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For many years, CoNb2O6 has served as an exemplar of the one-dimensional Ising model. However,
recent experimental and theoretical analyses challenge its applicability to this material. Prior to
that, a tailored spin model for 3d7 systems such as Co2+, known as the JKΓ model, has emerged,
featuring Heisenberg (J), Kitaev (K), and Gamma (Γ) interactions. While these interactions are
permitted by the symmetry of the system, their role in CoNb2O6 remains enigmatic. We present a
microscopic theory based on spin-orbit entangled Jeff = 1/2 states, aimed at elucidating the roles
of Kitaev and Gamma interactions in shaping Ising anisotropy. Leveraging strong coupling theory,
we identify a dominant ferromagnetic Kitaev interaction. Furthermore, by comparing dynamical
structure factors obtained via exact diagonalization with those from inelastic neutron scattering
experiments, we find an antiferromagnetic Γ interaction, which dictates the Ising axis and explains
the mechanism behind moment pinning. Our theory suggests that CoNb2O6 represents a rare
one-dimensional Kitaev chain with significant ferromagnetic Kitaev and antiferromagnetic Gamma
interactions.

Introduction - The one-dimensional (1D) transverse
field Ising model is one of the simplest models exhibiting
a quantum phase transition and quantum critical point.
The realization of such materials has posed a formidable
challenge, with only a limited number of solid-state ma-
terials demonstrating a 1D Ising quantum critical point
under a magnetic field. Among the extensively studied
1D Ising systems, CoNb2O6 stands out as one of the most
investigated examples [1–14].

CoNb2O6 exhibits the anticipated quantum critical
point under an applied magnetic field of approximately
5T, as verified through inelastic neutron scattering
(INS)[6], specific heat[15], THz spectroscopy[16–19], and
nuclear magnetic resonance measurements[20]. The pre-
dicted E8 symmetry[21–24], a noteworthy hallmark of
the 1D Ising chain near the quantum critical point, has
also been identified using INS measurement[6]. However
CoNb2O6 displays features inconsistent with those for
a pure 1D Ising model with quantum motion of domain
walls present even in the absence of an applied transverse
field[6]. This was recently attributed to a symmetry-
allowed staggered spin exchange term[10] and a twisted
1D Kitaev model composed of a bond-dependent Ising
interaction was suggested to explain features observed
in THz spectroscopy measurements in low transverse
field[18].

Around the same time, the nearest neighbor (n.n.)
exchange model of 3d7 honeycomb materials was de-
veloped [25, 26] which is composed of Heisenberg (J),
bond-dependent Kitaev (K), and Gamma (Γ) interac-
tions known as JKΓ-model [27–38]. Since Co2+ exhibits
3d7 configuration in CoNb2O6, the 1D version of the
JKΓ model allowed by the system’s symmetry is ex-
pected. However, the mechanism by which the JKΓ-
model relates to the Ising anisotropy, their strengths, and
the specific roles of each exchange interaction remain un-

resolved.
Here we present a microscopic theory of the n.n.

exchange interactions to elucidate their roles in Ising
anisotropy and domain-wall excitation in the ferromag-
netic (FM) ordered state. We find that the FM Kitaev in-
teraction is dominant in CoNb2O6. The Ising anisotropy
and pinning of the moment direction is due to the anti-
ferromagnetic (AFM) Γ interaction. Contribution from
other small interactions generated by the octahedra dis-
tortion and dynamical structure factor (DSF) obtained
via exact diagonalization (ED) are also presented.
Microscopic Hamiltonian - To derive a microscopic the-

ory, we commence with a brief review of the atomic wave
function of Co2+, which gives rise to Jeff=1/2 through
the interplay of Hund’s coupling and spin-orbit coupling
(SOC) [25, 26, 35]. A Co2+ ion with a 3d7 electron con-
figuration is surrounded by an octahedral cage of oxygen
atoms. This generates a cubic crystal field that splits
the d-orbital manifold into t2g and eg states, separated
by the cubic crystal field energy ∆c. Due to a large
Hund’s coupling JH (JH > ∆c), the Co2+ ion forms a
high-spin t52ge

2
g electron configuration and a 12-fold de-

generate L = 1, S = 3/2 subspace is further split by
SOC resulting in a low-energy, pseudospin-1/2 Kramer’s
doublet [25, 26].
The Co2+ ions forms a 1D chain in the ac-plane where

the chain is along the crystallographic c-axis as shown
in Fig. 1(a). They are linked by distorted edge-sharing
oxygen octahedra which define two local cartesian coordi-
nate systems denoted by XY Z and X ′Y ′Z ′ respectively,
where X̂- and Ŷ ′-axis are chosen along their anion direc-
tions making the angle of 2θ. Due to the staggered dis-
tortion of oxygen cages, C2 symmetries are lost, but there
is a glide symmetry with the glide ac-plane at b = 1/4 as
shown in the blue arrow in Fig. 1(a).
We first develop a theory for the ideal octahedra cages,
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X̂ = X̂ ′, Ŷ = Ŷ ′ and Ẑ = Ẑ ′, and the Ẑ axis lies within
the ac-plane. Using the local XY Z coordinate, the n.n.
generic Jeff = 1/2 exchange model is given by the JKΓ
model[25, 26, 31, 36, 38]:

H0
ij =

[
Jsi · sj +Ksγi s

γ
j + Γ

(
sαi s

Z
j + sZi s

α
j

)]
, (1)

where γ = X(Y ) and α = Y (X) for the x(y)-bond, re-
flecting the bond-dependent K and Γ interactions, and
ij refer to the n.n. sites.

It is insightful to rewrite the above model in a global
xyz coordinate system. In the ideal case, we take
ŷ = 1√

2
[−110] which is parallel to the b̂ axis, and de-

fine x̂ = 1√
2
[110] to bisect the X̂ and Ŷ axis. Then, ẑ

is fixed to the local oxygen direction Ẑ = [001] as shown
in Fig. 1(b). Transforming the XY Z to the global xyz
coordinate, the n.n. Hamiltonian is given by,

H0
ij = JK

(
sxi s

x
j + syi s

y
j

)
+ Jszi s

z
j +

Γ√
2

(
sxi s

z
j + szi s

x
j

)
+ (−1)i

[
−K

2

(
sxi s

y
j + syi s

x
j

)
+

Γ√
2

(
syi s

z
j + szi s

y
j

)]
, (2)

where JK = (J + K
2 ).

Before we present the strength of J , K, and Γ interac-
tions, let us discuss the impacts of K and Γ in the FM
ordered state with J < 0. When K < 0, in the absence
of Γ, the FM moment is pinned via quantum fluctuations
along x± y, which points toward the local X̂- or Ŷ -axis
of oxygen direction. As we slightly turn on the AFM Γ
interaction, the FM moment quickly changes from the X̂
(or Ŷ ) to x̂ axis, which makes η ∼ 55◦ from the −ĉ-axis.
Upon increasing the AFM Γ strength, the moment stays
in the ac-plane but tips closer towards the -ĉ-axis[39] de-
noted by the red arrow Mz′ . Thus a reasonable size of
AFM Γ interaction is required to achieve the moment
direction to be consistent with the experimental finding,
η ∼ 31◦[2, 4]. On the other hand, if the K > 0, in the
absence of Γ, the FM moment is along the local Z-axis
denoted by the red arrow Mz in Fig. 1(c) due to the
AFM Kitaev term. This makes the angle of η ∼ 35◦

from the +ĉ direction. which is already close to the ex-
perimental finding. Since Γ tips the moment away from
the ẑ-axis[39], it implies that Γ ∼ 0 for K > 0.
The above analysis for the ideal octahedra cage uncov-

ers that the magnetic moment pinning direction is deter-
mined by either AFM Kitaev or a combination of FM Ki-
taev and the AFM Γ interaction. In solid-state materials
such as CoNb2O6, the octahedral lattice structure devi-
ates from ideality. The resulting distortion of octahedra
induces additional exchange interactions[35, 37], which
play a certain role in elucidating the phenomena observed
in real materials. Presented below is the complete n.n.
Hamiltonian formulation and the methodology employed
to estimate these exchange interactions. Our focus lies
in identifying the dominant interaction and determining
the sign of the Kitaev interaction. This emphasis stems
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â

<latexit sha1_base64="WQ/KSHVa43wUM9f5b9QR3PfDwXY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildtYdUiTBtFeuuFV3DrJKvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0vd1PCEshEd8I6likbc+Nn83ik5s0qfhLG2pZDM1d8TGY2MmUSB7YwoDs2yNxP/8zophjd+JlSSIldssShMJcGYzJ4nfaE5QzmxhDIt7K2EDammDG1EJRuCt/zyKmleVL2rqvdwWand5nEU4QRO4Rw8uIYa3EMdGsBAwjO8wpszdl6cd+dj0Vpw8plj+APn8wfo3Y/j</latexit>

b̂

<latexit sha1_base64="1qXx0MBGZld1wY+MJdE0l3ePxls=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfnlBpHst7M0nQj+hQ8pAzaqzUyXojagib9qs1t+7OQJaJV5AaFGj2q1+9QczSCKVhgmrd9dzE+BlVhjOB00ov1ZhQNqZD7FoqaYTaz2b3TsmJVQYkjJUtadfn6u+JjEZaT6LAdkbUjPSil4v/ed3UhFd+xmWSGpRsvihMBTExyZ8nA66QGTGxhDLF7a2EjaiizNiIKjYEb/HlZdI+q3sXde/uvNa4LuIowxEcwyl4cAkNuIUmtICBgGd4hTfn0Xlx3p2PeWvJKWYO4Q+czx/qYo/k</latexit>

ĉ
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Ẑ 0

<latexit sha1_base64="vVsFJMXucPGk/vzz8F9uqeDCrnA=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdEfVY9OKxgv2Q7lqyadqGJtklyQp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPzooQzbTzv2ymsrK6tbxQ3S1vbO7tld2+/qeNUEdogMY9VO8KaciZpwzDDaTtRFIuI01Y0up76rUeqNIvlnRknNBR4IFmfEWys1HXLWTDEBt1PHoJEMUG7bsWrejOgZeLnpAI56l33K+jFJBVUGsKx1h3fS0yYYWUY4XRSClJNE0xGeEA7lkosqA6z2eETdGyVHurHypY0aKb+nsiw0HosItspsBnqRW8q/ud1UtO/DDMmk9RQSeaL+ilHJkbTFFCPKUoMH1uCiWL2VkSGWGFibFYlG4K/+PIyaZ5W/fOqf3tWqV3lcRThEI7gBHy4gBrcQB0aQCCFZ3iFN+fJeXHenY95a8HJZw7gD5zPH8F+kyg=</latexit>
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FIG. 1: (a) Twisted chain consisting of an x- and
y-bond. Each site within the unit cell contains a local
cartesian coordiniates, XY Z vs X ′Y ′Z ′ (X̂ and Ŷ ′ are
chosen along the anion directions), related by a c-glide
symmetry along the chain ĉ direction. Ẑ ≈ Ẑ ′ such that
the XY - and X ′Y ′-plane lie approximately within the
same plane, and the angle between X̂ and Ŷ ′ axes is
defined by 2θ. For an ideal octahedra chain with
θ = 45◦, (b) Ẑ lies within the ac-plane, and the global
xyz-coordinate is shown with respect to the local
XY Z-coordinate, and (c) the red arrows Mz and Mz′

in the ac-plane represent two magnetic moment
directions where η ∼ 35◦ measured from the ±ĉ-axis,
closer to the experimental findings[2, 4].

from the fact that the mechanism of the Ising moment
pinning hinges on the sign of K, which, in turn, informs
the role of the Kitaev and Gamma interactions.
Hamiltonian with octahedra distortion - The octahe-

dra distortion modifies the ideal H0
ij and generates other

bond dependent interactions such as K ′, Γ′, and Γ′′, see
the supplementary material (SM) for their definitions in
the local XY Z coordinates. Among them K ′ needs some
attention. WhileK takes the form of sxi s

x
j for the x-bond,

K ′ takes the form of syi s
y
j for the x-bond (for y-bond, they

are Ksyi s
y
j and K ′sxi s

x
j ). Thus when K = K ′, we lose the

bond-dependent Kitaev interaction, and the model with
K = K ′ is nothing but the isotropic XY model. Simi-
larly when Γ = Γ′ = Γ′′, we lose the bond-dependent Γ
interaction, and it maps to the XXZ model. In general,
it requires a fine tuning to make them equal.
In the global coordinates containing the glide-plane as

shown in Fig. 1(a), ŷ is chosen to be parallel to the b̂
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axis and x̂ is chosen to bisect the local X̂ and Ŷ ′ axes
making an angle 2θ, the n.n. Hamiltonian Hij including
the octahedra distortion in the xyz coordinate system
has the following form:

Hij = Jxxs
x
i s

x
j + Jyys

y
i s

y
j + Jszi s

z
j + Jxz

(
sxi s

z
j + szi s

x
j

)
+(−1)i

[
Jxy

(
sxi s

y
j + syi s

x
j

)
+ Jyz

(
syi s

z
i+1 + szi s

y
i+1

)]
, (3)

where,

Jxx =

(
J +

K +K ′

2
+ Γ′

)
2 cos2(θ),

Jyy =

(
J +

K +K ′

2
− Γ′

)
2 sin2(θ), Jzz = J,

Jxz = (Γ + Γ′′) cos(θ), Jyz = (Γ− Γ′′) sin(θ),

Jxy =
(K ′ −K)

2
sin(2θ). (4)

Note that the exchange term Jszi s
z
j is not modified by the

distortion and its strength is determined by the Heisen-
berg interaction J . When θ = 45◦, i.e., x̂ bisects X̂ and
Ŷ = Ŷ ′, the above model is same as the ideal case of H0

ij ,
Eq. 2. In CoNb2O6, θ ∼ 40◦[4].

Let us now estimate the exchange parameters given in
Eq. 3. Due to the complexity of the exchange processes,
it is challenging to pin down the numbers below 1 meV
precisely using perturbation theory. Thus we are going
to determine the interactions of roughly 1 meV using the
combination of the density function theory (DFT) and
strong coupling expansion.

Determination of the exchange integrals - We estimate
the hopping parameters, the crystal field splitting (∆c)
and charge-transfer gap (∆pd) using the DFT and maxi-
mally localized Wannier functions generated by OpenMX
[40–43]. The strong coupling expansion requires deter-
mining all relevant hopping paths. For d7, there are
one hole in t2g and two holes in the eg orbitals, result-
ing in three different types of exchange paths, t2g − t2g,
eg − t2g. and eg − eg processes, denoted as A, B, and
C, respectively[25, 37]. Each process includes three dif-
ferent exchanges called intersite-U , charge transfer, and
cyclic exchanges. Among them the C process does not
contribute to the Kitaev interaction, since the eg-eg ex-
changes do not change the angular momentum.

After determining all the relevant hopping parameters
using the DFT (see the SM for the tight binding pa-
rameters) and then employing the strong coupling ex-
pansion, we find the Kitaev interaction is largest for a
reasonable size of Hund’s coupling. The dependence of
J and K on the Hund’s coupling strength in the range
of 0.1 < JH/U < 0.2 suitable for cobalt ions[25] is shown
in Fig. 2, where A, B, and C processes are plotted us-
ing different line styles. The red and blue represent the
Kitaev and Heisenberg interactions, respectively. The
solid red and blue lines are the total Kitaev and Heisen-
berg interactions after summing A, B, and C processes,

FIG. 2: The Heisenberg (blue) and Kitaev (red)
interactions vs. JH/U for ∆pd/U = 0.365, ∆c/U = 0.09,
and U = 10 eV. The contributions from t2g − t2g (A),
t2g − eg and eg − eg (B+C), and sum of A+B + C
processes are represented by the dashed, dotted, and
solid lines, respectively. See the main text for details.

respectively. Overall, both the Kitaev and Hisenberg in-
teractions are FM.
It is important to note that the Kitaev interaction

stays FM and dominant. This is due to an AFM ex-
change contribution from t2g− t2g processes cancels with
the FM contribution from eg − t2g and eg − eg processes,
resulting in a small FM J . This can be contrasted with
3d7 honeycomb cobaltates, such as BaCo2(AsO4)2 which
has a much larger direct hopping integral leading to the
cancellation of Kitaev contribution from t2g − t2g and
t2g − eg processes yielding a small Kitaev interaction,
but dominant FM Heisenberg interaction.[37] The Ki-
taev interaction becomes more dominant by moving to-
wards the Mott insulating limit; increasing the charge-
transfer gap (∆pd) while keeping the Hubbard U fixed
results in a faster reduction of the FM Heisenberg inter-
action strength due to a larger AFM contribution from
the t2g − t2g processes.
For JH/U = 0.2, we find that J = −0.8 meV, K =

−1.1 meV, and Γ, K ′, Γ′, and Γ′′ are small. Since these
numbers are sensitive to small changes in the tight bind-
ing parameters, we estimate the remaining exchange inte-
grals by computing the DSF from exact-diagonalization
(ED), using the open-source numerical package QuSpin
[44], and fit it with the INS data[14]. The details about
the DSF computation and systematic fitting procedure
to the INS data are explained in the SM.

A summary of the n.n. exchange parameters is given in
Table I and the mapping to Jα,β with α, β = x, y, z is also
listed. Note that the K < 0 and J < 0, while Γ > 0. The
significant values of Jxy and Jxz highlight the importance
of K and Γ, as indicated by their relationships in Eq. (4).
With the parameter set listed in Table 1, we found that
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the Ising moment aligns along the Mz′ direction with
η ∼ 35◦ due to the sizable AFM Γ interaction, which
causes the moment direction to deviate from the x̂-axis
towards the −ĉ-axis, as illustrated by the blue arrow in
Fig. 1(c).

Interaction in (XY Z) meV
J -0.8
K -1.1
Γ 0.56
K′ -0.03
Γ′ -0.57
Γ′′ 0.26

↔

Interaction in (xyz) meV
Jxx -2.27
Jyy -0.66

Jzz = J -0.80
Jxy 0.53
Jxz 0.63
Jyz 0.19

TABLE I: Strengths of spin-1/2 n.n. exchange
interactions in local XY Z coordinates, and their
transformed values in global xyz coordinates.

To match the INS data, we include the effects of AFM
inter-chain interactions observed in CoNb2O6. These
interactions confine domain wall pairs, forming bound
states. We account for this at the mean field level with
a small field term, λMF ≈ 0.04 meV along the moment
direction, and also consider second n.n. AFM XXZ inter-
actions as proposed in [8]. We incorporate the transverse
field hy using the g-factor of gy = 3.3. We then compare
the spectral function, with the INS data [14] in Fig. 3,
highlighting the close similarity.

Discussion - The current microscopic theory goes be-
yond the symmetry-allowed spin model, warranting fur-
ther discussion. Previous analyses, incorporating INS
data alongside the symmetry-allowed spin model[10, 14,
45], empirically choose the Ising axis, thereby impeding
the identification of the origin of the Ising anisotropy.
The Ising axis as the moment direction consistent with
the experimental results presents two distinct possibili-
ties: aligning the Ising axis either with Mz or Mz′ , as
depicted by the red arrows in Fig. 1(c).

When the moment aligns with the z-axis, directed to-
wards the oxygen atom, it aligns with INS data when
the dominant FM J condition holds (|J |(≡ |Jzz|) >
|Jxx|, |Jyy|). This condition necessitates a significant
AFM Kitaev but minimal Γ interactions, enforcing Jxy =
0 and Jxz = 0 as noted in [10, 14, 45]. Consequently,
K = K ′ and Γ = −Γ′′. This, combined with the J
term, yields the FM XXZ model with pronounced Ising
anisotropy along the local Z axis. However, from a mi-
croscopic viewpoint, the equality K = K ′ is unlikely due
to the need for identical contributions from the exchange
path of dxz-dxy and dyz-dxy orbitals for a given bond. Al-
ternatively, aligning the Ising axis along Mz′ away from
the oxygen atom, as found in our theory, offers another
approach. Adopting this axis as the empirical Ising axis
(denoted by z′) allows for the transformation of parame-
ters outlined in Table 1 in the xyz to x′y′z′ coordinates
while keeping ŷ = ŷ′. The exchange interactions in the

FIG. 3: (a)-(c) Sxx(k,w) at various transverse fields
obtained by the ED on a 16-site cluster with periodic
boundary conditions using the parameters summarized
in Table I with second n.n. XXZ interactions, a small
mean field term, and gy = 3.3 (see the main text for
details). (d)-(f) The INS data adopted from Ref. [14].

x′y′z′ coordinate comparing with those in the xyz coor-
dinate are provided in the SM. The resulting n.n. in-
teractions in the x′y′z′ coordinate remarkably resemble
those reported in [10, 14, 45], further corroborating our
results.
In summary, through an examination of the exchange

interaction derived from the Jeff = 1/2 wavefunction
in the local oxygen coordinate, we show that the Ising
anisotropy arises from the AFM Γ interaction in the
presence of the FM Kitaev interaction, which also fa-
cilitates domain wall motion. Our theory illustrates that
CoNb2O6, once considered an Ising chain exemplar, is
a rare bond-dependent Kitaev chain where the Kitaev
interaction predominates. To advance research on two-
dimensional Kitaev cobaltates, it is noteworthy to ob-
serve the distinction between CoNb2O6 from honeycomb
cobaltes such as BaCo2(AsO4)2, where the Kitaev inter-
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action is weakened due to exchange path cancellation[37].
This difference is primarily linked to cobalt ion spacing.
Our study suggests that increasing the Co-Co distance to
minimize direct exchanges is advantageous for enhancing
the Kitaev interaction in honeycomb cobaltates, thus fa-
cilitating the realization of the Kitaev spin liquid.
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