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ABSTRACT. We study the 3D anisotropic Hubbard model on a cubic lattice with hopping
parameter ¢t in the z- and y-directions and a possibly different hopping parameter ¢,
in the z-direction; this model interpolates between the 2D and 3D Hubbard models
corresponding to the limiting cases t, = 0 and t, = ¢, respectively. We first derive all-
order asymptotic expansions for the density of states. Using these expansions and units
such that ¢t = 1, we analyze how the Néel temperature and the antiferromagnetic mean
field depend on the coupling parameter, U, and on the hopping parameter t,. We derive
asymptotic formulas valid in the weak coupling regime, and we study in particular the
transition from the three-dimensional to the two-dimensional model as ¢, — 0. It is found
that the asymptotic formulas are qualitatively different for ¢, = 0 (the two-dimensional
case) and t, > 0 (the case of nonzero hopping in the z-direction). Our results show that
certain universality features of the three-dimensional Hubbard model are lost in the limit
t. — 0 in which the three-dimensional model reduces to the two-dimensional model.
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1. INTRODUCTION

The Hubbard model was independently introduced by Gutzwiller [8], Hubbard [12], and
Kanamori [14] in 1963 as a model for electrons in transition and rare-earth metals. It is
often described as being of similar importance to interacting electron physics as the Ising
model is to statistical mechanics, see e.g. [19]. Interest in the Hubbard model rose in the
late 1980’s following a proposal by Anderson [1] that the 2D Hubbard model provides a
prototype model for high-temperature superconductivity. Although a lot of effort has been
devoted to the study of the Hubbard model in the roughly sixty years since it was first
described, many basic questions remain unsettled, see [2] for a recent review.

In this paper, we consider the thermodynamic limit of the Hubbard model with coupling
parameter U > 0 and nearest-neighbor hopping on a hypercubic lattice Ay C Z™ with L"
lattice points in two (n = 2) and three (n = 3) dimensions; see Section 3.1 for precise
definitions. In two dimensions, we take the nearest-neighbor hopping parameter ¢ to be
the same for all bonds; in three dimensions, we allow for a different hopping parameter,
t,, in the z-direction, which makes the model anisotropic. We are particularly interested
in the limit £, — 0 in which the anisotropic three-dimensional model reduces to the two-
dimensional model. Our motivation for considering the limit ¢, — 0 is the following:
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The 2D Hubbard model (i.e., the model with ¢, = 0) is often used as a model for high-
temperature superconductivity, because the superconductivity is believed to be confined to
two-dimensional copper-oxide planes with the surrounding layers merely playing the role
of charge reservoirs. This assumption is based on the fact that the distance between the
copper-oxide planes is larger than the copper-oxygen interspacing within a single layer [18].
However, it is known that there is also electron interaction between different planes (see e.g.
[20, 22]), meaning that the hopping parameter ¢, in the z-direction is small, but not zero.
Setting t, = 0 is an adequate approximation if ¢, — 0 is a regular limit, however, as we will
argue in this paper, the limit ¢, — 0 is, at least in some respects, singular. Even though
our results only concern a mean-field approximation at half-filling, they suggest that the
anisotropic 3D Hubbard model with a small but nonzero ¢, value in some circumstances
can serve as a more robust model for high-temperature superconductivity than the 2D

Hubbard model.

1.1. Mean-field equation for antiferromagnetic order. We will consider the Hubbard
model at half-filling (meaning that there is on average one electron per lattice site) and we
will restrict ourselves to states whose expectation value of the spin operator has the form

$1+"'+xné’
)

m(x) = mAF(—l)
where map € [0, 1] is independent of x = (x1,22,...,7,) € Az, and € € R? is a fixed unit
vector. Such states describe uniform antiferromagnetic order.

In the analysis of the Hubbard model, one is typically forced to resort to various approx-
imation schemes, and we will adopt the mean-field approximation obtained from Hartree—
Fock theory. In the thermodynamic limit L — oo of an infinitely large lattice, this gives

the following equation for the antiferromagnetic order parameter,

Umar
2 )

(1.1)

App =

which is our starting point:

U tanh(Y2Ar =02y

Apr = AAF/ = — (1.2)
a2y /A2 e(k)2 (2T)
where T' > 0 is the temperature and
c(k) = —2t(cos k1 + cos k) for n = 2, (1.3)
—2t(cos k1 + cos k) — 2t, cosks forn = 3.
If T =0, the mean-field equation for Ay is given by
AAF = AaF (1.4)

U dk
a9, JAZ L+ e(k)2 (20"

which is the natural limit of (1.2) as T" tends to 0. We note that Axr has a natural physics
interpretation as the antiferromagnetic energy gap, and (k) is known as the tight-binding
band relation.

A systematic account of Hartree—Fock theory for the Hubbard model can be found
in [3] and a derivation of equations (1.2) and (1.4) is provided in Section 3. It is worth
mentioning that, for any dimension n > 2, the Hartree—Fock approximation of the Hubbard
model becomes exact in the limit of small U, in the sense that the difference between the
Hartree-Fock mean-field energy and the true ground state energy vanishes in this limit [5].

When ¢, is set to zero, equation (1.2) with n = 3 reduces to the corresponding equation
with n = 2, because when ¢, = 0 the integrand is independent of k3 and % f[imr] dks = 1.
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Figure 1. The function € — N, (€) fort, =0 (left) and t, = 1/2 (right).

In other words, the equation for Aap for the three-dimensional model reduces to the cor-
responding equation for the two-dimensional model in the limit £, — 0. We will therefore
henceforth assume that n = 3; the two-dimensional model will be included in our analysis
by allowing for ¢, = 0.

1.2. Néel temperature. It turns out that for any U > 0, t > 0, and ¢, > 0, there is a
unique temperature Ty > 0, referred to as the Néel temperature, such that (1.2) has a
unique positive solution App > 0 whenever T' € (0,Tx) whereas no such solution exists if
T > Txn. The Néel temperature (for n = 3) can be characterized as the unique solution
Txn > 0 of the equation

e(k)
. / U tanh(552) dk1dk2dk3' (1.5)
[—m,m]3

2 (k) (23

We include proofs of these facts in Section 3.5. Clearly, Axr = 0 is a solution of equation
(1.2) for any temperature 7. However, for T' < T, the magnetically ordered state with
Aar > 0is energetically preferred. The phase transition from the ordered to the disordered
state occurs at the Néel temperature T .

1.3. Scaling properties. Equation (1.2) depends on the four parameters (U, t,t,,T) and
equation (1.5) depends on the three parameters (U, t,t,). It is easy to see that if Axp and
Ty are solutions of (1.2) and (1.5) associated to the parameters (U, t,t,,T) and (U,t,t,),
respectively, then, for any oo > 0, aAar and a1y are solutions of (1.2) and (1.5) associated
to the parameters (aU,at,at,,aT) and (aU,at,at,), respectively. It is convenient to
use these scaling properties with a@ = 1/t to set t = 1.1 In the rest of the paper, we
therefore assume that ¢t = 1 and write Aap(U,t,,T) and Tn(U,t,) for the solutions of
(1.2) and (1.5) associated to the parameters (U, 1,t,,T) and (U,1,t,), respectively. A
similar statement applies to the solution of equation (1.4) at temperature 7' = 0 which we
denote by Aar(U,t.,0).

1.4. Density of states. The density of states Ny, (¢€) is defined by

RN CCUREE o

= / §(2(cosky + cos k) + 2t, cos ks + €) dkidkodks
[—7,7]3

G (1.6)

1Some formulas below, such as (2.3) and (2.5), become slightly simpler with a different choice of ¢,
namely ¢t = 1/16. However, we choose t = 1 because it is the most common normalization in the literature.
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see Figure 1. We note that Ny (e) is an even function of €, and that

dkydks
(27)?

No(e) = /[ . §(2(cosky + cosks) + €) (1.7)

is the density of states for the two-dimensional model. In terms of N, equation (1.2) for
AAF can be written as

tanh(i\w)

1 /Oo
= = Ny (€) 27 de (1.8)
v VARp T €
and equation (1.5) for T can be written as
1 00 tanh(5-)
= = N, () ———"de. 1.
R (19)

When writing (1.8), we have ignored the trivial zero solution Axr = 0.2 Moreover, we
adopt the convention that tanh(-/7") = 1 for T' = 0 and then equation (1.4) for Axp at
temperature T = 0 is included as a special case of (1.8).

1.5. Brief description of main results. The main results of the paper are presented in
the form of eight theorems:

— Theorems 2.1 and 2.2 provide asymptotic expansions to all orders of the two-dimensional
density of states Ny(€) and of the three-dimensional density of states NVy_ (€), respectively,
as € — 0. While Ny(e) has a logarithmic singularity at e = 0, the function Ny_(e€) is
regular at e = 0 for any ¢, > 0. This is a first indication of the singular nature of the
limit ¢, — 0. The logarithmic singularity is known as a van Hove singularity in the
physics literature and is a consequence of the fact that (k) has saddle points on the
fermi surface (k) = 0 when n = 2 (at k = (7,0) and k = (0,7)). No saddle points are
present on this fermi surface when ¢, > 0.

— Theorem 2.3 provides an asymptotic expansion of Ny, (0) as ¢, — 0, showing in particular
that Ny (0) has a logarithmic singularity as ¢, — 0.

— Theorems 2.4 and 2.5 provide the leading asymptotic behavior of the Néel temperature
Tn(U,t,) as U tends to zero for t, = 0 and t, > 0, respectively. Both T (U,0) and
Tn(U,t,) with t, > 0 are exponentially small in the limit U — 0, but the exponential
decay is much faster if ¢, > 0.

— Theorems 2.6 and 2.7 provide asymptotic expansions of the antiferromagnetic order
parameter Aap(U,t,,T) as U — 0 for t, = 0 and ¢, > 0, respectively. In fact, rather
than stating the asymptotics for Aap, we give the asymptotics for the quotient

o L AAF((]a tzaT)

m(U,t,,T) : TNt (1.10)
which we sometimes call the gap ratio. It is natural to consider m because the coefficients
of the expansions of m depend on T and ¢, only via the reduced temperature ﬁ

— Theorem 2.8 computes an exponentially small subleading term in the asymptotics of
m(U,t,,T), thereby providing a refinement of Theorem 2.7.

2See Lemma 3.4 for a proof of the fact that the nonzero solution is the physically preferred solution for
temperatures below the Néel temperature.
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1.6. Universality. The asymptotic formulas for /m obtained in Theorems 2.6-2.8 involve
a function, fpcg, well-known from Bardeen—Cooper—Schrieffer (BCS) theory for supercon-
ductivity (see e.g. [15]). The function fpcs(y) can be defined for y € [0, 1] as the unique
solution of the equation J(fscs(y),y) = 0, where

5 e /oo tanh(\/w;;-@) tanh(é) d (1.11)
x,y) = ; S — ; €, .

and tanh(-/y) = 1 for y = 0 by convention; it is a decreasing function of y that satisfies
fBcos(0) = me™7 =~ 1.764 and fpcs(1) = 0, where v ~ 0.5772 is Euler’s gamma constant,
see Figure 2 (see [16, Appendix A] for further details about fgcs(y)). In BCS theory, fpcs
describes the famous universal behavior of the gap ratio. More precisely, the ratio of the
temperature-dependent superconducting gap in BCS theory, A(T'), to the superconducting
critical temperature, T, satisfies

A(T
T.

) ~ fpes(T/Te) (1.12)

up to correction terms that are exponentially small in the BCS coupling parameter, see
[16] for a proof. The independence of the right-hand side of (1.12) on model parameters
is a reflection of the universality of BCS theory. In a completely analogous way, Theorem
2.7 shows that the function m(U,t,,T) in (1.10) satisfies

m(U,t:,T) ~ fecs(T/Twn) (1.13)

up to correction terms that are exponentially small in the coupling parameter U of the
Hubbard model. The independence of the right-hand side of (1.13) on model parameters is
a sign of universality in the Hubbard model, at least in the Hartree—Fock approximation.
It is therefore interesting to note that equation (1.13) is valid only when t, > 0. For the
two-dimensional Hubbard model (i.e., for ¢, = 0), the universal prediction (1.13) does not
hold, rather it is replaced by an expansion of the form

m(U,0,T) = fes(T/Tn) + cr(T/Tn)VU +0O(U)  asU L0

for a special function ¢;(y) of y € [0,1] defined in (2.11), see Figure 2. The U-dependent
term ¢ (T/Tn)v/U on the right-hand side spoils the universality that was present in (1.13).
Our results therefore show that certain universality features of the three-dimensional Hub-
bard model are lost in the limit ¢, — 0 in which the three-dimensional model reduces to
the two-dimensional model.

1.7. Related other works. Mathematical results about the Hubbard model in dimen-
sions n > 2 have a long tradition, with famous examples including works by Lieb, Lieb
and Mattis, and Nagaokar; see e.g. [21] for review. Our work owes much to previous math-
ematical results about Hartree-Fock theory for the Hubbard model [3-5]. We were also
inspired by previous mathematical work on BCS theory; see e.g. [7, 9-11].

We mention interesting work on non-interacting lattice fermion models with the tight-
binding band relation ¢(k) in (1.3) [6]. Using methods from special function theory, the
authors of [6] obtain an expansion that allows them to compute the density of states V¢, (¢);
our expansion is different.

There is a large amount of work on Hartree—Fock theory on the Hubbard model in the
literature which can be traced from the reviews [2, 19]; most of this work is numerical.

The anisotropic 3D Hubbard model has received recent attention in the physics literature
due to the possibility to realize it in cold atom systems; see e.g. [13] and references therein.
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Figure 2. The graphs of the function facs(y) (left) and ci(y) (right). Note that
ca1(y) = aofees(y) where oy = ¢1(0)/fcs(0) =~ 0.02594 and the error of this approxi-
mation, c1(y) — aofeos(y), is in the range between 0 and 0.001.

1.8. Organization of the paper. The main results are stated in Section 2. In Section 3,
we review some aspects of Hartree—Fock theory for the Hubbard model and explain how it
leads to the antiferromagnetic mean-field equations (1.2) and (1.4); we also include proofs
of the fact that Ty and Aap are well-defined by these equations. In Sections 46, we study
asymptotic properties of the density of states Ny, (¢€), of the Néel temperature T, and of
the gap ratio m, respectively. In particular, Sections 4-6 contain proofs of all the main
results.

1.9. Notation. Throughout the paper C > 0 and ¢ > 0 will denote generic constants that
may change within a calculation. We write = | a and x 1 a to denote the limit as x tends
to a € R from above and from below, respectively. In order to include the cases of positive
and zero temperatures in the same formulas, we adopt the convention that tanh(-/7T) =1
for T'= 0 and tanh(-/y) = 1 for y = 0 (for example, this allows us to include (1.4) as a
special case of (1.2)).

2. MAIN RESULTS

2.1. Asymptotic formulas for the density of states. Our first main result, whose
proof is given in Section 4.1, provides an asymptotic expansion to all orders of the two-
dimensional density of states Ny(e) as e — 0.

Theorem 2.1 (Behavior of Ny(e) as € — 0). The two-dimensional density of states No(e)
given by (1.7) obeys the following asymptotic expansion to all orders as € ] 0:

1 > € 4
N ~—— A - — ). 2.1
o(e) m2(4 —€) kg::o k’l< 4—6’4—6) (2.1)
The functions Ay in (2.1) are defined in terms of the Gamma function I'(2) and the
digamma function ¥ (z) ) 0y

;, Dk+HTk+1+1)
L(k+1)2T (3 -0)T(+1)

+2(1/z(k+l+1)—w(k+l)—z/z(l+1))+w<k+;) +w<;—l> } (2.2)

AkJ(wl,wg) = w’f(wg — 1) 5 { ln(—wl) + ln(w2 — 1)
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Figure 3 (Illustration of Theorem 2.1).

Left: The function Ny(€) (solid blue) and the
In( 16/6

(dashed black). Right: The function No(e) (solid blue) and the
asymptotic apprommatzon of (2.3) including terms up to order O(e'°) (dashed black).
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Figure 4 (Illustration of Theorem 2.2).

The function Ny, (€) (solid blue) and the approx-
imation Ny¢_(0) + NtZT()

€2 (dashed black) fort, = 0.4 (left) and t, = 0.8 (right).

where the principal branch is used for the logarithms. In particular, keeping the first several
terms in (2.1), we have

ln(%) GQ(ID(%) -1) 364(61n(%) -7
Nolo) = =55 12872 9162
5€5(30In(18) —37)  35€8(4201n(18) — 533)
3 9222 3 933 72
63 €'°(1260 In(18) — 1627) -
g 539, + O(e In E) as €} 0. (2.3)

The expansions (2.1) and (2.3) can be differentiated termwise with respect to € any finite
number of times.

Theorem 2.1 shows that the two-dimensional density of states Ny(e) has a logarithmic
singularity at € = 0, see Figure 3. The next theorem shows that turning on an ever so

slight hopping in the z-direction makes this singularity disappear, see Figure 4. The proof
is presented in Section 4.2.

Theorem 2.2 (Behavior of N (¢) as e — 0 for ¢, > 0). For each t, € (0,2), the three-
dimensional density of states N, (€) given by (1.6) is an even function of € that is real
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Figure 5 (Illustration of Theorem 2.3). Left: The function t, — Ny_(0) (solid blue) and
the approximation % (dashed black). Right: The function t, — N (0) (solid blue)

and the asymptotic approzimation of (2.5) including terms up to order O(t1°) (dashed
black).

analytic for |e| < min(2t,,4 — 2t,), so that

Ni.(e) =) W@J for |e] < min(2t,,4 — 2t.). (2.4)
Jj=0 '
Furthermore, the coefficients are given by

2 No(tu) du
_9 A — 2 T ’
v (27)
(29) Ny~ (t-u) du) .
NZ)(0) = Re o ) du orj=1,2,...,
t, ( ) ( o \/m T f J

where Ny(€) is the unique analytic continuation of No(e) from e € (0,4) to {e € C| Ime >

0}, and y_2,2 is the clockwise semicircle in the upper half-plane starting at —2 and ending
at 2.

N, (0) =

Our next result provides an asymptotic expansion of the three-dimensional density of
states V¢, (€) evaluated at e = 0 as ¢, — 0, see Figure 5. The proof is presented in Section
4.3.

Theorem 2.3 (Behavior of V¢ (0) as t, — 0). Ast, ] 0, we have

_1n(g) 2(2In(;2) —3)  27t1(4In(32) = 7)

N (0) =5 12872 21672
25t5(20In(32) — 37)  1225t5(2801n(52) — 533)
92112 + 2332
11907 11°(840In(3%) — 1627) T
+— s +0(t2mL), (2.5)

and this expansion can be differentiated termwise with respect to t, any finite number of
times.
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Figure 6 (Illustration of Theorem 2.4 and Theorem 2.5). Left: The 2D Néel temperature
Tn(U,0) (solid blue) and the approzimation ﬂf%w exp(—+/472/U + a1) (dashed black) of
Theorem 2.4. Right: The 3D Néel temperature T (U, t,) (solid blue) and the approzimation
814 oxp(—Np, (0)~H(1/U — by(t,))) (dashed black) of Theorem 2.5 fort, = 1/2.

me~ Y

2.2. The small U behavior of the Néel temperature. Recall that T (U, t,) reduces
to the Néel temperature for the 2D Hubbard model when ¢, = 0. The following theorem
gives the small U behavior of Tn (U, 0), see Figure 6.

Theorem 2.4 (Small U behavior of the 2D Néel temperature). The Néel temperature
Tn(U,0) satisfies

T (U,0) = 326*V%Lﬂ(1+c(af%)> as U |0, (2.6)

me

where v &~ 0.5772 is Fuler’s gamma constant and the constant a1 = 0.3260 is defined by

4 In(19)\ 1
= — 4or? No(e) — =<~ | =d
ap T /0 ( o(€) 53 >6 €

(1 2
—/0 (nxQ) dz + (2In2)* 4+ (y +2In2 — In )2 (2.7)

cosh” x

Proof. See Section 5.1. O

Our next theorem gives the small U behavior of the Néel temperature for the 3D Hubbard
model in the case when ¢, > 0, see Figure 6. An important ingredient in the formula is
the function N¢_(0), which is shown in Figure 5.

Theorem 2.5 (Small U behavior of the 3D Néel temperature). The Néel temperature
Tn(U,t,) satisfies

1

we_ﬁ(ﬁ_b(’(tz)) (1 + O(Q_W)) asU |0 (2.8)

me Y

uniformly for t, in compact subsets of (0,2), where v is Euler’s gamma constant and

4+4-2t
bn(t) = [ (Vi) ~ N0 o (2.9)

€

Proof. See Section 5.2. O
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Figure 7 (Illustration of Theorem 2.6). The function U — m(U,0,yTn(U,0)) (solid blue)
and the approzimation facs(y) + c1(y)VU (dashed black) of Theorem 2.6 for y =0 (left)
and y =1/2 (right).

2.3. The small U behavior of the mean field. Let m(U,t,,T) be the function defined
in (1.10). Our next theorem gives the small U behavior of m for the 2D Hubbard model,
i.e., in the case when t, = 0, see Figure 7.

Theorem 2.6 (Small U behavior of 2D mean field). The function m(U,0,T) satisfies

T T
n(U,0,T) = —_— — |VU +O(U Ulo 2.10
00.1) = foes (575 ) 1 (g ) HO0) Ui @0
uniformly for oll T > 0 such that ﬁ remains in a compact subset of [0,1), where
. fBCs(y)?+€2
% In(18) /tanh(¥—-5"—) tanh($)
c1(y) = (fees(y) — vfbes(v / < ( = - : )de- 211
1) = Unesty) ~wlbes) [ 5 (Tt = (211)
In particular, for T =0,
m(U,0,0) = e + 1 (00VU +0(U)  asU |0,
where v ~ 0.5772 is Fuler’s gamma constant and
°° In(L8 1 tanh(§
c1(0) = mﬂ/ n( )< - (2))de ~0.04576.  (2.12)
0 2w \mle—2v + €2 €
Proof. See Section 6.2. O

Our next theorem gives the small U behavior of m in the case of t, > 0, see Figure 8.

Theorem 2.7 (Small U behavior of 3D mean field). The function m(U,t,,T) satisfies

2
m(U,t,,T) = fBCS< ) + O(U‘le Ntz(O)U) asU L0

_Tr
TN(U7 tz)

uniformly for t, in compact subsets of (0,2) and for T > 0 such that % remains in a
compact subset of [0,1).

Proof. See Section 6.3. 0
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m(U, tz,yTN) m(U, t.,yTN)

1.95 _— 1.95

1.90 1.90

1.85 - 1.85

1.80 ' 1.80 -

T % S 1.75

170 wop S

00 25 50 75 100 u 0.0 25 50 75 10.0 u

Figure 8 (Illustration of Theorem 2.7). The function U — m(U,t,,yITn(U,t;)) (solid
blue) and the approzimation fgcs(y) (dashed black) of Theorem 2.7 for y = 0 (left) and
y = 1/2 (right) in the case of t, =1/2.

m(U, t.,yTn) (U, tx,yTn)
1.95 b —— 1.95 +
1.90 | 1.90
1.85 e 1.85
e
1.80 - i 1.80 -
//// PRI et ==
1.75 b 175 e
7

///

1.70 | 1.70 + S
0.0 2.5 5.0 7.5 10.0 U 0.0 2.5 5.0 7.5 10.0 U

Figure 9 (Illustration of Theorem 2.8). The function U — m(U,t,,yTn(U,t;)) (solid
blue) and the approximation fpcs(y) + g(U,t,y) (dashed black) of Theorem 2.7 for y =0
(left) and y = 1/2 (right) in the case of t, = 1/2.

2.4. An exponentially small subleading term. Theorems 2.6 and 2.7 provide approx-
imations of m as U — 0 in two and three dimensions. At the expense of introducing more
complicated formulas, it is possible to include higher order terms in these approximations.
To illustrate this point, we derive in this section an exponentially small subleading term
in the expansion of m(U,t,,T), thereby improving the formula of Theorem 2.7.

Theorem 2.8 (Small U behavior of 3D mean field, improved version). The function
m(U,t,,T) satisfies (see Figure 9)

. _ T T _o —wiow
m(U,t,,T) = fBCS(TN(U’tZ)) —l—g(U,tz, TN(U,tZ)> +O<U e M ) asU [0

uniformly for t, in compact subsets of (0,2) and for T' > 0 such that ﬁ remains in a
compact subset of [0,1), where the subleading term is given by

N (Tn(U,t,)e) — N, (0
9(Utz,y) = (chs(y)yf{acs(y))/ 2 (Tv(0 Ee)e) = M, (0
0 N¢.(0)

/ 212
tanh(ifBCS(y)Jr ) tanh(5)

2y

X < )de.
fBes(y)? + €2 €
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In particular, for T =0,
4
(U, t.,0) = me™ + (U, t.,0) + O(U‘Qe N <0>U) asU 10

uniformly for t, in compact subsets of (0,2), where

[ N.(Tn(U,t.)e) — N, (0)< 1 tanh(ﬁ))
U,t,,0) = e 7/ z ’ £ - 22 ) de.
9 ) 0 N, (0) m2e=2 1 €2 €

Proof. See Section 6.4. O

3. ANTIFERROMAGNETIC MEAN-FIELD EQUATION

3.1. The Hubbard model. The Hubbard model describes itinerant electrons with spin
o € {1,]} on a lattice Ay. In this paper, A; will be a square lattice or a cubic lattice, i.e.,

L L
AL:{($17...,$n>€Zn _2§x]<2for.]:177n}

for n = 2 or n = 3; we use periodic boundary conditions, i.e., we identity A;, with the torus
(Z/LZ)"™. A single particle has to be at one of the L™ lattice sites and can have either
spin up or spin down; thus the single-particle Hilbert space H is isomorphic to C2-". The
fermion Fock space F is by definition the Grassmann algebra

F=AH=Nrne\HnHe o\ "n

and is therefore isomorphic to C*". The Hubbard model is defined by the Hamiltonian
operator H : F — F given by

H = Z Z txyc}:(,cy(7 +U Z Nt M|, — %N%— %L", (3.1)
x,yEAL o=T,] xEAL

where the coupling parameter U > 0 determines the strength of the on-site repulsion, txy,
are the hopping matrix elements, c;rw is the operator on F which creates an electron of spin
o € {1,]} at site x € AL, cx, is the corresponding annihilation operator, ny, := cjwcxa
is the density operator, and N := Zxﬂ Nxo 1S the number operator. The last two terms
in (3.1) can be removed by shifting the ground state energy and the chemical potential
1, but it is convenient to include these terms because they make particle-hole symmetry
manifest and ensure that half-filling corresponds to u = 0. Another way to write (3.1) is

H= Z Z txyChoCyo + U Z (nxt — 3)(nxy — 3).
x,yEA o=1,] x€EAL

In this paper, we consider the case of a nearest neighbor hopping matrix given in two
dimensions by

ne 9 bey = {—t if x and y are nearest neighbors, (3.2)

0  otherwise.
In three dimensions, we allow for a different hopping constant in the z-direction, so that

—t if x and y are nearest neighbors and z3 = ys3,
n=3: txy = § —t, if x and y are nearest neighbors and x3 = y3 + 1, (3.3)
0 otherwise.
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Instead of using the basis {|x0)}xen, oefr,} for the single-particle Hilbert space H =
C2L* it is often convenient to use the basis {|ko) bkeas oeft,yy defined by

1 ik-x
<X0'|k0',> = W@ k 50‘0'/ (34)

with the dual lattice A} given by
2
Moyn —m<kj<m forjzl,...,n}.

A’iz{(kl,...,kn)e 17

Under the change of basis from {|xo)} to {|ko)}, the creation and annihilation operators
transform as

1 ik 1 ik
T LR PPN S
k k k k

and using these relations we arrive at a Fourier space representation for the Hubbard
Hamiltonian:

U U
H = Hy + Hin — 5-/\/-1- ZL",
where
Hy= Y Y ek)ef, o (3.5)
KeA: o=1,)
v P
Hing = In Z Cr)1%(3) | k@ L Ck @)1 Z 51((1)—k(2)+k(3)—k(4>,27rn? (3.6)
k(M k@) kG) kW e nezZm"

with (k) given by (1.3).

3.2. Hartree—Fock theory for the Hubbard model. We review some relevant aspects
of Hartree-Fock theory for the Hubbard model from [3, 4].

An observable A is a self-adjoint linear map A : F — F. A state (also known as a
density matriz) is a linear map p : F — F such that p > 0 and trp = 1. The expectation
value of an observable A in the state p is (A), := tr(pA). We consider the grand canonical
ensemble where the system is in contact with a heat and particle reservoir. In this case,
the most probable state of the system for a given inverse temperature 8 = 1/T € (0, +0o0]
and chemical potential p € R is the state that minimizes the grand canonical potential
defined by

1
Qqm(p) = tr[(H — pN)p] + 3 tr[pln p].
For each 8 and p, there is a unique state p(ﬁ’“) at which Qqm(p) is minimized, i.e.,

am(pP7H) = min Qg (p);

this follows from the finite dimensionality of F and the strict convexity of {2qm. The unique
minimizer p(®#) is known as the Gibbs state and is given in terms of the grand canonical
partition function Z := tr[e A7 —1N)] by
e~ BH—pN)

Z
It is exceedingly difficult to determine the equilibrium state p(ﬁv“) in general. However,

important progress can be made within the so-called Hartree—Fock approximation. In this
approximation, one does not minimize grand canonical potential over all states p. Instead

p(ﬁw) —



14 UNIVERSALITY OF MEAN-FIELD ANTIFERROMAGNETIC ORDER

one minimizes Qqm(p) over the set of quasi-free states, where a state p is quasi-free if all
correlation functions can be computed with the help of Wick’s theorem in the sense that

(erea---ean—1)p, =0

and
/
(ere2--- €2N>p = Z Sgn(ﬂ)<€w(1)n(2)>p T <67r(2N71)7r(2N)>p
s
whenever e, ez, ..., ean are operators such that each e; is either a creation or an annihi-
lation operator, and the sum runs over all permutations 7 such that 7(1) < 7(3) < --- <

m(2N —1) and w(2j —1) < w(2j) for 1 < j < N. In particular, if c} and c; are the creation
and annihilation operators with respect to a basis {|f;)} for the single particle Hilbert
space H, it holds that

(chefciem)p = (cheh) pleiem), — (ched) plehem), + (chem) plcfer),.

Clearly, any quasi-free state is uniquely determined by the values of terms of the form
(c;f»cpp = (ckcj)p and <c;r-ck) p- In fact, the repulsive Hubbard Hamiltonian (3.1) has a
positive definite interaction term, and therefore it holds that if p is a quasi-free state that
minimizes Qqm(p) within the set of quasi-free states, then p is particle-number conserving
in the sense that <c};c;> p =0 for all k and [, see [3, Theorem 2.11]. It is therefore enough
to consider particle-number conserving quasi-free states, and such states are in one-to-one
correspondence with the set of one-particle density matrices, which are defined as linear
maps v : H — H such that 0 < « < 1; the correspondence is given explicitly by p — ~
where « is defined by (f;|vfk) = (c}cwp, see [4, Lemma 1].

The HF grand canonical potential €2 is defined by

Q(7) = Qqm(py);

where p, is the quasi-free state corresponding to the one-particle density matrix . For
fixed # and p, any one-particle density matrix v(®#) that minimizes Q(v) is known as a
HF Gibbs state. Since H is finite-dimensional, the set of one-particle density matrices is
compact; thus there exists at least one HF Gibbs state, but it is not necessarily unique.
We let

(Bopr) .— By — mi
Q= Q) = min O(y)

denote the minimum value of the HF grand canonical potential for any given 8 and pu.
The next lemma shows that the expectation value of a one-body operator in a quasi-free
state p, can be expressed in terms of v alone.

Lemma 3.1. Let p, be the quasi-free state corresponding to a one-particle density matrix
v. If L : H — H is a self-adjoint linear map, and L = Zj?k(fj|L]fk>c;ck : F — F is the
second quantization of L, then

N

(L), = tr(1L).
Proof. Since L is self-adjoint, there exists a basis {|\)} of eigenvectors of L for H. In this
basis, L is diagonal and L = Z)\<)\]L|)\>c;c)\. Thus, recalling that (A|y|A) = (cf\@\)p77

tra(YL) =Y AYINAILIA) =D (eheno, AILIN) = D trr [pychea] (ALIA)
X ) )

=5 | S ONEer| = 205, ] = (D),
A

which is the desired conclusion. O
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The Gibbs state p(ﬁ’“) is a linear map on the 42" -dimensional Fock space F, whereas a
HF Gibbs state v(%#) is a linear map on the 2L"-dimensional single-particle Hilbert space
‘H. The problem of determining a HF Gibbs state therefore involves minimization over
far fewer parameters than the problem of determining the true Gibbs state. It turns out
that it is possible to reduce the number of independent parameters in the minimization
problem even further (from 4L?" to 4L™ real parameters) by applying a result of [4]. To
this end, define the compact sets K and B by

K={d: AL > R||dx)] <1forall x €A},
B={m:Ap = R3||m(x)] <1 forall x € Ap}.

Let & = (01,02, 03) be the vector of Pauli matrices, let i be the linear map on H given in
the basis {|xc)} by the 2L% x 2L? matrix

U S o
th,y)\ = txy5TA - lﬂsxy(;T)\ + §5xy (d(x)&T,\ - m(x) ’ O'T)\), (37)

and consider the functional G : K x B — R defined by

G(d,m) = —— tr [lncosh (Bhﬂ + % > (Imx)? - d(x)?) — L"(87'2In2+ p). (3.8)

2
xXEAL

Then, by [4, Theorem 1], for any 0 < § < oo and p € R,

QB = min max G(d, m), (3.9)
meB deK

and, if @) 7P is an extremizer of the right-hand side of (3.9) in the sense that

g(d(ﬂ,u)7m(ﬂ#)) = min max G(d, n)
meB deK

and h(##) is the associated linear map (defined by (3.7) with d, 77 replaced by d(®#) i (8:#)),
then:

(i) B = (1 + efgh(ﬂ’”))f1 is a HF Gibbs state, i.c., Q(y(##) = QB#),
(73) For any x € Ay,

dP)(x) = tr(vPM (1, ® 1)) — 1, (3.10a)
B (x) = tr(vPH (1, @ 7)), (3.10b)

where 1x = |x)(x| is the projection onto x and I is the identity map in spin space.

Thus, instead of minimizing €2, one can search for extremizers of G.

The relations (3.10) show that d(®#) (x) € [—1,1] and () (x) are the expected electron
density and the expected spin at x in the HF Gibbs state 4(##), where the normalization
is such that d®#)(x) = 0 corresponds to one electron per site (i.e., to half-filling). Indeed,
the expected electron density and the expected spin at x in a state p : F — F are given
by (nx), and (Sx),, respectively, where ny := > c;rmcxa and Sy = ZATCLAE/\Tfo are
the density and spin operators at x. But ny is the second quantization of 1x ® I, and Sy
is the second quantization of 1x ® &, so Lemma 3.1 and (3.10) imply that

AP (x) = (ny)

1, mP(x) = (Sk)

PLBm) Poy(Bo) "
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3.3. The case of a vanishing chemical potential. If ;1 = 0, the following results were
obtained for any 0 < § < oo in [3] (see also [4]):

(i) Any extremizer (d%9),mB0) of G(d,m) satisfies d?0)(x) = 0 for all x.

(i3) QB0 = mingzep G(0,m), where

1 Bh U 2 2 ng—1
G(0.17) = —?tr [lncosh (5)] —i—_’z Z;eAL M (x)|* — L"87"2In2, 0< B < o0, (3.11)
—g trlh[+ T Xxen, M), B = o0,
u. . -
hxryn = tayOrx = 5 Oxy T (X) - O (3.12)
(i31) If m(P9) is a minimizer of G(0, ), then there is a fixed unit vector € € R? such that
B0 (x) = PO (x)|(—1)51+Fme, (3.13)

The fact that d(%%)(x) = 0 for all x shows that the system is at half-filling when u = 0.

3.4. Derivation of equations (1.2) and (1.4). In this paper, we are interested in the
case of uniform antiferromagnetic order at half-filling. We therefore take y = 0 and assume
that [m(%9 (x)| is independent of x. By (3.13), this implies that 7 has the form

(X) = map(—1)71+Fong, (3.14)

where mar € [0,1] is a constant and € € R3 is a fixed unit vector. In this case, the
expression for the functional G(d,m) in (3.8) can be simplified as follows. In terms of the
basis {|ko)} defined in (3.4), the linear map h is given by

hirwn = €(K)Okk 03 — AAFOk k/4+QE - O,
where e(k) is the function in (1.3), Q € R™ is the vector Q := (m,...,7), and k/ + Q is
computed modulo 27Z", so that k' + Q € Aj. We observe that h is diagonal in the basis
{|ko)} except that for each k, the four elements k 1, k+Q 1, k |, and k+ Q | are coupled

via the 4 x 4 matrix

it et hit x+Qt Pt x| Pt x+Ql
h1;L+QT,kT hl;L+QT,k+QT hl;jm,m hl;L+QT,k+Q¢
Kkt klk+Qt klk| Kkl k+Ql
hiiQlkt Pk+Qlk+Qt hk+QlLkl hk+Quk+Ql

e(k) —AAr(€- )t 0 —Axr(€-F)py
—Aar(@- )y e(k+Q)  —Axr(€- )y 0
0 —AAF(é"EMT E(k) —AAF(é'-&’)“,
_AAF(€'5)¢T 0 —AAF(5'5)¢¢ E(k—I-Q)
Using that e(k + Q) = —e(k) and |€]? = 1, we find that this 4 x 4 matrix has two double

eigenvalues given by

Hence
E _
tr {ln cosh (B—ﬂ = Z { In cosh (B—+> + In cosh <L>}
KEAT 1
=2 Z In cosh (i>,
keA}
where
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includes exactly one of the points k and k + Q for each k € A7. Similarly,

trlpl= Y 4B, = ) 2E,.

kEAZhalf keA}

Consequently, we can write (3.11) as (recall that map = 2Axr/U)

n A2
. _QZkeA* ln(QCosh(ﬁE+))+#, 0< B < oo,
G(0,m) = A2 (3.15)
 Swen; e+ L5he, B =co.
A calculation gives
VA pte(k)?
ag<o7m) ( AAF ZkeA* tanh(ggT ) + ZAU{\F)’ 0< B < o0,
A 2 —
F LM 82 Yhens \/A2F+E( E + ) B = oo.
Equations (1.2) and (1.4) follow by taking the thermodynamic limit L — oo of the critical

point equation dG(0,1)/dmar = 0 using the rule 2 ZkeAz — f[,,r A (Q‘frk)n.

3.5. Existence of solutions of the mean-field equation. We first show that the Néel
temperature T is well-defined by (1.5).

Lemma 3.2. For any U > 0 and t, > 0, there is a unique Ty = Tn (U, t,) > 0 satisfying
(1.5). Moreover, Ty(U,t,) | 0 uniformly fort, >0 as U | 0.

Proof. Fix U > 0. For each t, > 0,
t h(55%
Fi(T / N (6) == T)de (3.17)

is a continuous function of T' € (0, +00) that tends to +00 as T'— 0 and to 0 as T" — +o0.
Hence the equation f; (T) = 1/U, which is equivalent to (1.9) and hence also to (1.5),
has at least one solution 7" in (0, +00). Since

o 1
’T:—/ N, ————5——de <0 forall T >0, 3.18
fi.(T) ) . (€) 272 coshz(ﬁ) € or a ( )

the solution is unique. Let Ty > 0. Since tanhz < z for x € [0,1] and tanhz < 1 for
x > 1, we have

1 270 o)
T N, d N, e N,
Je.(To) < 3T, t.(€)de + - t(€)— =< i / t.( 2T0
for all t, > 0. Consequently, fi.(T) <1/(2Ty) for all T > Ty and all ¢, > 0. It follows that
if U < 2T}, then Tn(U,t.) < Ty for all t, > 0. Since Ty > 0 was arbitrary, we conclude
that Tn (U, t,) | 0 uniformly for t, > 0as U | 0. O

The next lemma establishes the existence of a unique strictly positive solution Aar of
(1.2)—(1.4) for temperatures below Tx. Note that, by (1.1), 0 < Aap < U/2 corresponds
to 0 < map < 1; the latter is to be expected by the physics interpretation of mar as the
magnitude of the spin expectation value.

Lemma 3.3. For any U > 0 and t, > 0, equations (1.2)—(1.4) have a unique strictly pos-
itive solution Axr = Aar(U,t.,T) > 0 whenever T € [0,Tn(U,t,)), whereas if T >
Tn(U,t,) the only solution is Aar = Aar(U,t.,T) = 0. Moreover, Aar(U,t,,T) €
[0,U/2) for allU >0, t, >0, and T > 0.
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Proof. Fix U > 0 and t, > 0. Recalling the reformulation (1.8) of equations (1.2)—(1.4),
we see that it is enough to show that the equation Fr(A) = 1/U has a unique solution
A > 0 whenever T € [0,Tx (U, t,)) and that no such solution exists if ' > T (U, t), where

tanh VA +62)
2= ), e
VA2 4 2

The function Fr is continuous [0, +00) — [0,+00) and obeys Fr(A) — 0 as A — +o0.
Moreover, Fr(0) equals the right-hand side of (3.17), which is a decreasing function of
T € ]0,+00) by (3.18). The Néel temperature T = Tn (U, t,) is defined by the equation
Fr,(0) = 1/U. We infer that if T' < Ty, then Fp(0) > 1/U, and so the equation Fr(A) =
1/U has at least one solution A in (0, +00). Since

, [ A x — sinh(z) cosh(x)
Fr(A) —/0 Nt (e) (AZ + €2)3/2 cosh? ()

and x — sinh(z) cosh(z) < 0 for all z > 0, we have F(A) < 0 for A € (0,+00) so the
solution is unique. It only remains to show that Aap(U, t,,T) < U/2. This follows because
if A > U/2, then

Fr(A) < N, Ny, (e)d
Q) < [N mde < [ N e =

so no A > U/2 can fulfill the equation Fr(A) =1/U. O

———=L_"de. (3.19)

de
\ A2 €2

2T

r=

Lemma 3.3 implies that App = 0 is the only solution of (1.2) if 7" > Tx. On the
other hand, for any T' € [0,T), there are two distinct solutions in [0,U/2], namely 0
and Aar(U,t,,T) € (0,U/2). The next lemma shows that the state corresponding to
Aar(U,t,,T) is favored over the state corresponding to 0, and it therefore justifies dis-
carding the zero solution when writing (1.8). The statement of the lemma involves the
thermodynamic limit

Gr(A) = LILHQOL_?)Q(O’ (2A/U)(—1)71+ez+asg)

—2T f[fﬂ,ﬂ]g, In (2 cosh (¥ Azz-i;(k)z)) (26%3 + %2, 0<T < oo,

2
~ Jimmps VAT (k)2 5855 + G T =0.

of G restricted to antiferromagnetic vector fields of the form (3.14) in dimension n = 3.

Lemma 3.4. Let U > 0 and t, > 0. If T € [0,Tn(U,t,)), then A = App(U,t,,T) > 0
is the unique point at which G attains its minimum on [0,U/2]. If T > Tn(U,t.), then
A =0 is the unique point at which G attains its minimum on [0,U/2].

Proof. Fix U > 0 and ¢, > 0. We have, for any T" > 0,

Gl(A) = 2A (U - FT(A)>

where Fr(A) is the function in (3.19). Suppose first that 7" € [0,Tn(U,t;)). In this
case, the proof of Lemma 3.3 shows that Fr(A) > 1/U for A € [0,Aar(U,t.,T)) and
Fr(A) < 1/U for A € (Aar(U,t,,T),U/2]. Hence Apr(U,t,,T) € (0,U/2) is the unique
critical point of G on (0,U/2) and Gr is decreasing (resp. increasing) to the left (resp.
right) of Aar(U,t,,T), so Aar(U,t,,T) is indeed the minimizer of Gr.

If T > Tn(U,t,), then we instead have G7.(0) = 0 and G/.(A) > 0 for A € (0,U/2), so
0 is the unique minimizer of Gr. O
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4. ASYMPTOTICS FOR THE DENSITY OF STATES

In this section, we derive asymptotic properties of the density of states function Ny, (€)
defined in (1.6). In particular, we prove Theorems 2.1, 2.2, and 2.3.
Making the change of variables u; = 2cos k; for j = 1,2,3, we can write (1.6) as

T[T dkydkadk
Ntz(e):8///5(2(cosk:1+cosk:2)+2tzcosk:3+e)123

(2m)?
/ / / u1 + ug +tuz + 6) duidusdusg
SRV VZ T VI T B

For t, = 0, this reduces to

/ / u1 + ug + 6) duidusg (4 1)
VA —uivid —uj m ‘
dug

because f Sy 7. In particular, we can express Ny (€) in terms of Ny(e):
u3

> No(tu+e) du
_9 4 — w2 om '
From (4.1), we infer that Ny(e) is an even function of ¢ € R\ {0,£4} that vanishes

identically for € € (—o0, —4)U (4, +00). Performing the integral with respect to ug in (4.1),
we obtain

Ni.(€) = (4.2)

| 1 du
Ny(e :/ — for e € (0,4). 4.3
0= |, vimr e (0.4) (43)

We see that Ny(e) is continuous for € € R\ {0, £4} with a singularity at e = 0.

4.1. Proof of Theorem 2.1. Our goal is to find the behavior of the integral in (4.3) as
€ } 0. The difficulty lies in the fact that the singularities of the integrand merge with the
endpoints of integration as € | 0. This means that a naive approach based on substituting
the expansion
1 1 1 u (u*+2) ,
= + €+ €4
Vi—u?\JA—(ute? 4-u* (4d—u?)?  (4-u2)

into (4.3) is unfruitful, because the resulting terms are not integrable at u = +2. We
therefore instead proceed as follows.

Let F(wy,wz) = F(a,b,c,d;wy,ws) be defined for wy,wy € C\ [0,00) by the Pochham-
mer integral

(0+,1+,0—,1-)
F(wy,wy) = / v (v — w1)P (v — w2)¢(1 — v)%d, (4.4)
A

where A € (0,1) is a base point, a,b,c,d are real exponents, and wj,ws are assumed
to lie outside the contour. More precisely, the Pochhammer contour in (4.4) begins at
the base point A, encircles 0 once in the positive (counterclockwise) direction, returns to
A, encircles 1 once in the positive direction, returns to A, encircles 0 once in the negative
direction, returns to A, and finally encircles 1 once in the negative direction before returning
to A. In order to make F' single-valued, we restrict the domain of definition in (4.4) to
wy,we € C\[0,00). Note that F' can be analytically continued to a multiple-valued analytic
function of wy,we € C\ {0, 1}. Asymptotic expansions of F'(wy,ws) to all orders as one or
both of the points w; and ws approach 0 or 1 were obtained in [17].
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To prove Theorem 2.1, we will use the following result from [17]. For ¢ € C, we define
pe(w) and H(a,d) by

e~ Imw >0
. —)° = 4.5
pe(w) {e”c, Imw < 0, (45)
and
(0+,1+,0—,1-)
H(a,d) = / v (1 — v)%dv. (4.6)
A

Theorem 4.1. [17, Theorem 2.4] Let a,b,c,d € R\ Z be such that a+b,c+d & Z. Then
F satisfies the following asymptotic expansion to all orders as wy — 0 and we — 1 with
wi,wz € C\ [0,00):

Flunu) ~ 303 2o {Dzi?w’ﬂw =)' Dk (wy — 1)

+ purslon) DY uf ¥ g — 11} (47)

where the coefficients Dg) = D,E:jé)(a, b,c,d), 7 =1,2,3, are given by
(€m0 —1)(e2™d — 1) D(b+1)D(c+1)(—1)*

(1)

DY) =~ . H(a+b—k,c+d—1

W= (i) — 1)(e e D — D T+ 1 k(e 1-p @t ketd=l)
2mia id k

@ (e —=1)e™ T'(b+ DI(a+b+1—k)(—1)

D’ = riteray F(b+1—k)F(a+b+1—k—l)H(C’d+l)’
rid _ 1)emaP(c+ DI (—c—d+k —1

D,(j’):(e Jer* e+ DI'(—c—d + )H(a+k,b),

e2mi(att) — 1 I'(c+1—-)I(—c—d+1)
and principal branches are used for all powers.

In order to use Theorem 4.1, we let a = b =c¢ = d = —1/2, assume that € € (0,4), and
write (4.3) as

1 2—e
No() = 5 [ (= (22— (2= )2 w2 = e —
The linear fractional transformation
. U+ 2
U=
4—¢€
maps (—2,2 — ¢€,00) to (0,1, 00), and changing variables from u to v, we obtain
1 1
No(e) = = (4 - e)atbretdtl [ya(y — )P (wy — v)°(1 — v)ddv for e € (0,4), (4.8)
n 0
where principal branches are used and
€ 4 .
w1 .——4_67 w2 .—4_€+ZO. (49)

We have added an infinitesimal positive imaginary part to wo to ensure that wy,wy €
C\ [0,00). As e | 0, we have wy 1 0 and ws | 1. Since wy has an infinitesimal positive
imaginary part and v € [0, 1], we have

(w2 . U)c — ecln|w27v|+czarg(w27v) _ ecln\wgfv\Jrczarg(vfwg)erm — ecwz(v o wQ)c'
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We therefore find
7

1
No(e) = Ry /0 v (v — wy)?(v — w2)¢(1 — v)4dv. (4.10)

On the other hand, since a = —1/2 > —1 and d = —1/2 > —1, we can collapse the
contour in (4.4) onto [0, 1], which gives

1
F(wl,wg) _ (_1 + e2mia _ e?m(a—i—d) + eZmd)/ UG(U o wl)b(v o w2)c(1 _ ’U)dd’U
0

1
= —4/0 v (v — wy)?(v — w2)¢(1 — v)4dv.

Comparing with (4.10), we conclude that
l

N =——F . 4.11

o(e) yroTy— (w1, wa) (4.11)
Even though (4.11) relates Ny to F', we cannot immediately apply Theorem 4.1 because
the assumption a 4+ b,c+ d ¢ Z is not fulfilled. However, we can set a = —% +9,b= —%,

c= —% +4,d= —% in Theorem 4.1, and then let § | 0.® In this limit, the poles at 6 = 0

introduced by the factors e2™(@+0) —1 and e?(¢+d) _1 in the coefficients D,(Cj ) are cancelled
by zeros originating from the poles of the Gamma functions. Using the identity

; , o Lla+1DI'(d+1)
H(a.d) = (—1 2mia _ 27i(a+d) 2mid
(a,d)=(-1+e e + e ™) Tlatdt2)
and taking 0 — 0 yields the following asymptotic expansion of F'(wq,ws) to all orders as
wy T 0 and we | 1:

(o]
F(wy,wg) ~4i > Agg(wr,wy), (4.12)
k,1=0

where the functions Ay ; are given by (2.2). Using this formula in (4.11) with w; and ws
given by (4.9), we obtain the all-order expansion of Ny(e) stated in (2.1), and a direct
calculation then gives (2.3).

It follows from the proof of Theorem 4.1 presented in [17] that the asymptotic formula
(4.7) can be differentiated term-by-term with respect to w; and ws any finite number of
times. Repeating the above arguments, we see that the same is true of (4.12). It follows
that the formulas (2.1) and (2.3) can be differentiated term-by-term with respect to e any
finite number of times. This completes the proof of Theorem 2.1.

4.2. Proof of Theorem 2.2. Let t, € (0,2). By Theorem 2.1, Ny has a logarithmic
singularity at e = 0. Hence, it is clear from (4.2) that N, (€) has a continuous extension
to € = 0 such that

2 No(tzu) dﬁ
_9 /4 — w2 T ’
However, for j > 1, the jth derivative Néj ) (t,u) has a more severe singularity at u = 0, so
it is not possible to differentiate inside the integral in (4.2) as it stands. In what follows,
we therefore show that the contour of integration in (4.2) can be deformed away from the
singularity at e = 0.

The function F' in (4.4) can be analytically continued to a multiple-valued analytic
function of wy,we € C\ {0,1}. Hence, by (4.11), Ny(e) can be analytically continued from

N, (0) = (4.13)

3t is not clear from the statement of Theorem 4.1 that the asymptotic formula for F' remains valid in
the limit § — 0. However, a look at the proof in [17] shows that this limit may be taken term-wise in (4.7).



22 UNIVERSALITY OF MEAN-FIELD ANTIFERROMAGNETIC ORDER

0 < € < 4 to a multiple-valued analytic function of € € C\ {0,4} (i.e., Ny has an analytic
continuation to the universal cover of C\ {0,4}). We let Ny(e) be the (single-valued)
analytic continuation of Ny(e) from € € (0,4) to e € C\ ((—o0,0] U [4,400)). For € € R,
let Noy (€) = limy, o No(e +ih) be the boundary values of Ny(e) from the upper half-plane.
For € € (0,4), we have Ny, (¢) = Ny(e). For € € (—4,0), Ny (€) does not coincide with
No(€), but we have the following lemma.

Lemma 4.2. For e € (—4,0), it holds that No(e) = Re Ny ().
Proof. Fix r € (0,4) and let e(a) = re’®. According to (4.8), we have

- 1 1
No(€(0)) = —5 (4 — (0)) "+ ettt / v (v — w1 (0))*(w2(0) — v)°(1 — v)dv,
0
wherea=b=c=d=—-1/2, wi(a) := —42(60&), and wa(a) := ﬁm) +1i0. As « increases

from 0 to 7, €(«) traces out a counterclockwise semicircle in the upper half-plane from r to
—r, wi(a) moves below 0 from w;(0) = —75 < 0 to wy(7) = ;45 > 0, and wa(a) moves
above 1 from w(0) = ;% +140 to wa(m) = ﬁ < 1. Hence,

N (4 _ E(W))a+b+c+d+1

Not (=) = lim No(e(a)) =

afm 2

) w1 (7)
X (e’”b/o v (w (1) — v)°(wa () — v)¢(1 — v)%dv

wa ()
+ / V(0 — i (7)) (ws () — v)(1 — v)dd

w1 ()

S
+e™¢ v (v — wy (1)) (v — wa(m))¢(1 — v)ddv>.
wa (1)

Since €™ = e™¢ = —j, only the middle integral contributes to the real part of N0+(—r),
ie.,
- 4 — e(7))etb+retd+l wa ()
Re No4(—r) = ( ( )7)r2 / . v (v — wi (7)) (wa () — v)¢(1 — v)dv.
wi (7
Performing the change of variables u = w;;;”_ll(u?(ﬂ), we obtain
5 4 — ¢(q))etbtetd+l
Re NO+(_7') _ ( ( )7)]—2 (wg(ﬂ) _ wl(ﬂ_))a—i-b—&-c—&-d—i-l
1
wy () b ef 1—wi(m) d
X ut+ ————— ) v (l—u)(—————— —u) du.
/0 ( weo (1) — w1(7r)> ( ) (’UJQ(’]T) —wy(m) )
Using that e(m) = —r, wi(m) = 5, and w(7) = 44?, we conclude that
B 4—r a+b+ct+d+1 1 —r \a . 4 d
Re No4(—r) = ( )7r2 /0 (u—4_r> u’(1 —u) (r—u) du.
In view of (4.8) and the fact that a = b = ¢ = d = —1/2, the right-hand side equals Ny(r).
Since r € (0,4) was arbitrary, this completes the proof. O

By virtue of Lemma 4.2 and (4.2), we have, for € € (=4 + 2t,,4 — 2t,),

2 Re Noy (tzu +€) du re [ Noy (t-u+ €) du

N, (€) = AR P
B B e R L B TR

(4.14)
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The contour in the right-most integral can be deformed into the upper half-plane. This
gives

No (.,
Ny (e) = Re/ Mdﬁ (4.15)
V-2,2 4—u?

where v_» 5 is any contour starting at —2 and ending at 2 which (apart from the endpoints)
lies in {Imu > 0}. For definiteness, we let y7_22 be the clockwise semicircle of radius 2
starting at —2 and ending at 2.

For t, € (0,2), t,u + € stays away from {0,4} for all u € y_99 provided that e € C

satisfies |e| < min(2¢,,4 — 2t,). Hence, the map € — f%n No(tzute) du i apalytic in the

Vi-u? T

open disk {e € C| |¢| < min(2t,,4—2t,)}. Theorem 2.2 now follows from (4.13) and (4.15).

4.3. Proof of Theorem 2.3. Setting ¢ = 0 in (4.2) and then using that Ny is an even
function, we obtain

N 2 No(tu) du ) ? No(t-u) du (4.16)
e 2 V4 —u27T 0o VA—u2 T '

Substituting in the asymptotic formula (2.3) for Ny, we obtain, as ¢, | 0,

272 12872 2162
5€5(30In(18) —37)  35€5(4201In(18) — 533)
g 92272 ? 933 12
63 €19(1260In(L8) — 1627 d
76 ( n(e) ) 7U+E(tz),
5 239772 —tu

where the error term FE(t,) satisfies

2 12
B <2 CW”(um( ))du<Ct12ln !
0 4 —y? ut, ™ tz

for some constant C' > 0 independent of 0 < ¢, < 1. Using the identities
/2 u? du 2j1“(j%1)
0 Vd—uZT ﬁrr(%ﬂ)’
5 /2 w Inu du 2jilr(%)(2 In(2) — ¢(% +1) + ¢(%))
0 Vi—uT Val(L +1) ’
long but straightforward calculations yield the expansion in (2.5).

The claim about termwise differentiation of (2.5) follows from the above argument and
the analogous claim in Theorem 2.1. This completes the proof of Theorem 2.3.

i=0,1,2,..., (4.17a)

j=0,1,2,..., (4.17b)

Remark 4.3. By substituting the expansion (2.1) for Ny into (4.16) and using (4.17),
one can obtain an expansion to all orders of Ny, (0) ast, | 0.

5. ASYMPTOTICS FOR THE NEEL TEMPERATURE

In this section, we study the asymptotic behavior of the Néel temperature T (U, t,) as
U ] 0. Our goal is to prove Theorems 2.4 and 2.5.
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5.1. Proof of Theorem 2.4. Suppose t, = 0. From (4.1), we see that Ny(e) = 0 for
€ > 4. Thus, equation (1.9) for Ty = Tn(U,0) can be written as

1 4 tanh(z7—)
— = No(€)——"de. 5.1
e (1)
Adding and subtracting terms, we write (5.1) as
1 In(7;) 1
— —ag=1L(T N IH(T, —I3(T’ 5.2
U ag 1(Tn) + 92 2( N)+2ﬂ_2 3(Tn), (5.2)

where the constant ag is given by

4 In(£9)\ 1
agz/ <Ng(e)— n(f))ede%0.007013,
0

272
and the functions ;(T"), j = 1,2, 3, are defined by
4 In(1%)\ tanh(s5) — 1
L(T) = No(e) — —= 20 d :
()= [ (Mg - gt ) I (5.3
4 tanh (55
I(T) = / tanh(s7) 4. (5.4)
0 €
1 /2T tanh(55
Ig(T):/ In <)an(2T)de. (5.5)
0 € €

The next three lemmas describe the behavior of I1(T"), Io(T), and I3(T) for small T

Lemma 5.1. There exists a constant C > 0 such that
2
II(T)] < CT?In (T) for all T € (0,1).

Proof. Using (2.3), we can estimate

for T € (0,1). Using that |tanh(a) — 1] < 2¢72 for a > 0 and then changing variables to
z = %, we find, again for T' € (0, 1),
8

4 . T 2\ _s
|[L(T)| < C’/ €(14 |Ine|)e” Tde < C’T2/T x(l +|Inz|+In —)e_fd:z:
0 0 T
o @ 2 o x 2
< CT2/0 z(1+ |Inz|)e”2dz + CT?*In (T) /0 re 2dr < CT?In (T),

which is the desired conclusion. O

Lemma 5.2. There exists a constant C > 0 such that

I(T) —In <%> +1n (%) - 'y‘ <Cln (%)e_% for all T € (0,1).

€

Proof. Making the change of variables = 57 in the expression for Io(T), we find
T — / g 71&/2 dx
0 o cosh”zx

2 2 * Ilnz * lnz
(2t (2) - [T g [Y e,
T T o cosh?z 2 cosh? z

2
T tanh
IQ(T):/T an xdx:ln(a:)tanha:
0

x



for T € (

Inx
cosh? z

0,1). Since [;° dz =In(§) — ~, it follows that

where

i -n(2) < () = (2)
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]
Ri(a) :=In(a)(tanh(a) — 1) +/ naé' dx.
o cosh”x
Since, for a > 2,
]
|R1(a)| < In(a)| tanh(a )—1+/ -7 dx<1n —2a

<1In(a)2e™%* 4 Ce *In(a —I—C/

the desired conclusion follows.

Lemma 5.3. There exists a constant C > 0 such that
(In %)2 /°° (lnx)2

I3(T) + — —_—

3(T) 2 o 2cosh?

xdw‘ < C(ln %)267

Sl

+C’/ *len

(a)e™,

for all T € (0,1).

Proof. Making the change of variables z = 57 in the expression for I3(T), we find

2 2 2
T 1 h Inz)? T T (lnx)?
I3(T) /T In <> Mdm _ (=) tanhz| + /T %dm
0 x x 2 0 0o 2coshz
1 22 9 (] 2 © ] 2
—(nT) tanh <>+/ (nx)de_/ (nizx)de
2 T o 2cosh”z 2 2cosh”z
It follows that
(In %)2 /‘X’ (In z)? 2
I3(T) + —— — —5—dr = Rao( = ),
3(T) 2 o 2cosh’z ’ 2<T)
where
(Ina)? /°° (Inz)?
1 — tanh - ———dz.
Rs(a) 5 (1 — tanh(a)) ’ 200sh2xd$
Since, for a > 2,
Ina)?
Rofa)] < 20

5 (1 — tanh(a)) + C/aoo(lna:)Qezxd:v

21
< (Ina)?e™* + C(lna)?e 2 + C/ %e*%da: < C(Ina)?e 2,

the desired conclusion follows.

The above lemmas suggest that we rewrite the equation (5.2) for T as follows

t T n-2-)2
B e
= NL(Tn) +

om?

(IQ(TN) I (év) +1In (%) - *y)

(IHQ?N)Q_/OO (Inz)?
2 o 2cosh?

d:c) .
T

1
+ ﬁ <I3(TN) +

00 1 2
_ / <nx>2dx)
2 o 2cosh’x

(5.8)

25
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Applying Lemma 5.1, Lemma 5.2, and Lemma 5.3, we see that the absolute value of the
right-hand side of (5.8) is bounded above by

2 8 2\ 4 2 \2 _ & 2
21 ( 2 S A\ ,-7 4 ™\ < OoT2m (2
o(zm () +in () () ™+ () e ) < ot ()

whenever Ty € (0,1). It follows that

1 ln(%) 2 us

U0t T <—1“<TN)““(4>—7)
+ ((gN) —/ de) = R3(Tn), (5.9)

0

272 2 cosh? z

where the function R3 satisfies
2
IR3(T)| < CT?In (f) for all T € (0,1). (5.10)

Solving (5.9) for In T, we obtain

In Ty (U,0) = v + In (%) - \/471'2 ((1] — Ry(Tw (U, 0))> +ai, (5.11)

where a; &~ 0.3260 is the constant defined in (2.7). We know from Lemma 3.2 that Ty | 0
as U | 0, so for all sufficiently small U we have Ty € (0,1). Thus (5.10) shows that

R3(Tn(U,0)) = O(1) as U | 0. But then (5.11) implies that T (U, 0) = O(e_%) as U | 0.

4w
Substituting this back into (5.10), we infer that R3(Tn(U,0)) = O(e vT /vU) as U | 0.
Inserting this in (5.11), we arrive at (2.6). This completes the proof of Theorem 2.4.

5.2. Proof of Theorem 2.5. Let K be a compact subset of (0,2) and suppose that

t, € K. Adding and subtracting terms, we can write equation (1.9) for Ty = Tn (U, t.) as
1

o~ boltz) = Jiltz, Tn) + Neo(0)J2(t2, In), (5.12)

where by(t) is the function in (2.9), and J; and J; are defined by

tanh(g7) — 1

€

44-2t,
Ji(b, T) = /0 (No.(c) — N,.(0)) de

442t tanh (<&
Jo(t,, T) = / anﬁ(QT)de.
0

The following two lemmas describe the behavior of J;(¢,,T) and Ja(t,,T') for small T
Lemma 5.4. There exists a constant C > 0 such that
|J1(t, T)| < CT?*  forallt, € K and T € (0,1).
Proof. From Theorem 2.2, we have
Ni, (€) = Ni.(0) + O(€?) ase—0

uniformly for ¢, € K, where Ny, (0) = ffz %%. Thus we can estimate

o0 tanh(s5) — 1
"]l(tzyT)’ < C/ 62Md6
0 €
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for t, € K and T € (0,1). Using that |tanh(a) — 1| < 2e72¢ for a > 0 and then changing

variables to x = %, we find, again for ¢, € K and T € (0,1),

oo o
| (T)| < C/ ce Tde < CT2/ ze"2dx < CT?,
0 0
which is the desired conclusion. O
Lemma 5.5. There exists a constant C > 0 such that

2+1, 241\ _atot,
JQ(tZ,T)—ln< _;t )—l—ln (Z) — _;t )e = forallt, € K and T € (0,1).

§C’ln<

Proof. Making the change of variables 2 = 5% in the expression for J(t.,T'), we find

24ty 24ty
T tanhx

241y 1
Jo(t.,T) = / dz = In(z)tanhz| " —/ ' nigd:v
0 x 0 0 cosh”

2+, 2+1, * Inz *  Inz
:ln( )tanh( )—/ d:L‘—I—/ dx
T T o cosh’®z 2+t2 cosh?

T

for t; € K and T € (0,1). Since [;° . 2 gy =1In (%) — 1, it follows that

osh?
2+t s 2+t
ST = (S ) in(§) o= (T,
Jo(t,, T) —In T +In 1 v=Ry T
where R; is the function in (5.6). The desired conclusion now follows from (5.7). O

We rewrite the equation (5.12) for Ty as follows:
1 2 + tz T
2+1t, T

TN 4

Applying Lemma 5.4 and Lemma 5.5, we see that the absolute value of the right-hand side
is bounded above by

21 ¢ 442ty
C(Tz%/ntln( ; 2 ) < CT?

N
for t, € K and Ty € (0,1). It follows that
1 2+1t, T B
= = bolt:) + N, (0) ( ~In (T )+ () - 7> = Ri(t:,Tv),  (5.13)
where the function R4 satisfies
|Ry(t., T)| < CT?*  forallt, € K and T € (0,1). (5.14)

Solving (5.13) for In Ty, we obtain
z zZ y Yz
8 + 4t ) 1 (1 bo( Z)> Ry(t., Tn(U,t,))

Ty (U, t.) =~ +In ( (5.15)

m ) N.(O\U N (0)

By Lemma 3.2, Ty | 0 as U | 0 uniformly for ¢, > 0, so for all sufficiently small U we

have T € (0,1). Thus (5.14) shows that Ra(t.,Tn(U,t.)) = O(1) as U | 0 uniformly
R

for t, € K. But then (5.15) implies that T (U, t,) = O(e N:(V) ag U | 0 uniformly for

__2
t, € K. Substituting this back into (5.14), we infer that R4(t,,Tn(U,t,)) = O(e Nt=(OV)
as U | 0 uniformly for ¢, € K. Inserting this in (5.15), we arrive at (2.8). This completes
the proof of Theorem 2.5.
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6. ASYMPTOTICS FOR M

In this section, we study the asymptotic behavior of the mean-field ratio m defined in
(1.10) as U | 0. Taking the difference of (1.8) and (1.9), and using that Ny (e) = 0 for
€ > 4+ 2t, as a consequence of (1.6), we obtain

tanh(X—25— Adpte ) tanh (57

2T

442t )
0= / Ntz(e)< )de,
0 \/ A% g + €2 €

where Axp = Aap(U,t,,T) and Ty = Tn(U,t,). Performing the change of variables
€ — Te, we get

4+42t,

/ N (TN€)<tanh( 2T/T <) B tanh(é))d6 0 (6.1)
0 ? V2 + €2 € ’

where m = m(U,t,,T) is given by (1.10). We will prove Theorems 2.6-2.8 by approx-
imating Ny (Tne) in (6.1) by its leading asymptotics for small Tve. Since Ny(e) has a
logarithmic singularity at € = 0 whereas N, (¢) has no such singularity when ¢, > 0,
qualitatively different asymptotic formulas are obtained for t, = 0 and ¢, > 0.

6.1. Three lemmas. Before turning to the proofs of the theorems, we prove three lemmas
that will be used repeatedly. The first lemma establishes an upper bound on m. Recall
that, by convention, tanh(-/y) =1 for y = 0.

Lemma 6.1. For U >0,t, >0, and T € [0, Tn(U, t.)], it holds that m(U,t,,T) € [0,2).

Proof. The function € — N;_(Tve) is non-negative for all € > 0 and strictly positive for all
sufficiently small € > 0. Consequently, in view of (6.1), it is enough to show that

tanh (Y5 ety tanh(§)
Va? + e €

If e >0,z >2,and y € [0,1], then

<0 whenever € > 0, z > 2, and y € [0, 1]. (6.2)

tanh (Y55 < +€ ) tanh($) 1 tanh(5)
\/m - 22 < fle), where f(e) := e . 22,

Thus (6.2) will follow if we can show that f(e) < 0 for all ¢ > 0. As ¢ — 0, we have
fle) = —2—28 + O(e*), so f(e) < 0 for all sufficiently small e. Moreover, f(e) # 0 for all

€ > 0, because f(e) = 0 if and only if g(e¢) = 0, where g(¢) := arctanh(m) — 5. But

g(e):—i—z—l—O(e)ase%Oandg() m — 1 <0fore>0,s0g(e) <0 forall € > 0.
This shows that f(e) < 0 for all € > 0 and thus completes the proof. O

The next lemma shows that the values of the integrals

2 tanh(iv‘”;;é) 2 tanh(~ ‘”22;62)
———=_"de>0 and / 1+ |lne|)———=L"de >0
/o V2 + €2 0 ( [ nel) Va2 + €2

tend to +oo if and only if z € [0,2] and y € [0, 1] tend to 0 simultaneously.

Lemma 6.2. (a) For any r > 0, there is a constant C > 0 such that
t nh(ix/xﬁ? )

2
/0 (14 Ine)— 2 —de< C (6.3)

or all x € |0,2] and y € |0, 1] such that /2= +y= > r.
for all 0,2 d 0,1 h th 2 2
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(b) There exist constants ¢ > 0 and r > 0 such that
2 tanh(‘/“""éT
|
for allz €[0,2] and y € [0,1] such that 0 < \/22 +y2 < 7.
Proof. (a) Since tanh(a) <1 for a > 0, we have

de > ¢|In(z? + 3?)| (6.4)

2 tanh (YL < 2 tanh (YL < C
/ (1+]lne|)(2y)de§/ (14 |Ine|) .7 )deg—
0 x? + €2 0 x
and, since tanh(a) < a for a > 0, we have
[asma™ s s P a2 g
+ | Ine|) ————="L-AF e</ + | Ine|) —FL—de < —.
0 2 + €2 0 x? + €2 2y

Hence

2 tan 5
/0 (14 |Inel) N degmax(z,y)’
which shows that the integral remains bounded if both = and y stay away from 0. Thus,
assertion (a) follows.
Using that tanh(a) > a/2 for 0 < a < 1, and tanh(a) > 1/2 for a > 1, we obtain, for
x €[0,2] and y € [0, 1],

Y

/2 tanh(\/x;yﬁ)de &(z, )
0o VaZ+ée 2
where
b(z,y) = Jo VA2 —a? 1d€+f\/‘w \/Tdﬁ if 4y? > 22,
Jo Ztrade if 4y? < 22.
If 45> > 2% > 0, then

22 L1 <(\/4+x2+2)(1— 1—5;)>
— 1
2 9
4y (VEi+a2 = 2)(1+,/1- &)
so for all sufficiently small =,y > 0 satisfying 4y > 2% > 0, we have
1—/1- 2
In Y >c
( Va4 x? — ) ‘

On the other hand, if 0 < 4y? < 22, then

oz, y) =

b(z,y) > ¢ In (:ﬂ)‘ > (| ln(y?)] > e/ In(a® + 7). (6.6)

so for all sufficiently small z,y > 0 satisfying 0 < 4y2 < 22, we have
¢(a,y) > | In(z?)| > ¢/ In(z? +°)]. (6.7)
Assertion (b) follows from (6.5), (6.6), and (6.7). O

We will also need the following lemma.
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Lemma 6.3. (a) There exists a C > 0 such that

00 tanh (5 +5 ) tanh(%)
1+|Ine — 22lde < C 6.8
fo )| = - (68)
for xz €[0,2] and y € [0,1].
(b) There exists a C > 0 such that, for § = 0,1,
o] tanh( 1'22+€2) tanh(ﬁ) e * 1
y 2
/z (1+6|Inel) T a |« de§0(1+5lnz)< . +Z2>, (6.9)

forz €[0,2], y € [0,1], and z > 2.
(¢) There exists a C > 0 such that, for 6 = 0,1,
h(Y2ES)  tanh(S)

/Z62(1+5]1n6]) tan v _

2 Va2 + e €
for x €0,2], y € [0,1], and z > 2.

Proof. (a) Let hi(x,y) be the left-hand side of (6.8). For z € [0,2] and y € [0, 1], we have

de < C+Cllnz|(1+6|Inz|) (6.10)

ha( )</OO(1+!1 !)(tanh(ﬁg)_l‘ tanh(3) = ‘ ‘ 1>d
Z, S ne €.
ey 2 Va? + e € Va4 e2 €

We next use the three inequalities (i) |tanh(a) — 1| < 2e72% for a > 0, (ii) Va2 + €2 > ey
for x > 0 and y € [0, 1], and (iii) \/ﬁ — 1] < § for @ > 0. This gives

242

2¢e ¢ 1

& 2e Y
hi(z,y) < 1+ |Ine + + =

o) 4e—¢€ 2
g/ (1—|—|1n6|)< c +;3>degc (6.11)
2 € €

for x € [0,2] and y € [0, 1], which proves (a).
(b) The same steps that led to (6.11) yield, for § = 0,1,

VT

> tanh(*5,5=)  tanh(%) o0 de—€ 2
/Z (1+(5\lne\)‘ \/ﬁ — 62 deg/z (1—1—(5\1116\)( ; —l—263>de

for z € [0,2], y € [0,1], and z > 2. Since

00 4e—¢€ .%'2 e % m2
< .
/Z (1+5|1ne|)< ; 23>de C(1+5lnz)< . +Z2>,

the desired estimate follows.
(c¢) The same steps that led to (6.11) yield, for § =0, 1,

z 4e—¢€ 2
de§/2 62(1+(5!1nd)< 66 +;e3)d6

z 4e—¢€ 2
/ 62(1—1—5|1ne|)< ¢ —i—x>de§C+C|lnz|(1+5\lnz|)x2
2 €

nh(Y4EE)  fanh(S)

z ta
2
e“(1+d|lne ‘ —
/2 ( [Ine]) Va? + e €

for z € [0,2], y € [0,1], and z > 2. Since

2e3

the desired estimate follows. O
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6.2. Proof of Theorem 2.6. Assume that t, = 0. We first show that m and T/Tx
cannot both be small.

Lemma 6.4. There s an r > 0 such that

\/m(U, 0,7)2 + (TN(TUO))2 > (6.12)

for all sufficiently small U > 0 and all T € [0,TN(U,0)].

Proof. By Theorem 2.4, Tnx(U,0) | 0 as U | 0. Hence, in view of (6.1), it is enough to
show that there is an r > 0 such that

\/a: +e )

tanh tanh($
(x,y,T No (Te) ( _ tanh(3) de # 0 (6.13)
Va2 +e2 62 €

whenever 7 € [0,1/4] and z,y > 0 are such that y/2? + y? < r. By Theorem 2.1, there is
a c¢1 > 0 such that

No(7e) > c1(In2 + | In(7e€)|) > c1|InT|
for all 7 € [0,1/4] and € € [0,2]. Therefore,

2 tanh(¥% +62)

Az, y, T >cl\ln7'|/ N ——————de — B(z,y,T)
where
t hE tanh”‘“ tanh(&
B(z.y,7) / No(re) 222) / o) tanh(e)], s,
x2+6 €
Utilizing Lemma 6.3 (a), we find, for z € [0,2], y € [0,1], and 7 € [0,1/4],
h
B(z,y, T <C/ (1+|In7|+|lne]) alqi(Q)de
€
o0 tanh (Y2 <) tanh(%)
—|—C/ 1+ |In7|+ |Ine L 22 \de < Cy|InT|,

for some C7 > 0 independent of z, y, and 7. Lemma 6.2 (b) then shows that there are
constants ¢ > 0 and r1 > 0 such that

A(z,y,7) 2 [ln7|(c|In(z® +y?)[ = C1) = ¢|In(z® +y*)| = (6.14)

for all 7 € [0,1/4] and all z,y > 0 such that 0 < \/22 + y2 < rq. It follows that (6.13) holds
for all 7 € [0,1/4] and all 2,y > 0 with \/22 4+ y? < r if r > 0 is sufficiently small. O

Let K be a compact subset of [0,1) and assume that T'/Ty € K. Since t, = 0, (6.1) can
be written as

Vm24e?
In(7-) /T?lv tanh(“57£) _tanh(5)\ BUT) (6.15)
2ﬂ_2 0 /77%2 + 62 € - ’ ’ .
where m = m(U,0,T), Ty = Tn(U,0), and
Vim24e2
R(U,T) = —/T4N No(Te) - XTa0) | 102D (1SR _ tanh(s)
o 0 0N 272 272 V2 + €2 € '
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Equation (6.15) implies that

Vm2+e?
) 2m?R(U,T) [ (tanh(GF7S)  tanh(§)
J(m, T/Ty) = AR \ N/ e R de, (6.16)
n(7) T me+ e
where J is the function defined in (1.11). By Theorem 2.1, we have
ln(Tme)
N()(TNG) — 271_1; <C for € € [0,4/TN],
and hence
T tanh(¥2ES)  tanh(€
\R(U,T)| gc/TN (1+ Inef)| ——2v = 20 @) ge.
0 vVm?2 + €2 €

By Lemma 6.1, we have m € [0,2), and by Lemma 6.4, \/m? + (T/Tn)? is bounded
away from 0 for all sufficiently small U > 0. Hence we may apply Lemma 6.2 (a) with

x =1 and y =T /Ty to see that
N
tanh( 2?/;1\, ) B tanh(%)

2
/0 (1+ 1tnel) | — 2L 6

for all small U > 0 and T" € [0,Tn]. Applying also parts (a) and (b) of Lemma 6.3 with
x=1m,y=T/Tn, z=4/Tn, and 6 = 0, we obtain the following estimates for all small
enough U > 0 and all T € [0, Tn]:

de < C

|[R(U,T)| <C, (6.17)
o taﬂh(éﬁ) tanh($ 4
/Ty anh(3) T 2 2
/T‘* < Vit | e )de < O(Tye ™ +Ty) < CTy. (6.18)
N

Consequently, using (6.16) and (2.6),

J(m, T/Ty)| < LJFCT2 < < CVU, 6.19
N

ln(ﬁ)
for all sufficiently small U > 0 and all T" € [0, Tn].
The inequality (6.19) shows that J (1, T/Tx) = O(v/U) for small U. Since fgcs(y) is
defined as the unique solution of J(fscs(y),y) = 0, this suggests that m(U,0,T) tends to
fecs(T/Ty) as U | 0. We will use the following lemma to make this precise.

ln(ﬁ)

Lemma 6.5. For all z >0 and all y € [0,1] such that e’®¥)y < 1, it holds that
z = facs(e/"Vy)e o), (6.20)

Proof. Let x > 0 and y € [0,1]. We write the definition (1.11) of J as

2y
%Y e
VaZ 4 €2

Integrating by parts in both integrals using that

M—+o0 €

Mtanh 7V552Jr62 Mt h €
J(z,y) = lim { ( )d —/ - (2)d6}.
0 0

iln(e—l— 2?2+ €2) = I
de V22t e
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we find
J(z,y) = Ml_l)HJ: { [ln (e +Va?+ e2> tanh (T)} " — [ln(e) tanh (;)] "
> e=0 e=0

M In(e+ Va2 + €2)e M In(e)
- / g de + / e
0 cosh2(’327;5)2;/\/5527—1—62 0o 2cosh?(e/2)
oo 1 A/ 72 2 oo
= In(2) — In(z) tanh (£> —/ - (ej ;U e de + % €
2y 0 cosh?(VEES)2yv/a? 4 ¢ o 2cosh?(e/2)

The last integral can be computed exactly and equals In (g) — . The change of variables
€ = \/s2 — 22 in the first integral on the right-hand side gives

x °°ln(s+\/52—x2) T
J(z,y) = In(2) — In(x tanh()—/ ds—i—ln(—)— .
Changing variables s — sz, we arrive at
J(z,y) = In(r) — v — H<%> —Inz,
where H : [0,4+00) — [0,400) is defined by
®In(s+vs?—1
H(a) = / n(s 28 )ds.
1 cosh?(sa)
It follows that
J(ze?@Y) el @V Yy = In(n) — 4 — H(Qx—y) —Inz — J(z,y) =0.
Since, by definition, fycs(e”®¥)y) is the unique solution of J( fgos(e”’@¥y), e’ @¥)y) =0,
we conclude that ze’(@¥) = chs<€J (“’y)y), which is the desired conclusion. Il

Taylor’s theorem applied to z — fpcs(e*y)e™* gives the identity
feos(€*y)e™ = foes(y) + (yfpes(y) — fees(y))z

+ /0 (yzfé/cs(@ty)et — yfpes(e'y) + chs(ety)e*t> (z —t)dt

for all z € R and y € [0,1) such that e*y < 1. Since fecs(Y), fhos(¥), fics(y) are bounded
on any compact subset of [0,1), we find

fros(e*y)e™ = faos(y) + (yfhes(y) — feos(v))z + O(2%)  as z—=0 (6.21)
uniformly for y € K. By (6.20),

J(fn,T/TN)l) o1/ Ty)
T !

where, by (6.19), J (1, T/Txn) = O(v/U) uniformly for T/Ty € K as U | 0. Together with
(6.21), this yields

m = fecs (TTN> + (gvffscs (TTN> — fBCs <£v>> J(m, fN) +0(U), (6.22)

as U | 0 uniformly for T//Ty € K. Applying also (6.16) and (6.18), we infer that

(6.1
i = facs(7.-) + (TI;Vf{gcs(gv) - chs(Tl;V)> (W + O(T?V)> +O(U)
! (6.23)

m = fBcs (6
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as U | 0 uniformly for all 7" such that T/Ty € K.
The next step in the proof is to compute the small U limit of R(U,T'). To do this, we
need the following lemma.

Lemma 6.6. As U |0,

tanh(\/m2+62) tanh( vV fBcs(T/Tn )2 +e?

) VU
2T /TN 2T/Ty
VinZ+e  \/fees(T/Tn)? + € <1 i O< >> (629

uniformly for € >0 and T such that T/Ty € K.

Proof. By (6.23) and (6.17), we have 1 = fpcs(T/Tn) + O(VU) as U | 0 uniformly for
T/Tn € K, and hence, by Taylor’s theorem,

¢ sech? (Y §2th€2)

9T TN
2%\/52 + €2

where £ = £(U, T, €) lies in the interval between m and fpcs(7/Twn). Fore > 0,T/Tn € K,
and U > 0 sufficiently small, we have

tanh <m2+52> = tanh <\/fBCS(T/TN)2 * 62) + (m — fees(T/Tw)),

2T /Ty

V&2 +€? Vet
1 §sech2( 27{/TN ) <C e T/Tn
tanh(VIRC T2y 270,/ 4 T 20/ 4
21 2 i
< C\/fiei Tg/;N 1 < c
- T/In R

and therefore
V2 + €2 \/chs(T/TN)2 + €2 \/U
tanh [ ————— | = tanh 1 — 2
A < 2T/ T > a ( 2T /T )( +O(1+e2>> (6.25)
uniformly for € > 0 and T'/Ty € K as U | 0. Similarly,

Vi? @ = \/feos(T/TN )2 + € + wY”Tw — fees(T/Ty))

where n = n(U, T, €) lies in the interval between 7 and fpcs(T/Tn). Fore >0, T/Tn € K,
and U > 0 sufficiently small, we have

n C
<
Vises(T/Tn)Z+ a2 +e ~ 1+¢

and therefore

1+ €2

Vin? + €2 = \/fros(T/Tw)2 + e2<1 + o(\FU)) (6.26)

uniformly for € > 0 and T//Ty € K as U | 0. The desired conclusion follows by combining
(6.25) and (6.26). O

We can now determine the limiting behavior of R(U,T') as U tends to 0.
Lemma 6.7. AsU |0,

fBes(T/Tn)*+e€?
00 In(16Y) /tanh( ) tanh(&
R(U,T):—/ n(;)< 2T/ T _ o (2)>de—|—0(\/U)
0o 27 V fees(T/Tn)? + € €

uniformly for all T such that T/Ty € K.
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Proof. We have R(U,T) = R1(U,T) + R2(U,T), where

T In(A6)\ /tanh(¥EC)  anh(e
TN Tne 2T/TnN an (2)
T) = — No(Te) — — 18 - 2
BG:T) /0 ( o(Tve) 272 )( m? + €2 € >d67 (6.27)
4 V2 +e? €
Ro(U.T) = _/va ln(%) tanh( 2T/1J5N ) B tanh(5) de (6.28)
2(U, ; 92 o ; : :

Using the expansion of Ny(€) proved in Theorem 2.1, we see that

2 2
tanh () tanh(§)
Vm? + €2 €

Recall that 7 € [0,2) and \/m? + (T/Tn)? > r > 0 by Lemma 6.1 and Lemma 6.4. Thus,
applying Lemma 6.2 (a) and Lemma 6.3 (¢) with z = m, y = T/Ty, and z = 4/T, and

using also the fact that Ty = O(ef%) as U | 0 by (2.6), we obtain

€.

Ry(U,T)] < C / ™ (Tye) (1 + |n(Tye) )

|R(U,T)| < CT%(1 + | InTy|?) < CU~le Vo (6.29)

for all sufficiently small U > 0 and all 7" such that T'/Tx € K.
Part (b) of Lemma 6.3 with 6 = 1 implies that the upper limit of integration in (6.28)
can be replaced by oo with an error of order

— 7 2 1/2, —2%=
0((1+ | In Ty |) (Twe T~ +TN)) :O(U— /2 w).
Employing also Lemma 6.6, it transpires that

fBas(T/TN)?+e2

00 | (16) /tanh( ) tanh(&
Rz(U,T):_/ n(2)< L _— (2)>de
0o 27 V fees(T/Tn)? + € €
v/ fBcs(T/TN)%+e?
o0 |n(16) tanh( ) U an
+0(/ e ;) 2T/ ‘F2d6> +o(Ue m)
o | 27 /fecs(T/Tn)2+€ |1+e
fBos(T/TN)?+-¢?
00 116y /tanh( ) tanh(&
_ _/ n( 62) < 2T/ T _ o (2)>de +OWT)  (6.30)
0o 27 V IBes(T/Tn)? + € €
uniformly for 7" such that T/Ty € K. Since R = Ry + Ra, the desired conclusion follows
from (6.29) and (6.30). O

Substituting the expansion of R(U,T) established in Lemma 6.7 into (6.23), we infer
that

T T T T 272
N T) — el T Y/ i 4 _en
m(U,0,T) fBCS(TN) (TNfBCS(TN) fBCS(TN>> In(7-)
\/ T/TN)2+€2
/oo In( 16) <tanh( fBCSé(T/TA],V) - ) tanh(%)
X J—
o 27 V fBes(T/Tn)? + € €
as U | 0 uniformly for T'/Tx € K. Since, by (2.6),

1 vU
Y2 L0W) asULO,
lnm 2

>d6+O(U) (6.31)

the expansion in (2.10) follows. Since fpcs(0) = me™?, the expansion in (2.12) follows
when T = 0. This completes the proof of Theorem 2.6.
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6.3. Proof of Theorem 2.7. Let K; and K» be compact subsets of (0,2) and [0, 1), re-
spectively, and suppose that ¢, € K; and T/Tn(U,t,) € K3. The next lemma is analogous
to Lemma 6.4.

Lemma 6.8. There is an r > 0 such that

\/m(U, t.,T)2 + (TN(TUU)Z >

for all sufficiently small U >0, all t, € Ky, and all T such that T/Tn(U,t,) € K.

Proof. By Theorem 2.5, Ty (U,t,) L 0 as U | 0 uniformly for ¢, € K;. Hence, in view of
(6.1), it is enough to show that there is an 7 > 0 such that

4+2tz tanh(” +e2 ) tanh(%)

A(tz,a:,y,r)::/o ! Ntz(re)< m - >d67é() (6.32)

whenever t, € K1, 7 € [0,1/4], and x,y > 0 are such that y/z2 + y2 < r. By Theorem 2.2,
there is a ¢; > 0 such that

Ni, (T€) > 1
for all 7 € [0,1/4], € € [0,2], and t, € K;. Therefore,
2 anh (Y +<)

A(tz,$,y,7) Z Cl/ <] de_B(tZ7x7va)

0o Va?4e€?
where
tanh 5 tanh( VL 2)) tanh(§)
B(ty,z,y,T) Ntz T€) Ntz T€) - de > 0.
VaZ + €2 62 €
Utilizing Lemma 6.3 (a), we ﬁnd, for ¢, € Kl, z €0, ] y €[0,1], and 7 € [0,1/4],
B(t <C/ tanh% C/ tanh(3, ) _ fanh()lge < ¢
Z?x y7 \/m € €= 1

for some C7 > 0 independent of ¢,, x, y, and 7. Lemma 6.2 (b) then shows that there are
constants ¢ > 0 and r1 > 0 such that

Altz,2,y,7) > o In(2® +¢)| - C (6.33)

for all t, € Ky, 7 € [0,1/4], and all 2,y > 0 such that 0 < \/22 + y? < ry. It follows that

(6.32) holds for all t, € Ky, 7 € [0,1/4], and all x,y > 0 with /22 +¢y2 <rifr > 0is
sufficiently small. O

Let us write (6.1) as

4+2tz

v - €
0 i e
where m = m(U,t,,T), Ty = Tn(U,t,), and
4 tz V2 4e? €
E(U,t,,T) := _/ " Ni(Twe) = N (0) <tanh( /) tanh(Z))de

I N:.(0) VinZ 1 & e '

Equation (6.34) implies that
oo rtanh(YAS)  panh(<
A ) e <2>)
J(m,T/Ty) = E(U,t,,T +/ ( - de, 6.35
( / N) ( ) 4;12\;2 m c ( )
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where J is the function defined in (1.11). By Theorem 2.5,

_ 1
Tn(U,t;) =0(e ¥=@7)  asU |0 (6.36)

uniformly for ¢, € K. From the expression for Ny, (0) given in Theorem 2.2 we deduce that
there is a C' > 0 such that 1/C < Ny_(0) < C for all t, € Kj. In particular, Ty (U,t,) — 0
as U | 0 uniformly for ¢, € K;. Furthermore, by Lemma 6.1, 7 € [0,2). Thus part (b) of
Lemma 6.3 with § = 0 shows that the integral on the right-hand side of (6.35) is bounded
above by

o |tanh(YEES)  tanh(s : )
[ ) _ tanh(y) TN 4+ TR 2 WL
/ Vit e o |t =< C(Tve ™ +Ty) < CTy < Ce (6.37)

TN

for all sufficiently small U > 0, uniformly for ¢, € Ky and T/Ty € Ks. On the other hand,
by Theorem 2.2, we have

Ny, (Tye) — Ny (0 4+2t
‘ tz( NG) tz( )’ SCT]%[Ez for € € |:0’ - Z:| and tZGKL

Nt (0) N

and hence
. N s
) 4}]2\;, ) tanh( 2’%1/;5; ) B tanh($)
[BE(U,t..T)| < OT% ‘ de
) ity ‘

for all sufficiently small U > 0 and uniformly for ¢, € Ky and T/Ty € K». Since m € [0, 2)

and \/m? + (T/Tn)? > r > 0 by Lemma 6.1 and Lemma 6.8, we may employ Lemma 6.2
(a) and Lemma 6.3 (¢) with § = 0 to get

_ 2
|E(U,t.,T)| < CT} (14 |InTy|) < CTx|InTy| < CU e MO0 (6.38)

for all sufficiently small U > 0 and uniformly for ¢, € K; and T/Tx € K. Utilizing (6.37)
and (6.38) in (6.35), we conclude that

2
J(, T/Ty) = O (U—le N W) (6.39)

and hence, by the same argument that led to (6.22),

R C = Co R C) ELS R Gy
= fBCS <£V> + O(U‘le_W> (6.40)

as U | 0 uniformly for t, € K7 and T' > 0 such that T//Ty € Ks. This completes the proof
of Theorem 2.7.

6.4. Proof of Theorem 2.8. As in the proof of Theorem 2.7, we suppose that ¢, € K7 and
T/Tn(U,t,) € Ky where K; and Ky are compact subsets of (0,2) and [0, 1), respectively.
Using Theorem 2.7, the next lemma is proved in the same way as Lemma 6.6.

Lemma 6.9. AsU |0,

2
) U-le NiOU
~2T/TN - 2T/ <1+0<e 2 >) (6.41)
V2 + €2 \/chs(T/TN)2 + €2 1+€
uniformly for e > 0, t, € K1, and T such that T/Ty € K.

tanh(‘/m) tanh( fcs(T/Ty ) +e?
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The function J (7, T/Tx) in (6.40) is given by

N, (Tye) — Ny (0) (tanh(54S)  tanh(S)
J(in, T/ Ty) = 3t - de.  (6.42)
N, (0) V2 + €2 €
Utilizing (6.41) in (6.42), we get
\ f T/TN)2+€2
J (1, T/Ty) / > Ni.(Tve) — Ni. (0) <tanh( “Srme—) tanh(§)>de
5 N)— — -
0 N, (0) V fees(T/Tn)? + € €
2
+ O(U’le YO0 S(U L, T)) asU 10 (6.43)
uniformly for ¢, € Ky and T'/Tny € Ko, where
f T/Tn)%+€2
sw.1) = [ ’Ntz (Twe) — Ny, (0) banh (G0 | de
s bz . Ntz (O) \/fBCS(T/TN)2 + 62 1 + 62

Lemma 6.10. The function S(U,t,,T) obeys the estimate
-2
S(U,t,,T) = O(U—le Ntz<0>U) as U 10

uniformly fort, € K1 and T/Tn € K.

Proof. Since |tanhz| < 1 for € R and since there is a ¢ > 0 such that fpcs(T/Tn) > ¢
for T/Tn € K3, we have

de

Oo —
S(U,tz,T)SC’/ ’Ntz(TNe) Ntz(o)’ 1
0

N (0) 1+€
fort, € Ky, T/Tn € Ky, and all sufficiently small U > 0. Since N¢_(e) =0 for e > 4+ 2¢,,
this can be expressed as

4+2tz

S(U4,T) < c/

Ni, (Tne) — Ne,(0) /°° 1
< d —de.

N¢,(0) 1+e3 erc a2t 1+e”
N

By Theorem 2.2, we can use the estimate

‘Ntz (Tve) = Ni.(0)

< CT%é
N¢.(0) ‘ -
in the first integral, which gives

442t 9

S(U,t,,T) < CT}’V/ w ﬁdﬁ CT% < CT%|InTyl.
0 €
In light of (6.36), the lemma follows. O

Theorem 2.8 is a direct consequence of (6.40), (6.43), and Lemma 6.10.
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