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The partial trace operation is usually consid-
ered in composite quantum systems, to reduce
the state on a single subsystem. This opera-
tion has a key role in the decoherence effect
and quantum measurements. However, partial
trace operations can be defined in more generic
situations. In particular, it can be used to re-
strict a quantum state (for a single or several
quantum entities) on a specific region of space,
the rest of the universe being treated as an
environment. The reduced state is then inter-
preted as the state that can be detected by an
ideal probe with a limited spatial extent. In
this paper, such an operation is investigated
for systems defined on a Fock Hilbert space.
A generic expression of the reduced density
matrix is computed, and it is applied to sev-
eral case studies: eigenstates of the number
operator, coherent states, and thermal states.
These states admit very different behaviors.
In particular, (i) a decoherence effect happens
on eigenstates of the number operator (ii) co-
herent or thermal states remain coherent or
thermal, but with an amplitude/temperature
reduced non-trivially by the overlap between
the field and the region of interest.
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1 Introduction

The partial trace is a key concept in the theory of
open quantum system [1, 2, 3]. It aims at describ-
ing the state of a quantum system in interaction with
an environment. This latter does not have specific de-
grees of freedom in the system state, it is "traced out".
This operation is defined when the Hilbert space H of
the full system can be expressed as a tensor product
of two Hilbert spaces H, and H., associated respec-
tively with the system and the environment. Then
the reduced state (density matrix) is defined by

ps = Tre[p] = D (i, klpld, k)i) (j] (1)

ijk

where |i,k) € H = Hs @ H, are level states ¢ and k
of the system and the environment, and |i) € H, are
states of the system only.

A typical application of such an operation is the
computation of an atomic state in interaction with the
electromagnetic field [1]. By using a time-dependent
state for these two entities and the partial trace,
the time evolution of the atomic state alone can be
computed. The electromagnetic field is then present
through dynamical properties. The main advantage
of such an operation is that the dimension of the sys-
tem can be considerably reduced, and it is usually the
starting point for both analytic and numerical com-
putations.

In this example, the system and the environment
are straightforwardly identified since they are two dis-
tinct physical entities. However, a similar idea can be
applied to more subtle situations. Among them, there
is the case of a complex quantum system, with a very
large Hilbert space, for which few energy levels are
isolated, and the other levels are treated as an en-
vironment (levels of the environment interact rather
weakly with the levels of interest). In such a case, a
partial trace is also relevant, albeit more subtle to es-
tablish (using e.g., effective systems [4]). Until now,
the states have referred to function spread over a po-
tentially wide region, and the partial trace does not
necessarily change the size of the region. One can
also wonder what happens to the state of a system
when it is restricted to a small region of space, po-
tentially smaller than the one in which it is located.



https://orcid.org/0000-0002-4594-5978
mailto:quentin.ansel@univ-fcomte.fr

Again, a partial trace is the natural mathematical op-
eration to use in such a circumstance. This question is
usually not considered in standard quantum mechan-
ical problems because we can avoid this issue. How-
ever, it tends to become necessary in quantum field
in curved space-time [5] or quantum gravity (mostly
in loop quantum gravity or in the spinfoam formal-
ism [6, 7]) since the geometry of space is not flat, and
it is useful to restrict the study to a small region that
can be modeled accurately with a minimum of degrees
of freedom.

It can also be relevant for the study of a quantum
state in two non-inertial reference frames. In such a
case, there are causally disconnected regions, and af-
ter the change of frame, these regions are traced out,
to keep only the one causally connected with the ob-
server. This idea is at the origin of the Hawking [§]
and the Unruh [9] effects. With causally disconnected
regions, the partial trace is conceptually simple to es-
tablish, but the very same operation can be carried
out for any region of space, even with causally con-
nected ones. The construction of this kind of state
is relevant in the context of quantum measurements.
A probe can interact with a wave packet whose spa-
tial extent is larger than the probe size. In this case,
the detector cannot resolve the entire field state. A
state tomography [10, 11] can only lead to a state re-
stricted to a given region of space [12]. Then, the
reduced state is interpreted as the state "seen" by a
detector with a finite (and small) spatial extent.

These notes aim to investigate the partial trace of
a quantum state over a (small) region of space. Here,
space-time is treated classically. The idea is to look
at the effect of this partial trace in some very simple
examples, to provide well-established properties and
concepts that could be reused in more complicated
situations. Even though the examples are very stan-
dard, the results are far from being obvious. They
can be directly reused in practical applications, like
photon counting [13, 14, 15, 16], where the detector is
not well adapted to the size of the incoming photons.

The paper is organized as follows. First, a
few elementary materials on Fock spaces and cre-
ation/annihilation operators are given. Then, a gen-
eral formula for the partial trace is derived. Finally,
the formula is applied to 3 types of quantum states, n-
excitation states, coherent states, and thermal states.

2 Preliminary Materials

To define a partial trace operation over a region of
space, several key concepts on Fock spaces must be
recalled [17, 18]. To keep the discussion as simple
as possible, the most standard tools of quantum fields
are used. Specific features of algebraic quantum fields
theory are not necessary, and thus, it is not used in

the following?’.

One of the first key points is that contrary to a
quite widely believed idea, plane waves are not nec-
essary to define the Fock space of a quantum field.
This latter can be defined using any arbitrary func-
tion of V = Ly(CY,d%z), V being the Hilbert space

o0

used to define the Fock space F = @SV‘X’", with
n=0
S an operator which symmetrizes or antisymmetrizes

a tensor (in the following, a focus is made on sym-
metrized Fock spaces). A direct consequence is that
creation and annihilation operators can be defined for
arbitrary elements of V, which means that for a quan-
tum system, such as the electromagnetic field, these
operators can be constructed for any classical field
shape. To fix the notation, we define &:g and ag the
operators that create or destroy a quantum excitation
for a field ¢ € V. Since ¢ belongs to a Hilbert space,
it can be decomposed into a sum of other fields, i.e.

q = Zqim, ¢ € C and n; € V. Then, it is possi-

1
ble to define creation/annihilation operators for each
ni, noted @] and a;. The operators must follow these
properties:

a:r] = Z qid;rv (2)

(@i, al] = (min; )i, (4)
[, a;] = [a],al] =0, (5)

where (n;|n;) is the scalar product in V and 1z is
the identity operator in F. In fact, these prop-
erties are specific cases of Bogoliobov transforma-
tions [19, 20]. They are extensively used in condensed
matter physics and quantum field theory in curved
space-time. In particular, the Bogoliobov transfor-
mation is at the core of the Hawking radiation or the
Unruh effetcs [8, 9].

With these properties at hand, it is straightforward
to decompose a field operator &j] into two field oper-
ators, each one associated with a different region of
space. We define [21]

q=qono +q@m (6)

The function 79 has a compact support on R C R3,
and the function 7; has a support on R. The situation
is illustrated in Fig. 1. Moreover, one must have

@ +qi=1. (7)

1Just to fix ideas, from the point of view of algebraic quan-
tum field theory, the problem of constructing a reduced state
can be written as follows: one would like to determine a
state po € A(Op C O) from the state p € A(O), such that
VA € %(Oo), Tr[poA] = Tr[pA].




Figure 1: lllustration of the splitting of the mode ¢ into two functions whose supports are disjoint.

In the following, we restrict gy and g1 to real numbers,
but the case with complex numbers can be easily de-
duced.

3 The Partial Trace Over a Region of
Space

Using the materials presented in the previous section,
it is now possible to establish a rather general formula
for the partial trace of a quantum state over a region

of space.
First, let us consider a pure state of the form

) =3 %(apmm» (8)

The density matrix is then:

b= Wl = 3 SR @) 0l (9)

Next, &ZI and a4 can be replaced by qodz) + qldJ{ and
qoGo + q1a71, respectively. Using also the binomial the-
orem, one arrives at:

p=> bnt, (Z %(QﬁDk(QO&g)n_k) |0)
nm k=0 ’

x (0] <Z %(QﬁO%rodo)ml) :
1=0
(10)

Using this last expression, the reduced density matrix
po where the region "1" is traced out can be com-
puted. Tt is given by~

po="Tri[p] = > _(i,k|plj, k)1i) (4] (11)
ijk

where, the state |i, k) denotes a state with i excita-
tions in the region 0, and k excitations in the region
1. Also, the state |i) corresponds to a state with ¢

?A similar formula is found in [12], but it remains vague,
and no explicit calculations were performed.

excitations in the region 0, the region 1 being traced
out. Using the orthogonality relation, it is straight-
forward to determine the following expression for the
matrix elements of py:

ol\/ilj1 LA
(12)
for 7 > i. In the case j < i, the result is simply the
complex conjugated of Eq. (12).

(ilpolg) =D orithhy;

This result can be directly used for the case where
p is a mixed state

p= an|7/’q,n><7/’qm|- (13)

By linearity of the partial trace, one gets

po = anTr1[|¢q,n><¢q,n|]v (14)

with Tri[|Yg.n) (¥g,n|] evaluated using Eq. (12).

4 Study of a Few Examples

From the general expression Eq. (12), it is possible to
compute explicitly the reduced density matrix with a
specific choice of state |14). In the following para-
graphs, ‘n-excitations, coherent and thermal states
are investigated.

4.1 n-excitation states

A n-excitation state is defined by [¢) = |ng). It is an
eigenstate of the number operator, i.e. &qu|nq> =
n|ng). With such a state, the density matrix is
p = |n)(n|. Now, using Eq. (12) to compute the
matrix elements of the reduced state, one sees that
Yoti = Ootin and 1/);-{-]' = 0o+jn- These Kronecker
symbols imply ¢ = j, and only states smaller than n
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Figure 2: Purity P as a function of g5 for reduced n-
excitations states, for n in the range [1, 5].

are populated. The final result is
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This state is generally not pure. It corresponds to
a statistical mixture where the probability to mea-
sure 7 < n excitation follows a binomial distribution
B(n,q3). The Eq. (15) agrees with a standard result
in the field of photon counting [3, 13, 15, 14]. It is usu-
ally derived by computing the probability to detect
eigenvalues of the number operator, without taking
into account the system coherence. Here, the result is
a natural consequence of the partial trace operation.

The purity of the quantum state can be studied by
computing

P =Tr[pi] = ZBn q)>. (16)

It is plotted as a function of q(z) in Fig. 2, for some val-
ues of n. P =1 only when gy = 0 or 1. These are the
only cases where the state is pure, which corresponds
to situations where excitations are completely outside
or contained into the region R. Otherwise,P < 1. The
minimum value is reached when g7 = ¢7 = 1/2.

This section is finished with a short study of the
effect of the partial trace on an entangled state.
For simplicity, the initial state is chosen to be a
"Schréndinger cat" state |¢),) = %(|Oq> + [14)-

The reduced density matrix is then

fo = (1 _ ) 001+ 1)1+ 2 (10) 1]+ 1) 0]

(17)
The purity of this state is given by P = 3(2— ¢ +q5)-
It is equal to the purity of a single excitation state,
plotted in Fig. 2. To conclude, the partial trace oper-
ation tends to reduce the entanglement of the system.
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Figure 3: Normalized temperature 1/3'E of the reduced
state as a function of the normalized temperature 1/8FE of
the thermal state, for different values of ¢3.

This is quite a common behavior encountered in open
quantum system theory [1].

4.2 Coherent state

A coherent state parameterized by the complex num-
ber « is defined by [3]:

) = e71o/2 3 j—imzmo» (18)

— Vn!
When this state is inserted in Eq. (12), one gets
1
A\ —|a o+1i *O+j 20 j+1
(ilpols) = Za NG
_ e—|a\2 ( Z |Oé|20 20
(19)

o~ lal? 2 (qo ) ((Joa ) elal®a
Vilj
o 2| 4|2 (qoa) (QOa )]

Vilg!

The last line is determined using the condition ¢? =
1 fqg. A key observation is that these matrix elements
correspond to the ones of a pure coherent state, pa-
rameterized by the complex number gyga. Then, the
reduced state can be rewritten into

po = |qocr)(qocr|. (20)

To conclude, a reduced coherent state remains a co-
herent state, but with an amplitude rescaled by the
fraction of the field contained into the region R. In
contrast with n-excitations states, the reduced state
is always pure, and no decoherence effect can be ob-
served.

4.3 Thermal state

In this section, the state is assumed thermal with re-
spect to the number operator N, = &];&q. It is given
by the density matrix [1]

p=Ns > e B n)(nl, (21)

n=0




where [ is the inverse temperature, E the difference
of energy between two levels, and Nz = 1 — e’ is a
normalization coefficient. The reduced state can be
determined using Eq. (15). The result is

oo n
A - n! 2(n—i) 24|\ /-
Po=Ni D e Y sl
n=0 =0

= my (B +m)! m
N Z e PEE )W(l—qg)kqg [m)(m|
k,m=0 o

) (eﬁE _ 1)efﬁE(m+1)q(Q)m

B mz::o (e=PE(gg — 1) 4 1)m+! [m)(m|
= NB/ Z 6*ﬁ'Em|m><m‘
m=0

(22)

where between the first and the second line, the den-
sity matrix is projected on the states |m), and the
sum over n is redefined into a sum over k. Moreover,
in the last line, one has defined

1 g +ePE—1
B'ln( : 23
E b 23

The reduced state is therefore a thermal state for
which the temperature is modified non-trivially. The
relation between the initial temperature and the tem-
perature of the reduced state is plotted in Fig. 3. The
key observation is that the smaller qg, the smaller the
temperature of the reduced state. This effect is mostly
noticeable for large initial temperatures. For small
initial temperatures, the effect is very weak. More-
over, we can show that 8/ — 0 when q(2) — 0, and
B — B when qg — 1 (which is expected since in these
limits, ¢ is entirely outside or contained in the region

5 Conclusion

In these notes, a general formula for the computation
of the partial trace over a region of space is derived
for a quantum system defined on a Fock space. The
calculation assumes the existence of two regions, one
is the region of interest, and the other is treated as an
environment. The formula is then applied to 3 types
of quantum states. Very different properties of the re-
duced states are observed. In the case of n-excitation
(pure) states, the reduced state is a statistical mix-
ture of states with ¢ < n excitations. We thus observe
a very typical effect of open quantum systems, which
can be interpreted as a decoherence effect. For co-
herent and thermal states, the reduced state behaves
differently: it preserves the nature of the state (coher-
ent or thermal), but the amplitude or the temperature
is modified. These modified parameters depend non-
trivially on qg (the overlap between the field and the
region of interest).

Coherent and thermal states have well-known prop-
erties that allow us to study the transition from the
quantum to the classical regime. These results pro-
vide yet another property: the scale invariance. They
can be restricted to any small region of space (in the
limit of validity of a continuous space-time), and their
properties are preserved. The opposite vision is also
true, if one observes a coherent or a thermal state in
a small region of space, these states are potentially
included in a widespread similar state.

These properties can be used directly in quantum
metrology [16], but they are also relevant in quantum
gravity for which it can be arduous to define semi-
classical states. Several generalizations of coherent
states exist (like for coherent spin-networks [6]), but
it is not obvious which properties of standard Perelo-
mov’s coherent states must be conserved or which
ones can be relaxed. Here, the scale invariance could
be a very useful property since it may allow us to
construct very interesting reduced states (e.g., sta-
ble under "Pachner move" in the spinfoam formal-
ism [6, 22]).
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