tr(ρ0Πq) tr(ρ0Πp)

rqrp

ï
tr
(
(trĀ Πq)(Πq′ |A)(trĀ Πp)(Πq′ |A)

)
+ tr(trA(Πq(Πq′ |A)) trA(Πp(Πq′ |A)))

ò
+
∑
q,q′

tr(ρ0Πq)
2

rq(rq + 1)

[
tr
(
((trĀ Πq)(Πq′ |A))2

)
+ tr

(
(trA(Πq(Πq′ |A)))2

)]
.

(S48)

The subterms take the form of

tr
(
(trĀ Πq)(Πq′ |A)(trĀ Πp)(Πq′ |A)

)
=

Ç
|Ā|
q − q′

åÇ
|Ā|
p− q′

åÇ
|A|
q′

å
, (S49)

tr(trA(Πq(Πq′ |A)) trA(Πp(Πq′ |A))) =
Ç
|A|
q′

åÇ
|A|
q′

åÇ
|Ā|
q − q′

å
δpq, (S50)

tr
(
((trĀ Πq)(Πq′ |A))2

)
=

Ç
|Ā|
q − q′

åÇ
|Ā|
q − q′

åÇ
|A|
q′

å
, (S51)

tr
(
(trA(Πq(Πq′ |A)))2

)
=

Ç
|A|
q′

åÇ
|A|
q′

åÇ
|Ā|
q − q′

å
. (S52)

Hence, the average purity of ρA,Q becomes

EU[tr
(
ρ2A,Q

)
] =

∑
q ̸=p

Å
cos2

θ

2

ã2N−q−p Å
sin2

θ

2

ãq+p

f(q, p, |A|, |Ā|)

+
∑
q

rq
rq + 1

Å
cos2

θ

2

ã2N−2q Å
sin2

θ

2

ã2q [
f(q, q, |A|, |Ā|) + f(q, q, |Ā|, |A|)

]
.

(S53)

One can see that Eq. (S53) is almost the same as Eq. (S46), except missing the term involving f(q, p, |Ā|, |A|). The
Rényi entanglement asymmetry can be obtained by substituting Eqs. (S46) and (S53) into

∆S
(2)
A = S2(ρA,Q)− S2(ρA) ≈ − log

EU[tr
Ä
ρ2A,Q

ä
]

EU[tr(ρ2A)]
. (S54)

According to Eqs. (S46) and (S53), both EU[tr
Ä
ρ2A,Q

ä
] and EU[tr

(
ρ2A
)
] are just sums of a polynomial number of

certain binomial coefficients, which can be easily and accurately calculated numerically. But unfortunately, the
symbolic summation of these binomial coefficients will lead to generalized hypergeometric functions, which are hard
to write in an explicit closed form. However, in the large-size limit N → ∞, the distribution of binomial coefficients
converges to the Gaussian distribution and the summations can be well approximated by continuum integrals under
certain conditions, which can give rise to a simple and meaningful analytical form of E[∆S(2)

A ]. To be specific, we first
regard rq

rq+1 ≈ 1 (recall rq =
(
N
q

)
). This makes EU[tr

Ä
ρ2A,Q

ä
] and EU[tr

(
ρ2A
)
] reduce to

EU[tr
(
ρ2A
)
] ≈
Å
cos2

θ

2

ã2N ∑
q,p

Å
tan2

θ

2

ãq+p

[f(q, p, |A|, |Ā|) + f(q, p, |Ā|, |A|)]. (S55)

EU[tr
(
ρ2A,Q

)
] ≈
Å
cos2

θ

2

ã2N ∑
q,p

Å
tan2

θ

2

ãq+p

[f(q, p, |A|, |Ā|) + f(q, p, |Ā|, |A|)δqp]. (S56)
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One can find that up to this approximation, the only difference between the two terms is the Kronecker factor δqp.
Suppose |A| and |Ā| grow linearly with N in the large size limit. We use the Gaussian distribution to approximate
the binomial coefficients Ç

n

k

å
≈ 2n√

πn/2
exp

ï
− (k − n/2)2

n

ò
. (S57)

Then the function f(q, p, |A|, |Ā|) can be approximated by

f(q, p, |A|, |Ā|) =
min{q,p}∑

q′=0

Ç
|Ā|
q − q′

åÇ
|Ā|
p− q′

åÇ
|A|
q′

å
≈ 22|Ā|+|A|√

π3|Ā|2|A|/8

∫
dq′ exp

ï
− (q − q′ − |Ā|/2)2

|Ā|
− (p− q′ − |Ā|/2)2

|Ā|
− (q′ − |A|/2)2

|A|

ò
=

22|Ā|+|A|√
π3|Ā|2|A|/8

 
π|A||Ā|

2|A|+ |Ā|
×

exp

ñ
−
|A|2|Ā|+ 2|A|

(
|Ā|2 + (p− q)2 − |Ā|(p+ q)

)
+ |Ā|

(
|Ā|2 − 2|Ā|(p+ q) + 2(p2 + q2)

)
2|Ā|(2|A|+ |Ā|)

ô
≡ f̃(q, p, |A|, |Ā|).

(S58)

By use of Gaussian integration, the two summations can be approximated by∑
q,p

Å
tan2

θ

2

ãq+p

f(q, p, |A|, |Ā|) ≈
∫
dqdp

Å
tan2

θ

2

ãq+p

f̃(q, p, |A|, |Ā|)

=
22|Ā|+|A|√
π3|Ā|2|A|/8

»
π3|A||Ā|2 exp

ï
2(2|A|+ |Ā|) log2

∣∣∣∣tan θ2
∣∣∣∣òÅtan2 θ2ã2(|A|+|Ā|)

= 2N+|Ā|√8 exp

ï
2(N + |A|) log2

∣∣∣∣tan θ2
∣∣∣∣òÅtan2 θ2ãN ,

(S59)

and ∑
q

Å
tan2

θ

2

ã2q
f(q, q, |A|, |Ā|) ≈

∫
(
√
2dq)

Å
tan2

θ

2

ã2q
f̃(q, q, |A|, |Ā|)

=
22|Ā|+|A|√
π3|Ā|2|A|/8

√
2
»
π2|A||Ā|/2 exp

ï
2(2|A|+ |Ā|) log2

∣∣∣∣tan θ2
∣∣∣∣òÅtan2 θ2ã2(|A|+|Ā|)

= 2N+|Ā|
 

8

π|Ā|
exp

ï
2(N + |A|) log2

∣∣∣∣tan θ2
∣∣∣∣òÅtan2 θ2ãN ,

(S60)

where the
√
2 factor in the integration measure in Eq. (S60) arises because the integral domain of Eq. (S60) is the

diagonal line on the p-q plane compared to Eq. (S59). To make the integration results above valid and meaningful, they
should satisfy EU[tr

(
ρ2A
)
] ≤ 1 and EU[tr

Ä
ρ2A,Q

ä
] ≤ 1 especially for N → ∞, which will give rise to extra restrictions

on θ. For example, if we take |A| = |Ā| = N/2, then the restriction is

23/2 × exp

ï
3 log2

∣∣∣∣tan θ2
∣∣∣∣òÅcos2 θ2ãÅsin2 θ2ã ≤ 1 ⇒ π

2
− 0.128π ≤ θ ≤ π

2
+ 0.128π, (S61)

which means that this approximation can only be valid around θ = π
2 . This can be understood by the fact that when

θ is too small, the factor (tan2 θ
2 )

q+p in Eqs. (S55) and (S56) will concentrate at the margin q + p = 0, where the
error of the Gaussian approximation is relatively large. Moreover, if one wants the approximated purity to be valid
for arbitrary values of |A|, the extreme restriction will occur at |Ā| = 0 or |A| = 0, i.e.,

4× exp

ï
2 log2

∣∣∣∣tan θ2
∣∣∣∣òÅcos2 θ2ãÅsin2 θ2ã ≤ 1 ⇒ θ =

π

2
. (S62)
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Namely the Gaussian approximation is valid only at a single point θ = π
2 if we consider arbitrary values of |A|

simultaneously. However, we will see below that the final result is actually reasonable in a finite region of θ around
π
2 . Substituting the integration results, the Rényi-2 entanglement asymmetry becomes

∆S
(2)
A ≈ − log

EU[tr
Ä
ρ2A,Q

ä
]

EU[tr(ρ2A)]

≈ − log
2|Ā| exp

[
2|A| log2

∣∣tan θ
2

∣∣]+ 2|A| exp
[
2|Ā| log2

∣∣tan θ
2

∣∣] /√π|A|
2|Ā| exp

[
2|A| log2

∣∣tan θ
2

∣∣]+ 2|A| exp
[
2|Ā| log2

∣∣tan θ
2

∣∣]
= − log

1 + 2|A|−|Ā| exp
[
−2(|A| − |Ā|) log2

∣∣tan θ
2

∣∣] /√π|A|
1 + 2|A|−|Ā| exp

[
−2(|A| − |Ā|) log2

∣∣tan θ
2

∣∣]
= − log

1 + g(θ)|A|−|Ā|/
√
π|A|

1 + g(θ)|A|−|Ā| ,

(S63)

where |A| − |Ā| = 2|A| −N = 2N(|A|/N − 1/2) and

g(θ) = 2 exp

ï
−2 log2

∣∣∣∣tan θ2
∣∣∣∣ò . (S64)

Note that g(θ) = 2 for θ = π
2 and g(θ) ≥ 1 for θ − π

2 ∈ [−0.17π, 0.17π]. Within this range, the expression above
indicates that in the large size limit N → ∞, ∆S(2)

A → 0 if |A| < N/2 and ∆S
(2)
A → log

√
π|A| if |A| > N/2, quite

similar to the result Eq. (S19) in the case of non-symmetric evolution except that the base factor g(θ) can deviate
from 2. The validity of Eq. (S63) can be verified by numerically computing the summations of binomial coefficients
in Eqs. (S46) and (S53). As shown in Fig. 2 of the main text, if θ = 0.5π, the results almost coincide with the non-
symmetric case, consistent with the approximated analytical results Eq. (S63) and Eq. (S19). If θ slightly deviates
from π

2 , e.g., θ = 0.4π, as shown in Fig. S8, the overall magnitude of the curves is decreased but the main shape and
trend remain qualitatively unchanged.

A feature significantly different from the case of non-symmetric random circuits is that the average Rényi-2 entan-
glement asymmetry of the final state in the case of U(1)-symmetric random circuits is always lower than that of the
initial state, regardless of the value of |A|, as shown by the blue curves in Fig. 2 and Figs. S8-S10. This is not necessar-
ily true in the case of non-symmetric random circuits, as shown by the red curves in the corresponding figures, where
the average entanglement asymmetry of the final state is the same for any initial state, allowing situations where the
entanglement asymmetry of the final state is larger than that of the initial state. In this sense, non-symmetric random
circuit evolution is featureless, whereas symmetric random circuit evolution holds a meaningful physical interpretation,
i.e., it only leads to the restoration of the symmetry without further breaking the symmetry.

In addition, when θ slightly deviates from π
2 , the factor log2

∣∣tan θ
2

∣∣ deviates from 0 and hence g(θ) decreases from
2. If |A| < N/2, then g(θ)|A|−|Ā| will increase and hence the late time E[∆S(2)

A ] will increase. On the other hand, for
the initial tilted state, when θ decreases from π

2 to 0, the U(1)-symmetry breaking is weakened, and the entanglement
asymmetry E[∆S(2)

A ] will decrease. The inverse order of E[∆S(2)
A ] at the beginning and the end of the evolution

suggests that there must exist cross points among the evolution curves with different θ, consistent with the quantum
Mpemba effect observed in the numerical experiments.

If θ deviates too much from π
2 , or say θ is close to 0, e.g., θ < 0.33π, then the Gaussian approximation above fails

and there is no direct analytical evidence for the symmetry restoration at |A| < N/2. Direct numerical estimation
using Eqs. (S46) and (S53) shows that for small tilt angles such as θ < 0.1π, E[∆S(2)

A ] will converge to a significant
finite value in the long-time limit for large but finite system size N . As shown in Fig. 2 of the main text, when
θ = 0.05π, E[∆S(2)

A ] increases with the system size for any |A| up to N = 100, which is very different from the large-θ
case where E[∆S(2)

A ] decreases with N at |A| < N/2. This fact implies that if the symmetry breaking in the tilted
ferromagnetic initial state is too weak, it will be hard to fully restore the symmetry by the U(1)-symmetric random
circuit evolution, while those initial states with more severe symmetry breaking can successfully restore the symmetry
by contrast. This is somehow an extreme case of the quantum Mpemba effect, i.e., instead of restoring slowly, the
symmetry does not restore at all for initial states with small symmetry breaking. It is worth noting that the above
discussion is restricted to the finite-size system with uniformly tilted ferromagnetic initial states.

Nevertheless, the increase of E[∆S(2)
A ] with N in the small-θ case will not last to the thermodynamic limit. This can

be seen from Fig. S10 where E[∆S(2)
A ] at |A| < N/2 increases with N first and then decreases. This non-monotonic
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FIG. S8. The average Rényi-2 entanglement asymmetry E[∆S
(2)
A ] in the long-time limit of U(1)-symmetric random circuit

evolution with the tilt angle θ = 0.4π from the ferromagnetic initial state versus the subsystem size |A|. The numbers in
the legend represent different system sizes N . The blue and red lines represent the results from U(1)-symmetric circuits and
non-symmetric circuits, respectively. The grey dashed line represents the result for the tilted ferromagnetic initial state.

behavior will be more clear in Fig. 3 of the main text, where we fix |A| = N/4 to see the curve of E[∆S(2)
A ] versus θ

for different N . We can see that for 0.2π ≲ θ ≤ 0.5π, E[∆S(2)
A ] decreases monotonically with N very fast down to

zero while for θ ≲ 0.2π, E[∆S(2)
A ] will first increase and then decreases with N , and converges to zero very slowly for

a relatively large N .
Importantly, one can see a prominent peak in Fig. textcolorLinkColor3 of the main text, whose position is denoted

as θmax below, gradually shifts towards θ = 0 as N increases while the height of the peak is almost constant. Around
this peak at θmax, E[∆S(2)

A ] takes significant finite values while is very close to zero away from this peak. The left end
of this peak is just θ = 0. The right end of this peak can be properly defined as θc = 2θmax. In other words, θc serves
as a critical point where on the small-θ side the symmetry is not fully restored (persistent symmetry-breaking phase)
while on the large-θ side, the symmetry is restored (symmetry-restored phase). A schematic finite-size crossover phase
diagram is shown in Fig. 3 of the main text.

However, the “symmetry breaking phase” is not a true phase in the sense of the thermodynamic limit because θc,
albeit slowly, scales with the system size N in the scaling of 1/

√
N , as shown in the inset of Fig. 3. That is to say, in

the thermodynamic limit, regardless of the value of the tilt angle θ, the subsystem symmetry will always be restored
for |A| < N/2 which is consistent with the eigenstate thermalization hypothesis. But conversely, for any finite-size
system, there always exists a “critical point" θc ≈ 1.13π/

√
N , such that the subsystem symmetry cannot be restored

for tilted ferromagnetic initial state with θ < θc.
It is worth mentioning that this lack of symmetry restoration is only observed in slightly tilted ferromagnetic initial

states. As a counterexample, for tilted Néel states, the subsystem symmetry will always be restored by the U(1)-
symmetric random circuit at late time as long as |A| < N/2 regardless of the tilt angle. This can be attributed to the
fact that the Néel state is in the largest symmetry sector of exponentially large dimensions, while the ferromagnetic
state is in a small symmetry sector of one dimension in the θ = 0 limit.
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FIG. S9. The average Rényi-2 entanglement asymmetry E[∆S
(2)
A ] in the long-time limit of U(1)-symmetric random circuit

evolution with the tilt angle θ = 0.2π from the ferromagnetic initial state versus the subsystem size |A|. The numbers in
the legend represent different system sizes N . The blue and red lines represent the results from U(1)-symmetric circuits and
non-symmetric circuits, respectively. The grey dashed line represents the result for the tilted ferromagnetic initial state.
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FIG. S10. The average Rényi-2 entanglement asymmetry E[∆S
(2)
A ] in the long-time limit of U(1)-symmetric random circuit

evolution with the tilt angle θ = 0.1π from the ferromagnetic initial state versus the subsystem size |A|. The numbers in
the legend represent different system sizes N . The blue and red lines represent the results from U(1)-symmetric circuits and
non-symmetric circuits, respectively. The grey dashed line represents the result for the tilted ferromagnetic initial state.
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