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Abstract: The integration and innovation of finance and technology have
gradually transformed the financial system into a complex one. Analyses of the causes
of abnormal fluctuations in the financial market to extract early warning indicators
revealed that most early warning systems are qualitative and causal. However, these
models cannot be used to forecast the risk of the financial market benchmark. Therefore,
from a quantitative analysis perspective, we focus on the mean and volatility
uncertainties of the stock index (benchmark) and then construct three early warning
indicators: mean uncertainty, volatility uncertainty, and ALM-G-value at risk. Based on
the novel warning indicators, we establish a new abnormal fluctuations warning model,
which will provide a short-term warning for the country, society, and individuals to

reflect in advance.

1. Introduction

Basic innovation and technology are fundamental to maintaining a healthy
economy (Brumfiel, 2008). The integration of finance and technology can optimize
financial allocation efficiency and satisfy people’s diversified demands. Financial
innovation has optimized the financial system but also increased financial market
instability; thus, the economic system has gradually changed from a classical to a

complex system (Arthur, 1999). A complex system has critical thresholds and shifts
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abruptly from one state to another (Scheffer et al., 2009). Insights into the dynamics of
a complex system can be gained by focusing on large fluctuations (Gabaix et al., 2003).
The tipping points in financial markets include systemic market crashes and severe
depressions (Robert et al., 2008). The accumulation of a series of abnormal financial
fluctuations led to the financial crisis, which collapsed the financial system and
increased social unemployment; the negative impact was difficult to eliminate in a short
time. Therefore, studying abnormal financial fluctuations can help understand complex
systems to maintain the stability and sustainability of the financial system (Pettifor,
2020). Scientists insist that establishing an early warning system to detect abnormal
financial fluctuations would be necessary when society avoids such fluctuations in the
future (Buchanan, 2009).

There are three classical early warning systems for abnormal fluctuations in
financial markets. The estimations of these systems are mostly linear and simple,
although the cause of many fluctuations is nonlinear in reality. Thus, combined with the
theory of complex economic systems (Battiston et al., 2016), many models, such as the
artificial neural network (Nag and Mitra, 1999), binary recursive tree (SR. Ghosh and
AR. Ghosh, 2003), and hybrid causal (Lin et al., 2008) models, have been developed.
Most warning systems focus on analyzing the causes of abnormal financial fluctuations
to extract early warning indicators and monitor the changes in these indicators. Hinsen
(2010) demonstrated that these indicators are overly simplistic in that they ignore the
non-quantifiable aspects of the financial market. In addition, these models cannot
provide the specific time of an abnormal fluctuation or reflect its impact on the
benchmark (stock index).

The stock market is a barometer of the economy and a signal of a country’s
economic situation. Moreover, stocks represent a company's financial assets and
essentially mirror its performance. Hence, the stock market can effectively indicate
abnormal fluctuations in financial markets. Therefore, it is important to mine stock
market information to warn about abnormal financial fluctuations. We first study the
data characteristics of the stock indexes, including the mean of the first-order moment,

and the volatility of the second-order moment. Second, we explore stock market risk.



Value at risk system (VaR) is an important risk measurement tool for stock markets.
However, the VaR model has some limitations in terms of providing early warning
about financial crises. It cannot predict the exact timing of crises (Nocetti, 2006).
Additionally, under the assumption of normally distributed returns, the VaR model can
only be applied to calm periods (Berger and Missong, 2014). This is because the
classical VaR model cannot cover different kinds of uncertainty in the financial market,
such as mean and volatility uncertainties. Moreover, in the context of robust statistics,
it has been argued that the data satisfy a family of models but not a single model (Huber,
1981; Walley, 1991).

Peng (1997, 2004, 2006, 2008, 2019) originally developed the fundamental
rigorous mathematical theory of nonlinear expectation. The nonlinear law of large
numbers and nonlinear central limit theorem show that the accumulation of many small
mean and volatility uncertainties does not disappear, resulting in model uncertainty.
Subsequently, upper and nonlinear normal distributions are developed and used to
describe model uncertainty. Therefore, we introduce uncertainty (mean or volatility
uncertainties) into the VaR model. Recently, Peng et al. (2023) developed a novel VaR

model based on volatility uncertainty: G-VaR model (Peng and Yang, 2022). Based on

Jin and Peng’s (2016, 2021) ¢ -max-mean estimation method, we found an adaptive

window that satisfies the convergence result in the sample. Peng et al. (2023)
demonstrated that the G-VaR model captures the long-term average loss of risky assets
and performs better than the GARCH model. However, the restriction on window
choice makes it difficult to apply the G-VaR model to more complex risk characteristics.

To reflect the dynamic, uncertainty, and complexity of the time series, we provide
an adaptive learning method for estimating the parameters in the G-VaR model (ALM-
G-VaR). Theoretically, the violation rate of the G-VaR model converges to the given
risk level with a probability of 1. However, based on historical data, the violation rate
of the G-VaR does not stable. Therefore, with a given risk level, our main idea is to
adjust the adaptive window according to the observation of the violation rate. If the

violation rate is larger than the given risk level, we adjust the degree of volatility



uncertainty in the G-VaR parameters by reducing the value of the adaptive window;
otherwise, we increase the value of the adaptive window.

We define abnormal financial fluctuations as a two-day downward trend with a
stock index smaller than -5%. In general, to construct an early warning system for
abnormal financial fluctuations, we develop three indicators: mean uncertainty,
volatility uncertainty, and G-VaR. First, we introduce an early warning signal for the
mean uncertainty of the stock index. By analyzing the time series characteristics of the
stock index, we establish suitable early warning thresholds and issue warning signals
by monitoring the absolute and relative values of mean uncertainty, which refers to the
lower mean and the difference between the upper and lower means. Subsequently, we
examine an early warning indicator for volatility uncertainty and establish an early
warning threshold to monitor signals related to upper volatility and the difference
between the upper and lower volatilities. Finally, based on volatility uncertainty, we
devise a risk assessment benchmark, ALM-G-VaR, and establish three cautionary
thresholds. The initial cautionary level is the G-VaR at -0.05, which is intended for the
surveillance of abnormal fluctuations in stock prices. The two subsequent indicators
signaling potential financial crises are the downward line below or near -0.04 and the
last warning line below or near -0.10. We use the 2008 global financial crisis to evaluate
the predictive power of the developed early warning system with respect to real
abnormal financial fluctuations, and then utilize the classification performance
evaluation metrics following further intuitive instructions. To facilitate the comparison,
in addition to calculating the precision and miss rate, we also calculate the harmonic
mean, F; of the precision and recall rate. Regarding early warnings about abnormal
financial fluctuations, the three indicators possess mutual corroborative capacity, and a
holistic assessment can yield preliminary warning signals for impending abnormal
fluctuations. The cautionary cues derived from the mean and volatility uncertainties
elucidate the potential occurrence of abnormal financial fluctuations in the near future,
whereas the specific timing of the abnormal fluctuations can be inferred from the

cautionary indications provided by the ALM-G-VaR indicators.



2. Results

This study utilizes the nonlinear expectation theory to analyze the stock index
(benchmark) in the financial market and explore new early warning systems for
detecting abnormal financial fluctuations. First, we construct an early warning index
for mean uncertainty and establish appropriate warning thresholds for different
financial markets by monitoring the lower mean and the mean differences, which can
be predicted in advance. Second, we establish volatility uncertainty, comprising the
upper volatility and volatility ratio, to detect abnormal fluctuation events in financial
markets. Based on these, we further develop the ALM-G-VaR model, which initially
issues an early warning of abnormal stock price fluctuations using the -0.05 threshold;
then, we examine the significant downward trend of -0.04 and the ALM-G-VaR value
of -0.10 to provide a two-day advance warning for even larger abnormal financial
fluctuations and crises. For empirical analysis, five prominent financial market
indexes—the Standard & Poor’s 500 index and NASDAQ index in the United States,
Financial Times Stock Exchange 100 index in the United Kingdom, Frankfurt DAX
Index in Germany, and Hushen 300 Index in China—are selected to capture the global
financial market risk. For simplification, we refer to these indexes as the S&P500, IXIC,
FTSE, GDAXI, and CSI300, respectively. An overview of the paper is presented in
Figure 1.
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Figure 1 Overview of the paper

To assess the performance of the early warning system established for detecting
abnormal financial fluctuations, we first consider the 2008 global financial crisis, a
catastrophic event that led to the downfall of global financial markets, as an illustration
of its effectiveness. We use stock index returns for two days from January 1, 2007 to
January 1, 2010 to predict a financial crisis two days in advance. Subsequently, by
expanding the dataset, we further examine the early warning system for abnormal
financial fluctuations from January 1, 2008 to June 15, 2023. We can equate the crisis
alert to a classification problem, where a positive class can be defined as the occurrence
of abnormal financial fluctuations. The specific calculation method is described in
Section 4.2. This meticulous examination allows us to make an informed assessment of
the precision and effectiveness of these warnings.
2.1 Time series

The stock market is the barometer of the economy, a signal of the future economic
situation, and is indicative of large financial fluctuations. Therefore, we focus on the
stock market, consider the log return of stock data, and extract the changing
characteristics from abnormal financial fluctuations. For example, for the S&P500
index from January 1, 2007 to January 1, 2010, there was a cliff-like drop during the
2008 global financial crisis. We set the warning line as -0.05 for the log return, and the
warning signal is issued by the log return of S&P500 index for September 23, 2008. As
the timing of the financial crisis is based on the stock market crash on September 23,
2008, it can be viewed as the beginning of the 2008 global financial crisis. In 2009, log
returns breached the early warning line on several occasions. Based on the above
analysis, we explain that a financial meltdown is typically reflected in a significant
downturn in stock index time series. By examining the mean uncertainty, volatility
uncertainty, and risk measurement ALM-G-VaR, we can extract valuable information
to investigate an effective abnormal fluctuation early warning system. To enhance
comprehension of the article, we provide pertinent clarifications for certain technical
terms mentioned therein, which are given in Table 1. More details on the mean and

volatility uncertainties can be found in Section 4.



Table 1 Clarifications for certain technical terms

Notation Name Explanation
Financial abnormal Two consecutive days with the decline in the log return of
fluctuation stock index exceeding 5%

u Lower mean Minimum value of mean uncertainty

u Upper mean Maximum value of mean uncertainty
_ ) Difference between the maximum mean and the minimum
u—pu Mean difference

- mean

a Lower volatility Minimum value of volatility uncertainty

a Upper volatility Maximum value of volatility uncertainty
_ . ) Ratio of the maximum volatility and the minimum volatility
ojo Volatility ratio

We employed the precision rate (P), miss rate (M), and harmonic mean (Fi) to
evaluate the warning performance of mean and volatility uncertainties. The P is the ratio

of correct warning samples to the total warning samples.

p__TP |
TP+ FP

M is the proportion of false warning samples to the total number of actual fluctuation

samples.

M= N
TP +FN

The recall rate (R) is the proportion of correct warning samples to the total number of

actual fluctuation samples.

R—_1P .
TP+ FN

F1 can be calculated by harmonic mean of precision and R,
1 1 [ 1 1 j
— = =4 = .
F 2P R

E_ 2TP
Y 2TP+FP+FN

Furthermore, we have

2.2 Mean uncertainty
Here, we develop the warning indicators for mean uncertainty, and monitor its
values, namely the lower mean and the difference between the upper and lower means

(mean difference). Subsequently, we set up appropriate early warning lines to issue



crisis signals. The classical mean value fails to reflect the mean aggregation due to the
nonlinearity and uncertainty in financial market. Thus, we use the nonlinear expectation

theory to describe the nonlinearity and uncertainty of the financial market and assume

the log returns of the stock indexes satisfy maximal distribution. Employing the @ -

max-mean parameter estimation method developed by Jin and Peng (2016, 2021), we

further use a moving block method to estimate the mean uncertainty. Block lengths n,

and n, affect the degree of uncertainty; thus, we select the appropriate length by

experimenting multiple times with difference sizes of the window. Table 2 presents the
specific settings of window length and Section 4.2 presents the method.

Figure 2 shows the classical, upper, and lower mean values of the S&P500 index.
A lower mean value denotes the worst-case average return and demonstrates a
pronounced downward trend than the classical mean value, implying a smaller return.
Hence, we use the lower mean as an early warning indicator and set its lower bound as
the warning line. Furthermore, when the difference between the upper and lower mean
values is larger, the uncertainty of the mean value is increased. Thus, we set the upper
bound as the warning line and monitor it using a crisis warning system. The warning

lines vary for different financial markets, and the specific settings are listed in Table 2.
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Figure 2 Upper, lower, and classical means of the S&P500 index

Figures 3 and 4 present the mean uncertainty of the S&P500 index. The warning



lines are 0.01 for the lower mean and 0.015 for the mean difference. We can observe
that the lower mean and mean difference of the S&P500 index triggered the warning
lines and issued warning signals on September 19, two days before the crisis. Moreover,
on January 23, the mean uncertainty of the S&P500 index sent alerts corresponding to
the 2008 global stock disaster. The above observation is also correct for the IXIC and
FTSE indexes (see Table 2), which indicates that the mean uncertainty can send out
early warning signals two days in advance, and the warning signals of the lower mean
and mean difference can mutually support one another. In addition, owing to the delayed
influence of Germany and the relatively minimal impact of China during the financial
crisis, there was no alarm on the GDAXI and CSI300 indexes mean uncertainties in
September 2008. Thus, mean uncertainty can serve as a crisis early warning indicator.
Subsequently, to analyze the precision of mean uncertainty with respect to
abnormal stock market fluctuations, we extracted data from January 1, 2008 to June 15,
2023, and closely examined the precision and miss rate. Regarding the accuracy of the
lower mean of the S&P500 index, there were 23 warning signals, 14 of which indicated
abnormal fluctuations in the real financial market, resulting in a precision of 60.87%.
Among the 20 abnormal financial fluctuations, six events were not warned, indicating
a miss rate of 30.00%. With respect to the accuracy of the mean difference, the S&P500
index has 68.97% precision and a 0.00% miss rate. By employing the same
methodology, we can assess the accuracy of other stock indexes, resulting in an average
precision of 63.48% for the lower mean and 67.84% for the mean difference, and an
average miss rate of 48.92% for the lower mean and 32.23% for the mean difference.
Both values of the F1 mean warning indicators are less than 0.7. Combined with the
performance of mean uncertainty during the 2008 financial crisis and the past 15 years
of abnormal financial fluctuations, mean uncertainty can serve as an early warning
indicator of abnormal financial fluctuations. In contrast, mean uncertainty exhibits
delayed responses and underreporting. Therefore, we consider a shift from relying
solely on the first-order moment to incorporating the second-order moment—that is,

volatility.
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Figure 4 Mean uncertainty of the S&P500 index
Table 2 Lower mean and mean difference of the stock indexes
Signal Index Block Line Time Value Precision Miss F;
no: 20 2008.01.23 -0.0153
S&P500 <-0.01 60.87% 30.00% 0.6512
ni: 8 2008.09.19 -0.0114
no: 20 2008.01.23 -0.0156
IXIC <-0.013 62.96% 34.62% 0.6415
Lower ni: 9 2008.09.19 -0.0140
mean 2008.01.23 -0.0209
no: 20
FTSE ; <-0.015 2008.03.19 -0.0167 69.23% 55.00% 0.5455
ni:
2008.09.19 -0.0188
GDAXI no: 20  <-0.02 2008.01.23 -0.0246 58.82% 61.54% 0.4651
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ni: 7 2008.10.13 -0.0338
2008.01.31 -0.0358

no: 20
CSI300 c <-0.03 2008.06.16 -0.0351 65.52% 63.46% 0.4691
Na:
2008.08.13 -0.0373
2008.01.23 0.0195
no: 20 2008.02.14 0.0175
S&P500 >0.015 68.97 0.00% 0.8163
ni: 8 2008.04.04 0.0161
2008.09.19 0.0159
no: 20 2008.01.23 0.0203
IXIC >0.02 65.71% 11.54% 0.7541
ni 9 2008.09.19 0.0209
2008.01.21 0.0243
no: 20
FTSE >0.02 2008.03.19 0.0242 70.59% 40.00% 0.6486
Mean ni: 7
) 2008.09.19 0.0234
difference
2008.01.23 0.0337
no: 20

GDAXI 7 >0.03 2008.04.09 0.0315 69.23% 30.77% 0.6923
2008.10.13 0.0348
2008.01.31 0.0590
2008.03.20 0.0540

CSI1300 :: 20 >0.05 2008.04.30 0.0538 64.71% 78.85% 0.3188
2008.07.16 0.0546
2008.08.13 0.0501

2.3 Volatility uncertainty

Turning to the second-order moment volatility due to individual investment risk
preferences, risk assets often exhibit a volatility aggregation phenomenon that cannot
be properly described by the classical distribution model. Therefore, we employ the
nonlinear expectation theory to demonstrate volatility uncertainty and devise the upper
volatility and the ratio between the upper and lower volatility (volatility ratio) for crisis
warning. The larger the two indicators, the greater the volatility uncertainty. Thus, we
establish their upper bounds as warning lines, which vary for different financial markets.

The moving block method was used to estimate volatility uncertainty. We selected

suitable block lengths n, and n, for different financial markets by experimenting

multiple times with different window sizes. The results and calculation methods are
presented in Table 3 and Section 4.3, respectively.

As shown in Table 3, the upper volatility and volatility ratio of the S&P500, IXIC,
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and FTSE indexes broke the warning lines and sent warning signals on September 23.
This indicates that volatility uncertainty can send early warning signals, and the
warning signals of the upper volatility and volatility ratio mutually support each other.
As Germany and China were less affected by the 2008 financial crisis, the volatility
uncertainty of the GDAXI and CSI300 indexes did not trigger warning signals for the
2008 financial crisis. Overall, the volatility uncertainty serves as an early warning
indicator. Similar to the accuracy assessment conducted for mean uncertainty, we
analyze forecasting effectiveness pertaining to volatility uncertainty. By utilizing a
dataset spanning 15 years, we determined that the average precision of volatility
uncertainty was 69.54% for the upper volatility and 62.62% for the volatility ratio. In
addition, the average miss rate was 26.69% for upper volatility and 72.08% for the
volatility ratio. The F; values of both volatility warning indicators were less than 0.7.
This finding suggests a significant presence of false signals within the warnings
generated by volatility uncertainty. Furthermore, certain warning signals exhibit a lag,
meaning that they are issued only once a crisis has already occurred, which leads to a
high miss rate. Therefore, a precise and accurate warning model is required.

Table 3 Upper volatility and volatility ratio of the stock indexes

Signal Index Block Line Time Value Precision Miss F;
no: 20
S&P500 o >0.03  2008.09.23 0.0397 69.23% 10.00% 0.7826
ni:
no: 20
IXIC o >0.03  2008.09.23 0.0375 64.86% 7.69% 0.7619
ni:
Upper no: 20
FTSE >0.04  2008.09.23 0.0476 72.22% 35.00% 0.6842
volatility ni: 7
no: 20 2008.01.29 0.0447
GDAXI >0.04 72.41% 19.23% 0.7636
nu 7 2008.10.09 0.0470
no: 20 2008.02.13 0.0525
CSI300 >0.05 68.97% 61.54% 0.4938
ni: 5 2008.07.10 0.0519
no: 20
S&P500 8 >3 2008.09.23 3.0675 62.50% 75.00% 0.3571
ni:
no: 20
Volatility IXIC 9 >2.5 2008.09.23 2.5612 62.50% 42.31% 0.6000
ni:
ratio

20 2008.02.08 3.0033
No:
FTSE ; >3 2008.05.01 3.0523 66.67% 70.00% 0.4138
ni:
2008.07.02 3.2299
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2008.09.23 3.3076

no: 20 2008.01.29 45591

GDAXI >4.5 71.43% 80.77% 0.3030
nw 7 2008.10.09 4.9146
no: 20

CSI300 s >5 2008.01.11 6.4155 50.00% 92.31% 0.1333
ni:

By combining mean and volatility uncertainties, although they breach the warning
lines multiple times and send warning signals before the financial crisis, there are some
limitations to the crisis warning. The selection of window length is subjective. We
manually adjusted the window length through multiple experiments without a
reasonable rule system. In addition, the establishment of warning lines lags and is
subjective, depending on the specific financial crisis. They are diverse across different
financial markets; thus, it is difficult to establish a uniform standard for different
financial crises and markets. Furthermore, these indicators cannot provide specific
timing for a crisis. Some of the warning signals, like mean uncertainty, are sent two
days before the crisis, and some like volatility uncertainty are on the day of the crisis.
Therefore, it is difficult to investigate the beginning of the crisis. Finally, the accuracy
of the crisis alerts was deficient. Numerous erroneous indicators are present in the
warning signals, and many abnormal fluctuations remain unwarned. To overcome these
limitations, we propose an accurate and comprehensive predictor of financial crises.
2.4 ALM-G-VaR

VaR models are widely used to measure financial market risks. However, classical
VaR models cannot measure uncertainty in the financial market, predict the exact crisis
timing (Nocetti, 2006), and be applied during storm periods (Berger and Missong,
2014). Recently, Peng et al. (2023) developed a new VaR model based on volatility
uncertainty. To overcome the restrictions on window length selection in the G-VaR
model, we develop an adaptive learning method to automatically adjust the window
length, the ALM-G-VaR model. For further details, see Section 4.4. Based on daily data,
we compute the ALM-G-VaR value for a given risk level of 0.05. The results of the
S&P500 index are presented in Figure 5, and those of the other indexes are summarized
in Table 4.

Figure 5 shows the excellent performance of the ALM-G-VaR model, indicating

13



that the worst-case distribution can capture local and global changes in the log return
of the S&P500 index. We establish a threshold of -0.05 as the initial indication of
abnormal stock market volatility. By assessing the performance of the G-VaR, we can
extract warning signals that signify an impending crisis. From September 19 to
September 23, the ALM-G-VaR value of the S&P500 index decreased from -0.0376 to
-0.0839, indicating that the return (every two days) of the S&P500 index decreased by
approximately 0.0463. The last warning point -0.0839 is close to the level of -0.10.
Similarly, the ALM-G-VaR of the IXIC and FTSE indexes also fell off a cliff between
September 17 and September 19, with a decrease of 0.0477 and 0.0393, respectively,
and the last warning lines were close to -0.10. Hence, we extract two warning signs of
the financial crisis as the downward trend is below or near -0.04 and the last warning
point is at or near -0.10. Owing to the limited damage suffered by Germany and China’s
financial systems during the 2008 financial crisis, the ALM-G-VaR of the GDAXI and
CSI300 indexes are far from the warning lines in September 2008. Therefore, we can
initially issue early warning of abnormal stock price fluctuations using the -0.05
threshold. Subsequently, by examining the significant downward trend of -0.04 and the
ALM-G-VaR value of -0.10, we forecast a financial crisis two days in advance.

Furthermore, by using the data for the period of January 1, 2008 to June 15, 2023,
we obtained the accuracy of the ALM-G-VaR early warning. Concerning the warning
of abnormal stock price fluctuations in the S&P500 index, there were 24 instances in
where the -0.05 ALM-G-VaR threshold was surpassed. Among these, 17 cases exhibited
abnormal fluctuations and early warnings with a precision rate of 70.83%. Additionally,
of the 20 abnormal fluctuations in the stock market, the predictive power of the ALM-
G-VaR was limited to 17, implying a false report rate of 15%. Hence, the average
precision and miss rate of abnormal stock price movement warnings across the five
stock indexes are 66.45% and 12.15%, respectively, and the average value of F; is
0.7560.

Shifting our focus to financial crisis warnings, the S&P500, IXIC, and FTSE
indexes generated warning signals on September 23, 2008 and March 16, 2020, aligned

with the events of the financial crisis and the COVID-19 outbreak, respectively. As the
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German financial market experienced a delayed impact from both events, the GDAXI
stock index issued crisis warnings on October 16, 2008 and March 26, 2020. Similarly,
the CSI300 index issued a warning on July 15, 2015, corresponding to China’s 2015
stock market crisis. Generally, the ALM-G-VaR warning system is more impartial and

enhances the precision of early warning systems.
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Figure 5 ALM-G-VaR for the S&P500 index from 2007 to 2009

Table 4 ALM-G-VaR warning signal of the stock indexes

L Warning Precision )
Indexes Warning signal . Value Miss rate F;
time rate
2008.01.25 -0.0531
DValue < -0.05 70.83% 15.00%  0.7727
2008.02.12 -0.0510
S&P500  @Down Trend <-0.04 2008.09.19  -0.0376
® Second Value < - -0.0463 100% - -
2008.09.23  -0.0839
0.10
(DValue < -0.05 2008.09.23 -0.0874 64.86% 7.69% 0.7619
IXIC @Down Trend <-0.04  2008.09.19  -0.0397
®) Second Value < - -0.0477 100% - -
2008.09.23  -0.0874
0.10
2008.01.29 -0.0631
(DValue < -0.05 65.38% 15.00% 0.7391
2008.09.11 -0.0547
FTSE @Down Trend <-0.04  2008.09.19  -0.0570
® Second Value < - -0.0393 100% - -
2008.09.23  -0.0963
0.10
(DValue < -0.05 2008.01.23 -0.0585 69.44% 3.85% 0.8065
GDAXI
@Down Trend <-0.04  2008.09.19  -0.0478  -0.0240 100% - -
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® Second Value < -
2008.09.23 -0.0718

0.10
OValue < -0.05 2008.01.23 -0.0513 61.76% 19.23% 0.7000
@Down Trend <-0.04  2008.09.19 -0.0871
CSI1300
® Second Value < - -0.0049 100% -
0.10 2008.09.23 -0.0920

By comparing the early warning effects of the three indicators, we can observe that
the precision of all three indicators exceeds 60%; however, the miss rate differs among
the three indicators. The ALM-G-VaR controls it at approximately 12%, which is
significantly lower than that of the mean and variance. Considering the F; value, the
average Fi value of ALM-G-VaR is higher than 0.75, whereas the average F; values of
the mean value and variance are lower than 0.7, which indicates that ALM-G-VaR has
a better prediction performance. Moreover, the ALM-G-VaR indicator can distinguish
between general and large abnormal fluctuations such as financial crises by establishing
different early warning signals. By comparison, it can be concluded that ALM-G-VaR
has a lower false reporting rate and a better prediction effect.

A comprehensive analysis of the mean uncertainty, volatility uncertainty, and
ALM-G-VaR warning indicators can provide reliable and comprehensive warning
signals for financial crises. Based on appropriate early warning lines, a financial crisis
may occur when the mean and volatility uncertainty indicators send warning signals.
The timing of the crisis can be estimated using the ALM-G-VaR model, which can
accurately forecast a financial crisis two days in advance. In conclusion, these warning
signals confirm each other and provide valuable insights into financial crises. In
addition, the adapted learning method can be used to calculate the mean and volatility

uncertainties accurately and timely.

3. Discussion

The integration of finance and technology have increased financial allocation
efficiency. However, it has also increased financial market uncertainty and risk, which
can potentially cause financial crises. Therefore, it is important to establish effective
financial crisis warning systems. Most warning systems focus on analyzing the causes

of financial crises to extract warning indicators, which oversimplify the complex, non-
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quantifiable aspects of financial markets (Hinsen, 2010). To address this issue, it is
essential to build an early warning system by analyzing the time series of stock indexes.
Classical time-series models assume a deterministic data distribution, which is
unsuitable for real financial markets that are nonlinear and uncertain. Therefore, a
sophisticated approach is required.

Peng (1997, 2004, 2006, 2008, 2019, 2020) originally developed a new rigorous
mathematical theory, nonlinear expectation, and integrated it into risk measurement, for
example, G-VaR model. By comparing the results of the G-VaR model and conventional
risk measurement, the G-VaR model can capture the longtime average loss of risky
assets. However, the restriction on the choice of the window makes it difficult to apply
the G-VaR model to complex risk characteristics. Hence, we establish an adaptive

learning method for estimating the parameter of the G-VaR (ALM-G-VaR) model. In

theory, violation rate H(a,t) converges to « with a probability of 1, as 1 —>0;
however, H(a,t) is far from ¢« in practice. Therefore, we adjust the estimation of
parameters ( s ﬁs,és,és) by adjusting the data window (n,,n). Based on the

sublinear expectation E [] and mild conditions, we prove the accuracy of the model;

that is, the sublinear expectation of the violation rate convergesto « when the amount

of financial data tends to infinity, as ]E[l:[(a, t)] —>a,t—>w.

Therefore, adaptive learning methods can be applied to provide crisis warnings.
By considering the return rate of the data and setting a warning line -0.05, it was
observed that the stock indexes issued a warning signal on September 23, 2008, which
provided early warning information about the arrival of the 2008 global financial crisis.
We synthesized three warning signals—mean uncertainty, volatility uncertainty, and
ALM-G-VaR—to provide comprehensive and accurate early warning information for
the arrival of abnormal financial fluctuations. The results indicate that by setting
appropriate warning lines and window lengths, the mean and volatility uncertainties
emitted warning signals multiple times before and during the 2008 global financial

crisis. Although mean and volatility uncertainties can serve as warning indicators, the
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lag in issuing warning signals, lack of specificity regarding the timing of crises, and
high miss rate pose challenges. To address these issues, we further develop the ALM-
G-VaR model for providing early warning of abnormal financial fluctuations, which
can effectively forecast an abnormal fluctuation when its value is below -0.05. For an
even larger anomaly, when there is a substantial decline in the ALM-G-VaR of stock
indexes, such as when the downward trend is below or near -0.04 and the last warning
point is at or near -0.10, financial crises can be predicted two days in advance. By
combining the three early warning indicators, the warning signals of mean and volatility
uncertainties illustrate that abnormal financial fluctuations may occur in the future, and
the specific time of the abnormal fluctuations can be determined via the warning signals
of the ALM-G-VaR indicators.

The VaR model is widely used for risk measurement and served as the foundation
for the ALM-G-VaR warning indicators. However, it has limitations in measuring
extreme risk because it only considers a single level of loss probability and lacks a
description of tail loss. Additionally, this violates the sub-additivity property proposed
by Artzner et al. (1999), indicating that the VaR model is not a consistent risk measure.
To address these issues, Acebi and Tasche (2002) developed an accurate risk
measurement model, the expected shortfall (ES) model, which describes the average
tail loss and is a consistent risk measure. Given the excellent properties of the ES model,
the Basel Committee on Banking Supervision released a new, lower capital requirement
for market risk, replacing the VaR model with the ES model. As the classical ES model
also assumes that financial data follow a deterministic distribution, our future work will
incorporate nonlinear expectations with the ES model and utilize the newly developed

G-ES model to construct a financial crisis warning system.

4. Methods

According to the results given in Section 2, we show the calculation methods in
details.

4.1 Time series
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We perform preprocessing on the stock index data. Let {X.} be the time series
of the stock index. The log return of stock index is denoted by Z_,

XS

Z, =log(X,)—log(X,_,) =log ”

(1

s-1
In the following, we consider the log return of the stock index and construct mean
uncertainty, volatility uncertainty and ALM-G-VaR warning indicators.

4.2 Mean uncertainty

To measure the mean uncertainty of the data, we assume that the mean of {Z }. ,

satisfy the maximal distribution M [ s, ﬁs] , and are iid wunder sublinear
expectation (see Peng et al. (2019)), where 4, and g represents the lower and upper

means, respectively. Based on the ¢ -max-mean parameter estimation method

developed in Jin and Peng (2016, 2021), we use a moving block method to estimate the

parameters ( M /75)~ With the initially length of historical data n,, considering the

data {Z,} we divide them into n,—n, +1's blocks,

S—Ny+I<r<s»

{Zs—n0+l' T Zs—nOJrn1 } J {Zs—n0+2’ T Zs—n0+nl+1} U {Zs—rml+l’ Ty Zs } ’

where each block has n, elements, the sample mean for each moving block is

m
zizlzs—n0+i+j—l

1

I 1< j<n,—n +1. (2)

The lower and upper means of {Z }, ;... satisfy
p,=-E[-Z,] and g =E[Z].
Applying the ¢ -max-mean method in Jin and Peng (2016, 2021), the estimations of
lower and upper mean are given by:

.= min 4. and 1= max N
Hs 1sjsn0—n1+l'us’J #s I<j<ng—m+1 5

3)
4.3 Volatility uncertainty

In this part, we assume the log return of stock index Z_, without mean uncertainty,
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that is E[Z,]=-E[-Z,]= 4 . Similar with the subsection 4.2, we set the initially
window lengths n, and n,, where n, <n,. Dividing the data {Z }, . ... into
n,—n,+1's blocks,

{Zs—n0+l" "’Zs—n0+nl}’{zs—n0+2" T Zs—n0+n1+l}” "’{Zs—nl+1" " Zs}

The sample mean for each moving block is

m
Zi:lzs‘”o+i+j—l

n

i = A< j<n,—n +1. (4)

The estimation of volatility for each moving block is

Zinil(zs—noﬂﬂ—l - [ls,j )2 .

A2
O¢; = )
> n -1
Then, the estimations of lower and upper volatility are given by:
2 - A2 =2 ~2
o;= min o, and &,= max oy,. 6
=3 1<j<ng—m+1 s s 1I<j<ng—m+1 s ( )

4.4 ALM-G-VaR model

To formulate the model of ALM-G-VaR, we first give a basic assumption for the
log return of stock index {ZS}T

s=1"

Assumption 4.1. Let Z_ satisfy a G-normal distribution N ( ,us,[gsz,&f]) under

sublinear expectation E[-],and Z, beindependent from Z,,Z,,---,Z_,,5>2, where

H s—117

( M, O, O ) are deterministic parameters of G-normal distribution. There exist positive

constants l,l_ such that

L<|Srg o,, supo,<lI,

s>1
where o =-E[(Z,~ )] and &°=E[(Z, - )]
Based on sublinear expectation, Peng et al. (2023) introduced a new risk

measurement VaR model G-VaR for the time series {Zs};l, where G-VaR is defined
by the sublinear expectation E[I (Z,< X)] from a family of distribution {F,}

60’

where 1(:) is the indicator function,
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G-VaR, (Z,)=—inf {xeR:E[1(Z, <x)]>a}. (7)
The advantage of the model G-VaR (7) is that we can find a distribution such that
F(s,x)=E[1(Z,<x)].

When X <0, an explicit solution of F (s, x) is

F(s,x) =22 cb[xi“Sj, ®)

O-S + gS O-S

where ®(-) isthe cumulative distribution function of the standard normal distribution.

Based on distribution F , the explicit formula of G-VaR model (7) is given as follows,

G-VaR" (2,)=-u, _5@-1[%;25“} )

where B, =(u,,0,,5,). In formula (9), we use (o,,5,) to present the volatility

uncertainty of Z_ at time s, and if ¢, =0, it is the classical VaR model under

classical normal distribution. The parameters are computed via the moving block
method. As there are constraints on the window selection, we have devised an adaptive
learning method to automatically modify the window length, namely ALM-G-VaR

model.

For a given risk level « , and parameter ,[;’s = ( 4,6, 35 ) , the counting function

" 1(z. <G-VaR*(z
H(a,t)zzszl ( : = t R ( S)), (10)

converges to « in probability 1 as t—> 0. In practice, we need that TI(a,t) is near
the risk level « . Therefore, we consider to adjust the estimations (c_i's,o%s) based on
the value of TI(a,s-1). Note that, if Tl(e,5—-1)<a, to improve the accuracy of
IT(ar,s) , we need to add the value of &, and reduce the value of 55 If

IT(a,s—1) >  , we need to reduce the value of &, and add the value of ai . That is,
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g, + 9,
o, = O,
Gs_és’
and
O — 0O,
o, = o,
o.+0.,

I(a,s-1) < a,
M(a,s-1) =,
(e, s-1) > «,

(a,s-1) <,
(e,s-1) =,
IM(a,s-1) > a.

(11

(12)

In practical analysis, when Il(e,s—1) <a, we consider to reduce n, and add n,,

when II(er,s—-1) >« , we consider to add n, andreduce n,,

Ny — W,

and
n, +w,
n = n,
n—w,

IM(a,s-1) < «,
I(a,s-1) =a,
I(e,s-1) > a,

IM(a,s-1) < a,
(e,s-1) =«a,
IM(a,s-1) > a.

Here, we use W, and w, to adjust n, and n, of the previous step, which should

satisfy 1<, <f,. In general, we set w, =w, =1.

Now, we recalculate TI(«,S) with new parameters ((_55,33) , and replace

(a,s) with

> 1(2,<G-Var’ (2,))

(a,s) =

where S, =([ts,(js,3s).

S

Proposition 4.1. Let the log return of stock pricing Z, satisfy

Zo=p+Y;, (j-Dm<s<jm, 1< j<n,

(13)

(14)

where 4 isaconstant, and Y, satisfy a normal distribution N (O, O'j2> . The number

of the element of each group M is not given and the total number of datais T =nm.
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Then, for a given time S , when {A,A}={n+wy,n,—w}

E[éi}SE[QAE]’E[g]SE[éi] ,  When {foriuf = {no —w,ny +waj

Proof: For a given risk level « and initial lengths of moving block N, and N, we
can obtain the estimators for the upper and lower volatility (&, o%s) and subsequently
calculate l:[(a, s—1). If l:[(a, s—1)#a, then we need to adjust &, and oA
accordingto N, and N,.

We first consider the case 1:[( a,s —1) >a,andneed toadd N, to N, andreduce

N, to N, where {Ay,A}={n,+Ww,,n,—w}. The adjustment estimators of volatility

are:
H 2 =2 ~2
6,=_min &7, and o;= max o,
<-4+l > I<j<Ap-A+l
where
i 2
i, -
~2 Zi:1(zs—ﬁ0+i+j—1_1us,j)
05 = — :
n -1
and
n
~ N Zi:]_zsfﬁOJriJrjfl
Hy=——

Note that {fi,,fi,} ={n, +w,,n,—w,}, the estimators (G;,0,) can be expressed

as:

Gi=__min G and &= max &y,

1< j<ng —ny +14+wo +wy g 1< j<ng —ng +14+Wo +wy,

A

Based on {n,,n,}, the estimators (a 35) can be expressed as:

s

and &°= max &7

2= min & :
- 1< j<ng—m +1 )

1<j<ny—m+1 S

Without loss of generality, we assume &7, =67, where &7, is calculated by

m

{Zs—n0+i+ jo_l}i:1 . Note that the sequence {6'5 J. }WW

m

s—n0+i+j0—l}i:1 s

’ " isalso calculated by {Z

1=l
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and N, <2m, it follows that
min E &SZJSE[&jjO],

Jo<i<lo+wy

which deduces that
E|&!]<E[&!]

In a similar manner, we can show that
E[&7|>E[&7 ).

This completes the proof.
Assumption 2.2. Let the parameter (é‘s,o%s) satisty
1 <infé,, sup&, <I.
s>1 s>1

Combining with Assumption 2.1, we have that the parameters (QA'S,OL'S) and the

adjustment parameters (55,55) take value in the interval [I,1]. To evaluate the

predictive performance of the ALM-G-VaR model, we first establish the convergence

result for T1(e,s).

Theorem 4.1. Let Assumptions 2.1 and 2.2 hold. We have that
!im | E[I1(a,1)] - |=0.

Proof: For a given risk level « , by the formula of I1(e,t), it follows that,

E[(1(a,t)] =%2E[I (z,<G-VaR?: (zs))}

Note that, F(t,x)= E[I (Z,< X)], and

Then, we have
t ~
> F(s,6-VaR%(Z,)),

s=1

B[{1(at)] =%

where
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G-VaR”* (Z,)=—4, —35<I)_1(Ma}

Note that, ®*()) is uniformly continuous in an any given bounded interval. For
a given sufficiently small & >0, from the definition of sequence (é‘s G, )l<s in (11)

and (12), and Assumption 2.2, there exist sequence (és,é_'s) e and ¢,(¢),0,(¢)>0

1<

such that

5,(6) <|G-VaR% (2,)-G-VaR% (Z,) < 5,(e),

and thus
2< F(s,6-VaR (2,))-F(s,6-VaRE (2,)) <2

Let us first consider the time t >1. If ]E[f[(a,tl)] >« , we reduce the value of

A =

0,,1 andadd the value of 3t1+1, and obtain adjustment parameter (§11+1,0t1+1)- By

the inequality above, it follows that

§< ‘F (t1 116 _VaRoﬁ}ﬁl (Zt1+l))_ = (t1 +1G —VaRf;‘m (Zt1+1)) <é&.

Then, there exists t, >t, such that F(tz,G—VaRf‘z (, ))<a and

a—%SE[ﬁ(a,tz)JSa.

2

Similarly, we can find t, >t, suchthat F (tg,G —VaRf‘3 (Zt3 ))) >a,and

aSE[f{(a,tz)]Sathi.

3

Therefore, there exists N, >0 such that when t> N, and thus
~ 1
|E[I1(a,t)]-a < o
Using a similar manner with E[ﬁ(a,tl)] <a , there exists N; >0 such that
when t>N,,
~ 1
|E[I1(a,t)]-a < o

This completes the proof. UJ
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In the following, we show the convergence results of the violation rate in empirical
analysis. Figure 6 shows the violation of S&P500 Index during January 1, 2007 to
December 31, 2009 under the risk level a =0.05, which should converge to « in
probability 1 according to Theorem 4.1. Note that, after short-term adjustment, the
violation rate is stable, which shows that the ALM-G-VaR model has high accuracy in

risk measurement.

SP-violation

006 —

0.04 — -

0.02

1 1 1
0

07-01-01 07-07-01 08-01-01 08-07-01 09-01-01 03-07-01 10-01-01

From January 1,2007 to December 31, 2009

Figure 6 The violations of S&P500 Index under the risk level o =0.05
We use the test of a likelihood ratio for a Bernoulli trial and the test of a
Christofferson independent to evaluate the predictive performance of the ALM-G-VaR

model. We conclude the testing results of stock indexes in Table 5 with « =0.05. In

Table 5, we calculate five indicators: Theo-Viol, Fact-Viol, & , LR, and LR

ind >
where Theo-Viol and Fact-Viol respectively represent the value of violation in theory

and & is the sample violations rate, LR, denotes the likelihood ratio test statistics,

LR,, denotes the Christofferson independent test statistics. In the performance of the

indicators, Fact-Viol is close to Theo-Viol and & is close to the risk level o =0.05,
which indicates that ALM-G-VaR model can excellently capture the risk of the log

return of the stock index. As for the test results, if the test statistic larger than the risk

level o, that is LR, >0.05, LR,,>0.05, then it implies the likelihood ratio test
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statistics and the Christofferson independent test statistics are passed under the

confidential level 95%. According to the values of LR, and LR, ,, we can conclude

ind *
that almost all of stock indexes pass the two tests under the confidential level 95%.

Therefore, the new ALM-G-VaR model has perfect predictive performance.

Table 5 Testing of S&P 500 Index with a = 0.05

Index Theo-Viol Fact-Viol a LR, LR
S&P500 18.75 19 0.0507 0.9529 0.3250
IXIC 18.75 19 0.0507 0.9529 0.0726
FTSE 18.75 18 0.0480 0.8581 0.0527
CSI300 18.75 21 0.0560 0.6006 0.4246
GDAXI 18.75 18 0.0480 0.8581 0.8826
Reference

[1] Abdelsalam, MAM. & Abdel-Latif, H. An optimal early warning system for currency crises
under model uncertainty. Central Bank Review 20, 99-107 (2020).

[2] Acerbi, C. & Tasche, D. On the coherence of expected shortfall. Journal of Banking & Finance
26, 1487-1503 (2002).

[3] Arthur, W. Complexity and the Economy. Science 284, 107-109 (1999).

[4] Artzner, P. et al. Coherent measures of risk. Mathematical Finance 9, 203-228 (1999).

[5] Avellaneda, M., Levy, A. & Paias, A. Pricing and hedging derivative securities in markets with
uncertain volatilities. Applied Mathematical Finance 2, 73-88 (1995).

[6] Battiston S. et al. Complexity theory and financial regulation. Science 351, 8§18-819 (2016).

[7] Berger, T. & Missong, M. Financial crisis, Value-at-Risk forecasts and the puzzle of dependency
modeling. International Review of Financial Analysis 33, 33-38 (2014).

[8] Brumfiel. G. Innovating out of the financial crisis. Nature, (2008). https://doi.org /10.1038
/mews.2008.1204.

[9] Buchanan, M. Economics: Meltdown modelling. Nature 460, 680-682 (2009).

[10] Chamberlain, T. Revamp economics for global fixes. Nature 580, 590-590 (2020).

[11] Chen Z. & Epstein L. Ambiguity, risk, and asset returns in continuous time. Econometrica 70,

27



1403-1443 (2002).
[12] DeCoursey, T. Don't judge research on economics alone. Nature 497, 40-40 (2013).

[13] Epstein, L. & Ji, S. Ambiguous volatility and asset pricing in continuous time. Review of
Financial Studies 26, 1740-1786 (2013).

[14] Follmer, H., Schied, A. & Lyons T. Stochastic Finance: An introduction in discrete time. The
mathematical intelligencer 26, 67-68 (2004).

[15] Frankel, J. & Rose, A. Currency crashes in emerging markets: An empirical treatment. Journal
of international Economics 41, 351-366 (1996).

[16] Gabaix, X. et al. A theory of power-law distributions in financial market fluctuations. Nature
423, 267-270 (2003).

[17] Ghosh, S. & Ghosh, A. Structural vulnerabilities and currency crises. IMF Staff papers 50, 481-
506 (2003).

[18] Gallant, A. Wiley Series in Probability and Mathematical Statistics. John Wiley & Sons, Inc.,
(2004).

[19] Hinsen, K. Economic growth: indicators not targets. Nature 468, 897-897 (2010).

[20] Jin, H. & Peng, S. Optimal unbiased estimation for maximal distribution. Probability
Uncertainty and Quantitative Risk 6, 189-198 (2021).

[21] Kaminsky, G., Lizondo, S. & Reinhart, C. Leading indicators of currency crises. International
monetary fund staff papers 45, 1-48 (1998).

[22] Lin, C. et al. A new approach to modeling early warning systems for currency crises: Can a
machine-learning fuzzy expert system predict the currency crises effectively? Journal of
international money and finance 27, 1098-1121 (2008).

[23] Lyons, T. Uncertain volatility and the risk-free synthesis of derivatives. Applied Mathematical
Finance 2, 117-133 (1995).

[24] May, R., Levin, S. & Sugihara, G. Complex systems: Ecology for bankers. Nature 451, 893-
895 (2008).

[25] Nag, A. & Mitra, A. Neural networks and early warning indicators of currency crisis. Reserve
bank of india occasional papers 20, 183-222 (1999).

[26] Nocetti, D. Central bank's Value at Risk and financial crises: An application to the 2001
argentine crisis. Journal of Applied Economics 9, 381-402 (2000).

[27] Peng, S. Backward SDE and related g-expectation. Pitman research notes in mathematics series,
141-160 (1997).

[28] Peng, S. Filtration consistent nonlinear expectations and evaluations of contingent claims. Acta

mathematicae applicatae sinica 20, 191-214 (2004).

28



[29] Peng, S. Stochastic Analysis and Applications: The Abel Symposium 2005, chapter “G-
expectation, G-Brownian motion and related stochastic calculus of Ito type”. Springer, Berlin
Heidelberg, (2006).

[30] Peng, S. Multi-dimensional G-Brownian motion and related stochastic calculus under G-

expectation. Stochastic processes and their applications 118, 2223-2253 (2008).

[31] Peng, S. Theory, methods and meaning of nonlinear expectation theory. Scientia Sinica
Mathematica: In Chinese 47, 1223-1254 (2017).

[32] Peng, S. Nonlinear Expectations and Stochastic Calculus under Uncertainty. Springer, Berlin,
Heidelberg, (2019).

[33] Peng, S. & Yang, S. Distributional uncertainty of the financial time series measured by G-
expectation. Theory of probability and its applications 66, 729-741 (2022).

[34] Peng, S., Yang, S. & Yao, Y. Improving Value-at-Risk prediction under model uncertainty.
Journal of financial econometrics 21, 228-259 (2023).

[35] Pettifor, A. Rebuild the ramshackle global financial system. Nature 582, 461-461 (2020).

[36] Ruhl, J. Financial complexity: Regulating regulation. Science 352, 301-301 (2006).

[37] Sachs, J., Tornell, A. & Velasco, A. Financial crises in emerging markets: The lessons from

1995. Brookings papers on economic activity, 147-215 (1996).

[38] Scheffer, M. et al. Anticipating critical transitions. Science 338, 344-348 (2012).

[39] Vicsek, T. Complexity: The bigger picture. Nature 418, 131-131 (2002).

[40] Walley, P. Statistical reasoning with imprecise probabilities. London: Chapman and hall,

(1991).

29



