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Abstract

Characterizing the minimal communication needed for the quantum channel simulation is a fundamental task in the quantum
information theory. In this paper, we show that, under the purified distance, the quantum channel simulation can be directly
achieved via quantum state splitting without using a technique known as the de Finetti reduction, and thus provide a pair of
tighter one-shot bounds. Using the bounds, we also recover the quantum reverse Shannon theorem in a much simpler way.

I. INTRODUCTION

We consider the problem of simulating a quantum channel using entanglement-assisted local operations and classical
communications (eLOCC). We are interested in characterizing the minimal classical communication necessary for a faithful
simulation of the channel measured under the purified distance. This is a fundamental task in quantum information theory, and
the first-order asymptotic rate of the minimal classical communication is characterized by the entanglement-assisted capacity
of the target channel, which is known as the reverse Shannon theorem [1], [2l]. Recent years have seen a number of studies of
the problem in different regimes, including the one-shot no-signaling-assisted regime [3], the moderate deviation regime [4],
and network setups [3], [6].

However, despite the recent development, it remains an open task to characterize the asymptotic minimal rate of commu-
nication for quantum channel simulation in the second order. One of the major difficulties lies within the requirement that
a channel simulation protocol must work for all input states simultaneously. This is in stark contrast with a highly related
task known as the quantum state splitting (more precisely, a special case of the task known as the quantum state transfer).
In particular, in both [4]] and [6], the authors approached the problem of quantum channel simulation via the quantum state
splitting of some so-called de Finetti state, at the cost of a multiplier before the deviation term e that grows polynomially
w.r.t. the blocklength n (see, e.g., [4, Eq. (105]). This makes further studies of higher-order analyses very difficult along the
same approach, if not impossible.

In this paper, we provide a much more direct relationship between the task of quantum state splitting and the quantum channel
simulation. In particular, we show that the fidelity between the joint input-output density operators of the target channel and
that of the simulated channel (see (I)) is quasi-convex w.r.t. the input density operator while concave w.r.t. to the protocol (as a
CPTP map). Using Sion’s minimax theorem (see (2)), this implies that the protocol that works best for the worst input density
operator has the same performance as the worst one among the protocols optimized for each input density operator. This
finding not only provides a tighter one-shot achievability bound (cf. [4]]), but also leads to a much simpler proof of the reverse
Shannon theorem. Moreover, this opens up new possibilities for further studies on higher-order analyses of this problem.

In the following part of the paper, we first introduce the problem of quantum channel simulation and quantum state splitting
together with suitable notations. Second, we show a direct connection between the two tasks, and thus provide a pair of tighter
one-shot upper and lower bounds on the minimal message size for e-simulation of a quantum channel. Lastly, we recover the
first-order asymptotic results, a.k.a. the quantum reverse Shannon theorem, using the newly found upper and lower bounds in
a much simpler way.

II. QUANTUM CHANNEL SIMULATION AND QUANTUM STATE SPLITTING

We hereby describe the task of simulating finite-dimensional quantum channels using entanglement-assisted local operations
and classical communication. Suppose that we are given a quantum channel from system A to B described by some completely-
positive-trace-preserving (CPTP) map Na_,g : D(Ha) — D(Hg) where the state spaces Ha and Hg are both finite-dimensional
Hilbert spaces. We would like to find

o a pair of entangled systems K’ and K (with their joint state being some pure state o)),
o a local measurement on systems A and K’ (described by some POVM {E,, } ()

« a local operation from system K to B (described by some classical-controlled CPTP map (Df(";)B)
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Fig. 1. The task of quantum channel simulation with a tolerance of e in the purified distance. The goal is to have pa/g ~e parg = idar @NaB(|PXPlArA)
for all input states pa, where [p)(p|asa is the canonical purification of pa.
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Fig. 2. The task of quantum state splitting within a tolerance of € in the purified distance. The goal is to have pra/g = |prAB)PRAB| Where pap is fixed
and known prior to the operations, and R is some reference system purifying AB.

such that the joint effect of the latter two operations (which is a CPTP map from system A to B), i.e.,

Nasg : pa— Z (I)I(XQB (trak: [(Em @ Ik) - (pa @ o) o]k )])
me([M]

resembles the channel Ma_,g. This process is depicted in Figure [I] In particular, we are interested in finding the minimal
alphabet size M such that for all pp € D(Ha)

Flida ®Nasa(p)ply ) ida @Nasa(lo)pla)) > 1— €2 (1)

for some given ¢ € (0,1). Here, A’ is a quantum system with the same state space as that of A, and |p)(p|ya = (Ia ®
Vvoa) |7 Xy| (Iar ® +/pa) is the canonical purification of pa on A’ where |v) is the maximal entangled state on the joint system
A’A. We use the following definition for the fidelity

F(p,0) = (tr Vp1/20p1/2>2

Quantum state splitting is a highly related task. In particular, quantum channel simulation can be seen as a “universal”
version of the quantum state transfer, and the latter is a special case of quantum state splitting. Given some composite system
AB with its state described by some known fixed density operator pag, the task of quantum sate splitting is to send B from
Alice to Bob using (one-way) classical communication and entanglement-assisted local operations, where at the beginning
of the protocol Alice has access to both A and B, and at the end of the protocol the joint density operator prag is € close
to |p)(p|gag in the purified distance, where R is some reference system that purifies AB. This is illustrated in Fig. [2| The
major difference between the two tasks is that the protocols for the state splitting are pag-specific; whereas the protocols for
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Fig. 3. A quantum channel simulation protocol constructed from a state splitting protocol. Here, Up/g_,gpg’ is the unitary representation of the original
channel M/ _,g/. Note that we used the state splitting protocol on systems E and B’, and then discarded system E’.

channel simulation have to work for all possible pa with no knowledge or assumptions of it. In particular, the quantum channel
simulation can be achieved by some universal state splitting protocol, i.e., a state splitting protocol that works for all possible
pag (see Fig.[3). Without the “universality” of the state splitting protocol, say, we simply choose the best state splitting protocol
for peg’ == Une—es - (pa ® [0X0|g) - UZE_)EB, the protocol in Fig. [3| only gives rise to a protocol as in Fig. |1| that only works
for this specific pa. For this very purpose, in the previous work [4], the state splitting protocols on the de Finetti state was

considered when studying quantum channel simulations.
III. QUANTUM CHANNEL SIMULATION VIA STATE SPLITTING
In this section, we show that the expression in (I)) is concave in ./\7A_>B and quasi-convex in pa. This allows us to apply the

Sion’s minimax theorerrﬂ and write

- sup inf F(ldA/ ®NA%B(|p><p|A/A)7 idA’ ®-/F\7A*>B(|p><p‘A’A))
Nas€Pa—e pa€D(Ha)

= inf s Flde @Nas(n)ele): ida ©0ass(looln)
PAED(HA) NassEPAEB

2

where PBa_,p is the set of all eLOCC protocols (formally defined below in (3)). In other words, under the same communication
constraint, the best protocol for channel simulation has the same performance as the worst-performing protocol among the
best protocols for each pa. This allows us to use the protocols derived from the state-splitting protocols (as in Fig. [3) and
its achievability bounds (see [4, Theorem 3] and [/, Theorem 1]) to provide a one-shot achievability bound for the channel
simulation. It is worth-noting that there are achievability bounds in network communication tasks that utilize the Sion’s minimax
theorem in similar ways (e.g., see [8] and [9]). This bound matches with the converse bound (with small fudge terms) one
can derive using the non-lockability property and the data-processing inequality of max-mutual information (e.g., see [4]
Proposition 32]).

We formalize the set of all possible protocols as described at the beginning of this paper. Given quantum systems A and
B, we denote €a_,g the set of CPTP maps from A to B, and we define the set of entanglement-assisted local-operation
classical-communication (eLOCC) protocols from A to B with alphabet size M € N as a subset of €5_,g as

Nassg : D(Ha) = D(Hg) K, K’ are quantum systems with Hx = H
M) _ , . N )
AsB =\ pa Z ‘P&"L)B (trak: [(Em @ Ik) - (pa @ [0X0]ro)]) {Em}meqa is some POVM on the joint system AK
me[M] @&@B is some CPTP from K to B for each m

3)
Notice that &BX\QB is a convex (but not closed) subset of €a_.g. To see ‘13,&]‘1)8 to be convex, we observe that any convex
combination of two eLOCC protocols can be achieved using a single bit of shared randomness, i.e., Alice and Bob can choose
to use protocol #1 if the bit turned out to be ‘0’, or protocol #2 if the bit is ‘1’. The shared randomness can be extracted from
a pair of entangled qubits; and we only need to make the systems K and K’ larger.

lTogether with the facts that the set D(Ha) is convex and closed, and that the set 3o, g is convex.



For a given quantum channel Na_,g from system A to system B, the best performance (in terms of purified distance) of all
M -alphabet-size eLOCC protocols for simulating Ma_,g can be expressed as

L-()?= s inf Flidy @Nase(lo)plua).ida @Nae(10)olaa). )

Nas€Pa-B pAED(Ha)

Recall that Har = Ha, and |p)(p|aa = (Ia @ \/pa) [7)V| (Iar @ \/pa) is the canonical purification of pa on A" where |7) is
the maximal entangled state on the joint system AA’. We consider the following function

f : mA%B X D(HA) — R>0 (5)
(Na_sg, pa) — \/F(idA’ @Nass((In @ o) V)| (Ia @ v/pa))s idar @Nae ((Tar @ /oa) 17| (Tar @ v/pa)))-

Since the fidelity is a jointly concave function, the function f defined above is also concave in its first argument Nasg € Pas
for each fixed pa. In the following, we show that the function f is convex w.r.t. to its second argument pa € D(Ha).

Lemma 1. The function | defined in @) is convex in pp € D(Ha) for each fixed /\N/A%B € Pa_sp.

Proof. This can be shown as a direct result of [[10, Proposition 4.80]. However, for completeness, we provide a short proof as
follows. (An alternative proof is also included in Appendix [A])

Let Ma_g € ‘PBa_p be fixed, and let py # p1 € D(Ha) be picked arbitrarily. For each A\ € [0, 1], denote py = (1—X)-pg+
A - p1. Also denote |py) = (I ® \/px)|[7)7v] (I ® \/px) the canonical purification of py. Note that |py) == /1 — A |0) |po) +

VX[1) |p1) is also a purification of py. Therefore, denoting R a single-qubit auxiliary system, we have
F(Nase, pr) = F2 (ida @Nass(lpa)pal), ida @Nase(oa)pal))
= Fi(idr @ ida ®Nase (15205 ]), idr @ ida @Nase(1Ba)AAl) (6)
< F? (idr @ idar @Nass((1 = 2) [0)0] @ [po)po| + A[1XL| @ [p1)pa]), - (7
idg ®idar @Nasss((1 = A)[0X0] @ [po)po| + ALY @ [p1)(p1]))
=(1-X)- F%(idA’ @Na—g(|po)pol), ida ®-/f\7A~>B(|p0><pOD) +...
A~ F3(ida @Nase(lo1)(p1]), ida @Nase (lo1)(p1)
= (1= A) f(Nase. po) + A+ f(Nase, p1)
where we use the Uhlmann’s theorem in (6)), and measured the system R in (7). O

Lemma || provides a direct connection between the task of channel simulation and the state splitting. In particular, since the
set D(Ha) is closed and convex, and the set 3a_,p is convex, we can apply the Sion’s minimax theorem, i.e.,

Theorem 2 (Sion’s minimax theorem [[11]]). Let X be a compact convex set and ) be a convex set. If a function f : X xY — R
satiesfies

o f(x,-) is upper semi-continuous and quasi-concave on ) for each fixed x € X,

o f(-,y) is lower semi-continuous and quasi-convex on X for each fixed y € Y,
then,

min sup f(x,y) = supmin f(z,y).
zeEX yey yeY veX

Using the above theorem, we rewrite (4) as
1—(3)?= inf  sup  F(ida @Nass(|p)plan)s ida @Nass(0)plan)- 8)
PA€D(Ha) NasEPaB

In other words, the optimal performance of channel simulations is directly determined by the optimal performance of quantum
state transfers using eLOCC protocols under the same classical communication constraint. The latter can be achieved using
quantum state-splitting protocols (see Fig. [3) provided that the message size M is large enough [4].

Proposition 3. Given a quantum channel Na_.g, there exists an eLOCC protocol with alphabet size M that simulates Na_p
within a tolerance of € in the purified distance if

logM > sup inf Df,;ng/ (parsllpa ® o) — log 62 )
pA€ED(Ha) osE€D(He)



where pag = idar QNaLs(|p)p|an), and for density operators oag,sas € D(Hag), and € € (0,1), the partial smoothed

max-divergence D52 (opg||sas) is defined as

DA = inf Dinax (D) .
maX(gAB HCAB) oaBE€D(Hag):0a=0a,F (0nB,0n8) >1—¢2 maX(QAB H§AB)

Proof. This is a direct consequence of (8] and the results on the quantum state splitting (see [4, Theorem 3] and [[7\ Theorem 1]),
i.e., given a pure state |p) o,/ there exist a quantum state splitting protocol on systems E and B’ that achieves the e-tolerance
in the purified distance if (note that pa = pa’)

logM > inf DO (paspa ® og) — log 82 (10)
og€D(Hs)

In other words, for an integer M satisfying (9), for any pa € D(Ha), using the quantum state splitting protocol guaranteed to
exists above, one can construct an eLOCC protocol Na_sg such that (see Fig.

F(ida @Na—e(10)Xplaa)s ida @Na B ([p)plan ) = 1 — €.
Referring to (8), the maximum fidelity that can be achieved by M-alphabet eLOCC protocols is at least

1—(e,)2> inf 1-€2=1-¢.
( M) - PAED(Hn)

Thus, there must exists at least one such protocol that simulates A/a_,g within the tolerance of ¢ in the purified distance. [
Similar to [4) Proposition 32] and [7, Theorem 2], we have the following one-shot converse bound.

Proposition 4. Given a quantum channel Na_,g, for any M-alphabet-size eLOCC protocols that simulates Na_,g within a
tolerance of € in purified distance, it holds that

logM > sup inf DA (pasllpa @ os), (i
pAED(Ha) os€D(He)

where parg = ida QNaLB([P)XPlarn)-

Proof. Suppose we have an eLOCC protocol with alphabet size M that simulates the channel AMa_,g. Let M denote the random
variable representing the classical message (see Fig. [I). Starting from the picture of the systems right after the classical message
M is gererated, we have the following chain of ineqalities

log M = Ipax (A" : K) +log M
> Inae(A' : MK) (12)
> Lnax(A : B)5 (13)

Pa’B
where we used non-lockability of I,y (see [12l Cor. A.14]) in (I2), and the data-processing inequality of Iy in (I3)), and
we denote the density operator for systems A’B at the end of the protocol by pasg. Using the definition of Iy, and the fact
that par = pa, we have

ImxA/:BN/: inf Dmx~’
ax( )pwrs voenb,) Pma (PaBllpa @ oB)

> inf  DEA (pasllpa ® oB),
> oo max (PaBllpA ® 0B)
where the last inequality is due to the guarantee from the protocol that pag is e-close to pasg in the purified distance. Combining
the above, we know
loeM > inf DA ' R o
g U max (PaBllpa ® 0B)

for any pa € D(Ha), which finishes the proof. O



IV. FIRST-ORDER ANALYSIS

We now turn our attention to the asymptotic analysis of (9) and (TI), i.e., the problem of simulating n copies of the channel
Na_,g. Note that this problem has already been solved as the quantum reverse Shannon theorem [1]], [2], and we are merely
recovering the result in a much simpler way.

For a fixed € € (0,1), let M*(Na_g) denote the smallest alphabet size such that an eLOCC protocol can simulate Na_,g
within the tolerance of € in the purified distance. We consider the asymptotics of the achievability bound first. Starting by
applying Proposition [3] on n copies of Ma_,g, we have

1 1 . e—0,A 1
~ log M*(NA%B) sup inf Dinax (pAmBn par ® UB’f) ~ Zlog 2
n T ppp €D(Hap) ogn €D (Hap ) n
1 s 1. 8402 1
<—  sup inf Daz (pA’ILB? PAr ® ogr) + log +/2 — —log §? (14)
n pap ED(Hap ) ogp €D(Hey) 0 n
1 . . 1 128+ 1 €
= >  sup inf D/t (parvey | pap ® oy) + —log ——5— — —log o (15)
™ pap €D(Hap) oayp €D (Hep ) n € n
1 ~ _1°g<1_\/_7§2> 1. 128+ 1. ¢
S~ sup inf Do (paryer|loay ©osy) + = + —log ——5— — ~log — (16)
™ pan €D(Han) oayn €D(Her) n a—1 n € n 16

= —0 as n—o0
Z:IO(N/?:B)

where in (T4) we use [13, Theorem 11], in we substitute 8, 8’ < €/4, in we use [14, Proposition 6.5]. Note that the
sandwiched Rényi relative entropy is defined as
11—«

~ 1 Ca e
D, (pllo) = o log tr (UlTxpaW) .

The first part of (I6) is the sandwiched Rényi mutual information of the channel ./\/ "'s Which is known to be additive [15|
Lemma 6]; whereas the second part tends to zero as n tends to infinity for any ﬁxed a > 1 and e € (0,1). Thus, for all
€ (0,1),

1 ~ ~
limsup — log M¥(NZ"g) < (}gfl Io(Nasg) = inf  sup inf  Du(paslloa ® oB)

n—oo N : a>1pa€D(Ha) o €D(Hp)
< inf sup inf {D(PA'BHPA ®O’B) —|—4(C¥— 1)(10g’0)2} (17)
a>1 pp€D(Ha) og€D(Hp)
= sup I(A : B)pAB
PAED(Ha)

where we use [16, Lemma 6.3] in (I7)), and v is some constant for a given fixed channel Na_,g.
On the other hand, the asymptotics for the converse bound is relatively straightforward. By restricting the supreme over all
input density operators par to product states, we have

1 1 . AT
—log MY (Ng) > —  sup inf  Diax' (paryey [[oa; © o8y)
n ™ pap €D(Har ) oar €D(Han)
1 . AT
> —  sup inf Diax' (pA/B |p & UBy)
" pa€D(Hn) ogp €D(Hep)
P m n n — oo
= sup fImaX(A :BY),on ——————— sup  I(A:B),
PAED(Ha) T A'B PAED(Ha)

where in the last step above, we used the definition of the partial smoothed max-information (see [13, Eq. (11)]) and its
asymptotic equipartition property (see [13, Eq. (107)], also see [14, Theorem 6.3]).
Summarizing the above discussion, we have the following theorem.

Theorem 5. Let Na_.g be a finite-dimensional quantum channel. For each ¢ € (0,1), let M*(Na_,g) denote the smallest
alphabet size M such that there exists an M -alphabet-size eLOCC protocol that simulates Na_,g within the tolerance of ¢ in
the purified distance. It holds for any € € (0,1) that

lim flogM*(NAHB) sup  I(A":B),,,. = Ce(Nass),
n—eo pPAED(Hn)

where pass = idas @Na(|oXplaa)r and 10)plan = (I ® v/Pm) 1A (In © /BR).
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APPENDIX A
AN ALTERNATIVE PROOF TO LEMMA [T]

Proof. Let J and J be the Choi-Jamiolkowski state of the channel Na_p and ./\7AHB, respectively, i.e.,
J = ida @Nass ("Y><’7|A/A) ) J = ida ®~/\7A—>B (|’Y><’Y|A'A) .
By writing (see [17, Eq. (19)])

idar @Nass(lp)plaa) = (Voo D) - J- (VP& D),
idar @Nag(1PXplaa) = Vo & 1) - T - (Vp® 1),
we can rewrite (3) as
~ 1
f: (Masg, pa) — max itr (Z + ZT)
(VPRI)-J-(V/pI) z
st ( zt <ﬁ®f>»f»<ﬁ®f>) >0

= max %tr (Z + 27)
st. (Vpo D) -J-(Vpol)=Z (Voo )™ -J - (Vpo D)=t 2t

= max J tr (2 + Z1)
st. J2(Vpe ) Z-(Vpo )T (pe D)2 (Vpe D)

~ max %tr (0o (Z+2") (18)
st.J=>Z-J .7t


https://link.aps.org/doi/10.1103/PhysRevA.108.012425

where we substitute Z = (I®\p)~t Z-(I1®./p)~" in the last step. Note that (T8) is a maximization over linear functions
of p, and therefore much be convex in p. O
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