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Abstract

In recent years, we have witnessed the emergence of scientific machine learning
as a data-driven tool for the analysis, by means of deep-learning techniques, of data
produced by computational science and engineering applications.

At the core of these methods is the supervised training algorithm to learn the neural
network realization, a highly non-convex optimization problem that is usually solved
using stochastic gradient methods. However, distinct from deep-learning practice, sci-
entific machine-learning training problems feature a much larger volume of smooth
data and better characterizations of the empirical risk functions, which make them
suited for conventional solvers for unconstrained optimization.

We introduce a lightweight software framework built on top of the Portable and
Extensible Toolkit for Scientific computation to bridge the gap between deep-learning
software and conventional solvers for unconstrained minimization.

We empirically demonstrate the superior efficacy of a trust region method based
on the Gauss-Newton approximation of the Hessian in improving the generalization
errors arising from regression tasks when learning surrogate models for a wide range
of scientific machine-learning techniques and test cases. All the conventional second-
order solvers tested, including L-BFGS and inexact Newton with line-search, compare
favorably, either in terms of cost or accuracy, with the adaptive first-order methods
used to validate the surrogate models.

1 Introduction

In recent years, there has been a growing interest in incorporating data-driven approaches
into computational science and engineering, inspired by the advancements in deep-learning
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methods [36, 62]. This trend has given rise to the emerging discipline of scientific ma-
chine learning (SciML), which aims to tackle domain-specific data challenges by harnessing
the predictive capabilities, interpretability, and domain knowledge offered by physics-based
models. One of the attractions of neural network models lies in their ability to handle
high-dimensional function approximations [16, 28]; this has led to the design of numerous
techniques as scientific tools for uncovering the underlying physical laws hidden within ex-
perimental data. Examples include the discovery of partial differential equations (PDEs)
[11], the learning of PDEs [58, 7], and PDE solvers [59, 75]. Noteworthily, deep-learning
techniques have successfully pushed the boundaries of molecular dynamics simulations, en-
abling accurate simulations with hundreds of millions of atoms through ab initio methods
[31], and they have also been applied to solving the Hamilton–Jacobi–Bellman equations
encountered in deterministic control problems [50].

1.1 Background

Non-convex minimization problems are a fundamental challenge when training deep-learning
models. The loss landscape can be very complicated, given the presence of multiple minima
and saddle points, each possessing distinct generalization properties. Second-order optimiza-
tion methods applied to over-parametrized deep-learning training problems have demon-
strated overfitting tendencies, which hinder their generalization capabilities. This has led
to the widespread preference for stochastic first-order methods, as they naturally introduce
regularization in the stochastic regime, which helps to mitigate overfitting [64]. Neverthe-
less, the landscape of deep learning is ever-evolving, and in the era of vast datasets, we find
ourselves in a highly informative data regime for training these models. The sheer volume of
data can potentially shift the paradigm, creating a setting where overfitting might no longer
severely impact generalization capabilities, challenging conventional wisdom and opening
doors to novel approaches.

Current practice for training deep-learning models is based on stochastic first-order meth-
ods that possess superior capabilities in finding local minima with better generalization prop-
erties for over-parametrized networks and data-scarce contexts, for example gradient descent
with momentum [66] and, to cite only a few, its adaptive relatives ADAM [32], ADAMW
[42], ADAGRAD [21]. Despite the appealing simplicity of these methods, their effectiveness
depends on the training task and it quickly reaches a plateau as larger parameter sizes are
attempted. Hyperparameter tuning, including setting the mini-batch size, the learning rate,
and the annealing schedule, also depends on the learning task and lacks theoretical support.
In practice, grid-searching for a satisfactory set of hyper-parameters adds substantial expense
when training new models.

On the other hand, given the large volume of data and better characterizations of the
empirical risk functions, in the context of SciML we may expect a smaller influence of the
“approximation” and “generalization” errors on the approximation properties. This, in turn,
shifts the emphasis more towards the effective minimization of the “training” error, for which
stochastic first-order methods are not the best choice.
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1.2 Related work

Second-order methods have been extensively used and analyzed in the simulation and numer-
ical optimization literature and have succeeded in inverse problems in various settings. Their
dimension-independent convergence rate, robustness with respect to the condition number
of the Hessian matrix, and a much smaller set of hyper-parameters have made them the
primary tool for large-scale optimization in these areas. When it comes to deep-learning
training, however, their straightforward usage is relatively inefficient, and their memory and
computational costs pose fundamental challenges to their successful application. This has
led to several recent research works to adapt these methods to the context and the extreme
scales of current deep-learning. Stochastic versions of quasi-Newton methods have been ex-
plored [57, 24, 68, 72, 6, 47, 55, 26, 2, 37, 46, 71, 52] and have provided improved performance
and robustness over first-order methods. However, all these methods require modifications
of the network implementation to store and operate on intermediate products.

The rise of deep-learning has paralleled impressive advances in the development of high-
quality and highly efficient open-source software frameworks. However, most of the focus
has been on the design of the various architectural network components and the efficient
implementation of automatic differentiation for the back-propagation algorithm. While first-
order methods are relatively straightforward to implement, second-order solvers have received
little, if any, attention from the deep-learning framework communities, and users of these
frameworks are thus left with a limited number of choices to train their models. Much
remains to follow early successes in these directions, above all in the context of matrix-free
Newton-like methods, where recent works have just analyzed their complexity and recently
demonstrated their applicability to academic benchmark problems [41, 70]. For a recent
effort to recast many of the stochastic Quasi-Newton methods cited above under the same
computational framework, see [54].

1.3 Contributions

Here, we are interested in matrix-free solvers because of their general applicability. How-
ever, these solvers are characterized by a more complicated structure requiring a deeper
hierarchy of components, like line-search algorithms, Krylov methods, and preconditioners.
These components are at the core of high-performance libraries designed to solve large-scale
minimization problems; through carefully crafted application programming interfaces, the
scientific community has extensively validated them on various applications, and they can
offer a completely new arsenal of methods to tackle the deep-learning training problem. In
this work, we present PETScML, which is a lightweight Python interface exposing neural
networks written using PyTorch [56] or JAX [23] to the Portable and Extensible Toolkit for
Scientific Computing (PETSc) [4] and its Python bindings module petsc4py [17], that allows
quick experimentation with the many different optimization solvers offered by PETSc.

To showcase the efficacy of PETScML, we focus on a particular source of applications
for regression tasks in SciML to empirically demonstrate that second-order methods can im-
prove trained model accuracies by superior exploitation of the smoothness of the continuous
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fields and the richness of the datasets used, outperforming the hand-tuned adaptive first-
order methods used to validate the techniques. In particular, we focus on the construction
of inexpensive-to-evaluate surrogate models [53, 34, 43, 8] where networks are trained to
learn the realization of the parameter-to-observable maps used to solve inverse problems,
Bayesian inversions, and ultimately tackle the design-of-experiments framework. Improv-
ing the generalization accuracy of surrogate neural operators can offer a large speed-up in
these applications and enable a qualitatively new level of training performance, accuracy,
and robustness [19].

The paper is organized as follows. Section 2 introduces the minimization problem in
training deep-learning models and describes the matrix-free solvers studied in the paper.
Section 3 gives an overview of the software framework, while Section 4 contains numerical
results testing the solvers on a series of test cases taken from the recent literature. Section
5 provides further discussions and concludes the paper.

2 Deep-learning training

We are interested in the solution of the supervised learning problem, posed as the minimiza-
tion of a non-convex scalar function

argmin
Θ
f(Θ), f(Θ) =

1

N

N∑
i=1

L(y(Θ, x̄i), ȳi) (1)

where N is the total number of data points, x̄i ∈ X̄, ȳi ∈ Ȳ are the training points and
expected outputs, y(·, ·) the network prediction, L(·, ·) a scalar convex “loss” function, and
Θ the network parameters.

Usually, this minimization problem is initially recast to the so-called “mini-batch” frame-
work by subsampling the data in (X̄, Ȳ ) to obtain a stochastic estimator of f . Training is
then performed using first-order methods, i.e.

Θk+1 = Θk − λkgk, gk =
1

b

∑
ik

∇Θk
L(y(Θk, x̄ik), ȳik),

where λk is the learning rate and ik a subset of the dataset of size b, i.e., the mini-batch size.
The above update is performed for a certain number of passes on the entire dataset, where
each single pass is called “epoch” (i.e. an epoch is worth N/b update steps). Depending on
the different variants, the stochastic gradient gk is scaled and adapted using momentum to
accelerate convergence.

Since larger mini-batch sizes improve the arithmetic intensity of the computations, in
an ideal world the only limiting factor for the selection of the mini-batch size should be the
amount of memory available on the computing devices, a very precious commodity. However,
the choice of the mini-batch size influences the convergence properties and the generalization
capabilities of the stochastic methods. Optimal configurations, from the point of view of the
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model accuracies, can lead to suboptimal utilization of the computing resources [25]. For
stochastic optimizers able to deal with large batch sizes, see [73, 74].

Here, we want to investigate if optimization methods of the type

Θk+1 = Θk − λksk, sk = H̃−1
k (Θk)gk,

can improve the generalization error and reduce the computational costs needed to converge
to a local minimum. H̃k is some approximation of the symmetric indefinite Hessian ∂2f

∂Θ2 and
λk may be computed by a line-search algorithm. In particular, in this work, we consider
three of the most widely used solvers for unconstrained minimization: the Limited memory
Broyden–Fletcher–Goldfarb–Shanno Quasi-Newton method (L-BFGS, [39]), inexact Newton
with line-search (LS), and the trust region (TR) method. Although stochastic variants of
these methods have been proposed in the literature [12, 60, 70], here we only consider their
deterministic, classical variants and solve the minimization problem given in (1) directly. A
detailed description of these methods is outside the scope of this manuscript, and in what
follows, we only discuss specific aspects that are relevant to this work; the interested reader
can consult the excellent monographs [51, 15] for additional details.

The L-BFGS method iteratively constructs a positive definite approximation of the in-
verse of the Hessian by storing and combining past iterates (Θk, gk) using rank-2 updates.
The solution of the approximated problem is then combined with a line-search algorithm to
guarantee descent in the objective function. The major computational costs of the L-BFGS
algorithm thus consist of evaluating the objective function during the line-search procedure
and the gradient to update the L-BFGS approximation. In contrast, the cost of the linear
algebra involved with applying the L-BFGS matrix inverse is usually negligible for large
models and modest history sizes when using dense compact formulas [13].

The LS and TR algorithms approximatively solve the linearized equations H̃−1
k gk by

means of a Krylov method; the cost of computing the action of the Hessian matrix on the
vector becomes dominant, and the memory requirements increase to store the additional
computational graphs needed to evaluate higher-order derivatives. Deciding to which ac-
curacy to solve the update step is critical for the methods’ efficiency, since they possess at
most linear convergence rate when Θk is far from the solution, and the way they compute
the update sk is substantially different. LS solves the linear systems up to a dynamic relative
tolerance

∥gk + H̃ksk∥ ≤ νk∥gk∥, (2)

where νk is usually computed by looking at successive values of the norm of the gradient
[22], and then it combines the updated solution with a line-search algorithm, backtracking
until a suitable descent in the objective function is found. On the other hand, TR computes
the direction of descent by solving the constrained quadratic model problem

argmin
sk

mk(sk) := gTk sk +
1

2
sTk H̃ksk, s.t. ∥sk∥ ≤ ∆k, (3)

where the size of the trust region ∆k is dynamically adjusted according to the ratio between

5



the reduction in the objective function and the model approximation, i.e.

ρk :=
f(Θk)− f(Θk + sk)

mk(0)−mk(sk)
. (4)

Usually, the symmetric indefinite linear systems of equations are solved with a (precondi-
tioned) conjugate gradient (CG) algorithm, which is halted whenever a negative eigenvalue
(i.e., an ascent direction) is encountered. Such stopping criterion can be evaluated based on
the recurrence formulas of CG, and it can be considered as an extra criterion to prevent over-
solving. A simple modification of the CG algorithm, known as the Steihaug-Toint variant
[65, 67], can solve Eq. (3) approximatively.

A positive semi-definite approximation of the Hessian is also possible [63, 47], since Eq.
(1) admits a generalized Gauss-Newton (GN) approximation, defined as (dropping the k
subscript)

H̃GN := JTHLJ J :=
∂y

∂Θ
HL :=

1

N

∂2L
∂y2

, (5)

which is routinely used to solve nonlinear least-squares problems. Such approximation results
in a positive semi-definite linear operator provided the loss function is convex. In addition,
the memory requirements of the Gauss-Newton approximation are similar in magnitude to
those of the gradients.

3 Software architecture

PETScML 1 is a lightweight Python interface built on top of petsc4py [17], the Python wrap-
per for PETSc [3], which is an award-winning software library widely used by the compu-
tational science and engineering community to solve large-scale, time-dependent, nonlinear
equations and optimization problems (via the Toolkit for Advanced Optimization, TAO).
PETSc is a performance portable framework that uses the Message Passing Interface (MPI)
for distributed memory computations [76] and interfaces with different computational back-
ends, including NVIDIA, AMD, and Intel GPUs [48]. All the solver configurations available
are command-line customizable and require a small amount of custom user code.

At the highest level, PETScML defines an abstract class that exposes the basic methods
needed by the optimization solvers:

from PETSc import Vec , Mat
from MPI import Comm

c l a s s func t i on :

de f i n i t ( s e l f , params : Any , comm : Comm, dev i ce : s t r ) :
’ ’ ’ Perform the needed i n i t i a l i z a t i o n . ’ ’ ’
. . .

de f o b j e c t i v e ( s e l f , params : Any) −> f l o a t :
’ ’ ’ Return the ob j e c t i v e va lue eva luated at params ’ ’ ’

1Repository will be made public before publication
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. . .

de f g rad i en t ( s e l f , params : Any) −> Vec :
’ ’ ’ Return the g rad i en t eva luated at params ’ ’ ’
. . .

de f he s s i an ( s e l f , params : Any , gn : bool = False ) −> Mat :
’ ’ ’ Return the Hess ian operator eva luated at params ,

po s s i b l y us ing the Gauss−Newton approximation .
Uses hess ianMult or hessianMultGN ’ ’ ’

. . .

de f hess ianMult ( s e l f , params : Any , input vec : Any) −> Any :
’ ’ ’ Return H( params ) @ input vec . ’ ’ ’
. . .

de f hessianMultGN ( s e l f , params : Any , input vec : Any) −> Any :
’ ’ ’ Return GN approximation H( params ) @ input vec . ’ ’ ’
. . .

The derived function classes implement these methods for each specific deep-learning
backend, which does not need to be aware of PETSc-specific details. Parameter values can
be in any form accepted by the backends: PETScML internally uses routines to flatten
parameter values into contiguous storage for vectors and, vice-versa, to fold vector data into
the parameters format needed by the backend. The derived class must only implement the
objective, gradient, and Hessian matrix-vector multiplication using their input data format
for the linearization point and the input vector. Such an approach allows the separation of
the public interface from the internal implementation.

Distributed memory is supported by specifying the relevant MPI communicator when
initializing the function instance; device configurations supported are cpu and gpu. NCCL,
the NVIDIA collective communication library2 is internally used for multi-GPU communica-
tions, while the exchange of information via contiguous storage memory is handled using the
no-copy protocol from dlpack3. The currently supported backends are JAX and PyTorch.
Extensions to additional computational backends, like AMD or Intel GPUs, or Python ML
backends can be easily accomodated.

Models of the type given in (1) are derived from the function class:

c l a s s mlModel ( func t i on ) :

de f i n i t ( s e l f ,
params : Any , # parameters
y : Ca l l ab l e , # model : y ( params , x )
l o s s : Ca l l ab l e , # l o s s ( y ( params , x ) , y )
t r a i n l o a d e r : I t e r ab l e , # t r a i n i n g datase t
∗∗kwargs ) :

. . .

de f update ( s e l f , s t ep : i n t ) −> None :
’ ’ ’ Perform the needed ac t i on s on the model

and the datase t at the beg inning o f the s tep ’ ’ ’
. . .

2Available at developer.nvidia.com/nccl
3See dmlc.github.io/dlpack/latest/
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Table 1: Software

Library Version Link

PETSc 3.21 gitlab.com/petsc/petsc
CUDA 11.7 developer.nvidia.com/cuda-toolkit
JAX 0.4.8 github.com/google/jax

PyTorch 2.1.0 github.com/pytorch/pytorch
DeepXDE 1.9.3 github.com/lululxvi/deepxde
OPTAX 0.1.5 github.com/google-deepmind/optax

DM-Haiku 0.0.9 github.com/google-deepmind/dm-haiku

These classes automatically compute objective function, gradient, and Hessian matrix-vector
products using the user-provided model y, loss function, and training dataset train loader.
The update callback is used to load the subsequent batches and perform the needed model
updates at the beginning of a new optimization step. The loader can be any iterable Python
type, such as a PyTorch DataLoader; distributed loader classes are also provided to handle
multi-device, data-parallel training. Supported neural network module libraries for the JAX
backend include DM-Haiku4 and Flax5.

Optimization solvers can be created using the one-liner

de f c r e a t eSo l v e r ( f : funct ion ,
c f g : d i c t = {} ,
params : Any = None ,
monitor : Ca l l ab l e [ [ Any , int , f l o a t ] , None ] = None ,
p r e f i x : s t r = None )

which takes as input one instance of the function to be minimized and optional keyword
arguments for the solver configuration dictionary cfg, the initial values for the parameters
params, the convergence monitoring routine monitor, and a string identifying the solver for
the command-line customization prefix. For experimentation purposes, first-order stochas-
tic methods from OPTAX6 are wrapped as custom PETSc solvers; they can be program-
matically customized using the configuration dictionary cfg or by command-line options.

4 Numerical results

In this Section, we evaluate the performances of the L-BFGS, trust region, and inexact New-
ton with line-search solvers on a series of test cases taken from the recent literature on SciML
techniques for constructing surrogates to be used in inverse problems governed by PDEs; the
solvers’ performances are always compared against the same adaptive first-order solvers used
to validate the results, exactly matching the configurations reported in the literature. To
keep the focus on solvers’ performances, we describe each of the SciML techniques in their

4Available at dm-haiku.readthedocs.io/en/latest/
5Available at flax.readthedocs.io/en/latest/
6Available at optax.readthedocs.io/en/latest/
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own subsection; specific first-order solvers are always referred to as “reference” solvers, and
their performances are reported with a “REF” label in the figures. For trust region and
inexact Newton, we either consider an exact Hessian or its Gauss-Newton approximation
(GN), as given in (5); we remark that these matrices are never computed explicitly, but we
only evaluate their action on given input vectors.

Convergence plots are reported for loss function values (i.e. the training error) and
case-specific metrics (i.e. the generalization error) on the testing datasets; the minimum
value attained throughout the minimization process is always shown in the legends. As a
qualitative comparison, the data is reported as a function of the epoch number to describe
the convergence histories of the various solvers. We also report the same data against the
number of “oracle calls” performed by each solver as an architecture-agnostic measure of
their costs, based on the number of passes on the computational graph needed to perform
the computations. In particular, an objective function evaluation costs 1 oracle call (one
forward pass), a gradient costs 2 oracle calls (one forward and one backward pass), while an
exact Hessian matrix-vector product costs 4 calls since we need to differentiate the gradient
operation. In contrast, the Hessian matrix-vector product of the Gauss-Newton approxima-
tion (5) requires 2 oracle calls; one forward pass to compute the action of J and one backward
pass to compute the action of JT , while the computations associated with the Hessian of the
loss function are negligible. These costs are always rescaled, accounting for the relative size
of the mini-batch with respect to the whole dataset.

We stress that these are only rough, memory-bandwith based estimates of the relative
costs of the gradient and the Hessian matrix-vector products; the actual computational costs
depend on many factors including the computing architecture, the arithmetic intensity of
these operations, the implementation of automatic differentiation, the mini-batch size used,
the input pipeline’s stochasticity, and the computational graph’s complexity. Given the high-
degree of heterogeneity of the various testcases considered (network architectures, dataset
sizes, and ML frameworks), in what follows we will not discuss computational timings, code
performances or scalability aspects. For the interested reader, we can say that training times
are always strongly correlated with the oracle calls measurements in all the cases studied.

All solvers are initialized with the same set of random model parameters, separately
for each test case. Convergence histories are reported on a log-log scale to facilitate cross-
comparisons among solvers and test cases; to this end, we also keep fixed the hyper-parameters
of the PETScML solvers for all the numerical experiments. In particular, we always use a
simple, Armijo-type backtracking line-search for the L-BFGS, LS, and LS-GN solvers. The
number of history vectors stored for the L-BFGS approximation is 30. The dynamic com-
putation of the relative tolerance νk for LS and LS-GN in Eq. (2) is computed using the
procedure outlined in [1] using a initial tolerance of ν0 = 0.9. We also experimented with
more classical variants [22], but we found the one proposed in [1] to be more robust. We use
standard parameters for the trust region methods; we accept a step when ρk given in (4) is
larger than 0.001. The trust region’s size, initially set to δ0 = 0.2, is shrunk by a factor 0.25
if ρk < 0.25 while it is doubled if ρk > 0.75. The maximum allowed trust region size is 10.
All linear systems are solved using the CG method for a maximum of 100 iterations, using
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an inexpensive preconditioner constructed with an L-BFGS update with 5 history vectors
[5]. The minimization procedure is halted whenever a line search fails, the size of the trust
region can no longer be reduced further, or the prescribed maximum number of iterations is
reached.

The relevant software libraries used for the numerical results are reported in Table 1. The
script to reproduce the experiments, figures, and the driver applications for each specific test
are public. In all the test cases reproduced herein, we follow exactly the experimental settings
used in the literature; unless otherwise stated, the computations are performed in double
precision floating point arithmetic and full-batch size configuration. Numerical results have
been obtained using A100 NVIDIA GPUs with 80 GB of device memory. The first-order
solvers are always run using the OPTAX/JAX framework.

4.1 Fourier Neural Operator

The Fourier Neural Operator (FNO) framework aims to learn mappings between infinite
dimensional spaces using a finite collection of input/output pairs observations. More specif-
ically, given two Banach spaces A,U and a map G : A → U , the goal is to build an approxi-
mation GΘ using observations drawn from some probability measure supported on A using
an empirical cost (or loss) function. Here GΘ is a neural network approximation of the form

GΘ := Q ◦ σL(KL) ◦ · · · ◦ σ1(K1) ◦ P

where Q and P are the “projection” and “lifting” operators, σT an activation function acting
component-wise on the output of some kernel operator KT . For additional information, more
rigorous definitions of functional settings, and different choices of the kernel operator, see
[34]. For error analysis, see [33].

4.1.1 Burgers’ equations

As a first test case, we consider the one-dimensional Burgers’ equation test proposed in
Section 5.1 of [38], where we want to learn the operator mapping the initial conditions to
the final conditions at time T = 1 of

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2
, x ∈ (0, 1)

with ν = 0.1 the viscosity and with periodic boundary conditions. We use the same datasets
as in [38], where the initial conditions are generated as Gaussian random fields while the
final conditions are computed by an implicit method on a fine grid of size 8192. Following
[44], the data generated is then subsampled on a much coarser grid of size 128; the training
dataset consists of 1000 pairs of random initial conditions and the associated final solution,
while the testing dataset contains 100 of such pairs. For the numerical results, we used
the data provided by the authors7. The network has an initial dense layer of 64 features,

7Available at github.com/neuraloperator/neuraloperator/tree/master
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followed by 4 Fourier layers using 16 modes with a width equal to 64, and a final dense layer
with 128 features, for a total of 549, 569 parameters. The activation function is the Gaussian
Error Linear Units (GELU) function [27]. The network is implemented using DM-Haiku and
the JAX backend; all parameters are stored as real numbers, and complex arithmetic in the
Fourier layers is emulated in software.

The loss function is the mean squared l2 relative error

L(y, ȳ) = 1

N

N∑
i=1

∥yi − ȳi∥2

∥ȳi∥2
, (6)

while the accuracy metric is the mean relative l2 error

1

N

N∑
i=1

∥yi − ȳi∥
∥ȳi∥

. (7)

The solver used in [38] is ADAMW with weight decay 0.0001, mini-batch size 20, and ini-
tial learning rate 0.001, halved every 100 epochs using an exponential staircase schedule.
Numerical results are reported in Fig. 1.

The solvers tested exhibit different convergence histories regarding loss function values;
the testing metric is always strongly correlated to the loss value, confirming that no overfit-
ting is happening. The reported test metric value for the reference solver is 0.0014, one order
of magnitude smaller than the one reported in [44] but in line with [34] (see Table 3 in the
reference). The reference solver quickly reduces the loss value and the testing metric before
entering a second phase of slow and erratic convergence to the identified local minimum, a
typical behavior of stochastic first-order solvers. On the other hand, all the other solvers ex-
hibit an initial plateau phase before converging to a local minimum at different convergence
rates regarding the number of epochs, with L-BFGS and the exact Hessian variants of TR
and LS experiencing longer plateaus. Despite their different convergence histories, they seem
to converge to local minima with similar generalization errors, always at least one order of
magnitude smaller than the reference solver, with TR-GN improving the generalization error
of the reference solver by almost two orders of magnitude. Analyzing the converge histories
from the point of view of oracle calls, all the solvers have a similar cost, with the “cheapest”
solver being TR-GN.
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A Loss function
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LS 2.8e-10
LS-GN 1.9e-11
TR 1.5e-11
TR-GN 3.0e-11

100 101 102 103 104 105
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B Test metric
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Figure 1: FNO Burgers’ test case. Convergence histories for loss function values and testing
metrics in terms of epochs (top row, panels A and B) and oracle calls (bottom row, panels
C and D) for different solvers. The values in the legends denote the minimum metric value
achieved. See Section 4.1.1 for details.

We then consider a “hybrid” solver configuration, where the solvers are initialized using
the parameters obtained by first performing an initial number of epochs using the reference
solver; results are summarized in Figure 2. Performing a small number of epochs can allow
further improvement in the generalization error in some cases, especially for LS and LS-
GN; however, worse generalization performances can be observed if too many epochs are
performed with the reference solver.
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Figure 2: FNO Burgers’ test case with a hybrid solver. Convergence histories for testing
metrics starting from checkpointed solutions of the reference solver. The values in the legends
denote the checkpointed epoch. See Section 4.1.1 for details.

4.1.2 Navier-Stokes equations

In the second FNO test case, we consider the two-dimensional Navier-Stokes equations for
a viscous, incompressible fluid in streamfunction-vorticity form as in Section 6.4 of [34],

∂u

∂t
+∇⊥ψ · ∇u = ν∆u+ f,

−∆ψ = u,
(8)

where ∇⊥ = (−∂y, ∂x) is the rotated gradient and ν the viscosity. u and ψ are the vorticity
and the stream function of the fluid velocity field. The spatial domain is (0, 1)2; the system is
closed with periodic boundary conditions and with a given initial condition u(x, 0) = u0(x).
Denoting by Ψ the solution operator of Eq. (8), here we are interested in learning the map

G : Ψ(u0, t)|t∈[0,10] → Ψ(u0, t)t∈[10,T ],

for a certain random distribution of the initial conditions u0 and a given final time T > 10.
The datasets are created by solving Eq. (8) with ν = 0.001 for Gaussian random initial
conditions on a space-time grid 256 × 256 × 50000 up to T = 50 with a pseudo-spectral
method, details are given in [38]. In our experiments, we used the same data used by the
authors8, which is further subsampled to coarser grids: 64 × 64 × 10 for the input, and
64 × 64 × 40 for the output. We use 1000 input pairs for training and 200 pairs as testing
datasets to reproduce the experimental setting used to produce the results in the first column
of Table 4 in [34]. The network architecture is similar to the one used in Section 4.1.1 using
an additional normalization step for the input data. The output of each of the four Fourier
layers is further processed by dense layers and summed to the output of a convolutional

8Available at drive.google.com/drive/folders/1UnbQh2WWc6knEHbLn-ZaXrKUZhp7pjt-
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layer. The total number of parameters is 6, 558, 537; the network is implemented reusing the
original PyTorch code9.

As before, the loss function is the mean squared l2 relative error as given in (6), while the
accuracy metric is the mean relative l2 error as given in (7). The stochastic first-order solver
used is the same as for the Burgers’ test case, except that here the mini-batch size is 10.
Numerical results are reported in Fig. 3. We do not report the results for the exact Hessian
variants of LS and TR since our PyTorch implementation of the matrix-vector product ran
out of memory.
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Figure 3: FNO Navier-Stokes test case. Convergence histories for loss function values and
testing metrics in terms of epochs (top row, panels A and B) and oracle calls (bottom row,
panels C and D) for different solvers. The values in the legends denote the minimum metric
value achieved. See Section 4.1.2 for details.

The reference solver shows a similar convergence history as for the Burgers’ test case,

9Available at github.com/neuraloperator/neuraloperator/blob/master/fourier 3d.py
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reaching a final accuracy slightly larger than the one reported in [34] (0.0099 vs. 0.0089);
the other solvers instead converge to local minima characterized by smaller generalization
errors, with TR-GN being able to further half the accuracy reported in [34]. Overfitting does
not happen except for the LS-GN solver in the final stages of the optimization. The costs of
the solvers are comparable in terms of oracle calls, with TR-GN being the cheapest.

4.2 DeepONet

Like the FNO technique briefly described in Section 4.1, DeepONet [43] tries to learn maps
from input and output spaces. However, differently from FNO, the output of the operator
maps an input function u sampled at m given “sensors” locations {xi}mi=1 that do not need
to be distributed on equispaced grids. The final goal is to approximate the map as

GΘ(u)(y) := B(u(x1), . . . , u(xm))T (y)

where B and T are the “branch” and “trunk” networks and y any point in the domain of
G(u), not necessarily distributed at sensors locations. For additional details, see [43]; for
rigorous definitions, error estimates, and convergence rates, see [35, 45]. A publicly available
implementation of these techniques is provided in the Python package DeepXDE10.

4.2.1 Reaction diffusion equations

As a first test case, we consider the reaction-diffusion test case described as Problem 4 in
[43], where the goal is to learn an implicit operator associated with the one-dimensional
nonlinear reaction-diffusion PDE

∂u

∂t
= D

∂2u

∂x2
+ ku2 + f, x ∈ (0, 1)

with homogeneous boundary conditions and zero initial conditions. D is the diffusion coef-
ficient while k the reaction rate, both set to 0.01 in the tests. Here, DeepONet is used to
learn the operator mapping the forcing term f(x) to the PDE solution u(x, t) at m random
sensor locations. The DeepONet architecture uses branch and trunk feed-forward networks
of depth 3, width 100, and relu [49] activation functions for a total of 40, 702 parameters.
The network is implemented using the PyTorch backend and DeepXDE callbacks.

The data to be learned is generated using N random forcing terms on a space-time grid
100 × 100; for each simulation, P random points (different from the sensor locations) are
selected. Here, we consider the configuration N = 1000 for training, N = 10000 for testing,
with P = 100 andm = 100, which corresponds to the last data-point of Figure 4b in [43]. We
note that for this testing configuration, we were not able to find the data used to validate the
original results; instead, we regenerate the data using the scripts provided by the authors11.

10Available at github.com/lululxvi/deepxde
11Available at github.com/lululxvi/deeponet
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See the supplementary material in [43] for additional details. The loss function and the
accuracy metric are the usual mean squared error

1

N

N∑
i=1

∥yi − ȳi∥2. (9)

The solver used in [43] is ADAM with a constant learning rate of 0.001. Numerical results
are reported in Fig. 4.
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Figure 4: DeepONet reaction-diffusion test case. Convergence histories for loss function
values and testing metrics in terms of epochs (top row, panels A and B) and oracle calls
(bottom row, panels C and D) for different solvers. The values in the legends denote the
minimum metric value achieved. See Section 4.2.1 for details.

The reference solver, which is used deterministically here, converges more slowly than
in the FNO test cases to a loss function value of 2.7e-6, one order of magnitude smaller
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than the one reported in literature [43]; the achieved metric value is similar. Train and test
errors for the reference solver are characterized by strong oscillations as the local minimum
is approached. The L-BFGS and LS solvers converge to loss and metric values similar to the
reference solver, while the TR solver and the Gauss-Newton variants LS-GN and TR-GN are
able to reduce the generalization errors further. LS-GN exhibits a faster convergence rate
in the early stages, followed by a phase of staircase convergence, while instead, the converge
rate of TR-GN is more regular, leading to almost an order of magnitude improvement over
the generalization error of the reference solver. The computational costs of the solvers are
similar, and they all require around 105 oracle calls; like for the FNO test cases, the cheapest
solver is TR-GN.
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Figure 5: DeepONet reaction-diffusion oracle calls breakdown. Test metric (black, left-
most y-axis), objective function evaluations (shaded blue, right-most y-axis), and number
of Hessian matrix-vector products (shaded red, right-most y-axis) against epoch number for
different solvers (shown on top). See Section 4.2.1 for details.

For this test case, we also provide a breakdown of the number of objective function
evaluations and the Hessian matrix-vector products needed per epoch by the different solvers
in Figure 5. Analyzing the number of objective function evaluations, L-BFGS on average
requires 3 to 5 objective function calls per epoch, whereas LS-GN requires fewer. On the other
hand, LS requires many more objective evaluations; this indicates a struggle of the line-search
procedure in identifying optimal descent, which leads to smaller update steps. The trust
region solvers instead utilize the objective function to decide on the acceptance of the model
solution and eventually shrink the trust region; the epochs in which the objective function
is called more than once indicate the shrinking of the trust region. On this aspect, the
TR-GN solver is much more effective and requires the smallest number of objective function
calls. The major cost of the second-order solvers is in the number of Hessian matrix-vector
multiplications, and both the trust region variants are very effective in the early stage of the
optimization process, with the number of matrix-vector products progressively ramping up
to their limit (100) and then reducing in the final stages of the solvers. The dynamic selection
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of the stopping criterion in the LS and LS-GN solver instead is not effective in controlling the
number of linear iterations; the detection of negative curvature further reduces the number
of linear iterations in the early stages of the LS and TR solvers.

4.2.2 Advection equations

We then consider a variant of DeepONet where the trunk network is replaced by a precom-
puted basis for the output functions using the Proper Orthogonal Decomposition (POD). As
a test case, we reproduce the testing configuration used in Section 5.4.1 in [44]; specifically,
we are interested in the one-dimensional advection equation

∂u

∂t
+
∂u

∂x
= 0, x ∈ (0, 1)

with periodic boundary conditions and learn the mapping from the randomly generated
initial conditions u0(x) to the solution on the space-time domain u(x, t), with (x, t) ∈ [0, 1]2.
The data is generated by solving the advection equation on a space-time grid of size 40× 40
and considering two families of randomly generated initial conditions

Case I: u0(x) = h 1[c−w/2,c+w/2],

Case II: u0(x) = h 1[c−w/2,c+w/2] +
√

max(d2 − a2(x− b)2, 0),

where a, b, c, d, w, h are randomly selected (each in a separate interval) and 1 is the indicator
function. In both cases, the train and test datasets contain 1000 pairs of random initialization
and the corresponding space-time solution. We use the data provided by the authors12

as training and testing datasets for our computations; we also note that cases I/II here
correspond to cases II/III in [44] to avoid confusion. The branch network is a feed-forward
network with two layers of widths 512 and n, where n is the number of POD basis functions:
for case I, n = 38, while for case II, n = 32. The total number of parameters is 40, 486 for
case I and 37, 408 for case II. The networks are implemented using the PyTorch backend and
DeepXDE callbacks.

The loss function is the mean squared error (9), and the mean squared l2 relative error
given in (6) is used as the accuracy metric. The solver used in [44] is ADAM with an
initial learning rate of 0.001, asymptotically decayed to 0.0001 as the iteration progresses.
The computations are performed in single precision arithmetic as done in the accompanying
software of [44]; numerical results are reported in Fig. 6 for case I and in Fig. 7 for case II.

12Available at github.com/lu-group/deeponet-fno
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Figure 6: DeepONet-POD test case I. Convergence histories for loss function values and
testing metric in terms of epochs (top row, panels A and B) and oracle calls (bottom row,
panels C and D) for different solvers. The values in the legends denote the minimum metric
value achieved. See Section 4.2.2 for details.

We first analyze the solvers’ convergence histories for case I. The reference solver exhibits
a similar convergence history as the one in Section 4.2.1; its generalization error is half of
the one reported in Table 8 (Advection II column) in [44]. All the other solvers show faster
convergence to different local minima characterized by smaller generalization errors, with
the trust region variants achieving the smallest errors while still being faster than the other
solvers in terms of oracle calls.
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Figure 7: DeepONet-POD test case II. Convergence histories for loss function values and
testing metrics in terms of epochs (top row, panels A and B) and oracle calls (bottom row,
panels C and D) for different solvers. The values in the legends denote the minimum metric
value achieved. See Section 4.2.2 for details.

For test case II, all solvers converge to local minima possessing the same generalization
capabilities. The error achieved by the reference solver is 0.0039, perfectly aligned with
the one reported in [44] (see Table 8, Advection III column in the reference). The major
difference between solvers is in the number of oracle calls required to converge, with both
the Gauss-Newton variants requiring a smaller number of calls.

4.3 GreenLearning

GreenLearning seeks to discover Green’s functions associated with unknown linear operators
by collecting physical system responses to random excitation inputs drawn from Gaussian
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processes [7]. In a more formal setting, the goal is to learn the operator map by approximating
the Green’s function behind a physical process encoded by a linear operator

L u(x) = f(x), x ∈ Ω,

from a collection of input/output pairs {fi, ui}; the idea is to construct neural networks NG

and Nh such that

ui(x) ≈
∫
Ω

NG(x, y)fi(y)dy +Nh(x)

where NG approximates the Green’s function and Nh a given homogeneous solution encoding
the boundary conditions.

In this Section, we reproduce the experimental setting described in [8] and consider the
two-dimensional Poisson’s equation on the unit square

−∆u = f

with zero boundary conditions, and learn the operator that maps forcing terms f(x, t) to the
solution of the PDE. The data is generated by solving the Poisson equation on a 421× 421
grid with different forcing terms generated as Gaussian random fields and then subsampled
on coarser grids of size 29× 29. The training dataset used here contains 50 elements, while
the test dataset consists of 200 elements, and they have been obtained from the data used in
[8]13. The datasets are first normalized before being fed to the NG network, characterized by
a feed-forward architecture with depth 4 and width 50 that uses rational activation functions
[9]. The current approximation of the Green’s function, NG, is first sampled on a regular
grid; the output obtained is then multiplied with the network input (i.e., an instance of
the randomly generated forcing terms) mimicking the integration of Green’s function. The
total number of model parameters is 7, 979. The network is implemented using the PyTorch
backend.

The loss function and efficiency metric are the mean squared l2 relative error given in (6).
The solver used in [8] is ADAMW with weight decay 0.0001 and initial learning rate 0.001,
scaled by 0.9 every 100 epochs using an exponential staircase schedule. The computations
are performed in single precision arithmetic as done in the accompanying software of [8],
and numerical results are reported in Fig. 8; see Figure 1 in [8] for the results with different
training dataset sizes.

13Available at zenodo.org/records/7701683
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Figure 8: GreenLearning test case. Convergence histories for loss function values and testing
metrics in terms of epochs (top row, panels A and B) and oracle calls (bottom row, panels
C and D) for different solvers. The values in the legends denote the minimum metric value
achieved. See Section 4.3 for details.

As for the other test cases reported in this Section, train and test metrics are strongly
correlated, and no overfitting is observed. The reference solver shows a very long plateau
before converging with minimal oscillations; the achieved generalization error is aligned with
the one reported in [8]. All the other solvers except for LS appear to converge to similar
local minima characterized by generalization errors smaller than the reference case and with
approximatively the same computational costs. LS never escapes the initial plateau phase
and fails to converge.
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5 Conclusions

In this paper, we have presented PETScML, a lightweight Python interface on top of PETSc,
designed for solver experimentation in training deep-learning models. Using PETScML, we
have empirically demonstrated the efficacy of conventional second-order solvers in improving
the generalization errors arising from regression tasks when learning surrogate models, and
with smaller computational costs.

Among the various solvers tested, the trust region method with Gauss-Newton approx-
imation of the Hessian proved to be the overall best-performing method for the test cases
analyzed, either in terms of final model accuracy or in terms of computational costs.

Much remains to follow up on these encouraging results, in particular on the design of
linear preconditioning techniques for limiting the number of Krylov iterations, and on the
design of nonlinear preconditioning strategies [14, 10, 40] to limit the number of nonlinear
iterations and improve the overall convergence rate of the solver. The convergence properties
of the trust region method can also be further improved by using different trust region norms
and ellipsoidal scaling techniques. These topics will be the subject of future work.

Other SciML techniques based on regression tasks can potentially benefit from the adop-
tion of second-order solvers; possible future directions in this context include molecular
dynamics simulations [69, 18] and continuous heterogeneous cryo-EM reconstructions [77].

Future work will also focus on the application of second-order solvers to more conventional
deep-learning tasks like image classification [29], sequence modeling [30], vision tasks [20],
and self-supervised learning [61], where we plan to study the ability of second-order methods
to reach state-of-the-art validation accuracies with minor hyper-parameter tuning, ideally in
less wall-clock time or energy costs.
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