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A single-photon large-momentum-transfer atom interferometry scheme for Sr/Yb

atoms with application to determining the fine-structure constant
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The leading experimental determinations of the fine-structure constant, «, currently rely on atomic
photon-recoil measurements from Ramsey-Bordé atom interferometry with large momentum transfer
to provide an absolute mass measurement. We propose an experimental scheme for an intermediate-
scale differential atom interferometer to measure the photon-recoil of neutral atomic species with
a single-photon optical clock transition. We calculate trajectories for our scheme that optimise
the recoil phase while nullifying the undesired gravity gradient phase by considering independently
launching two clouds of ultracold atoms with the appropriate initial conditions. For Sr and Yb, we
find an atom interferometer of height 3 m to be sufficient for an absolute mass measurement precision
of Am/m ~ 1 x 107! with current technology. Such a precise measurement (the first of its kind
for Sr or Yb) would yield a factor of two reduction in the uncertainty of & — an uncertainty that
would no longer be limited by an absolute mass measurement. The removal of this bound facilitates
reducing the uncertainty in a by a factor of 10 with improvements in relative mass measurements,

thus paving the way for higher-precision tests of the Standard Model of particle physics.

I. INTRODUCTION

An atomic wavefunction brought into a superposition
of energy eigenstates that freely evolve for some time
before being interfered is a precision measurement tech-
nique developed by Ramsey [I] that forms the basis of
the microwave atomic clocks currently used to realise
the SI second [2]. The use of Ramsey pulse sequences
for high-precision optical spectroscopy of thermal atoms
required the introduction of additional atom-light inter-
actions [3H0]; typically a second set of Ramsey pulses is
used that propagates in the opposite direction to the first
set [7, [§]. This technique is a form of atom interferom-
etry, now known as Ramsey-Bordé interferometry, that
results in two closed-loop matter-wave interference paths
with a difference in their phase from the atomic recoils
along the light propagation axis [9]. It was found to be
important for tests of quantum mechanics, particularly
through the fine-structure constant [T0HI9].

The leading experimental values for the fine-structure
constant, electron mass, and atomic mass constant [20],
hence also many other dependent constants (including
10, €0, 00, #p) and the absolute masses of most parti-
cles, rely on atomic photon-recoil measurements from
Ramsey-Bordé interferometry with Rb [19] and Cs [I§]
atoms. The fine-structure constant and electron mass are
free parameters in the Standard Model that require em-
pirical determination so theoretical predictions, e.g. the
magnetic moment of the electron [21], the energy lev-
els of positronium [22], etc., can be evaluated. Accord-
ingly, Ramsey-Bordé interferometry facilitates the most
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precise comparison between experiment and theory un-
der the Standard Model [2I]. However, a discrepancy of
more than 5o exists between the values from the different
atomic species, with the theoretically-derived value lying
in between. This discrepancy limits the precision with
which the measurements of the anomalous magnetic mo-
ment of the electron can test the Standard Model [21],
motivating additional high-precision determinations of a.

The Kasevich-Chu interferometer demonstrated
gravimetry using light-pulse atom interferometry [23],
and the simultaneous operation of two such gravimeters
in a differential configuration was later realised as a
gradiometer [24]. A gravitational wave detector was
proposed using the same principle but with a very
long baseline between the interferometers [25, 26]. An
improved scheme using single-photon transitions with
clock atoms, in which the laser phase cancels in a differ-
ential measurement, was subsequently proposed [27, 28].
Intermediate-scale (O(10m)) prototype instruments
operating on this principle using Sr or Yb are under
development [29-31].

In this paper, we investigate the prospect of performing
Ramsey-Bordé interferometry with single-photon transi-
tions in neutral optical clock atoms in intermediate-scale
atom interferometers for high-precision determinations of
the fine-structure constant. One of the limiting factors in
upscaling photon recoil measurements is the gravity gra-
dient phase, which a scheme using offset simultaneous
conjugate interferometers has been proposed to address
[32]. We use this principle to devise an experimental
scheme in which two clouds of ultracold atoms are inde-
pendently launched from their sources in order to mit-
igate the gravity gradient phase, and large momentum
transfer (LMT) is used to enhance the sensitivity to the
atomic photon-recoil frequency.
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We outline the theoretical framework that we use to
derive phase shift expressions in Sec. [} before describing
the proposed experimental scheme in Sec. [[TI} We present
the calculation of the differential phase for the proposed
scheme in Sec. [V]and the gravity gradient phase in Sec.
[Vl In Sec. [VI} we determine optimal parameters for the
trajectories in two configurations for various instrument
sizes. We discuss the determination of the fine-structure
constant in Sec. [VII] before concluding in Sec. [VITI]

II. THEORETICAL FRAMEWORK

The output of an atom interferometer can usually be
calculated under the Feynman path integral formalism
using the classical action [33]. The difference in phase
between the two arms of an atom interferometer can be
decomposed into (i) free propagation (including internal
evolution), (ii) separation from closure, and (iii) interac-
tion with the laser [34]:

A¢t0tal = AQspropatgation + AQi)separation + A(yzslauser- (1>

For flat spacetime and in the non-relativistic limit, the
difference in propagation phase [ p,dz#/h between the
arms is approximated by

1 mA(v?
A¢propaga‘cion ~ ﬁ/ (2() — AU — AE) dt, (2)

where A(v?) and AU are the differences in square ve-
locity and potential energy between the two trajectories,
respectively, and AF is the difference in energy eigen-
values between the trajectories. Integration is implicitly
assumed to be over the interferometry sequence. Follow-
ing Overstreet et al. [35], we can express the contribution
proportional to Av? in terms of the mean position, X, and
separation, Ax, (and their derivatives) as

:m/x Axdt

WTAX(W m/x Axdt. (3)

Since A@separation = —P(tf) - Ax(ts)/h, we have

1 ..
A(;Stotal - A(blaser - ﬁ / (Tni - Ax + AU + AE) dt
(4)

The laser phase is defined when the pulse leaves the
laser, but in practice we may calculate the laser phase
at the points of interaction with an atomic wavepacket
relative to some other spacetime coordinate. In absorp-
tion of a pulse of laser light, the phase of the laser beam
adds to the phase of the atomic wavepacket, whereas the

opposite occurs for stimulated emission. This influence
of the laser beam phase on that of wavepacket j is taken
into account by

¢laser 277]2( 1 Xj ]z) w]z i (b]z)a (5)

where k;;, wjs, ¢;i, and t;; are respectively the wavevec-
tor, (angular) frequency, phase at the reference coor-
dinate, and time of interaction for laser pulse i at
wavepacket j, and

1, stimulated absorption
nj;i = § —1, stimulated emission (6)
0, no interaction

qualifies the interaction of laser pulse 7 with atomic
wavepacket j.

The external degrees of freedom of the wavepacket
j with trajectory x;(t) are governed by m¥%;(t) +
VU (x;(t)) = 0. We denote the free-fall trajectory of the
atom in the absence of laser impulses by xo(t), and the
Green’s function for the equation of motion by G(¢,s).
Taking the atom-light interaction to provide an instan-
taneous transfer of momentum hnjiky; at time tj;, the
equation of motion is supplemented with a source term
In;jik;i0(t — tj;)/m and the particular solution acquires
an additional term

h > h
ki Lm G(t,5)0(s — tji)ds = —nyikji - G(¢,t50)-
(7)

We may hence write the classical trajectories of the in-
terferometers as

h
t)+— Zﬁjikji Gt ti) +0x;5(t), (8)

where 6x;(t) accounts for perturbations to xo(t) arising
from the spatial variation of the gradient of the potential.
Restricting ourselves to the 1-D case of a vertically-
oriented atom interferometer on the surface of the Earth
and neglecting gravitational redshift of the laser pulses
between the wavepackets, we find kj; = x;k;2, where

1,
Xi = 1,

indicates the direction of laser pulse i, wj; = w;, and
¢j: = ¢;. We note that the product n;;x; indicates the
direction of momentum transfer (positive indicating up-
wards) of laser pulse i to atomic wavepacket j.

For an interferometer beginning in the ground state
comprised of classical trajectories x;(t) = z1(t)z and
X2(t) = 22(t)z, the terms in the phase shift are

1
- / AEdt = wy Z [M1,it1,i — n2,it2,] (10)

upwards
(9)

downwards



! mxX - Ax + AU) dt
h

1
=-3 / Z xiki [771,2‘5(t —t1,i) +12,0(t — t2,i)} Az(t)dt

+ A(ﬁpotentiaul (1 1)

where we follow Overstreet et al. [35] in defining

S = [ (2220, 200y 2t

h 0z 0z 2

- U(Zl, t) + (](,2727 t):| dt. (12)

The other term in can be simplified using the integral
property of the Dirac delta function that

/6(1& — ) Az(t)dt = 21(tj;) — 22(tji). (13)

The difference in laser phase imprinted on the clouds
is given by

Adlaser = Z [Uu (xikiz1(t1,;) — wit1,; — &)

— 2, (Xikiza(t2i) — witai — ¢i) } (14)

A number of terms in these expressions are similar and
can be grouped together, resulting in a total phase shift
of

Adrotal = Z Xiki [m,iZ(t1:) — n2.:2(t2,:)]

+ Z(wo —wi) [m,itrs — m2ite,i]

7

+ Adpotential — Y @i [01.: — 712 (15)

As in Ref. [35], this expression contains a potential term
and the midpoint phase shift. We have included the
phase from internal evolution and made explicit that the
laser pulses will reach the arms at different times — to

first order, t1,; —to,; = xiAz(t1,;)/c (see Appendix [A .4)).

I1II. EXPERIMENTAL SCHEME

The standard Ramsey-Bordé atom interferometer con-
sists of four 7/2-pulses, as shown in Fig. [l The time
interval between the first two 7/2-pulses must be equal
to that between the final two for the trajectories to close,
and the final two 7/2-pulses must be in the opposite di-
rection to the first two. This scheme leads to two sets of
trajectories that close [36] and hence interfere due to the
final w/2-pulse, as is evident in Fig.

The phase difference due to atomic photon-recoil scales
as the difference in recoil energy between the arms of

FIG. 1. Schematic spacetime diagram of a Ramsey-Bordé
atom interferometer in the absence of external acceleration.
The ground (excited) state is indicated by a solid (dashed)
line with thickness indicative of the probability density. The
timings of the laser pulses are such that t4 —t3 = t2 —t1, thus
two pairs of trajectories result in interference.

each interferometer [37]. The sensitivity of a Ramsey-
Bordé interferometer can, thus, be enhanced via addi-
tional atom-light interactions in two ways. Firstly, using
a sequence of 2N m-pulses between the first two and be-
tween the final two 7/2-pulses [37] to increase the mo-
mentum separation from ik to (N + 1)kk (and then to
decrease it again). This type of scheme has been adopted
for large area/large momentum transfer Mach-Zehnder
atom interferometry [38],[39]; however, for Ramsey-Bordé
interferometry, we wish to transfer momentum to only
one arm of each interferometer. Secondly, the two inter-
ferometers can be deflected away from each other using
a sequence of M m-pulses between the second and third
m/2-pulses while the arms of each interferometer are in
the same atomic state but these states differ between the
interferometers [I0]. Such a scheme is a single-photon
transition analogue to the Bragg diffraction and Bloch
oscillation scheme used in [I§].

The differential recoil phase shift between the two in-
terferometers is dependent upon the sequence of atom-
light interactions and will persist if the interferometers
are compared from two independent cold atom clouds.
The ability to control the trajectories of independently-
launched interferometers offers the prospect of nullifying
the phase arising from first-order spatial variation of the
gravitational acceleration, akin to the offset simultaneous
conjugate scheme of Zhong et al. [32].

Let us consider an idealised 1-D set-up in which all
of the laser pulses have perfect fidelity for all atomic
wavepackets, have frequency w; = k;c = wg = kc that is
on resonance with the atoms (neglecting Doppler shifts),
and are infinite plane waves so that the momentum trans-
ferred to the atoms is equal to the wavevector [40]. We



will assume the cold atom clouds are sufficiently cold that
their thermal expansion is negligible. We will also ap-
proximate the gravitational potential near the surface of
the Earth to be U(z) = Uy +mgz, where g > 0, for which
Adpotential = 0. Under these assumptions, (15)) becomes

Adrotal = Z Xiki [m,iZ(t1,:) — 12,2 (t2,:)|— b 01,5 — 12,4]

(16)
for each interferometer.

As the dynamics are restricted to the vertical and since
U'(z) = mg is independent of z, thus dx;(t) = 0, the
trajectories in can be simplified to

S0 =0l + o G ), ()

where x;(t) = z;(t)z.

The equation of motion mZy(t) + U'(z0(t)) = 0 gives
%o(t) = —g, for which the Green’s function is G(t,s) =
(t —s)0(t — s) = Max{0,t — s}. With initial conditions
|

20(0) = h and Z0(0) = u, the solution is

t2
zo(t):h—i—ut—%. (18)
For a different set of initial conditions, h — h + Ah and

u — u + Awu, the solution becomes
Zo(t) = zo(t) + Ah + Aut. (19)

Neglected higher-order terms in the gravitational po-
tential provide small perturbations to these trajectories;
the leading-order contribution comes from the gravity
gradient, G.., as Uac(z) = mG..2?/2. The interfer-
ometer phase arising from the gravity gradient shall be
calculated perturbatively [32] [33] as

Apga = —

|
l\.')3
SR
w
—
N
u
—
~
=
|
N
no
o
o~
=
(3]
S—
o8
~

=-— / Z(t)Az(t)dt. (20)

This phase is calculated in section [V] and conjugate tra-
jectories for which it cancels are presented in section [V]]

Our proposed scheme involves four classical trajecto-
ries, which can be written as

N

n=1
M

=3ty +7M)

m=1

M
25(t) = 20(t) — > C(t o+ 7™ + 67(™)

m=1
N

(21)

(22)

M
2y () = Zo(t) + C(t, 1y + Aty) + [C(t, ty 4+t 4 ALY — (8t — £ + Atg”))] + ) Ct tp + 7 4 67lm))

n=1

m=1

(23)

25(8) = Z(8) + C(tta + Ato) + (bt + Ata) + 3 [Clt 1+ + M) = C(t 14 — 1) + AK)]

n=1
M

+ Z C(t7t2 + T(m) + 57—(§m))3

m=1

where the impulse response function ((¢,t;) encodes the
times at which momentum kicks occur, and is defined by

C(t, tl) = %G(L tz) = vTMax{O, t— ti}, (25)

where v,, = hk/m is the atomic recoil velocity due to an
impulse at time ¢;. These expressions for the trajectories

(24)

(

are applicable from launch until the final 7/2-pulse.

The timing of the laser pulses is defined by their in-
tersection with the trajectory z,, giving rise to quan-
tities At; (i € {1,2,3,4}), At (i € {1,2,3,4}, n €
{1,...,N}), and o7™ (j € {8,7,0}, m € {1,...M})
that account for light propagation between trajectories.
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FIG. 2. Schematic spacetime diagram of an enhanced
Ramsey-Bordé atom interferometer with N = 3 additional
recoil-energy-difference pulses and M = 2 deflecting pulses.
Only the paths leading to a closed interferometer are shown,
indicated by solid (dotted) lines for the ground (excited) state.
The 7/2-pulses (m-pulses) are represented by strong (faint)
red vertical lines with k-vectors in the directions indicated by
the arrowheads. Each laser pulse is ascribed a phase symbol
¢; that is used to identify its interaction parameters with each
trajectory according to Tablem The path labels z; correspond
to trajectories in the free-fall frame with Ah =0 = Au.

A spacetime diagram of the trajectories in the free-fall
frame for the same initial conditions (i.e. Ah =0 = Au)
is presented in Fig. [2l We partition the laser pulses into
three groups: (1) Ramsey-Bordé pulses, (2) additional

J

recoil-energy-difference (ARED) pulses, and (3) deflect-
ing pulses.

The Ramsey-Bordé pulses are the m/2-pulses labelled
by ¢; in Fig. [2] that are also seen in Fig. They have
directions x1,2y = 1 (both are upwards) and x{34} =
(—=1)M+1 (e.g. both downwards for M = 2).

The ARED pulses are pairs of velocity-selective -
pulses that increase and later decrease the recoil-energy
difference between the arms of each interferometer. They
are accounted for by the sums over n in — and
are labelled by qbgn) in Fig. One pulse reaches z, at
time ¢, +t(™ or t5+t(™ and its partner at time 7' — 2¢(™)
later. Both pulses in each pair have the same direction
and adjacent pairs are directed oppositely. The proposed
scheme has these pairs oriented such that x(™ = (=1)" in
the interval (t1,t,), and x(™) = (=1)M*+7+1 in the inter-
val (t3,t4). One pulse in the pair stimulates absorption,
the other emission, so that the net momentum transfer
vanishes after both pulses, but the additional momentum
between the pulses results in displacement.

The deflecting pulses are m-pulses that interact with all
trajectories, alternating between stimulating absorption
in one direction and emission in the other They are
accounted for by the sums over m in and are
labelled by ¢(™) in Fig. l Our bcheme hab thebe pulses
oriented such that x(™) = (—=1)™ in the interval (to,t3).

Our trajectories form two interferometers, one with z,
and zg and one with z, and zs. The deflecting pulses
kick the trajectories z, and zg downwards and so we shall
call their interferometer the ‘diminished interferometer’.
Likewise, z, and zs are kicked upwards so their interfer-
ometer shall be called the ‘augmented interferometer’.

A. Diminished interferometer

The mean position, Z4, and separation, Azq = z4 — 23,
between the arms of the diminished interferometer are
given by

N
Za(t) = 20(t) + % (C(t,tl) — () — C(tt3) + Z [ (b1 + ™)) = C(t by — ™)) = C(t, b5 + ™)) + C(t, ta — t(”))}

M

3 [ttt ) (4 ) 4 5]

m=1

(26)

N
Azg(t) = C(t, 1) — C(t,ta) — C(t,t3) + Z [ Clt ) = C(t b — 1)) — C(t b5 + 1))+ C(t ta — t(”))]

M
3 ) =t ]

—_

m=

(27)



All of the laser pulses interact with z,, but only the de-
flecting pulses interact with zg (except for the final 7 /2-
pulse for one of the output ports — we will use the other
output port in our calculation). For the ARED pulses,
we have 77("™) = (—1)" for the first pulse in the pair and
n™ = (=1)"*! for the second. For the deflecting pulses,
7™ = (=1)™*1 and so x(™n(™ = —1 in the interval

(ta,t3), i.e. the arms are deflected downwards.

B. Augmented interferometer

The mean position, Z,, and separation, Az, = 2, — zs,
between the arms of the augmented interferometer are
given by

Za(t) = 20(t) + % <C(t,t1 + Aty) + C(t, ta + Ato) + C(t, t5 + Ats)

M=

+ [g(t, ty 4+t 1 ALY = (bt — £ 4 ALY ¢t s + £+ ALY — ¢ty — ) 4 At("))}
n=1
M
+3° [c(t, to + 70 + 67 4 C(t ta + 7™ + 6r§’">)}> (28)
m=1
M

Azq(t) = C(t, b1 + Aty) — (bt + Aby) — ((t 13+ At) + Y [g(t, £y + 70" 4 57N (8, tp + 7™ + 67(5’”))}

N

m=1

+3° [c(t, t 4+t At =t £ ALY = ¢t s+t + ALY + C(t t — £+ Ati”))] .

n=1

All of the laser pulses before t5 and the deflecting pulses
interact with z.,, while all of the pulses from ¢, onwards
interact with zs. Like the diminished interferometer, the
final 7/2-pulse interacts with a different trajectory for
each output port to produce the same phase difference —
we will use the other output port that interacts with z;
in our calculation. For the ARED pulses, in the interval
(t1,t2) we have n(™ = (—1)" for the first pulse in the pair
and 7™ = (=1)"*! for the second; the reverse is true for
the interval (t3,t4). For the deflecting pulses, n(™) =
(—1)™ and so the product x(™n(™ = 1 in the interval
(t2,t3), i.e. the interferometer is deflected upwards.

IV. DIFFERENTIAL PHASE

The differential phase can be found by modifying
to include both the augmented and diminished interfer-

(29)

(

ometers. We find
AD = Apy — Ady

= Z [Xik’("]'yiza(tyi) — NsiZa(tsi) — NaiZd(tai)

+ Uﬁizd(tﬁi» + i (Nyi — M5 — Nai +1p4) |- (30)

The laser pulse parameters needed to evaluate are
displayed in Table m For all pulses, the sum ny; — ns; —
Nai +Ngi = 0 and so the terms with ¢; do not contribute
to the differential phase.

Using the fact that

Za(t) = 2y(t) — Aza(t)/2 = 2z5(t) + Azo(t) /2 (31)

Za(t) = za(t) — Aza(t)/2, (32)

along with the expression 1) for At,, Atl(."), and

5T;m), we find



TABLE I. Configuration of atom-light interactions for differential atom interferometry scheme.

Laser pulses may be distin-

guished by the symbol for their phase given in the first column.

o Xi Mryi tyi Nsi tsi Novi toi 78 tgi
¢)1 1 1 t1 + Aty 0 1 t1 0 —
(;52 1 0 — 1 to + Ato —1 to 0 —
¢z (—1)M*! 0 — —DMTL ot Aty (-1)M ts 0 —
¢s  (—D)MF! 0 — -1 ty + Aty (—DM+L gy 0 —
SR o ) L (S § L PRSI A WA | — (=" ti+t" 0 -
i (—1)n (1) by — ™ A 0 — (—1)" =™ o —
gn) (71)]\4+n+1 0 o 71)1M+n+1 ts +t(n) +Atén) (71)M+n ts +t(n) 0 o
¢4(17L) (_1)1W+n+1 0 o 1 M+n t4 _ t(n) + Atin) (_1)1\/I+n+1 t4 _ t(n) 0 o
o (=)™ (=)™t A+ 4 e ()™ to+ 70 4 or{™ (=)™ g 7O (1) gy () 4 gr (™

N
Ad = kc <At1 — AtQ + (*1)M (Atg — At4) + Z(,
n=1

N
+ Aty — Aty + )

n=1
N
+ 3[40 + Al — Al A — ar?]
p=n

hk?/(2m) = kv,/2 is the atomic photon-
recoil frequency. A derivation of this result is presented
in Appendix [B] Evaluation of this phase difference re-
quires knowledge of the propagation time delays At;,
Atz(-n), and 5T;m), and the LMT pulse sequence timings

where w, =

t( and 7(™). We use a pulse sequence that is simple to
describe mathematically for the purpose of this calcula-
tion:

t(n) = nAtLMT (34)
7_(m) =1tq—1to+ (m — I)ATLMT, (35)
where t, is the time of the first deflecting pulse.
We arrive at
AD — (N + 1)(N + 2M + 2)hk?*(T — NAtivr)
m
N(N + 1)(N + 2)hk2At 1
_ NV I 3—;) LMT+O<C). (36)

The full expression for to order 1/c is given by (BS)),
and its terms are indexed and deconstructed in Table

VIIT

The configuration of LMT pulses constrains either the

1" (Atﬁ”) — At 4 (—)M (Atg") - Atf{”))
+) (=™ (5757”) — o™ — 6757"))) + w, < —2(N + 1)(N +2M + 2)T + (2M + 1) (Aty — Aty)

A2M +n+2)t™ + (2M —n + 1) (Atﬁ’” - At;’”) +(n+1) (Até") - Atfﬁ’)

) o
[
pulse timings or the LMT orders according to
2N + D)Atrur < T (37)
MAT T < t3 — 14, (38)
leading to a lower bound of
Ik At
Az QI IMT, (39)

where Q = 2M (N +1)? + (N + 1)(N + 2)(2N + 3)/3 is
an (even) integer. Accordingly, we find the scaling of the
recoil frequency times T remains quadratic in N and M
(when considering that (N+1)Atpyr ~ T/2). Quadratic
scaling of the Ramsey-Bordé phase with LMT order was
proposed by Bordé [37] and has been demonstrated ex-
perimentally [41], and offers an advantage compared to
the linear scaling with Bloch oscillation order (with small
magnification for Bragg beamsplitters) in the Rb and Cs
experiments [I8], [19].

V. GRAVITY GRADIENT MITIGATION

The phase shift from the gravity gradient can be found
by treating the gravity gradient as a perturbation and



integrating its effect over the unperturbed trajectories
[33] to arrive at (20). The differential phase between our
two interferometers is, hence,

mG,,

- /t :f (Za(O) Az (t) — Zalt) Aza(t)) dt
(40)

Adgg = —

J

To leading order, the effects of the finite speed of light
can be neglected and so Az, (t) ~ Az4(t) =~ Az(t), hence,

to

Aq)GG ~ —

where

N
Az(t) = ((t 1) = ((tta) — C(t,ts) + > [g (toty +tD) = (bt — D) = C(t, b5 +tD) + (¢, tg — t“))} (42)
=1

N

M
Zalt) = Zalt) ~ A+ Aut + (6 1) + C(tta) + Y [Clt ks +£0) = ([t ta — )] +27 ¢t 1o + 7). (43)

i=1

i=1

Using and and the linearity of integrals, we arrive at

(N + 1)kG...
180
| 15K(T — NAtyr)
m

A(I)GG ~ —

(180(T — NAtLMT)(tg — t1>Ah + 45(T — NAtLMT)(tg — t1)Au(t1 +to +t3 + t4>

[2(N +2M + 2)T? — T(4N + 2M + 5)N Aty + 6(ts — t2)(ts — t1)

+ 6M(t3 — td)(t4 — (td + (M — ]-)ATLMT)) + 6M(t4 — td)(tg — (td + (M — ]-)ATLMT))
+ (N 4+ 1)(3N +2M + 3)NAH \pp + 2M (M — 1)(2M — 1) Ariyir

m

_ N(N +2)(3N? + 6N + 1)hkAt§MT>

A derivation of this result is presented in Appendix [C}
The terms in are indexed and broken down in Table
[ For a given set of laser pulses, this differential phase
can be mitigated by judicious choice of Ah and Au by
means of asynchronous and/or asymmetric launches.

VI. CASE STUDY: STRONTIUM AND
YTTERBIUM

In this case study, the interferometers are assumed
to use neutral optical clock atoms and operate on the
1Sy — 3Py clock transition. The excited state lifetimes,
recoil velocities, and recoil frequencies for Sr and Yb are
presented in Table [T} Although there are two fermionic
isotopes of Yb, we focus on !"1'Yb and assume the anal-
ysis applies equally to '"3Yb because the differences in
the recoil parameters are only a few percent (mostly the
difference in atomic masses).

The broader 552 1Sy — 5s5p 3P, intercombination line
of Sr has been used to demonstrate a record momentum
separation of 601%k [44] using LMT with Floquet shaped
pulses, which bodes well for the 1000/k design goal of
intermediate-scale vertical atom interferometers [29] 30].

(

With an anticipated Rabi frequency of a few kHz for
Sr [30], we construct trajectories using pulse separation
times of Aty = Amomt = 1ms. We note that the
larger transition matrix element of the Yb clock tran-
sition that results in its shorter natural lifetime would
result in a higher Rabi frequency as compared to Sr for
the same laser power and beam size.

The requirement to image the interferometers simul-
taneously leads to the condition that {z5(ts),z,(t7)} =
{0, L}, with whichever trajectory is launched(/dropped)
from the cold atom source at z = L ending up at z = 0
The trajectories are also constrained
by the interferometry sequence occurring within a suit-
able region. The expression in is used to enforce
Ad®ce = 0. There is a trade-off between the total num-
ber of pulses, 4(N + 1) + M, that can be fitted into a
given measurement time (limited by the time of flight
in the apparatus) and the phase sensitivity, which is
quadratic in N and M to leading order, thus establish-
ing a constrained optimisation problem. The trajectories
that optimise the sensitivity to photon-recoil frequency
from (ignoring the terms of order 1/¢) were found
using a numerical search (of type branch and bound) with
computations performed in MATHEMATICA and PYTHON.

and vice versa.



TABLE II. Breakdown of into its component terms, indexed by their position in the expression. The dimensionless products
are all either unity or a product of G.., which has dimensions of T~2, and two quantities with dimensions of time.

Index Angular frequency Time

Dimensionless product

Numerical coefficient

1 szz(tg — tl)Ah (T - NAtLMT) 1 7(N + 1)

2 kAu (T*NAtLMT) Gzz(tg 7251)(251 +t2+t3+t4) 7(N+1)/4

3 kv, (T — NAtyur) G..T? —(N +1)(N +2M +2)/6

4 kv, (T — NAtLMT) G..TAtLvmT N(N =+ 1)(4N + 2M + 5)/12
5 kvy (T — NAtumr) Gaz(ts —t2)(ts —t1) —(N+1)/2

6 kv, (T — NAtLMT) Gzz(tg — td)(t4 — (td =+ (M — 1)ATLMT)) —(N + 1)M/2

7 kv, (T — NAtLMT) G.x(ts — td)(tg — (ta + (M — I)ATLMT)) —(N + 1)M/2

8 kv, (T — NAtiur) Go Aty —N(N +1)2(3N +2M + 3)/12
9 kv, (T — NAtimr) G Ameur —(N+1)M(M —1)(2M —1)/6
10 kv AtimT G At \r N(N +1)(N +2)(3N* + 6N +1)/180

TABLE III. Natural lifetime, 7; wavelength, \; recoil velocity,
v, = hk/m; and recoil frequency, w, = k2 /2m, of the *Sp —
3 Py clock transition in Sr and Yb. The values for A have been
truncated at seven significant figures, while v, and w, have
been rounded to five significant figures — uncertainties are
significantly below the presented precision.

Species T (s) A (nm) vr (mms™!)  w, (rads™!)
87qr 1518  698.4457... 6.5737 29568
171y, 2Pl  578.4195... 4.0358 21920
13y offl  578.4209... 3.9891 21666

2 Ref. [42)

b Ref. [43]

In Sec. we analyse a configuration in which the
top trajectory is dropped from stationary, leading to tra-
jectories that look like an ‘X’. We also analyse a configu-
ration in which the top trajectory is launched vertically,
as in an atomic fountain, in Sec. [VIB]

A. ‘X’ configuration

We restrict interferometry to occurring in [0.2m, L —
0.2m] to avoid potential disturbances that may occur

J

close to the atom sources (where the cold atoms are pre-
pared). In order to maximise the total time available for
the interferometry sequence, the cloud originating from
z = L should be dropped (i.e. released from stationary)
and should be the one to receive additional upwards mo-
mentum kicks (i.e. z,5). Allowing this cloud to drop to
a height zp € (0.2m, L — 0.2m], we have

u+ Au = —+/29(L — 2p). (46)

Assuming that we are limited by time constraints, we
take the pulse separations to be uniformly Atpyr = 1 ms,
leading to pulse timings (taking ¢; = 0)

to= 2N+ 1)Atpur =T (47)
ta = 2(N + 1)Atpmr (48)
ts = (2(N + 1) + M)Atymr (49)
ty = (AN + M + 3)Atpvr. (50)

The final trajectories (after all LMT pulses) are given by

25(t) = h+ (4N + M + 3)v, MAtryr /2 + (u — Mu, )t — gt* /2 (51)
zy(t) = h+ Ah + N2v, Atpyr — (AN + M + 3)v, M Attt /2 + (u+ Au+ (M + 1)v,)t — gt? /2. (52)

The difference between these is

The condition z,(ty) = 0 gives

ty =

u+ Au+ (M +1)v, + /(u+ Au+ (M + 1)v,)2 + 2g(h + Ah) + (2N2 — M (4N + M + 3))gv, Atpur
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FIG. 3. Optimal trajectories from inception for the ‘X’ con-
figuration with L = 5m for Sr. The horizontal dotted lines
bound the interferometry region, [0.2m, 4.8 m], in space; the
vertical dotted lines represent the m/2-pulses and, thus, the
outer lines bound the interferometry sequence in time.

and the condition zg(ty) = L gives
As(tf) =—-L (55)

for As(t) defined by and ty by (54).

The constraint A®gg = 0 can be solved simultane-
ously with , & to yield {h, Ah,u, Au}. A
numerical search for the maximum value of sub-
ject to h,zg(t4) € [0.2m, L — 0.2m] was conducted for
N,M € Ny and zp € (0.2m, L — 0.2m] with a resolution
of 1mm in zy5. The optimal parameters for Sr are pre-
sented in Table [[V] and for Yb in Table [Vl For the cases

J
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in which multiple values of zy gave identical values for
N, M, A®, we present the median value of zy.

The trajectories can be traced back to their times of
launch/release from their origins via tyo, = (u+Au)/g =
—+/29(L — z0) /9 and tpottom = (u — v/2gh + u?)/g, and
the launch velocity of the bottom cloud is given by
Ulaunch = U — Gtpottom. Example trajectories traced back
to their origin are presented in Fig. [3]for the case L = 5m
for Sr.

B. Fountain configuration

We analyse a situation in which the interferometry re-
gion is an entire tower of height L with cold atom sources
located at z = 0 and z = L/2. The cloud launched from
z = 0 is helped to mitigate the gravity gradient phase by
receiving additional upwards momentum kicks (i.e. z,s)
while the cloud launched from z = L/2 receives down-
wards momentum kicks (i.e. z4pg). Interferometry time
is maximised if the sequence begins when launching the
cloud from z = L/2,ie. h=L/2.

We consider the general situation in which 7' > (2N +
1)AtpmT, but, since A® does not depend on t3 — to, we
maximise T as a fraction of total time by setting t3 —
to = (M + 1)Atpyr. The pulse timings are thus (taking
t; =0)

to =T

ta =T+ Atpur

ts =T+ (M + 1)Atpmr
ty =27 + (M + 1) Aty

The final trajectories (after all LMT pulses) are given by

25(t) = h + Mv,. (T + (M + 1) Atpymr/2) + (0 — Mv, )t — gt* /2 (60)
2y(t) = h + Ah + Nv.(T — (N + 1)Atir) — Mo (T + (M + 1)Atiar/2) + (u+ Au+ (M + L)v,.)t — gt*/2. (61)

The difference between these is

As(t) = zy(t) — 2(t) = Ah+ Nu,.(T — (N + 1)Atpvr) — Mo, (2T + (M + 1)Atpvr) + (Au+ (2M + 1)v,)t. (62)
For the time-limited case T'— (2N + 1)AtpumT, these equations reproduce , , and .

The condition zg(ts) = 0 gives

u— Mv, + /(u— Mv,)2 + g(2h + Mv,. (2T + (M + 1) At mr))

ty =

. 63
P (63)
We may allow the maximum time for interferometry by setting t4 = ¢y, which results in
1 M 2h + 92T + (M + 1)Atpmr) (64)
e\ M T arr (Mt DAt Y LMT )

The condition z,(t;) = L/2 gives
As(ty) =L/2 (65)

(

for As defined by and ty by .
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TABLE IV. Optimal parameters for the X configuration with Sr at different values of L

L (m) N M h—0.2m (mm) w (ms™1) 2o (m) A® (rad)
1 25 50 1.260 4.80847 0.734 4.7 x 10°
1.5 43 74 24.607 5.77004 1.21459 2.0 x 107
2 58 99 24.350 6.67269 1.7015 4.9 x 107
2.5 71 123 27.625 7.46262 2.19557 9.0 x 107
3 85 136 15.210 8.18718 2.6849 1.4 x 108
3.5 94 165 4.041 8.89710 3.18697 2.1 x 10%
4 107 172 3.230 9.48367 3.6845 2.9 x 10%
4.5 116 192 1.656 10.0789 4.185 3.7 x 10®
5 129 192 6.601 10.5753 4.6847 4.7 x 108
6 146 221 7.483 11.6079 5.684F] 6.9 x 10%
7 168 223 1.065 12.4837 6.683 9.5 x 10%
8 184 241 3.726 13.3481 7.682 1.2 x 10°
9 200 254 0.536 14.1531 8.680 1.5 x 10°

10 215 266 3.596 14.9098 9.67791 1.9 x 10°
100 817 748 6.890 46.9516 99.150 8.1 x 10%°
2 Median value

TABLE V. Optimal parameters for the X configuration with Yb at different values of L

L (m) N M h—0.2m (mm) u (ms™h) zo (m) AD (rad)
1 26 43 3.320 4.77864 0.729571 3.4 x 10°
1.5 42 73 51.245 5.62916 1.2135 1.4 x 107
2 59 87 109.608 6.33768 1.71(A 3.4 x 107
2.5 69 122 130.432 7.11780 2.20357 6.3 x 107
3 84 129 166.491 7.74969 2.701F 1.0 x 108
3.5 95 148 179.277 8.39875 3.197 1.5 x 108
4 104 171 174.444 9.04051 3.691F 2.0 x 108
4.5 115 182 180.980 9.60267 41879 2.6 x 103
5 123 203 162.849 10.1867 4.68F] 3.3 x 108
6 140 233 134.815 11.2372 5.6735% 4.9 x 10®
7 157 255 102.822 12.1906 6.6607] 6.7 x 108
8 173 275 64.493 13.0786 7.65957 8.9 x 108
9 189 290 27.233 13.9005 8.65457 1.1 x 10°

10 201 317 7.257 14.6852 9.65457 1.4 x 10°
100 803 903 2.722 46.2060 99.438 6.6 x 10'°

2 Median value

With h and u determined, the constraint A®gg =
0 can be solved simultaneously with to yield
{Ah,Au}. A numerical search for the maximum value
of subject to h + Ah, Max{z(t), 2,(t)} € [0, L] and
T > (2N + 1)Aty T was conducted for N, M € Ny.

Making T a free parameter necessitates finding the
maxima of the trajectories and this increases the compu-
tational time for the calculations. Therefore we restricted
our search to L = 10m for Sr. The optimal parameters
were found to be N = 387, M = 461,T = 0.7756s, lead-
ing to a photon-recoil phase of A® ~ 1.1 x 10'%rad —
a factor of 5 larger than the ‘X’ configuration for the
same L. The corresponding trajectories, traced back to
their inception, are presented in Fig. [l The initial con-
ditions of the interferometers for these trajectories are

h = 5m, v = 8906ms~t, h + Ah = 4.8661m and
w4+ Au = 7.930ms~!, corresponding to launching the
cloud at z = 0m with a velocity of éjaunen = 12.584 ms™?
at tiaunch = —474ms.

VII. DETERMINATION OF THE
FINE-STRUCTURE CONSTANT

Photon-recoil measurements from atom interferometry
are used to determine the fine-structure constant via

» 2R A(X)
¢ Aq(e) m(X)’

@ (66)
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FIG. 4. Optimal trajectories from inception for the fountain
configuration with L = 10m for Sr. The dotted vertical lines
indicate the timings of the four 7/2-pulses (the final one being
coincident with the final time).

where R, is the Rydberg constant, c is the speed of
light, A, (X) is the relative mass of the atomic species X,
A, (e) is the relative mass of the electron, h is Planck’s
constant, and m(X) is the absolute mass of X. The
fine-structure constant is a free parameter of the Stan-
dard Model proportional to the square of the QED cou-
pling constant and, thus, its determination is important
for precision tests of fundamental physics. Determina-
tions of « relying on atom interferometry are some of
the most precise; Rb [19] and Cs [I8] are currently the
only two atoms used, but a discrepancy of more than
50 exists between the resulting values. This discrep-
ancy limits the precision with which the electron mag-
netic moment can be compared with its Standard Model
prediction [2I]. TIts levity means that the electron is
a factor of (m,/m.)? ~ 4 x 10% less sensitive to any
lepton-flavour-universal beyond-standard-model interac-
tion than the muon [45]. A possible tension between
the current experimental and theoretical values of the
anomalous magnetic moment of the muon exists at the
level of 2.5 x 1079 (see, e.g., [46]); the electron would be
sensitive to beyond-standard-model explanations of this
tension if the measurement precision of its anomalous
moment were improved by a factor of 2.2 [21], but ex-
posing this would require the Standard Model prediction
at a precision more than an order of magnitude better
than offered by the current discrepancy in «. Therefore,
it is very pertinent to carry out additional high-precision
determinations of the fine-structure constant and this
could be achieved through atom interferometry experi-
ments with different atoms, e.g. Sr, Yb (this work or
[41, 47), or Li [48], and/or by other means, e.g. He fine-
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structure measurements [49).

The uncertainty budget for the fine-structure constant
(assuming negligible correlation between the experimen-
tal input values) comes down to

Aa\? 1 [(ARL\? | (AA(e)\?
(%) =3(F) (%)
2 2
+<AAT(X)> . (Am(X)> ] (67
Ar(X) m(X)

The current best relative uncertainties for the quan-
tities other than the absolute mass of strontium are
ARy /Rs = 1.9 x 10712 20], AA,(e)/A.(e) = 2.9 x
1071 [20], AA,(Sr)/A,(Sr) = 7.0 x 107 [50, BI]. A
measurement of the absolute mass of strontium at the
level of precision of Am(Sr)/m(Sr) ~ 1 x 1071 would
thus yield a value for the fine-structure constant at the
level of precision of Aa/a = 3.8 x 10711, limited by the
precision of the relative mass of strontium [50} 51]. This
would represent an improvement in absolute mass mea-
surement precision by an order of magnitude compared
to [19], and would lead to an increase in the precision
of the fine-structure constant by a factor of 2. Improve-
ments in the precision of the relative masses, A, (e) and
A,(Sr), to the level of 107! — perhaps by using Penning
traps operated at lower temperatures than previously —
would then lead to a precision for a an order of magni-
tude better than the current record.

For Yb, the relative uncertainty in the relative mass
is AA,.(Yb)/A.(Yb) = 8.2 x 10~ [50, 51]. Similarly, a
measurement of the absolute mass of ytterbium at the
level of precision of Am(Yb)/m(Yb) ~ 1 x 10~ would
yield a precision of Aa/a = 4.4 x 107! and be limited
by the precision of the relative mass of Yb [50} 51].

Other neutral divalent atomic species (alkaline-earth
like atoms) that are being explored for use as optical
clocks include Hg and Cd. The natural lifetimes of the
clock state in 199-201Hg are < 2s, which would result in
significant contrast loss from spontaneous emission for
the method we propose. Although the natural lifetimes
of the clock state in 111:113Cd are comparable to those
in Yb, and the recoil frequencies are larger than for Sr
by about a factor of 3, the precision to which the rel-
ative masses are known is worse by about a factor of
30. Accordingly, the increase in recoil frequency sensi-
tivity afforded by the shorter clock wavelength motivates
higher precision determinations of the Cd isotope rela-
tive masses before a competitive determination of o can
be made based on them. The techniques and issues in
making precise mass comparisons, including possible im-
provements, are reviewed by Myers [52].

Assuming an experimental phase resolution of 1 mrad,
we find an instrument of height L = 3m operating in
the ‘X’ configuration with a laser pulse separation of




Attt = 1ms to be sufficient for an absolute mass mea-
surement of Sr or Yb at the level of 1 x 107!, The
total number of LMT pulses required for this, fewer than
500, is feasible with existing techniques [44] 53]. Interest-
ingly, such a precise measurement of the absolute mass
of strontium would be sufficient to resolve the rest-mass
difference between the ground and excited states,

m(Sr 5s5p3 ) hw

B R
m(Sr 5s215)) m(Sr 552 15)c?

~ 2.2 x 1071,
(68)

Reliably making an atom interferometry measurement
of such high precision requires careful control of system-
atic effects. The majority of the systematic effects in
[18, [19] arise from the laser beam. Intermediate-scale
atom interferometers (prototypes for larger-scale gravi-
tational wave detectors) are being designed to very high
specifications [29, [30] that should result in laser pulses
with systematics comparable (at worst) to the present
generation of Rb [19] and Cs [I8] experiments (but there
is scope to improve them). Although the light shifts and
diffraction phases arising from Raman/Bragg pulses and
Bloch oscillations used for Rb and Cs can be avoided by
using single-photon pulses in Sr or Yb atoms (or other
neutral atomic species with suitably narrow clock transi-
tions), other systematics may arise. Further information
about these is likely to be gained from the ongoing de-
velopment work on the single-photon method.

Whilst we have used an LMT pulse separation of
Aty = 1ms = Arpmyr to demonstrate the optimi-
sation of trajectories, we note that a transform-limited
pulse of such duration would have a bandwidth of less
than 1kHz. This would require quite accurate pulse de-
tunings in order to address the atoms, and so shorter
pulses are likely to be preferred for an experimental im-
plementation of our proposed scheme. Having estab-
lished that sufficient precision can be achieved in prin-
ciple with this approach, a future stage will be more
complete modelling of the interferometry sequence that
includes the frequency detuning of the pulses, and their
selectivity (addressing one arm, or more). The theo-
retical methods for implementing this are well known
139, 53, 5.

The terms of order 1/c¢ in due to the finite light
propagation time are presented in Table[VI]for the trajec-
tories in Sec. [VIl Many of them are found to contribute
more than 1 mrad to the total differential phase and thus
represent a new systematic that arises when conducting
offset simultaneous conjugate atom interferometry with
macroscopic spatial separations.

An even value of N effectively results in the first N +1
pulses in the scheme forming a finite-time LMT beam-
splitter in which the influenced arm is left in the excited
state (as for a standard Ramsey-Bordé interferometer).
Using an odd value for N does the same but leaves the
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TABLE VI. Magnitude (in radians) of the terms in for
example optimal trajectories found in Sec. [VI} L = 5m for Sr
is given as an example for the ‘X’ configuration, and L = 10m
for the fountain configuration. The indices are as in Table
[VIIT] Many terms contribute above the targeted 1 mrad level.

Index ‘X’ [L=5m] Fountain [L=10m)]
1 5 x 10° 1x 10
2 4 %107 1 x 10°
3 3x 107! 0
4 2x 107! 4%x1073
5 6x 107! 2x 107!
6 9x 1072 9x 1071
7 9x 1073 2x 1071
8 2 x 1072 1x 1072
9 3x 1072 2x 1071
10 6x 1073 1x 1071
11 0 5x 1076
12 0 2x107°
13 0 5% 1077
14 0 0
15 0 0
16 2x 1077 5x 1077

influenced arm in the ground state. The parity of M
dictates whether or not the internal states are the same
after the deflecting pulses as before. A modification to
our scheme — taking M to be even for the diminished in-
terferometer but odd for the augmented interferometer as
well as sending pulses from the third Ramsey-Bordé pulse
onwards in both directions — would allow its use with
less long-lived atomic states whilst still benefiting from
the long interaction times afforded by intermediate-scale
atom interferometry instruments.

VIII. CONCLUSIONS

Atom interferometry in intermediate-scale instruments
using the long-lived excited states of single-photon clock
transitions presents an opportunity for photon-recoil
measurements with improved sensitivity. The technique
of offset simultaneous conjugate Ramsey-Bordé atom in-
terferometry may be performed using ultracold atom
clouds from separate sources. The ability to indepen-
dently control the launch from each source will allow the
trajectories of the atoms to be tailored in order to miti-
gate the gravity gradient phase while optimising the use
of the interferometry region.

We propose a scheme utilising m-pulses for LMT be-
tween the first and final pairs of Ramsey-Bordé pulses
to increase the photon-recoil energy difference and be-
tween the middle pair of Ramsey-Bordé pulses to deflect
the interferometers, the LMT order in these two parts
of the interferometer being N and M, respectively. The



differential phase shift for this scheme is derived, includ-
ing terms arising from the finite propagation time of the
laser pulses between the interferometers, as well as an
expression for the gravity gradient phase shift.

We find the optimal trajectories for the ‘X’ configura-
tion in an instrument of length L = 3m for both Sr and
Yb. Assuming an experimental resolution of 1 mrad can
be achieved, then this optimised design of interferometer
gives a recoil-frequency measurement that can improve
the precision of the experimental fine-structure constant
determination by a factor of 2 as compared to the cur-
rent best precision [19]. Such a measurement would also
constitute the highest-precision absolute mass measure-
ment of an atom, with a sufficient precision to resolve
the mass difference between the strontium ground and
excited states. Further gains in the precision of a would
then be possible subject to improved relative mass mea-
surements of the electron and atomic isotope, and will be
necessary for future tests of the Standard Model by the
electron magnetic moment.

An additional order of magnitude gain in absolute mass
measurement precision would be possible in an instru-
ment of size L = 10m, with further improvements for
a fountain configuration. Further gains in sensitivity for
any instrument size would come with shorter LMT pulses
at sufficiently high Rabi frequencies.

While this design study is not based on any particu-
lar instrument or experiment, we note that there are 10-
metre-scale atom interferometry experiments under de-
velopment with Sr or Yb, including AION-10 at Oxford
[29], the Sr prototype tower at Stanford [30], and the
VLBAI-Teststand in Hannover [31].

Finally, we note that the contributions to the phase
shift arising from the propagation delays of the laser
pulses between the interferometers can enter above the
level of 1mrad for the trajectories we have identified.
These contributions are likely to become larger for even
longer baselines, as proposed for atom interferomet-
ric gravitational-wave observatories such as AION [29],
MAGIS [30], MIGA [55], ELGAR [50], and ZAIGA [57].
Therefore, the detailed study of these effects considered
in this paper by measurements on intermediate-scale pro-
totypes is a crucial step towards very-long-baseline atom
interferometry.
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APPENDIX A: APPROXIMATIONS FOR
CALCULATING TIME DIFFERENCES OF
LIGHT BETWEEN TRAJECTORIES

The derivations in the following appendices rely on
some textbook mathematical results that are outlined be-
low for convenient reference.

A.1. TAYLOR EXPANSION OF QUADRATIC
FORMULA

The quadratic formula, the general solution to the
quadratic equation 0 = ax? + bx + ¢, may be re-arranged
as

—b

‘T:%

dac
1+4/1— 1)21 . (A1)

For the case b?> > 4ac, the square-root may be approxi-
mated by its Taylor expansion

—b 2ac  2a2c?
~— 11— — — . A2
T % [ ( Bz b )] (A2)

Taking the negative sign (small z), we find

_ 2
x=;+0((fg>. (A3)

Thus, to second order in 1/b, the solution to the
quadratic equation (for b > a, c) reduces to the solution
to the linear equation 0 = bx + c.

A.2. GEOMETRIC SERIES

The geometric series within the radius of convergence,
Ir| <1, is given by

> o= ! (A4)

1—7
n=0

This result may be used to approximate the reciprocal of
a — z for the case |a| > x:

aixi<1—1§)
i<1+z+ (2)2> (A5)

A.3. TAYLOR EXPANSION FOR ROOTS OF
ANALYTIC FUNCTIONS

Q

Finding the time differences in , 7 and
compared to is equivalent to solving

0= f(zo+¢)—g(xo) e (AG)



for e, with functions f and g analytic at zg, ¢ < 1,
and |f'(zo)| < ¢. An approximate solution to may
be found by taking the first-order Taylor expansion of f
about z, resulting in

0= f(zo) + f'(z0)e — g(wo) £ ce

g(xo) — f(0)

= ErR .
te+ f'(xzo)

(A7)

A bound on the error of the approximation can be found
by taking the second-order Taylor expansion of f about

zo and using (A3):

0 ZE0e2 4 (1(ag) & e + (20) ~ gl0)
N 9(zo) — f(@o) S (o) (f(x0) — g(x0))?
TN e () *0( & >

(A8)

A more useful approximation is found by applying the
result of (A5)) to this expression. We find, to second-order
in 1/e,

e~ (g(xo) — f(‘”O))m
< o) (g L) )

0= 25(t2 + Atg) - Za(tg) — CAtQ

= %(tQ + AtQ) - Zo(tg) — Up ((

c

N
S Ab (1+“+A”9t?> (Ah+Aut2vr ((N+1)T2§ :t(”)>>
C

0 = 2z5(ts + Ats) — zo(t3) + (—1)McAts

15

A.4. APPLICATION TO TIME DIFFERENCES

For our problem, we wish to solve for the intersection
of the worldline of the photon with the worldline of the
trajectory z;(t) (j € {8,7,9}) given coincidence of the
photon with the trajectory z,(t) at some time ¢;. Ig-
noring general relativistic effects on the worldline of the
photon, its trajectory is defined by

Z}(t) = Za(ti) + Xic(t - t,) (AIO)

The equation for the atom-photon intersection z;(t; +
At;) = z;(t; + At;) can be solved for At; by rearranging
it to take the same form as (A6):

0= Zj(ti + Ati) -

za(t;) — XicAt;. (A11)

A.4.i. RAMSEY-BORDE PULSES

For the Ramsey-Bordé pulses, At; is calculated for
zy(t) and Aty, Ats, and Aty are calculated for zs(t).
We find (to second-order in 1/c)

0= 2zy(t1 + At1) — za(t1) — Aty
= ZAE)(tl + Atl) — Zo(t1) — cAt;
utBu-gh

1
C C

) (Ah+ Aut;) (A12)

N
N+1)T -2 t<">> — cAty

n=1

(A13)

n=1

M

= Zo(ts + Ats) + (M + 1o, Ats — 20(t3) + v, ((2M +1)(ts —to) = (N+ )T — Aty — > <2T<’”) + 5T§m))

N
+23° t(”)> + (=1)McAts
n=1

M1y Ut Au gty + (M4 Do,
C

M N
— 27(m) 4 57(m) 4257 ¢
S (27 4 6707) ))
n=1

m=1

1

m=1

) (Ah + Autg + Uy <(2M + 1)(t3 — tg) — (N + 1)T — Atz

(A14)
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0= Z§(t4 + At4) — Za(t4) + (—1)MCAt4

= 2o(ta + Aty) + (M + 2)v, Aty — 2o(ts) + vy ((2M + 1)(t3 — to) + (N +2M + 2)T — Atz — Aty

M N
_ Z (27.(m) + (57’§m)) _ Z (Qt(") _ Até(ln) + Atén))> + (—1)McAt4
m=1 n=
1 Au — M + 2)v,
= Aty w ( MLy A gt‘*j (M +2)v ) (Ah + Auty+ v, <(2M )t — t2) + (N +2M +2)T — Aty
M N
Z (200 ory™) = 37 (26 = At + al”) )) (A15)
n=1

A.4.4i. ADDITIONAL RECOIL-ENERGY-DIFFERENCE PULSES

For the additional recoil-energy-difference pulses, Atg")

and AtJ" are calculated for z. (), and At{™ and At are
calculated for z5(t).

We find (to second-order in 1/c)

0=z, (tl IO Ati’”) . (t1 + t<">) — (—1)eAE™

n—1
— % (t1 +t™ 4 At@) + v, A — 2 (t1 + t(")) — 0, (At1 +3 At?’) — (—1)"eAt"
p=1

o1 Au — g(ty + ™ - S
SN ((_1)n+ ut Au— g 1c+ )& ) (Ah—i—Au(tl +¢™) — v, (Atl + 3 AP (A16)

p=1

0=z, (tz O At(")) —z, (t2 _¢(n )) (- 1)nCAt(2n)

p=1 p=n-+1

N N
=5 (ta = 0+ ALY+ (n+ 1, A — 2 (2 = 1) — v, (Atl +3 Al - 3 Até’”)

_ (—1yend

1 Au — g(ty — ™ 1 N
= Atén) ~ ((_1)n n u+ Au— gty —t"™) + (n + )Ur) (Ah—l—Au(tz _t(n)) —, (Atl +2At§p)
C C

p=1

- XN: Atéﬂ”)) (A17)
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0=z (t3 + ) 4 Até”')) — Za <t3 + t(”)> + (=1)MFnreA™

— 7 (t3 + ¢ 4 Atg”)) + (M +n+ Do, At — 2 (t3 + t(”>> + v, ((2M +1)(ts —ta) — (N + DT

n—1 M N
+(2M 420+ 1)t — Aty — Aty — YA — Y (27’<m) + 5r§m)) +23° t<p)> + (=D)MFrear(
p=1 m=1 p=n
1 Au — g(ts + ™ M 1)v,
éAtén)%C((l)NI+n+l+u+ u g(3+ C)+( +n+ )'U ) (Ah+Au(t3+t(n))+vr<(2M‘|’l)(t3t2)
n—1 M N
+ (M 420+ 3 — (N + )T = Aty — At — > AEY = 3 (2707 467 ) 42 3 t(P>>>
p=1 m=1 p=n+1

(A18)

0=z <t4 — ™ 4 Ati’”) ~ Za (t4 - t(”)) + (~D)M Aty

:z}(m—t("wmg"))+(M+n+2)vrAt§1)—zo (t4—t<"> + Uy <N+2M+2 )T — (2M + 2n + 3)t0) — Aty

N M
+ (2M +1)(t5 — t2) — Aty — ZAt(”) 3 <2t(P> - Atf{’)) -3 (27("” + 5T§"”)) ) + (=D)MFrear™
p=n+1 m=1

u+ Au— gty —t™) + (M +n+2)v
C

= At ~ % <(1)M+”+1 + T’) <Ah + Au(ty — t™) + v, ((N +2M +2)T

N M
M+ 1)(ts — t2) = @M + 20+ 3 — Aty = At — 3 (260 — AdP) = 3 (200 4 67(™)
p=n-+1 m=1

N
S Atgw) ) | (19)
p=1

A.4.4i. DEFLECTING PULSES

For the deflecting pulses, 5T[gm) is calculated for z(t), (5T—§m) for z,(t), and 5’7’§m) for zs(t).
We find (to second-order in 1/¢)

0= 25 (b2 + 7 4 670 = 2 (12 4+ 7)) = (1) 7™

-1

3

=2 (t2 + 7 4 (5Tém>) —(m— 1)vrt57[(3m) — 20 (tg + T(m)) — Uy ((N +1)T —

(p) n
0Ty — QZt( )>

1

p

— (=1)"coTy

m) _ U [ ym, 4= g(ta+7) = (m = 1), (p) (n)
= d7y" ~ = (( ™+ —(N+1 T—|—Z(57’ +2Zt (A20)

Cc

n=1
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=2z, (t2 +7m 4 (57,5’”)) — Zq (tz + T(m)) - (—1)m057’,5m)

=2 (tz + 7(m) 4 5rv(m)) + mvrérv(m) — 20 (tz + T(m)> + vy ((Zm —1)7™ — Aty + nz:l (At2 Atg")>
—1

3

EM

(QT(p) + (57'(p )) — (—1)mc<57'§m)

_ (m)
= ) 1 ((_1)m L utbu—glla+ ™)+ mv’") (Ah + Au(ty + 7)) + v, ((Qm —1)rm — At
C &
N _
o3 (2 o) 5 (0 4o ) (21
n=1 p=1

0=z (tg +7m 4 (5T§m)) - Za (tg + T(m)) - (—l)mcéTém)
m—1
(t2 + 7(m 4 575 ) + mvréTém) — 20 (t2 + T(m)) + vy ((Qm —1)7™ — Aty — (27'(1’) + 5T(§p)>
p=1
N
~(N+1)T+2) t(")> — (—=1)eor(™
n=1

= or{™ ym “+AU—Q(t2+T(m))+mvr

. ) (Ah + Au(ts + T(m)) + v, ((Qm — 1)T(m) — Aty

mzl (2T +or P>) - (N+1)T+2§:t(”)>>. (A22)

p=1 n=1

The time delays carrying a factor of ¢ require substitution of the full second-order expressions - except
for the terms arising from time delays that, since they are of order 1/¢, introduce terms at second-order in 1/c in the
final phase. All other time delay terms need only be substituted as the first-order expressions presented in Table
It is useful to note that, to first-order, 67‘§m) = 6Tﬂ(,m) + 6T[gm)

TABLE VII. Propagation delays to first-order in 1/c¢ for t™ = pAtimr and 7 = tg — o + (m — 1)Atumr. We define
tt)=t—ta+ M(2(t —ta) — (M — 1)Atpmr) and N = (N + 1)(T — NAtrmr) to simplify the expressions.

Symbol Expression

cAty Ah + Autq

cAto Ah + Auts — No,

cAts (=1)M+ (AL + Auts + (t(ts) — M) vy)

cAty (=1)MH (AR + Auts + (t(ts) + M) vr)

N (=1)™ (Ah + Au(ts + nAtiur))

N (=1)™ (Ah + Au(tz — nAtiur))

N (=1)MH+ L (Ah + Au(ts + nAtiur) + (tts) +n(2M + n + 2)Atoar — N) v,

At (=1)MH+ L (AR + Au(ts — nAtour) + (t(ts) — n(2M + n + 2) Atoar + N) vy
cor™ (=)™ 19w,

C(ST(m) ( 1) (Ah + Au(td + (m — 1)AtLMT) + (td —to + (m + 1)(m — 1)AtLMT) U7-)
o <m> (=1)™ (Ah + Au(ta + (m — 1) Atiar) + (ta — ta + (m + 1) (m — 1) Atour — N) v,.)
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APPENDIX B: DERIVATION OF PHASE FOR THE PROPOSED ATOM INTERFEROMETER

After substituting the values from Table [I| into , noting that the terms with ¢; do not contribute, we find

AD =Ek (za(tl + Aty) —Zg(t1) — Za(ta + Ata) + Zq(ta) — Zo(ts + Ats) + Za(ts) + Zo(ta + Aly) — Za(ts)

+§:1 [z (114100 4 A6 =z (11 +100) =% (10— £+ ALY 424 (12— 1)

% (tg + 4 Até”)) +%4 (t3 + t(”)) +7Z, <t4 — ) Atf[”) — %, (t4 - t(")) }

+ % [za <t2 4+or(m) 4 675"”) ~z, (tz 4 or(m) 4 5T§m)) + %y (tz + T(’”)) - (tz +rm 4 &é’”)) D (B1)

m=1

Using and , (B1) can be re-written in terms of light propagation delays (A1l) and the arm separations of
the interferometers:

N
AP = ke (At1 — Aty + (—1)M (Aty — Aty) + Z ( At — A 4 (—1)M (Atf{‘) - Atf[‘)))
\ -
+3 (=pm (5T§m> . 5Tgm> ) (Azd t1) — Azq(ts + Aty) — (Azq(ta) + Aza(ts + Aty))
m=1

(Azd(tg, + Az, (t3 + Atg)) + Az’d( + Aza(t4 + At4)

)+
+ Z {Azd (1 +10) = Azg (11 + 60+ A6M) = (A2 (t2 = 10) = Az (82— ¢ 4+ ALY
(Azd (t3 + t<">) + Az, <t3 10 4 At ”))) Az <t4 - t(n)) LA, (t4 g Atf{”) }

M
-3 [Azd (t2 + T(’”)) + Az, (tz 4 &5"”) + Az (tz + 7 4 67[(;”)) + Az, (tz + 7™ 4 (5T§m)):| ) .
m=1
(B2)
The terms in (B2)) that carry a factor of ¢ are those that require the use of the second-order time delays in (A12))

— (A22). To simplify this expression, we note that for laser pulses ¢ and j the sum and difference of the impulse
response functions accounting for propagation are given by

Ctiy tj) — C(ti + Aty tj + Aty) = v,0(t; — tj)(t; — t;5) — v.0(t; + Aty — t; — At) (i + Aty — t; — At;)
POt — 1) (At — Aty) (B3)

((ti,tj)+<(ti+At1,tj+At): O(t; — t;)(ti — t;5) + v.0(t; + Aty —t; — At;)(t; + At; — t; — At;)
=0, 0(t; —t;)(2(t; — t;) + At; — Aty), (B4)

where 0(t) is the Heaviside step function. Hence, (B3)) and (B4) can be used to express the sum or difference between
arm separations at the times of the laser pulses:
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Azy(t; t + At;)

( (t; — t1) (At — AL;) — O(t; — to)(Aty — Aty) — 0(t; — t3)(Ats — Aty)

EN: { (t - >) (At@ - AtZ) .y (ti — by + t(”)) (Atg”) - Ati) -0 (t - ">) (Até") Ati>

40 (10—t 1) ()~ 80) ] = 30 0 b -t — 70 (2000 12— 70) 5 A, — 6l

m=1
—0(t —ty— 7™ —§7 (m))( (t; —tg — (™ —5Tﬁm))+At 577(’”))}) (B5)
Azd(ti) + Aza(t' + Atl)
O(t; —t1)(2(t; — t1) + At; — Aty) — 0(t; — t2)(2(t; — t2) + Aty — Ato) — 0(t; — t3)(2(t; — t3) + At; — Ats)

+ XN: [0/(t = 1 = £00) (2t — 11 = ¢00) + Aty = AK) =0 (8 =t +£00) (2t — t2 + ™) + Aty — A"

n=1
.y (ti oty t(")) (Q(t,» —t5 —t™M) + At; — Até”)) +0 (ti — g+ t(")) (Z(ti ity t™) ¢ A — Atf[”) D :

(B6)

where we have used the result that 5T(m) 5Tym) + 5T’Em) to first-order in 1/c. After substituting 1) and into
and simplifying, we find

N
AD = ke <At1 Aty + (~1)M (Aty — Atg) + 3 (1) (At@ AR 1 (1M (Atg") - Atﬁ[”))
n=1
M

+3 (™ (5757") R 5Tgm>)> + Wy ( — 2N+ 1)(N +2M + 2)T + (2M + 1) (At — Aty)

m=1

N
+At3—At4+Z

A2M +n+2)t™ + (2M —n + 1) (Atgm - At;”)) +(n+1) (Até") - Atf{”)

N
+ 30 [+ A - AP A - AP ) : (BT)
p=n

where w, = hk?/(2m) is the atomic photon-recoil frequency. This is equation in the main text. We use the
LMT pulse timings defined by and , and the propagation delays defined by (A12)) — (A22) and Table to
evaluate using MATHEMATICA, with the case of even N and M verified by hand. We find
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(M + 1)”7")]

AD = (N+ 1)(N+2M+2)k’l}r(T - NAtLMT) - 3
1+ (=D)M)kgART kA
L )26) gANT QZT [+ A — gty +t2) + (~ DM (u+ Au — g(ts +ta) +
—1)M e,
- ()270”7- [(2M +1) (u+ Au— g(ts +t3 — tq) + (M + 1)v,) — g (ta — ta — M*Arur)]

n kv, (T —QJZAtLMT) [(N+1) (Au+ g(2(tg — t2) — ArmT))

—(=D)M ((N 4+ 1) (Au = g(ts + t3 — 2tg + A7pyr) +
_ (—I)Nkvr (T — (2N + I)AtLMT) [(_1)M

2c
+(N + 1) Au+ (=1)M(1 = (-1)N)MgAtinmr]
DY) (Au+ (-

kv Atpar
+H(=DN (N + o]

vl (SR

where T = T + Atrumr + (71)N (T —
order 1/c. Its terms are indexed by their position and deconstructed in Table [VIII

DM (2u + 3Au — g(ts + ta) + (4M + 3)v,))

(2M + 1)”7‘) + 2NMgATLMT)]

(N +1) (2u+ 3Au — g(ts + ta) + (2N +4M + 5)v,.)

(2N + 1)Atrmr). This is the full expression for including the terms of

TABLE VIII. Breakdown of (B8] into its component terms. Each term is ascribed an index according to its position in the

expression. We define 7 =T + Atomr + (fl)N (T —
or the ratio of quantities with dimensions of speed.

(2N 4 1)Atrmr) for brevity. The dimensionless ratios are all either unity

Index Angular frequency Time Dimensionless ratio

Numerical coefficient

1 kv, T — NAtL,mT 1

2 kv, AtLmr 1

3 kgAh/c T 1

4 kA T (u+ Au—g(t1 + t2)) /c

5 kAu T (u+ Au—g(ts +t4) + (M + 1)v,) /e

6 kv, T (u+ Au —g(ts +tz — tq) + (M + 1)v,) /e

7 kvr T g(td—tg —M2A7‘LMT) /C

8 kv, T — NAt v (Au + g(2(td — t2) — ATLMT)) /C

9 kv, T — NAtpmT (Au — g(t4 +t3 — 2tg + ATLMT) =+ (2M —+ l)vr) /C
10 kv T — NAtimr gATLMT/C

11 kv, — (2N + D)Atimr (2u+ 3Au — g(ts +t4) + (2N +4M + 5)v,) /c
12 kv, — (2N + 1)AtLMT Au/c

13 kv, T — (2N + 1)Atevmr gATLMT/C

14 kv, Aty Au/c

15 kv, AtmT (2u + 3Au — g(ts + ta) + (A4M + 3)v,) /e

16 kv, AtLmT ’Ur/c

(N +1)(N +2M +2)
—N(N+1)(N+2)/3

1+ (-1)™)/2

-1/2

( )1W+1/2
(=DM (2M +1)/2
(=DM/2

(N+1)/2
(=DM*N +1)/2

( 1)]VI+1NM
(=D)VFHN +1)/2
(=DYTUN +1)/2
(=DM = (~=1)Y)M/2
—(1+(=1)")/4
(=DM A+ (1)) /4
( 1)N+1M+1(N+1)
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APPENDIX C: DERIVATION OF GRAVITY GRADIENT PHASE FOR OUR ATOM
INTERFEROMETER

After substituting equations and into and using and , we partition the integral for A®gq
into time intervals between consecutive laser pulses to find

ti+nAtimr nd
/ (AR + Aut) (n(t —t1) — Atpur Y p> dt]
t

1+(n=1)Atrmr o

N
A<I)GG ~ _szz lz [

n=1

to—NAtLMT N
+/ (Ah + Aut) <(N +1)(t—t1) — AtLar Y n> dt
t

1+NAtLmT
N
+2

n=1

n=1

to—(n—1)AtLmT N N
/ (Ah + Aut) ((N+1)T+n(t—t2) — Atpuar <Zp+2p>> dt]

o—nAt,MmT p=n

ta N
+/ (Ah + Aut + Ur(f, — tg)) ((N + l)T — 2AtLmT Z n) dt

to n=1

M-1 tg+mATLMT m
+ / Ah+ Aut + v, [t =ty +2m(t — ta) — 2AmLn7 > _(p— 1)
m=1 |/tat(m—1)Am mT p=1
N
X ((N + )T — 20t e Y n) dt]
n=1

i3 M
+/ (Ah+AUt+UT (t—t2+2M(t—td)—2ATLMTZ(m—l)))
t

a+H(M—=1)ArpmT m=1

N
X ((N + 1)T — 2AtLMT Z n) dt

n=1
N
+

n=1

ts+nAtLmT n—1
/ Ah+ Aut + v, [t =ty +2M(t — ta) +n(t — t3) — Atpyr Y p
t3+(n—1)AtLmr p=1

—2A7nT Y (m - 1))) ((N + )T — n(t — t3) — Atpyr (Zp + Zp)) dt]

p=n

ta—NAtLvT N
+/ Ah+ Aut + v, [t =ty +2M(t —ta) + (N + 1)(t — t3) — Atpyr Y n
t3+NAtLMT n=1

M N
—2A7pmr Y (m - 1))) ((N + (T = (t—t3)) — Atpur n) dt

n=1
N

2

n=1

t4—(TL—1)AtLMT
/ (Al 4 Aut + v, (E— ts + 2M(t — ta) + (N + 1)T + n(t — ta)
t

4—nAtLmT

—AtLMmT (Zp =+ Zp) — ATLMT Z (m — 1))) (—n(t — t4) — AtLMT nzp) dt‘|‘| . (Cl)

p=n p=1

Mathematica was used to evaluate this expression and arrive at .
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