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Policy Bifurcation in Safe Reinforcement Learning
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Abstract—Safe reinforcement learning (RL) offers advanced
solutions to constrained optimal control problems. Existing stud-
ies in safe RL implicitly assume continuity in policy functions,
where policies map states to actions in a smooth, uninterrupted
manner. However, our research finds that in some scenarios, the
feasible policy should be discontinuous or multi-valued, and a
continuous policy can inevitably lead to constraint violations.
We are the first to identify the generating mechanism of such
a phenomenon, and employ topological analysis to rigorously
prove the existence of policy bifurcation in safe RL, which
corresponds to the contractibility of the reachable tuple. Our
theorem reveals that in scenarios where the obstacle-free state
space is non-simply connected, a feasible policy is required to be
bifurcated, meaning its output action needs to change abruptly
in response to the varying state. To train such a bifurcated
policy, we propose a safe RL algorithm called multimodal
policy optimization (MUPQ), which utilizes a Gaussian mixture
distribution as the policy output. The bifurcated behavior can be
achieved by selecting the Gaussian component with the highest
mixing coefficient. Experiments with vehicle control tasks show
that our algorithm successfully learns the bifurcated policy and
ensures satisfying safety, while a continuous policy suffers from
inevitable constraint violations.

Reinforcement learning (RL) has made significant advance-
ments in solving complex optimal control problems (OCPs),
such as robotic manipulation [1], navigation [2], and au-
tonomous driving [3]-[5]. The primary objective of RL is
to learn an optimal policy by maximizing the expected total
rewards. In many practical control tasks, the policy needs to
not only aim for reward maximization but also ensure safety by
avoiding undesirable states. In an OCP, safety guarantees are
often modeled by a set of hard state constraints, which cannot
be violated. The corresponding RL algorithms are called safe
RL [6], [7], which has become an effective tool for solving
constrained OCPs.

Existing research in safe RL primarily focuses on integrat-
ing constrained optimization methods with RL algorithms. J.
Achiam et al. [8] propose constrained policy optimization
(CPO), employing trust region methods to achieve near-
constraint satisfaction at each iteration theoretically. Alex Ray
et al. [9] incorporate the Lagrangian multiplier method into
proximal policy optimization (PPO) [10], resulting in PPO-
Lagrangian (PPO-L), which enables constraint satisfaction
and return maximization. Yu et al. [11] and Yang et al.

*All correspondence should be sent to Shengbo Eben Li. Email:
lishbo@mail.tsinghua.edu.cn.

IState Key Laboratory of Intelligent Green Vehicle and Mobility, School
of Vehicle and Mobility, Tsinghua University, Beijing, China.

2School of Mechanical Engineering, University of Science and Technology
Beijing, China.

SInstitute for AI Industry Research (AIR), Tsinghua University, Beijing,
China.

4Shanghai Artificial Intelligence Laboratory, Shanghai, China.

[12] tackle the problem by exploiting feasible sets in safe
RL, defining them as state space regions where policies can
consistently operate without violating safety constraints. Their
work enhances the understanding and application of feasible
sets in safe RL.
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Fig. 1. Limitations of continuous policies in vehicle control

problems. (a) Illustration of a control problem for autonomous
vehicles that encounter an obstacle and must reach a goal region. (b)
The trajectories of a vehicle that start from different lateral positions
py (in meters) under the optimal policy. There is a bifurcation around
py = 0 where the vehicle steers around the obstacle in different
directions. (c¢) Correlation between the front wheel steering angle &
(in radians) and lateral position p, for an autonomous vehicle starts
at a fixed longitudinal position p, and speed. The dots show optimal
steering responses, with jumps for varying lateral positions at p, = 0.
The curve denotes a continuous policy that fails to initiate necessary
avoidance maneuvers when starting from the road’s center.

In terms of policy structure, existing methods apply deep
neural networks to approximate policies [8], [9], [11]-[14]. For
tasks involving continuous state and action spaces, the inherent
continuity of neural networks results in policies that are



also continuous, mapping system states to actions smoothly.
However, existing research overlooks a serious issue: in many
cases, no feasible continuous policy solution may exist for
constrained OCPs. In such situations, any continuous policy
learned through any safe RL methods will inevitably violate
the constraints for some initial states, which is extremely
detrimental in practical applications.

Considering the scenario shown in Fig. la, a safe RL
algorithm aims to learn a policy that ensures the ego vehicle
reaches the goal without colliding with the obstacle, which
is in the center of the road. The ego vehicle starts initially at
different positions: blue on the left, red in the center, and green
on the right side of the road. The blue vehicle should learn to
detour to the left, while the green vehicle should move to the
right. As observed, a challenge arises for the red vehicle in the
center, as shown in Fig. lc. If a continuous policy is adopted,
the red vehicle may perform an interpolated action based on
the actions taken by the blue and green vehicles, potentially
leading to a direct collision with the obstacle.

This issue is closely related to multimodal state-action
distributions, each of which corresponds to a local optimum
of the non-convex OCP. The problem of action multimodality
has been noted and studied in imitation learning [15] and
offline RL [16]-[18], where data sets are derived from different
experts. Applying a continuous policy in these contexts can
result in interpolation between different modes, which is often
low-value and risky. This issue has received litter attention in
online RL under the assumption that agents can explore and
learn high-value modes while avoiding low-value interpola-
tions. However, as we demonstrate in Fig. la, a continuous
policy can result in undesirable intermediate behaviors and
lead to constraint violation regardless of the algorithm used.
In such scenarios, feasible policies should be bifurcated, where
“bifurcated” signifies that the policy’s actions change abruptly
in response to states. We term this phenomenon “policy
bifurcation”. Revealing the underlying mechanisms of this
phenomenon remains an unexplored area in current research.

To the best of our knowledge, this work is the first to
identify the policy bifurcation mechanism. We established a
set of sufficient conditions under which there is no feasible
continuous policy for constrained OCPs. These conditions are
commonly met in the problem formulations of many robotic
and autonomous driving tasks, revealing an overlooked flaw
of the policy structure in existing safe RL research.

In this work, we analyze constrained OCPs from a topo-
logical perspective. We introduce topological concepts such
as paths, loops, and homotopy to define the critical property
of contractibility, which plays a pivotal role in our analysis.
Our findings reveal that for constrained OCPs with non-
simply connected constraints, the set of reachable states and
times—termed the reachable tuple—corresponding to a fea-
sible continuous policy must exhibit this contractibility. This
requirement often leads to suboptimal policies. Furthermore,
when the initial state set is inherently noncontractible, a com-
mon occurrence, the reachable tuple cannot be contractible,
indicating the impossibility of a continuous policy to be
feasible. This highlights the necessity of adopting bifurcated
policies in safe RL, especially for tasks with complex safety

constraints.

As a solution to the problem revealed by our theoreti-
cal findings, we propose the multimodal policy optimization
(MUPO) algorithm. It utilizes a Gaussian mixture distribu-
tion to realize a bifurcated policy structure. Additionally, it
incorporates spectral normalization and forward Kullback-
Leibler (KL) divergence, enabling the policy to better capture
multimodal action distributions, thereby facilitating the accu-
rate learning of bifurcated policies. Our experimental results
demonstrate the ability of MUPO to efficiently learn bifurcated
policies that ensure safety in challenging vehicle control tasks.

Problem setting

We focus on the constrained OCP within a continuous
dynamical system, where the objective is to maximize the
expected total reward while satisfying safety constraints and
reaching the goal. The system is characterized by a continuous
state space X and an action space U, with continuous dynam-
ics (t) = f(z(t),u(t)), where 2(t) € X and u(t) € U. The
control action «(t) is determined by a policy 7y parameterized
by 6, such that u(t) = me(x(t)). Let Xin; be the set
of initial states from which the system can start, and let
dinit be the probability distribution over Xj,i;. The safety
constraints are denoted by the sub-zero level set of a time-
invariant function h : X — R, defining the constrained set
Xestr = {x € X | h(z) < 0}. Conversely, the region where
h(x) > 0 corresponds to the violation region X,;,, denoting
the states that violate the safety constraints. The goal state set
Xgoal denotes the desired outcomes that the system aims to
achieve within the time horizon 7. The formal statement of
the constrained OCP is:

T
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Safe RL offers a promising approach to address the con-
strained OCP by learning a policy that improves performance
while ensuring safety. In standard safe RL, the policy my is
often parameterized by neural networks. Such a representa-
tion of policy usually leads to a continuous policy, which
is popular in modern RL algorithms [4], [10], [19], [20].
However, the continuous policy is far from enough for real-
world applications, as it will cause unavoidable violations
of safety constraints. As shown in Fig. 1b and Fig. lIc,
extensive scenarios require us to design a bifurcated policy
to ensure safety. The mechanism of policy bifurcation for the
constrained OCP remains an open problem, which is the main
focus of this work.
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RESULTS
Suboptimality and infeasibility of continuous policies
We introduce two key concepts in our analysis: the reach-
able tuple R, and contractibility. The reachable tuple R
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Fig. 2. Suboptimality of continuous policies. (a) Illustration of a constrained OCP in a 2D state space, extended with a time dimension.
Due to the fact that the safety constraints are active at all times, the violation region Xyio1 is depicted as a cylinder that extends along the
time dimension. For the open-loop optimal solution, trajectories from initial states =, and z, to goal states xj, and x}, bypass the obstacle on
different sides. The loop #4775, cannot be continuously contracted to a point within Xcs, Without passing through Xyio1, due to the non-
simply connected property of Xcstr. According to our theoretical analysis, for any continuous policy acting in this manner, there must exist
an initial state x., from which the trajectory must violate the constraints. (b) Illustration of a feasible continuous policy for the constrained
OCP, showing the trajectory that avoids the obstacle from one side to ensure the feasibility of the continuous policy. Continuous policy is
forced to take a significantly suboptimal trajectory compared to open-loop optimal solutions, leading to a substantial loss in optimality.

denotes the set of all state-time pairs (z,t) that the system
can reach within a given time frame 7', meaning the system
can be in state x at time f. Contractibility refers to the
property that a set can be continuously transformed into a
single point without violating the constraints of the system.
It is important to note that this definition differs from the
traditional notion of contractibility in topology. When the
constrained set Xg¢ iS non-simply connected, its subset could
be noncontractible. This noncontractibility further leads to
limitations of continuous policies in constrained OCPs, which
are presented as follows:

Suboptimality of continuous policies: for a constrained
OCP characterized by a Lipschitz continuous dynamic func-
tion f, if the optimal policy corresponds to a reachable tuple
‘R that is noncontractible, then the optimal policy cannot be
achieved by continuous policy. Fig. 2 provides an illustrative
example of this theorem.

Infeasibility of continuous policies: if the initial state set
Xinit 18 noncontractible, and the goal state set Xg441 iS con-
tractible, then a constrained OCP has no feasible continuous
policy. Fig. 3 provides an illustrative example of this theorem.

These theorems highlight the inherent limitations of con-
tinuous policies in constrained OCPs. Importantly, these lim-
itations are intrinsic to the continuous policies and are not
dependent on the specific learning algorithm. As long as the
policy is continuous, these challenges in achieving optimality
and feasibility under non-simply connected constraints will
persist.

Experimental validation for learning bifurcated policy

To address the limitations of continuous policies, we con-
struct a bifurcated policy that outputs the parameters of a
Gaussian mixture distribution. By selecting the mean of the
Gaussian component with the highest gate probability as the
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Fig. 3. Infeasibility of continuous policies. This figure illustrates a
constrained OCP within a 2D state space. The initial state set Xipit, iS
noncontractible; for instance, a closed curve #;,;; within Xiui¢ encir-
cles the violation region Xyio1. Under a continuous policy, all points
on /init after the same time period form a new closed curve, such as
Cmia in the figure. However, there exists no continuous deformation
in topology that can transform /fini¢ into £g0a1 Without intersecting
Xyiol, thus demonstrating the infeasibility of the continuous policy.

action, this approach allows for discontinuous changes in the
action with respect to changes in the state. We propose the
MUPO algorithm, developed based on maximum entropy RL
[19], to train this bifurcated policy. It utilizes the forward
KL divergence to enhance its ability to learn multimodal
distributions, avoiding convergence to suboptimal solutions.
Our experimental validation demonstrates that the bifurcated
policies learned by the MUPO algorithm can effectively ensure
safety and optimality in vehicle control tasks. In contrast,
continuous control policies are shown to lead to constraint
violations in these scenarios.

1) Simulation experiments: We build two experimental
tasks with a three-degree-of-freedom vehicle model [21]. The
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Fig. 4. Experimental results and visualization. (a) Bypass task illustration. (b) Encounter task illustration. (¢) Open-loop control for the
Bypass task. (d) Open-loop control for the Encounter task. (e) Training curves for the Bypass task. (f) Training curves for the Encounter
task. (g) Front-wheel steering angle ¢ changes over time for the Bypass task where the vehicle starts from different lateral positions p,. (h)
Trajectories for the Bypass task where the vehicle starts from different lateral positions p,,.

primary objective of these tasks is to effectively maneuver the
ego vehicle along a linear trajectory while adeptly circum-
venting any potential obstacles. The first task, referred to as
“Bypass”, involves a stationary obstacle on the reference path.
The objective of the ego vehicle is to bypass this obstacle and
then return to the reference path. The second task, referred to
as “Encounter”, involves dealing with a vehicle approaching at
a constant speed from the left side. The goal for the ego vehicle
in this scenario is to maintain on the reference path while
ensuring there is no collision with the approaching vehicle.

The baselines for comparison are distributional soft actor-
critic (DSAC) [22] and soft actor-critic (SAC) [19] with
continuous policies. Detailed hyperparameters can be found in
the supplementary materials. First, we evaluate the algorithms
with two metrics: maximum constraint violation and average
episode return. The training curves are shown in Fig. 4e and
Fig. 4f. The results demonstrate that both MUPO and DSAC
achieve comparable high average episode returns, surpassing
the performance of SAC, while seemingly satisfying the safety
constraints under the current evaluation setup. However, it is
important to note that the evaluation based on a limited number

of random initializations cannot fully reflect the safety of the
learned policies. Our next experiment will further show that
only bifurcated policy can guarantee safety, while continuous
policy cannot.

We plot the action variations against initial states for both
the bifurcated policies of MUPO and the continuous policies
of DSAC and SAC. In the Bypass task, Fig. 4c shows how
the front-wheel steering angle § changes with the initial lateral
position p,. All the policies tend to steer left (positive front-
wheel angle §) when initially positioned on the left side of
the road, and steer right on the right side. However, near the
road center, continuous policies interpolate between left and
right steering—going straight, while bifurcated policies can
exhibit discontinuous transitions. In the Encounter task, Fig. 4d
shows how the longitudinal acceleration a, changes with the
initial longitudinal position p,. All the policies accelerate
when initially ahead, and decelerate when behind, to pass
or yield, respectively. Again, only bifurcated policies exhibit
discontinuous behavioral transitions. In both tasks, the MUPO
learns bifurcated policies that exhibit discontinuous transitions
in actions as the state changes, which helps avoid constraint
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Fig. 5. Comparison of autonomous vehicle trajectories under continuous versus bifurcated policies in real-world execution. (a)
Trajectory visualization of autonomous driving with continuous policy. (b) Trajectory visualization of autonomous driving with bifurcated
policy. (¢) Snapshot of autonomous vehicle executing continuous policy. (d) Snapshot of autonomous vehicle executing bifurcated policy.

violations.

In our closed-loop simulation, we analyze the behavior
of the ego vehicle initialized at three specific lateral posi-
tions: +0.01m, 0.00m, and -0.01m. The control curves of the
front-wheel steering angle are displayed in Fig. 4g, and the
trajectories of the ego vehicle are shown in Fig. 4h, with
the obstacle represented by a black rectangle. The policy
of MUPO demonstrates a bifurcation characteristic, where
infinitesimal variations in the initial state induce significant
shifts in behavioral modes. On the other hand, the DSAC
adopts a continuous policy, adjusting behavior smoothly in
response to initial state changes. However, between left and
right bypass maneuvers around an obstacle, there exists no
continuous transition that satisfies constraints. Consequently,
employing the continuous policy inevitably leads to constraint
violations. It is worth noting that the initial states leading to

constraint violations constitute a minute fraction of the overall
state space, as evidenced by position deviation presented at a
sub-centimeter scale. This explains why previous studies have
not identified this issue: the probability of constraint violations
is extremely low when initial states are randomly selected.
However, the non-zero probability of such violations occurring
cannot be overlooked. In scenarios where safety is critical, the
adoption of bifurcated policies is essential.

2) Real-world experiments: We explore the potential for
constraint violations under continuous policies and evaluate
MUPO’s capacity to ensure safety in the real world. We
utilize the Geekplus M200 mobile robot in our experiments,
which is programmed to follow a linear trajectory at 0.3m/s
while avoiding a centrally placed square obstacle, as illustrated
in Fig. 5. The robot is initialized randomly from various
positions, as depicted in Fig. 5S¢ and Fig. 5d. Our observations,



as depicted in Fig. 5a, confirm that the robot could avoid
the obstacle when initiated from the sides under continuous
policy control. However, initiating from a central position
led to a collision. In contrast, as shown in Fig. 5b, the
bifurcated policy effectively facilitates obstacle avoidance for
the robot, regardless of its initial position. This empirical
observation aligns with our theoretical predictions, showcasing
that the bifurcation property of the policy is crucial in meeting
constraints and approaching the global optimum.

DISCUSSION

Our study has revealed the inherent limitations of continu-
ous policies in constrained OCPs. Specifically, our main theo-
retical results establish that continuous policies fail to achieve
optimality and feasibility when the system’s constrained set is
non-simply connected. If the initial state set is noncontractible
while the goal state set is contractible, no feasible continuous
policy exists for the constrained OCP. Although our analysis
concentrates on these topological conditions, they are not rare
exceptions but rather common occurrences in a wide range
of real-world control tasks. This underscores the need for
alternative approaches in the design of control policies for
constrained OCPs.

The implications of this finding are profound for the field of
safe RL, challenging the prevailing use of continuous policy
functions in mainstream RL approaches. Our study introduces
a novel perspective by highlighting the necessity of adopting
bifurcated policies to address the topological challenges in
constrained OCPs, a consideration that has been largely over-
looked in existing literature. The proposed MUPO algorithm
represents a significant advancement in this direction, learning
a bifurcated policy that ensures safety and optimality in vehicle
control tasks. Experimental validation confirms that MUPO’s
bifurcated policies can ensure safety by exhibiting behavior
patterns that abruptly change with the system’s state, whereas
continuous control policies often result in constraint violations.
However, it is important to note that MUPO applies a mixture
of Gaussian distributions, which can not approximate arbitrary
distributions, leading to potential limitations in performance.
Furthermore, while existing methods like diffusion models
[23]-[25] can fit arbitrary continuous distributions, they often
involve high computational complexity to obtain the most
probable actions. Future work will aim to address these
challenges to enhance the applicability and effectiveness of
the MUPO algorithm.

In conclusion, our study identifies a key limitation in
existing RL methods for handling safety control tasks with
continuous state and action spaces. This suggests a need to
move away from traditional continuous policy functions and
towards policy network structures with bifurcation properties.
The MUPO algorithm represents a significant advancement in
formulating safe and effective control policies for such chal-
lenges, with potential applications extending to autonomous
driving and other safety-critical domains.

METHODS

Continuous state transition in control system

In this work, we focus on constrained OCP with continuous
state space, action space, and dynamic functions, as introduced
in the Problem setting section. When dealing with such
continuous control problems, existing RL methods primarily
adopt continuous policy functions, based on the assumption
that continuous functions can satisfy both feasibility and
optimality. However, this work challenges that assumption.
To begin with, such continuous control systems result in
continuous state transitions.

Lemma 1. Given the control system defined by the dynamic
function f and the control policy m, we define the continuous-
time state transition function as Fp : X x Ryo — AX.
Fr (Zinit, t), which maps an initial state Tin;; to the subsequent
state at a later time t under the policy w. It is determined by
solving the initial value problem:

dzx

& = far(@),

Here, the relationship between F. and the solution of the
differential equation is given by:

Fr (xinitv t) = ‘r(t)|f£(0)i£init'

Under the assumption of Lipschitz continuity for f and T,
the solution Fy(x,t) is guaranteed to exist uniquely and be
continuous with respect to both x and t.

2(0) = Tinit.

Proof. Given that f and 7 are Lipschitz continuous functions,
let us define a composite function g(x) = f(z,n(x)) that
denotes the right-hand side of the state’s differential equation.
By the properties of Lipschitz functions, the function g is also
Lipschitz continuous since for any two points 1, 2 € X, the
Lipschitz condition gives:

lg(z1) — g(@2)|| = | f(z1,7(x1)) — f (22, 7(22))]|
< Ly(||er — 22| + (|7 (z1) — m(z2)])
< Li(1+ Lg)[|z1 — z2,

where Ly and L, are the Lipschitz constants of f and T,
respectively. The Picard-Lindelof theorem [26] asserts that
for a Lipschitz continuous function g, there exists a unique
solution to the initial value problem #(t) = g(z(t)) for each
initial condition z(0) in X. Therefore, the state transition
function F;, which describes the state of the system at any
time ¢, exists uniquely for each initial state  and is continuous
with respect to both x and t. O

Time-augmented state dynamics

Definition 1 (Augmented state). To facilitate subsequent
proofs in the context of control systems, we consider aug-
menting the system’s state by incorporating time. Specifically,
time ¢ is introduced as an additional dimension to the system
state, leading to the augmented state denoted as & = (z,1).
The augmented state space is defined as

X =X xRsq.



~ The constraint set X g iS also augmented to align with
X, resulting in the augmented constraint set defined as

Kestr = {(z,t) € X | h(z) < 0}.
The augmented initial set Xinit is defined as
Xinit = {(,0) | 2 € Xinit}-

To clearly delineate the components of the augmented
state T, we introduce two projection functions denoted by
¢. Specifically, ¢,(Z) = x extracts the spatial component
of the augmented state, whereas ¢:(Z) = t extracts the
temporal component. These functions allow us to refer to
and manipulate the individual elements of Z in subsequent
discussions and proofs, thus simplifying the exposition and
analysis of the system’s dynamics.

Definition 2 (Truncated augmented state transition function).
We define the truncated augmented state transition function,
denoted as F¥ : X x R>o — X. This function includes an
additional constraint that the initial time ¢ does not exceed the
upper time limit 7'. The function is specifically defined as

FT(f,t) _ (F‘IT(QSI(i.),t),(bt(fi) —|—t) if (ZSt(i') 1t < T |
" (F‘IT(¢I(:E),T— (bt(-%)),T) if (/bt(-i‘) TtST

This ensures that the state transition respects the time
horizon bound T, truncating the transition at 7' when ¢ (%) +t
exceeds it. Given Lemma 1, which establishes the continuity
of F, and considering that the time component is continuous,
it follows that FTrT is also continuous.

Definition 3 (Reachable tuple). Consider the set of initial
states Xjnit in the context of a control system with a state
transition function F;. For a given finite time 7', the reachable
tuple R is defined as the collection of all augmented states
traversed within the time interval [0,7] starting from any
initial state in X, 1.e.,

R = {(Fr(%init, t),t) | 0 <t < T, Tiniy € Xinit }-

Topological concepts in control system

In this work, we assume that the state space of the con-
strained OCP is a subset of Euclidean space. Since Euclidean
spaces are topological spaces with the standard topology in-
duced by the Euclidean metric, any subset of Euclidean space,
including our state space, can be considered a topological
space. Therefore, when we refer to a set of the state space, it
is understood to be equipped with the topology inherited from
the Euclidean space.

Definition 4 (Path and loop). In a set X, a path is defined as
a continuous mapping ¢ : [0,1] — X. A path is termed a loop
if it satisfies £(0) = £(1), indicating that the trajectory forms
a closed curve in X. The reverse of a path ¢ is denoted as ¢~!
and defined by ¢~1(s) = ¢(1—s) for all s € [0, 1], denoting a
path that traverses the same trajectory as ¢ but in the opposite
direction.

The concept of path and loop is important for the concept
of “non-simply connected” and “contractibility of a subset”.

“non-simply connected” is a fundamental concept in topology,
referring to a connected space that contains loops that cannot
be continuously contracted to a point, usually due to obstacles.
The “contractibility of a subset” is further detailed in Defini-
tion 5. These concepts, illustrated in Fig. 6, are essential for
analyzing the topological properties of the reachable tuple and
assessing the feasibility of continuous policies.
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Fig. 6. Visualization of topological concepts. This figure illustrates
the concepts of contractibility as defined in Definition 5. The space
Xestr 18 non-simply connected due to the presence of Xyioi. The
initial state space Xinit is noncontractible within Xcg¢r, as shown by
the loop /init, which cannot be continuously contracted to a point
within Xcs¢r. In contrast, the goal state space Xgoa1 is an obstacle-
free region, allowing every loop to be continuously contracted to a
point, demonstrating its contractibility within Xcgt..

Definition 5 (Contractibility). Let X and Y be two sets. Y
is said to be contractible within X if Y C X and for any
loop £ : [0,1] — Y, there is a point ¢ € X such that £ can
be continuously deformed into ¢ within X. Formally, there
exists a continuous mapping H : [0,1] x [0,7] — X where
H(s,0) = ¢(s), and H(s,T) = c for all s € [0,1]. Otherwise,
Y is said to be noncontractible within X.

For brevity, when we say a set of state or augmented state is
contractible or noncontractible, we mean that it is within X g,
or Xcm- Based on the lemmas and definitions, the following
theorem explores the contractibility of the reachable tuple R.

Contractibility of the reachable tuple under constraints and
continuous dynamics

Lemma 2 (Contractibility of the reachable tuple). For a
control system with dynamic function f and policy w, the
reachable tuple R is contractible when the following condi-
tions are satisfied:
1) Policy continuity: the policy m :
continuous on X.
2) Dynamic function continuity: the dynamic function f :
X xU — R™ is Lipschitz continuous on X x U, where
R™ denotes the space of state derivatives.
3) Safety constraint: F,(x(0),t) € Xestr for all 2(0) €
Xinit and t € [0, T)]. This implies that R C X estr-
4) Finite time reachability: F.(x(0),T) € Xgoa for all
l’(()) € Xinit-
5) Goal set contractibility: X,..1 is contractible.

X — U is Lipschitz

Proof. To begin with, from Lemma 1, we know that the
system’s state transition function F(x,t) is continuous under



the conditions of policy continuity (condition 1) and dynamic
function continuity (condition 2). Consequently, the truncated
augmented state transition function FWT is continuous as well.

Let ¢ denote any loop in R, and consider a continuous
mapping Hr : [0,1] x [0,7] — R where Hg(s,t) =
FT(¢x(s),t). This mapping represents the continuous defor-
mation of {5 under the state transition function until 7.

Furthermore, since the safety constraint (condition 3) en-
sures R C Xcstr, it follows that for every s € [0,1] and
t € [0,T), we have Hg(s,t) € Xestr-

Hp leads to the formation of a loop ¢z 1(s) = Hr(s,T).
Projecting {z r onto X results in another loop, defined
as (5 0(s) = 0u(Hr(s.T) = 6u(FT(tr(s).T)) =
Fr(¢2(lr(s)), T — ¢¢(Lr(s))).

Given the finite time reachability (condition 4) and the
fact that ¢z (s) € R, it follows that F,(¢,(¢r(s)),T —
¢1({r(s))) € Xgoa- Consequently, (% - forms a loop in
Xgoal~

According to the goal set contractibility (condition 5), a
continuous mapping H. : [0,1] X [0,T] — Xcgr exists such
that H(s,0) = (% 7(s), and there exists a constant ¢ € Xgoa1
such that H.(s,T) = ¢ for all s € [0,1].

Subsequently, we define Hz(s,t) = (H.(s,t),T), which
contracts (% r(s) to a point é = (¢,T) € R.

Therefore, a continuous mapping Hgr z : [0,1] x [0,T] —
Xestr can be constructed, mapping ¢z to a point in R:

Hxr(s,2t) if t € [0,7/2)

HR,E(Sat) = {H&(&Qt —T) ift € (T/27T] .

In summary, with the fulfillment of conditions 1 to 5, any
loop ¢ in R can be continuously transformed into a point ¢
in Xcgr by Hp s, implying that R is contractible. O]

Suboptimality and infeasibility of continuous policy in contin-
uous control system

Lemma 2 demonstrates that for a continuous and feasible
policy, the reachable tuple R is contractible. This provides
a key theoretical foundation for analyzing the performance
of continuous policies in constrained OCPs. However, further
examination of this theorem suggests that continuous policies
may either significantly compromise optimality or lead to
violations of constraints.

Theorem 1 (Suboptimality of continuous policies). If the op-
timal solution of an open-loop constrained OCP corresponds
to a reachable tuple R that cannot be contracted within Xcstr,
then this optimal solution will be discontinuous. Consequently,
continuous policies fail to represent this optimal solution of
the open-loop constrained OCP.

Proof. We prove this theorem by contradiction. According to
Lemma 2, if a continuous policy 7conti is feasible, then its
corresponding reachable tuple R is contractible. This implies
that if the reachable tuple R of 7conti 1S noncontractible,
then 7cont; 1S not feasible. Therefore, for an open-loop OCP
whose optimal solution leads to a reachable tuple R that is
noncontractible, the optimal solution cannot be represented
in the form of a continuous policy function. Consequently,

continuous policies fail to represent this optimal solution of
the open-loop constrained OCP. O

To illustrate the limitations of continuous policies in achiev-
ing optimal solutions in certain scenarios, consider the con-
strained OCP with a 2D state space depicted in Fig. 2a. This
figure shows a scenario where the reachable tuple R cannot
be contracted within Xcstr. We observe two augmented initial
states, T, = (xa,,0) and %, = (x1,,0), and a path £, that
connects these states and remains within Xinit forall s € [0, 1].

The desired continuous policy, denoted as 745, mandates
the vehicle to (1) execute a right detour from Z, to reach I,/
and a left detour from Z}, to reach Zy; (2) ensure collision
avoidance with the obstacle and achieve goal set within finite
time irrespective of initial state z € Xj,;;. Using Lemma 2,
we will demonstrate that these two conditions present a
contradiction for a continuous policy.

To formalize the trajectories under the desired policy 7qes,
we define paths £,,/(s) and ¢y (s). These paths represent the
trajectories of the vehicle under the policy mqes from the initial
states T, and Ty, to their respective goal states Z,/ and Zy,s over
a normalized time scale s € [0, 1]. Specifically, the paths are
defined as .

law (5) = F,,,

Ebb/(s) = FT

Tdes

(Za, sT),
(fb, ST).

Lap, is a path in Xy, it starts from Z,, ends at ZTy,. £ is
a path in Xgga1, it starts from Z,/, ends at Z1,. Consider the

loop £ga/prbe Within R, which transitions through the sequence
a—ad—=b—=b—a

Canr (45) for 0 < s <1,

’ (s) Loy (4s — 1)  for i <s< %,
aa’b’bal\S) =

b loh(4s —2)  for 3 <s< 3,

0 (4s—3) for 3 <s< 1.

As depicted in Fig. 2a, the loop £,4//b cannot be contin-
uously contracted to a point within f(cstr due to the obstacle,
suggesting that the reachable tuple R is noncontractible.
This noncontractibility contradicts Lemma 2. Consequently,
as shown in Fig. 2b, a feasible continuous policy is limited to
only circumventing the obstacle from one side, which allows
its reachable tuple to be contractible but results in a lower total
reward.

Moreover, when the initial state space Xjnj; 1S noncon-
tractible, the constrained OCP can become unsolvable, indicat-
ing the absence of any feasible continuous policy under such
conditions. This concept is further explained in the following
theorem, which specifically addresses the conditions leading
to the non-existence of solutions in constrained OCPs.

Theorem 2 (Infeasibility of continuous policies). Consider
a constrained OCP characterized by a Lipschitz continuous
dynamic function f and policy ©. The problem has no feasible
solution if the initial state set Xiniy is noncontractible, and
the goal state set Xgoa1 is contractible. Specifically, this con-
strained OCP is unsolvable when the following six conditions
are simultaneously met:

1) Policy continuity: the policy m : X — U is Lipschitz

continuous on X.



2) Dynamic function continuity: the dynamic function f :
X xU — R™ is Lipschitz continuous on X x U, where
R™ denotes the space of state derivatives.

3) Safety constraint: F,(x(0),t) € Xestr for all z(0) €
Xinit and t € [0,T]. This implies that R C X estre

4) Finite time reachability: F.(x(0),T) € Xgoa for all
I(O) S Xinit-

5) Goal set contractibility: X, is contractible.

6) Initial state set noncontractibility: X, is noncon-
tractible.

Proof. As established in Lemma 2, under conditions 1 to 5,
the reachable tuple R is contractible. However, by incorpo-
rating the initial state set noncontractibility (condition 6), we
demonstrate that this contractibility does not hold for R within
Xcstr~

According to the definition of contractibility (see Defini-
tion 5), condition 6 implies the existence of a loop it :
[0,1] — Xinit such that there is no such continuous mapping
H :[0,1] x [0,T] — Xcstr, where H(s,0) = linit(s) and
H(s,T) = c for some ¢ € Xy and all s € [0,1]. This
indicates that /;,;; cannot be continuously contracted to a point
within X gr.

The augmented 100p finit,aug(s) = (finit(s),0) forms a
loop in R. To demonstrate the non-existence of a continuous
mapping capable of contracting finisaug to a point within
Xcm, we initially assume that a continuous mapping Hiyit,aug
exists. Then, define Hiyi [0,1] x [0,T] — Xestr as
Hinit(5,t) = ¢ (Hinit,aug (8, t)). Hinit contracts the 1oop finiy
to a point in X.g,. However, this directly conflicts with the
noncontractibility of Xj,;; as stated in condition 6. Hence, this
contradiction demonstrates that R is noncontractible under
condition 6, since finis,aug Cannot be contracted to a point
within Xegty.

In summary, conditions 1 to 5 imply that the reachable
tuple R is contractible. However, condition 6 leads to the
noncontractibility of R. This contradiction underlines the
unsolvability of the constrained OCP under these specific
conditions. O

Consequently, continuous policies fail to achieve optimality
and feasibility in scenarios with complex constraints, indicat-
ing the need for an improved policy structure. The following
sections explore Safe RL with bifurcated policies to address
the challenges inherent in continuous policies.

Bifurcated policy construction with Gaussian mixture distri-
bution

In this section, we introduce a construction for bifurcated
policy using Gaussian mixture distribution. By selecting the
action with the highest probability, the policy’s output can
abruptly change in response to minor variations in inputs,
enabling it to meet state constraints.

Definition 6 (Bifurcated policy). A “bifurcated policy” is
a control policy that exhibits distinct behavioral modes in
response to continuous changes in state. This bifurcation is

marked by discontinuities at certain critical points x. in the
state space, formalized as

m(x) #

lim
r—x.,0eQT

lim
T—Tc,t€ENT

(x), 2

where 2~ and Q% are two disjoint regions in the state space
that converge to x. from different directions.

An example of such a critical point is the center line of
a road, as illustrated in Fig. la. At these points, the policy
behavior exhibits an abrupt change. This characteristic is
particularly beneficial in environments with complex safety
constraints, where different modes of action are required under
varying conditions.

Our approach to constructing a bifurcated policy involves
creating a stochastic policy that outputs a Gaussian mixture
distribution:

k
T(12) = Y Moo (@ ON (s (23 0), 07 (x:60)),  (3)
=1

where 7...(x;60) denotes the probability of selecting the i-
th Gaussian component in the mixture distribution, i.e., gate
probability. The policy w(-|z) is a mixture of k Gaussian
components, with each component N (y;(x; 0), 02 (x; 0)) char-
acterized by its mean u;(x;6) and variance o?(x;6). The
parameters 6 are used to parameterize the mixture distribution.

To obtain a deterministic action from this mixture distribu-
tion, we select the mean of the Gaussian component with the
highest gate probability:

U= fimax(2;0), where max = arg max m, . (z;6). (4)

K2

Through this approach, the stochastic policy with Gaussian
mixture distribution is transformed into a bifurcated policy,
characterized by discontinuous action outputs that change
abruptly depending on the state x. The training process, dis-
cussed in subsequent sections, involves learning the parameters
6 to implement this policy in varying environments effectively.

It is worth noting that the discontinuity in our policy is
derived from selecting the maximum gate probability, Tgate,
instead of learning a very steep continuous function for the
mean p;(x;0) of each component. Therefore, we propose
the incorporation of spectral normalization [27] to prevent
each component from overfitting on discontinuous segments,
thereby promoting the learning of bifurcated policy. This
process constrains the Lipschitz constant of the policy network
to a predefined limit, denoted by L.

Bifurcated policy learning

In this section, we propose MUPO, a safe RL algorithm
specifically designed for the efficient learning of bifurcated
policy. Built upon the actor-critic architecture, MUPO com-
prises an actor learning a bifurcated policy my and a critic
evaluating the policy. The critic utilizes two distinct action-
value distribution functions denoted as Z,, and Z,,, where
wy and wy represent their parameters respectively.

We utilize the straightforward and effective reward penalty
method [28] to handle state constraints. The modified reward
function with the constraint ~A(x) < 0 is defined as follows:



r(x,u) if h(z) <0,

r(z,u) —C otherwise.

F(x,u) = ®)

As long as the penalty C' is sufficiently large, it ensures
that the RL algorithm converges to the policy that satisfies the
constraints.

1) Policy evaluation: Our algorithm incorporates action-
value distribution from the DSAC algorithm [22] within the
critic component, enabling a comprehensive capture of po-
tential future rewards. This integration is particularly crucial
given the multimodal nature of our policy function, which
often results in a significant variance in state-action values
(i.e., Q-values). Compared to methods like SAC [19] and PPO
[10], which utilize deterministic value functions, the action-
value distribution in the DSAC algorithm effectively mitigates
the overestimation issue in value functions, thereby enhancing
policy performance. The loss function for the action-value dis-
tribution 2, is defined as the negative expected log-likelihood
of the target value given the current value distribution:

B@== B losPlZu(lnw)], ©

Z(II,7U/)NZL;(7'|I/,U?)
where B is the replay buffer containing historical samples. The
target value y, is computed by:

y. =7+ (Z(',u') — alogmy(u'|z")) 7

where 7 is the modified immediate reward, ~ is the discount
factor, and « is the temperature parameter that balances the
exploration-exploitation trade-off.

Given that Z, is assumed to be Gaussian, it can be
expressed as Z,(-|z,u) = N(Qu(x,u),0,(z,u)?), where
Qu(z,u) and o, (z,u) are the mean and standard deviation
of the state-action value distribution, respectively.

2) Policy improvement: We adopt an energy-based policy
approach in line with algorithms like DSAC and SAC. This
approach is particularly effective in balancing exploration and
exploitation, especially in high-dimensional action spaces. The
energy-based policy 7, (u|x) is defined as

exp (a‘le(x,u))
Ny () ’

where the partition function N, (z) normalizes the distribution.

Policy optimization aims at aligning the current policy
my as closely as possible with the energy-based policy 7.
While various projection methods are feasible, utilizing the
KL divergence proves to be particularly effective.

The KL divergence is a measure of the difference be-
tween two probability distributions, it comes in two forms:
forward and reverse. The reverse KL divergence, defined
as B, [Dxr(mo(-|2)||mw(-|x))], is highly efficient for uni-
modal policies such as Gaussian distributions. However, in
multi-modal distribution scenarios, reverse KL divergence
tends to learn only one mode while neglecting others [29],
limiting its effectiveness in capturing the full complexity of
such distributions.

On the other hand, the forward KL divergence, expressed
as E,p [DkL (7, (*|2)||me(-|2))], plays an important role in

®)

7w (ulz) =

learning multi-modal distributions. It fosters a wider coverage
by the policy, which is essential for exploring diverse behav-
ioral modes. However, the accurate computation of forward
KL divergence relies on precise sampling from the energy-
based policy 7, which is computationally challenging. Con-
sequently, policies learned using forward KL divergence may
not achieve high performance.

Our method combines these two forms of KL divergence,
harnessing the advantages of both forward and reverse di-
vergences. This combination enables the learned multimodal
policies to achieve high performance.

Our policy loss function combines the reverse and forward
KL divergences, aiming to balance reward exploitation with
modal exploration. The loss function is denoted as

Jr(0) = Jrevkr, + AJrwd KL,
Jrev kL = Eun [DxL(mo(-7) |70 (-|2))] 5 ©)
Jiwaxr = Exp [Dkr (7w (|2) 7o (|2))]

where A\ modulates the contributions of forward KL diver-
gences. This formulation efficiently exploits high-reward re-
gions while enabling the effective exploration of new potential
solutions.

Specifically, the reverse KL divergence is expressed as
follows, where terms with no gradient to 6 are omitted:

Jrev KL — E(L‘NB,UNTFQ [IOg 779(“"1:) - Qw(ﬂf, U,)] ’ (10)
and the forward KL divergence is given by:
Jiwd KL = Exnunr, [—log mo(ulz)], (11

where we can use gradient-based Langevin sampling [30] to
sample actions from 7.

The temperature parameter « is pivotal in moderating
the balance between exploration and exploitation behaviors.
Drawing on the approach delineated in [19], « is updated by:

a— & — BoEyBu~m, [—logme(ulx) — H], (12)

where H is a given constant target entropy. The overall
algorithm is detailed in the supplementary materials.

CODE AVAILABILITY

The custom codes developed for our training environment
and the MUPO algorithm are available at the following GitHub
repository: https://github.com/THUzouwenjun/MUPO.
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ALGORITHMIC PSEUDO-CODE

Algorithm 1 Multimodal Policy Optimization (MUPO)

Input: 0, w1, ws, a, B, Bz, Br, Ba,t
Initialize: target networks w; < wy, Wy < wy, 0 < 0
for each iteration do
for each sampling step do
Calculate action u ~ 7o (u|z)
Get reward r and new state x’
Store transition (z,u,r,z’') in buffer B
end for
for each update step do
Sample a batch of data from B
Update critic using: w; < w; — 2V, Jz(w;),
Update actor using: 6 < 0 — 5,V J(0)
Update temperature o
Update the target networks using:
wW; (1—t)~&1i+t-wi
0 (1—t)-0+1t-0

end for
end for
HYPERPARAMETERS
TABLE 1

Hyperparameter Value

Shared
Discount factor () 0.99
Number of hidden layers 3
Number of hidden neurons 256
Optimizer Adam(B; = 0.99, 52 = 0.999)
Learning rate (8z) le-3 — 5e-5
Learning rate (Bv) le-3 — 5e-5
Learning rate () le-3 — 5e-5
Learning rate (8a) le-3 — 5e-5
Activation function GeLU
Batch size 256
Target entropy —dim(U)
Initial temperature 1.0

MUPO
Number of components (k) 2
forward KL weight (\) 1.0 -0

Lipschitz constant (L) 1.0




