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Closed-channel parameters of Feshbach resonances
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In the work of Phys. Rev. A 100, 042710 (2019), it was argued that the general description of
two-body Feshbach resonances requires “closed-channel parameters” related to the bare bound state
causing the resonance. The present work shows that once the resonance theory is renormalised
(i.e. its parameters are expressed in terms of physical observables) the dependence of two-body
observables on the closed-channel parameters disappears when the inter-channel coupling is localised
in a region where the wave functions are energy independent. In such a regime, the resulting quantum
defect theory is surprisingly independent of the bare bound state energy. This result highlights a
qualitative difference between resonances in this regime, such as magnetic resonances in ultracold
atoms, and other kinds of resonances, such as hadron resonances. Although the closed-channel
parameters of magnetic resonances do not affect two-body observables, it is suggested that they
could be evidenced experimentally from short-distance probing and three-body observables.

There have been numerous studies on Fano-
Feshbach resonances [1, 2], the situations in which dis-
crete quantum states are coupled to a continuum of
states. They are particularly important in the field of
ultracold atoms, where the “magnetic Feshbach reso-
nances” [3, 4] have provided the possibility to control
interatomic interactions through the application of a
magnetic field [5, 6]. It is also a widely used concept
in hadron physics to account for exotic bound states
or resonances close to hadron thresholds [7-9].

Many of the previous theoretical studies of Fesh-
bach resonances have been concerned with building
up models that reproduce experimental data [10-16].
Here, an opposite approach is taken by considering
which parts of the model are constrained by the ob-
servables. The following analysis is restricted to iso-
lated resonances of a two-particle system, i.e. a sin-
gle two-body bound state |¢p,) coupled to a two-body
continuum. More specifically, the bound state |¢y,),
which is called the “bare bound state”, is assumed to
occur in a “closed channel” described by a Hamilto-
nian H.., such that (H.. — Ep)|ép) = 0, and this
closed channel is coupled through coupling terms Ho.
and H., = HJ_, to an “open channel” described by
a Hamiltonian H,, featuring a scattering continuum
above a certain threshold EF,. The two channels cor-
respond to two different internal states of the parti-
cles, such as two hyperfine states of two atoms, or two
quark configurations of a hadron. The isolated res-
onance theory of this two-channel model shows that
the system at energy E is described by the complex
energy shift (see Appendix I and II)

A+(E) = <¢b|Hco|(E + i0+ - HOO)_1|HOC‘¢b>7 (1)

whose real and imaginary parts A and —I'/2 define
respectively the shift and width of the resonance.

For energies E' above the open-channel threshold
E,, the scattering properties are strongly modified for
energies around the energy Ej, of the bare bound state.
Indeed, in a certain partial wave set by the angular

*Electronic address: pascal@riken.jp

momentum of ¢y, the scattering phase shift,

I'(E)/2

1n(E) = npg(E) — arctan E—E,— AB) (2)

can reach unitarity (i.e. sin?n = 1) at a particular
energy, corresponding to a resonant state. Here, 7,q
denotes the “background” scattering phase shift away
from that resonance. In the following, the s wave will
be considered, although other partial waves can be
treated in the same way. In this case, in the limit
of small scattering wave number k = \/2u(E — E,)/h
(with p being the reduced mass of the two scattering
particles), the scattering properties are governed by

the s-wave scattering length a = — limg_,0n/k. From
Eq. (2) one finds

a = aps — 7/ (By + Do — E,) (3)
where ap, = —limg_one/k is the background

scattering length away from resonance, 7y =
limg_,o T'/2k > 0 will be referred to as the “reduced
width 7 [17], and Ay = limg_,0 A(F) is the zero-energy
shift. Equation (3) shows that the scattering length
can be arbitrarily large when the bare bound state en-
ergy Ey, shifted by Ag approaches the threshold E,.
This divergent behaviour of the scattering length is
the basis for its control in ultracold-atomic systems
by tuning F},, thanks to its dependence on an applied
magnetic field.

For energies E below the open-channel threshold
FE,, the coupled system may feature a “dressed bound
state” (called “Feshbach molecule” [3, 18] in the con-
text of ultracold-atom physics) whose energy Fq is
shifted from the bare energy F}, according to the for-
mula:

Eq = Ey, + A(Eq) (4)

Whether the effect of the bare bound state ap-
pears as a resonant state above threshold, or a dressed
bound state below threshold, or both, depends on the
value of the shifted energy Ey,+ A with respect to the
threshold E,. Tt is readily seen from Eq. (1) that both
the resonant and dressed bound state will in general
depend on the characteristics of the bare bound state
|#) and the coupling H., = H],. These character-
istics thus introduce “closed-channel parameters” [19]
into the problem.
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Figure 1: Energy spectrum of the Gaussian model, given
by Eq. (6), as a function of the energy difference Ey, = E,+
Ao — E,, in units of 2uy? /1 for a given reduced width 7.
The results for two different values of 0 = 1 and 5 (in units
of K2 /2uy) are shown in blue and orange, respectively. The
dashed lines show the corresponding bare energy FEl,.

A simple example is shown in Fig. 1 corresponding
to a well-known non-relativistic model [20-22] where
there is no interaction between particles in the open
channel, and the coupling factor (k|H,c|op) is taken to
be of the isotropic Gaussian type Wy exp(—k?0?/2),
where W, and o constitute here the closed-channel
parameters. In this case, the shift and width above
threshold can be calculated analytically:

A(k) =Ag+ @Im[erf(iko)] ; @ = yke ko
(5)
as well as the dressed energy E4 below threshold:

Eq=Ep+ Ao+ 'y,‘ie”z"2 (1 —erf(ko)) (6)

where erf is the error function and &k =

\2u(E, — Eq)/h is the binding wave number. In this

model, the reduced width is given by v = %W&
and the zero-energy shift by Ay = —ﬁ. Assume

that the scattering phase shift can be measured for
different scattering energies (as in high-energy experi-
ments) or the dressed bound state energy can be mea-
sured for different values of Ey, — E, (as in ultracold-
atom experiments). Then, fitting the data by Egs. (5)
or Eq. (6) should unambiguously determine the pa-
rameters v, 0 and Ey, — FE,. Figurel illustrates how
different values of the closed-channel parameter o at
fixed v lead to different dressed energies Fg.

The situation is radically different for systems in
which the inter-channel coupling occurs around a dis-
tance 7y, where the open-channel wave functions are
energy independent. This happens when the poten-
tial V5(r) has the form E, + Viau(r) beyond a cer-
tain distance ro, where Vi (r) — 0 is a poten-

tial tail that is independent of the value of the open-
channel scattering length a,, which is set by the form
of Vo(r) at shorter distances r < rg. If the tail is
deep enough, for a given energy FE, there is a range
of distances 1o < 7 < reai(E) where the kinetic en-
ergy is negligible with respect to the potential, namely
|E — Ey| < |Viail(Ttai)]- In that region, the open-
channel wave functions are energy independent, i.e.
all proportional to the threshold solution at F = E,.

If the coupling occurs in that region, one can employ
the quantum defect theory (QDT) [11, 13-15, 23-30]
to accurately describe the system for all the energies
above and below the threshold E, that are smaller
than |Viai(rw)|.  Although the usual treatment of
QDT makes use of the short-distance K and Y ma-
trices, here all quantities shall be expressed in terms
of observables such as a, and 7.

Above the threshold, one finds that the scattering
phase shift Eq. (2) is given by the following expres-
sions for the shift and width (see Appendix IV.A):
I'(k T'(k

() | T _

, k[A(K)]
2 ' 2 1

[Bo (k)]
(7)
with Bo(k) = [tan (k)] " — kao [A(k)] "2, where 7(k)
and A(k) are two dimensionless functions universally
determined by the tail of V Esee Appendix IILA).
Physically, 7 is the difference () — (), where n(®
denotes the scattering phase shift for a potential with
tail V. and scattering length a, and A is the ampli-
tude of its radial wave function ugf)) at infinite scat-
tering length in the energy-independent region where

A(k) = Ag + By (k)

u) (r) = A(k) x ul (r), with the zero-energy solution

ué? normalised so that uég) (r) — 1.
700

Below the threshold, one finds an even simpler re-
sult for the dressed bound state energy:

g
AK) — ao ®)

Eq=E,+ Ao+
where the function A(k) is determined purely from
the tail of V, (see Appendix II1.C). In fact, the energy
— h;’f as a function of A(k) simply corresponds to the
bound-state spectrum for a potential with tail Vi, as
a function of its scattering length. It is quite remark-
able that the mere knowledge of the bare bound state
spectrum for V;, as a function of its scattering length
entirely determines the dressed bound state spectrum
through Eq. (8) once v and a, are known.

The crucial point in this renormalised formulation
of QDT is that the zero-energy shift Ay is taken apart
and the width is expressed in terms of the reduced
width 7. These are the only quantities that depend
upon the three closed-channel parameters Wy, ac,a
through the expressions,

!/
(&

2 2
v = 47Th2W02(1—a0/aC) ;

where a. and a! are lengths characterising the closed
channel [48], and Wj characterises the strength of
the coupling between the open-channel and the bare
bound state (see Appendix IV.A). As a result, Wy, ac,
and a cannot be individually determined from the
observables of Eq. (7) or (8). This is in sharp con-
trast with Eqgs. (5-6), which depend explicitly on the
closed-channel parameter o even after taking apart
the zero-energy width Ay.

The QDT typically applies to ultracold atoms un-
dergoing a magnetic Feshbach resonance, which fea-
ture a van der Waals tail Vi (r) = —Cg/r5. An ex-
ample is shown in Fig. 2 for a resonance between *°K
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Figure 2: Energy spectrum and scattering phase shift of
the °K ab resonance near By = 202 G. The solid curve
below the continuum threshold shows the dressed bound
state energy obtained from the QDT formula Eq. (8),
and the shading above the continuum threshold shows the
quantity sin? 7 obtained from Eq. (2) with the QDT for-
mulas Eq (7). The functions A(k), 7j(k), and A(k) are ob-
tained for a van der Waals tail Viai(r) = —Cg/r6, and the
following parameters are used: Eb =FE,+Ao—FE, =dux
(B—Bo) with 6u/h = 2.35 MHz/G, v/h = 50 MHz X ryaw,
abg = 2.6357vaw, and Evaw /h = — 15— = 21 MHz. The

Amprg

horizontal dotted line shows the bounddsvzate energy of the
open channel. This plot reproduces Fig. 13 of Ref. [3], ex-
cept that the bare bound state energy Ej is shifted. The
slanted lines (dotted, dashed, dot-dashed) show the bare
bound state energy FEj, for three different models, for which
a, = 0 and ac = 47vaw, Tvaw, 27vaw, respectively. All
models reproduce the same dressed energy and scattering
phase shift. This shows that the position of the bare bound
state is arbitrary and not constrained by observables.

atoms. It is described by three models with different
closed-channel parameters Wy, ac, al., but conforming
to the same renormalised QDT given by Egs. (7-8).
Thus there is no way of determining the values of the
closed-channel parameters from the observables shown
in that figure. Of course, if one could alter a, inde-
pendently of the other model parameters, then the
values of Wy and a. could be inferred from the change
in v by virtue of Eq. (9) [19]. However this does not
appear to be possible experimentally, and in any case
the value of al. would remain undetermined. One must
conclude that although the two-channel QDT pro-
vides an excellent description of isolated resonances,
its closed-channel parameters Wy, ac, a,, are not fully
constrained by observables [49], and thus the shift Ay
and the bare energy FE}, are ambiguous quantities.
The QDT also applies to any resonance whose en-
ergy is very close to the threshold. In this case, the
open-channel potential and couplings may be approx-
imated by contact interactions, which can be regarded

as the limit of deep potentials localised at very short
distances. The wave function is thus energy indepen-
dent at these vanishing separations and the QDT for-
malism can be applied, yielding A(k) = 1, 7j(k) = 7/2,
and A(k) = 1/k. For the Gaussian model, this limit
can be seen in the top right corner of Fig. 1, where
the results for different values of ¢ coincide just below
the threshold. In this low-energy limit, the closed-
channel parameter o, and thus Ay and E},, become
irrelevant. This is simply the manifestation of the
zero-range universality, well known both in ultracold-
atom physics [31] and hadron physics [7, 9], regarded
here as a special case of QDT. However, away from
this universal regime, magnetic Feshbach resonances
are described by the van der Waals QDT since their
interactions feature a deep van der Waals tail, whereas
hadron resonances are not described by a QDT since
hadronic interactions feature a shallow tail [32], for
which the wave functions are not energy independent.
Hence, the closed-channel parameters of such hadron
resonances can in principle be identified with enough
data.

Let us now mention a remarkable point. While the
properties of the bare bound state appear to be unob-
servable in the QDT regime, its proportion Z in the
dressed bound state (called the “closed-channel frac-
tion” [17, 18, 33-37] in the context of ultracold-atom
physics and “elementariness” 7] in hadronic physics) is
observable and has indeed been measured in ultracold-
atomic systems [33, 37]. It can be easily calculated
from the Hellmann-Feynman theorem [36], yielding
Z = dEq4q/dEy. For the Gaussian model, taking the
derivative of Eq. (8) with respect to Eq4 results in a
closed-channel fraction Z that explicitly depends on
the parameter o and thus Ag. In contrast, in the
QDT regime, taking the derivative of Eq. (8) with re-
spect to Fq4 gives an expression that is independent of
the closed-channel parameters, and in particular of the
shift Ag. It may be surprising that the fraction of the
bare bound state in the dressed wave function remains
unaltered, even though the bare bound state energy
itself can be arbitrarily shifted away by Ag. For in-
stance, one would intuitively think that the fraction
goes to unity only when the dressed energy approaches
the bare energy. However, the formula Z = dEq/dF),
shows that this is the case even when the two energy
curves are parallel to each other. Physically, it means
that even away from the resonance where the dressed
bound state is almost purely in the bare state, its en-
ergy may be significantly shifted from the bare state
energy through the coupling to the open channel. This
reconciles the two facts that the closed-channel bare
bound state is not directly observable but its fraction
in the dressed bound state is.

One should note that non-observable quantities
such as the zero-energy shift Ay do depend on the
closed-channel parameters. In particular, the follow-
ing expression for Ag [3, 15, 18, 38—41],

(10)

has been shown to be incorrect in Ref. [19], resulting
from an invalid approximation in the QDT formal-
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Figure 3: Ratio of the amplitudes A< and A- defined in
Eq. (11) as a function of magnetic field, for the °Li ab res-
onance near By = 834 G. The dots correspond to a realis-
tic calculation with five hyperfine channels, where the two
amplitudes are obtained from the triplet component of the
zero-energy open-channel wave function. The solid curve
represents Eq. (12) with the values a. = 2.391nm and
ao = —112.8 nm, corresponding respectively to the singlet
and triplet scattering lengths. The scattering length a is
given by Eq. (3) with apg = —84.89 — 24.19(B/Bo — 1) +
22.77(B/Bo — 1)? nm , v/h = 62770 MHz nm, and E, =
Ey+ Ao — E; = 6p x (B — Bg) with éu/h = 2.8 MHz/G.

ism. It can readily be seen that this expression de-
pends only on a, and the characteristic range a of the
open-channel potential V(r), but has no dependence
on the closed channel, in disagreement with the cor-
rect expression in Eq. (9). Nevertheless, since Aq is
unobservable, it is always possible for fixed values of
~ and a, to devise a model with a choice of Wy, a, a..
satisfying Eq. (10), as done in Refs. [38, 41]. This arbi-
trary choice does not affect the two-body observables.
Thus, while the value of Ag in Eq. (10) has no special
significance, its use in these works has no consequence
on two-body observables.

However, the works of Refs. [38, 41] are concerned
with three-body systems. This raises the important
question whether the value of Ay, and more gener-
ally the closed-channel parameters, could affect three-
body observables. Indeed, three-body observables are
not only affected by two-body binding energies and
scattering phase shifts, but also off-the-energy-shell
two-body quantities, such as the short-distance two-
body wave function.

The QDT gives a simple account of the short-
distance two-body physics. The wave function can be
expressed by its open-channel radial component u,(r)
and closed-channel radial component u.(r). In the en-
ergy independent region 7o < r < ryai(E), one finds
that u,(r) exhibits oscillations with a different phase
and amplitude beneath and beyond the coupling dis-
tance 1y, (see Appendix IV.B):

Ao X ul? (r) r<ry
Uo(T) = i 11
(r) {A> X ugilf(r) T3> Ty (11)

where u&o)(r) —— r — a is the zero-energy solution
T—00

of the open-channel potential with scattering length
a, and aeg is the energy-dependent scattering length
avg +v/(E — Ey — Ag). At low energy, the ratio of
the amplitudes A« /A is given by:

A a—ac
As  ao —ae

(12)

This formula gives a physical interpretation of a. as
the scattering length at which the short-distance am-
plitude A, vanishes. This is illustrated in Fig. 3 for
the case of the 834 G magnetic resonance between °Li
atoms. This case is fortunate, since a two-channel
model has been clearly identified for this resonance as
originating from the coupling of a spin triplet open
channel with a spin singlet bare bound state. This
suggests a photoassociation experiment to measure a.:
by photoassociating 5Li atoms to an excited triplet
bound state with an extent smaller than r,, one could
measure A, from the photoassociation signal, and de-
termine a. from the magnetic field at which A van-
ishes. For other multi-channel resonances, however,
it remains a challenge to identify the effective two-
channel model in general.

In summary, this work clarifies the role of closed-
channel parameters in Feshbach resonances. On the
one hand, it is shown that they do not affect the two-
body observables of magnetic Feshbach resonances of
ultracold atoms. On the other hand, they do af-
fect short-distance two-body physics, which could be
probed by photoassociation. This in turn should have
implications on three-body observables, such as three-
body recombination loss rates. They could thus play
a role in the determination of the three-body parame-
ter characterising the Efimov spectrum of three-body
states near a magnetic resonance [42], which has been
measured in various experiments, and for which a full
theoretical understanding is still in progress [41, 43—
46].
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Appendix
I. TWO-CHANNEL MODEL

The Hamiltonian for a two-channel model of a two-
particle system reads,

HOO HOC
H = ( o H) (L1)

where the open-channel Hamiltonian H,, and the
closed-channel Hamiltonian H.. are given by

Hoo=T+V, (1.2)
Hoe=T+V, (1.3)

where T is the relative kinetic operator, which for non-
relativistic systems is given by (p|T|q) = 'Zﬁ 53 (p—q)
where p is the reduced mass of the particles. The
open-channel interaction potential V,, asymptotes to a
certain energy threshold F, with a potential tail V;,j,
ie. Vy(r) — E, + Vian(r). The closed-channel

potential V, asymptotes to a certain energy E. > E,.

The wave function ¢ of the system has two com-
ponents, ¢, and ¢, respectively for the open and
closed channels. At energy F, they satisfy the cou-
pled Schrédinger equations,

(T + Vo — E) |¢o> + Hoc|¢c> =0 (14)
(T+V‘C7E)‘¢c> +Hco|¢)o> =0 (15)

For energy E < E. (such that the second channel
is indeed closed), these equations lead to:

|¢0> = |§£f7k> + Gg_Hoc|¢c> (16)

|¢c> = GCHCO|¢0> (1-7)

where GF = (E +i0" =T — V,)™! and G. =
(E —T — V.)~! are the resolvents of the open and

closed channels, and |¢F k> is the scattering eigenstate
of the open-channel Hamiltonian at energy E and

scattering direction k, normalised as (&fk|¢§fk> =
S(E—E"o(k—K).

II. TWO-CHANNEL ISOLATED
RESONANCE THEORY

A. Definition of the resonance shift and width

The closed-channel potential V, is assumed to sup-
port a bound state |¢,) with energy E:

Heclgn) = Ey|éb)

It is normalised as (¢p|¢pnL) = 1. In the isolated res-
onance approximation, only this bound state gives a
significant contribution to the resonance, so that one
may write:

(I1.8)

|P1) (¢

G =
E_Eb

+Gr (1L.9)

where the non-resonant part G2* only gives a small
contribution from the other states of the closed chan-
nel. This leads to:

G W) (WP

[@o) = lt0e) + 55— A+ (I1.10)
1oy WPbe) e
|bc) = Ib) B ATt G™ Heoldo)  (IL11)
with the short-hand notations
W) = Hocld) (11.12)
|6bg) = |GEF) + G HoeG™* Heo| o) (IL.13)
and
AT =(W|GIW) = A —ig (IL14)

which defines the energy-dependent shift A(E) and
width T'(E).

B. Partial wave expansion

Combining Egs. (I1.6-1.7) gives a closed equation on
Po:

|¢o> = |€£E’k> + GjHochHc0|¢0>

Making the partial wave expansion along the direction
k of the incoming wave,

M)o Z(boé TA
Z¢o€ f

Hy(r,r £ /a
<T|HOCGCHC0|T/> = Z %YVZO( )}QO(TJ)
4

(IL.15)

(r|GE*) (I1.16)

(IL.17)

one finds for each partial wave ¢ the following complex
radial wave equation:

0ir) =G A 1) [ Holr' )07
0 0
(I1.18)
where the retarded partial-wave Green’s function gjé
is given by

2u

72k TUo(r<) 07 (rs) (I1.19)

gig (r,r') =
with 7~ = max(r,r') and r« = min(r,7’). The two
functions 4, and v} = ¥, + i U, are two independent
solutions of the partial-wave radial equation:

2 0+ 1) | 2u )
(I1.20)

satisfying
folr) ——> sin(kr — tn/240,)  (1L21)
Uo(r) — cos(kr — 4w /2 4+ 1o) (I1.22)
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where 7, is the ¢-wave scattering phase shift of the
open channel. The solution @, (r) is regular (vanishing
when 7 — 0), whereas the solutions v (r) and ¥,(r)
are irregular (non-vanishing for » — 0).

In the following, the
(A|IB) = [drA(r)B(r) and
[ dr [ dr'A(r)B(r,r")C(r") will used.

From the definitions of ¢F # and U, one finds

ng,ﬁ (r) = /\7[ X T (T)

with the complex coefficient Ny = 4/ %iee”’f’.

The complex equation Eq. (I1.18) can then be made
real by splitting the real and imaginary parts of the
Green’s function Eq. (I1.19), and setting

Go.0(r) = Ng X uo(r)

notations
(A[B|C) =

(11.23)

(I1.24)

with  the  complex  coefficient A =
Ny (142 (o|Hylu)) . This yields the fol-
lowing equation for the real radial wave function
Ug:

uo(1) = 120(7")4—/ dr'go (7, 7")/ dr" Ho(r', v uo (r") |
0 0

(I1.25)
with the non-retarded partial-wave Green’s function,
/ 2u _
Gou(r,r') = ~ Uo(r<) To(rs) (11.26)
C. Isolated resonance
Using the isolated resonance decomposition
Eq. (II.9) in Eq. (II.25), and assuming that
W) = Hoelgr) is of the form
w(r)y, o
{r[W) = = =Yu(7) (11.27)

acting on a specific partial wave £, one obtains for that
partial wave:

w(ryw(r’)

H@(T7 7'/) = E _ Eb

+HP (rr')  (IL28)

where Hp* correspond to the non-resonant part
H,.GY H,,. This gives

fooo dr’ goo(r, 7" )w(r")
FE—FE,

Uo (1) = Ung(r)+ (w]uo) (11.29)

with the background function

Ubg(T)Eﬂo(T)Jr/ dr' go.o(ry 7 )wae (7)) (11.30)
0
where
wm(r):/ dr' H} uo (1) (I1.31)
0

corresponds to the coupling to other states than the
bare bound state causing the resonance.

Applying (w]| to the left of Eq. (I1.29) to find (w|u,),
and inserting the result back into Eq. (I1.29) gives

Jo dr'goo(r, " )w(r”)
E—Fy— A

Uo(r) = ung(r) + (w|ung)

(I1.32)
with the shift A = (w|go¢|w). At large distances, the
radial wave function becomes

(T+Tn)/2]

uo(r) = 7jo(r) = |&ur + m UO(T)

(11.33)

with the width I'/2 =
resonant corrections

2 |(wldo))? and the non-

2
Pur/2 = 1 (wlgo eloar) (T ) (11.34)
_ 2p
gnr = th(Uo|wnr) (1135)

Using the asymptotic behaviours of u, and v, given
in Egs. (I1.21-11.22), one obtains from Eq. (I1.33),

Uo(r) — o sin (kr — n/2 4+ 1)

r—00

(I11.36)

with the scattering phase shift,

_ (C+Tur)/2
1N = 1, — arctan (fnr + E_E A (I1.37)

Treating the non-resonant corrections as a first-order
perturbation, one finally arrives at

r/2

7 = Tbg — arctan m (1138)

with the background phase shift:

r/2 2
=1, —&nr |1 _ II.
M=o |14 (gopmg ) | (39)
and the corrected width:

R R (I1.40)

In the fully isolated resonance approximation, one ne-
glects the non-resonant corrections, yielding nns ~ 7
and T ~ T in Eq. (I1.38).

In the case of s wave (¢ = 0), the quantities ", Ty,
and &,, for small k are proportional to k (being pro-
portional to 4,) and thus one obtains the s-wave scat-
tering length:
gl

_ 11.41
Ey,+ Ap ( )

o= = g+
where apg = —limg_0 Mhg/k = ao + anr with an, =

liInk—>0 gnr/ka and ;? = hmk—)O I'= Y +7nr7 with Ynr =
hmk%() Fnr/k~
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Figure 4: Energy independence of s-wave radial wave functions for two potentials: a deep van der Waals potential

V(r) = —Evaw (”%)6 with many bound states (left panel) and a shallow Yukawa potential V(r) = —10Eyw
with only two bound states (right panel). Here, rvaw and ry are the van der Waals and Yukawa ranges, and Evaw =
" and Ey = -5 are their associated energies. Each panel shows V(r) (black curve) and —V(r) (black dashed

2;1,7“2, 2;”“2
curvcgsv, along with theYradial wave functions at selected energies (the curves are shifted according to their respective
energies). The zero-energy radial wave function is shown in solid red, and superimposed as a red dotted curve onto the
curves corresponding to radial wave functions at other energies. The region of energy independence ro < r < 7¢ail (Or
equivalently r 2 rg and E < |V(r)|) is shown as a pink shaded area. In that region, the zero-energy wave function
matches the wave functions at other energies, and is shown in solid red. The energy independent region is much smaller
in the case of a shallow potential, for which the quantum defect theory is barely applicable, except at very small energies
< Fvy and large distances > ry corresponding to the zero-range limit. For instance, the last bound state is well described
by the zero-range limit for r > rv, because it can be determined from a boundary condition at r ~ ry that is similar to

that of the zero-energy state. That is not the case for the lowest bound state, which differs too much from the zero-energy

state.

IIT. QUANTUM DEFECT THEORY

The key point of the quantum defect theory is that
when an interaction potential is sufficiently deep in a
certain region rp < 7 < 7T, the wave functions in
that region are nearly energy-independent for a range
of energies that remain much smaller than the poten-
tial energy V(7¢ai1). In that region (and only in that
region), the wave function at any of these energies is
accurately described by a superposition of two inde-
pendent solutions of the potential at zero energy. For
a specific choice of two reference solutions, there is
a particular linear combination reproducing the wave
function in the region. The coefficients of this linear
combination can be parametrised by a global normal-
isation factor, and a parameter called the quantum
defect.

In the following, the reference functions are chosen
as the two s-wave radial solutions of the potential at
zero-energy, with respectively zero and infinite scat-
tering length:

fo(r) — (I11.42)
Joolr) —1 (I11.43)

The zero-energy solution with scattering length a is
thus fo(r) — afeo(r) —— r — a. With this choice,
r—00

the quantum defect is simply the s-wave scattering
length a.
For example, for a van der Waals interaction
V(r) — —Cg/r%, one has:
fo(?”) = rvdW\/:EI‘(3/4)J_1/4(2x’2)
foolr) = \/EF(5/4)J1/4(21:72)

where x = r/ryqw and ryqw is the van der Waals

(I11.44)
(I11.45)

length roqw = % (2u06/h2)1/4. The range of energy-
independence at energy |E| = h%*k?/2u is given by
ro S 17 <K reaq With reay = T%%Vk_l/?’. It is illustrated
in the left panel of Fig. 4 as a pink shaded area.
Interestingly, the quantum defect approach also ap-
plies to contact interactions. In this case, the region
of energy-independence is restricted to the neighbour-
hood of r = 0 (i.e. 79 = 7tan = 0) but extends to
any energy. The two reference solutions are simply
fo(r) = r and foo(r) = 1. This is of course an ideali-
sation, which can be regarded as the limit of a short-
range interaction potential with vanishing range and
infinite depth. Physically, it describes the wave func-
tions of a short-range interaction potential for energies
much smaller than the potential depth and distances
larger than the potential range. The energy indepen-
dent region in this case corresponds to energies smaller
than the potential depth and distances smaller than



the potential range. This is illustrated in the right
panel of Fig. 4 for a shallow Yukawa potential. In
the contact interaction limit, this region reduces to a
boundary condition on the logarithmic derivative at
r=0.

A. Positive energy

Let us now consider a potential V(r) —— 0 of s-
T—00

wave scattering length a and its regular and irregular
radial solutions u, and ¥, in the ¢th partial wave at
finite positive energy F = h?k?/2u > 0. The regular
function @, is defined such that @, (0) = 0, which gives
at large distance @, (r) — sin(kr + 0, — ¢7/2) where
7, is the scattering phase shift. The irregular solution
U4 is chosen such that its phase at large distances is
shifted by 7/2 with respect to 4.

g (r) — sin(kr +n, — €w/2) (I11.46)
T—00
Va(r) —— cos(kr +n, — €m/2) (I11.47)

T—00

According to the quantum defect assumption, in the
energy independent region rqg S r < 7T the two
functions @, and v, are linear combinations of the
two zero-energy reference solutions fo and fo, . The
regular solution 4, is simply proportional to the zero-
energy solution fo — afs with scattering length a:

ta(r) ———— Da(k) (fo(r) — afoc(r))

o SrLreail

(I11.48)

Similarly, the irregular solution ¥, has the form:

o (r) ———— Pu(k) (fo(r) — ba(k) foo(r)) (IT1.49)

70 ST rail
The Wronskian Wi, Us] = Ua(Ua) — (4q)'0q has
the conserved value —k calculated from Eqs. (IT1.46-

I11.47), so from the expressions of Eqgs. (II11.48-111.49),
one finds:

[ [ba(k) — a] Da(k) Pu(k) = —k| (111.50)

which shows that only two of the functions D, b,, P,
are independent for a given a.

One can determine 14, Dg, b,, and P, for any scat-
tering length a, by just knowing four functions of k:
105 Moos Do, A.

(Do)

sinng — a (A)”" sin 7

- — (IIL.51)
Dy) " cosng —a(A)” cos s

(
Da= |00+ (§) " -2y s
(

2 P (I11.52)
A/Dy) — acosq
a = - III.
b cosij—a(Dgy/A) (IL53)
_cosi) —a(Do/A)

sin 7

P, =

D, (IT1.54)

with the notations

(I11.55)
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and
no = lim 7, ; Dy = lim D, (I11.56)
a—0 a—0
Noo = lim 7, ; A= lim —aD, (IIL57)
a—r—00 a—r— 00

Again the four functions g, 7s0, Do, A are not in-
dependent, because the Wronskian Wi, tis] can be
expressed at short distance as

W1Do fo, Afsc] = DoAW(fo, foo] = =Do A (IIL58)
————
-1
and at large distance as:

Wisin(kr — €m/2 + no), sin(kr — €7 /2 + 150 )]

(I11.59)
= —ksin (9 — no)
leading to the relation,
| Do(k)A(k) = ksinii(k) | (I11.60)

Using this relation, one can express Dg,b,, P, in
terms of only two functions A and 7:

k ,1-1/2

Du = [1 + (Ba) } (IIL61)

(4)* -1 1
be = 2 | (B, _ I11.62
k (Ba) tan 7 ( )
P, = B,D, (IIL.63)

where

L ka (I11.64)

“= tang (A)2

B. Alternative choice

One may consider an alternative choice v (r) =
Vq (1) + i1, (r) for the irregular function, that has the

complex asymptote:

o (r) —— ebrina=tn/2) (I11.65)
T—00
It can be expanded on fy and f
Uy (r) —— P (fo(r) = b3 foe(r))  (IIL.66)

ro Sr<reail

where the complex quantities P;7 and b} are readily
obtained from Egs. (II1.48-I11.49):

Pl =P, +iD, (I11.67)
P,b, +1Dsa

pr =22 9 I11.68

o P, 1 iD. ( )

The interest of this alternative choice is that the
quantity b} is independent of a. Indeed, using
Egs. (IT1.52-1T1.54), one finds:

bt = (A/Dg) e (I11.69)




where the label a is now dropped, due to the indepen-
dence on a.

Again, from the Wronskian Wi,,7,] = —k, one
finds

(b" —a) Do PF =~k (I11.70)

From Eqs. (IT1.67-I11.70) one also finds the useful re-
lations:

Do(P, +iD,)
be —a ko k
(ITL.71)

C. Negative energy

h2k2
2p
is continued to imaginary values ix, the quantity o™
becomes real. For convenience, b™ (ix) is denoted as
A(k). One can see from Eq. (IIL.65) that for imag-
inary k = ir, the irregular function v, is exponen-
tially decreasing at large distance. Equation (II1.66)
shows that if A(k) happens to be equal to a, then
v, is proportional to the regular solution ,, as seen
from Eq. (IIT.46). In this case, being both regular at
the origin and at infinity, the solution corresponds to
a bound state. This shows that A(k) is simply the
s-wave scattering length a of the potential at which

there is a bound state in the ¢th partial wave with
h2 2
o

For negative energies £ = — obtained when k

energy —

D. Calculation of the universal functions
1. General case

The functions 79, 7s0, Do, A may in some cases be
calculated analytically for a given tail of the potential
V', for example in the case of a contact interaction
(see below). If only the analytical forms of f, and
foo are known at small distance, one may numerically
integrate the radial Schrédinger equation with posi-
tive energy E from the known f; and f., at small
distance, outwards to large distances. This gives the
long-range oscillations (Dg) ™" sin(kr +no — 7 /2) and
(A) "' sin(kr + 1o — £7/2), from which Dy, 1o, A, and
Tso Can be extracted.

To calculate A(k), one can start at large distance
from the exponentially decaying form exp(—xr) and
integrate inwards with negative energy £ = —h?*s?/2u
to find the short-distance oscillations fo— A(k) foo and
extract A(k). Alternatively, one can calculate the
bound state spectrum of the potential V' in the fth
wave for different values of the scattering length a set
by altering the short-range part of V. In all cases,
the universal functions 7, 10, Do, A, and A(k) can be
easily obtained with these numerical procedures.

11
2. Case of van der Waals interactions

For potentials with a van der Waals tail —Cj /75, the
characteristic length scale is the van der Waals length
TvdW = % (2,u06 / h2) 1/4 or equivalently the mean scat-
tering length a = F(fi}l)Qrvdw. One can in principle
obtain analytical expressions of the universal func-
tions from the analytical solution of the Schrédinger
equation for van der Waals potentials [47], although
they are rather involved. Alternatively, one can em-
ploy the numerical method sketched above. Figure 5
shows the result for the s wave.

The functions for the s wave admit the following
analytical expressions for small k < a ™'

no(k) = —gdrvdwk?’ + O(k*) (I11.72)
Moo (k) = g - %T?’%k +O®K?) (I11.73)
Dy(k) =k — %ridwk?’ +O(kh (IT1.74)

Alk) =1+ % (1 — z’éfv) K*riqw + O(K®)
(IT1.75)

From this and using Eq. (IIL.51), one can perform
the effective range expansion:

kcotn, = —% + %rekQ +0 (k) (I11.76)
yielding the effective range
re = (o) {(d)z + (é - 1)1 (IIL77)
a a
with 7~§°°> — 8 Tiaw

3 a
For negative energies, one finds for small x < @~

A(k) = Lileay O(k)

—tgrl (I11.78)

One can also derive the following expressions in the
high-energy limit & > a~! using the WKB approxi-
mation:

no(k) = —¢& x (krvaw)?’® + 57/8 (I1.79)
Moo (k) = =€ X (krvaw)*® + 77/8 (IT1.80)
Do(k) = % (ITL.81)
A(k) = Vka (I11.82)

with £ = =273~ 12T (= 3) T (3) ~ 2.0533.

3. Case of contact interactions

The case of contact interactions can be obtained by
taking the limit ryqw — 0 of Egs. (II1.72-111.75) and
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Figure 5: Universal functions in the s wave for potentials with van der Waals tail Viai(r) = —Cs/ 7. Left panel: functions
10(k), Moo (k), Do(k), and A(k) for positive energies % Right panel: function 1/A(x) for negative energies —h;’f. The
quantity A(k) is simply the scattering length for which the potential admits a bound state with binding energy ﬁ;’f LAl

quantities are plotted in units of the van der Waals length ryqw = % (2,uC'6 / h2) /% The dotted curves correspond to the
small-k formulas Egs. (II1.72-111.75) and Eq. (II1.78) and the dashed curves correspond the large-k formulas Eqgs. (II1.79-
I11.82).

(IT1.78), yielding: and conversely,
no(k) =0 (II1.83)
™
Moo (k) = 5 (II1.84) Zgg=a ' (Do) 'sinng — (A) "sinne  (I11.93)
Dyo(k) =k (I11.85) Zpg = —(A) " sinne (I11.94)
Ak) =1 (ITL.86) Zyp = (A) P cosnae — a1 (Do) cosmo  (ITL.95)
Alk) =1/k (IT1.87) Zrr = (A) " cosns (IT1.96)
E. Connection with other QDT notations

In the works of Refs. [13, 27, 28|, the quantum de- Note that the four functions 7o, 7e0, Do, and A

fect theory is formulated with a set of four functions  shown in Fig. 5 all have a simple monotonic variation
Zt,Zggy Ztg, and Z, ¢ along with a short-distance K with &, whereas the four functions Z¢¢, Zgg, Z¢4, and
that is related to the scattering length a, such that the =~ Zgy have oscillatory variations.

scattering phase shift reads:
In Refs [19, 29, 39|, the short-distance energy-

KOZ — 7 1 . . .
tanmn, = 0%gg . fg with Kg _ (1 B g) independent radial functlons. were c.onnected' to
Zrr— K Zgs a the long-range energy-normalised radial functlcir/lg

(I11.88) through a phase shift ¢ and two amplitudes A,
) and G, also denoted as C(E) and tan A(E). With the
Therefore, the functions 7, 7jec, Do, and A are related current notations, ¢ is the quantum defect related to

to these functions by the relations: a through:
Zgg — Zig
no = arctan — == (II1.89)
Zsy — Zgy
Z1o K= (1-9)" 111
Moo = — arctan =< (I11.90) tanp =Ky = (1 — — (IT1.97)
fo a

(Do) ™" = &\/(Zgg — Zi) ¥ (Zyp — Zyp)® (IILO1)
- d Cj and G are related to D,, P,, and b, by the
(A" = m (ILg2)  an » P,

relations:



Da(k) = (Ck)il H(ll{;/—aa/c_l)Q (111.98)

Pu(k) = — H(’i/“m)(gkﬂ—)ck
(111.99)

ba(k) = aw (I11.100)

IV. RENORMALISED QUANTUM DEFECT
THEORY OF THE ISOLATED RESONANCE

A. Width and shift

Combining the results of the two preceding sections,
one can now formulate the quantum defect theory
of the isolated resonance. According to Eqgs. (I1.14),
(I1.27) and (I1.19), the complex shift AT is given by

e [ [ druiaon ut)
(Iv.101)
Now, assuming that the coupling w(r) is localised in
the region rg < r < 7.1 where Eqgs. (IT1.48-II1.66)
can be used, and using Eq. (II1.70) one finds

At — 21 (A —aoB) (A—b"B) — (b —a,)C
T oR2 bt —ao
(IV.102)
with
A= /000 dr w(r) fo(r) (IV.103)
B= /0 dr w(r) foo (1) (IV.104)

C= / dr dr'w(r)w(r’)x (IV.105)
0 r
(For) foc ") = Joo ) o))
Thus, introducing the lengths
ac = A/B, (IV.106)
a. = C/B?, (IV.107)
one obtains
At=— T A (IV.108)
bt (k) — ao
with
2
Ay = }_7’2‘32 (a0 — ac — dc) (IV.109)
20 o 20 o o
7= 3 B lee —aof = Wi (1=
(IV.110)

where the quantity Wy = 4w (w| fo) characterises the
strength of the coupling between the open and closed
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channels. Note that Ag = limy_,0 A in the case of the
s wave (¢ = 0), for which b™ (k) o oo
—

The simplicity of Eq. (IV.108) is striking, as the
dependence on the closed-channel parameters Wy, ac,
and a. is entirely encapsulated in Ay and ~y, while the
dependence on the open-channel parameters only ap-
pears through the scattering length a, in the denomi-
nator of Eq. (IV.108). For energies E below the open-
channel threshold E,, the shift AT and the length
bt (ik) = \(k) are real, leading to the simple result:

N —

A(K) — ao + 20

(IV.111)

For energies E above the open-channel threshold
E,, the real and imaginary parts of AT = A —iT"/2
can be obtained from Eq. (IV.108) using Eq. (IIL.71)

vy D, P,
A= Ag = IV.112
bo—a, TO0T T ( )
r (D)’
5=k (IV.113)

Using the expressions Eqgs. (II1.61-111.63) one finds

r
A=——By+ A,

2
k
(4)° [1+ (B.)’]

(IV.114)

= (IV.115)

ol

B. Short-distance amplitudes

The QDT gives a simple account of the wave func-
tion inside the tail region. The radial wave function in
the open-channel component is given by the isolated
resonance theory equation (I1.32). Assuming that the
coupling w(r) is localised around a distance ry, one
can use Egs. (I1.26) and (I1.37) to obtain the radial
wave function for r > ry:

Uo(r) = To(r) + tan (n — no) Uo(r) (IV.116)

T>Tw

This shows that for distances beyond the coupling re-
gion, the wave function is proportional to the solution
of the open-channel potential with a short-distance
boundary condition yielding the modified scattering
phase shift n instead of the original phase shift 7.

One can also use Egs. (I1.32) and (I1.26) to obtain
the radial wave function for r < ry:

_ L/2  (ow) \|__
’U/()(T) 7"<<_rw [1 - (Cnr + E— By — A (’EL0|U))>‘| Xuo("")
(IV.117)

with

Cor = (IV.118)

) k(U0|wnr)
This shows that for distances beneath the coupling
region the wave function is proportional to the un-
perturbed solution u, of the open-channel potential
Vo.



Now, assuming that the coupling region r ~ ry, lies
in the range rq < r < ry.; where the wave functions
U, and v, are energy independent, one can use the
QDT formalism, namely Eqs. (II1.48-111.49), to fur-
ther specify the form of the radial wave function u,.
For r > r,, one finds that wu, is proportional to the
zero-energy solution with an energy-dependent scat-
tering length ag:

Uo(7) =

rw<<T_<<nai1

As (k) x (fo(r) = acsi(F) foo (1))

(IV.119)
with the amplitude As and scattering length a.g given
by:

As (k) = D, + tan (n — 1) P,
I
1+tan(n—no) %Z

(IV.120)

acet(k) = ao

(IV.121)

For r < ry,, the wave function is proportional to the
zero-energy solution with the unperturbed scattering
length a,:

uo(r) = A<(k) x (fo(r) = aofoo(r))
roSTr<rw
(IV.122)
with the amplitude A given by:
by — a?t f/? b — ac
= DO_PO nr £
A<(k) (5 Go — aBT E—Eb—Aao—ac>
(IV.123)

where the non-resonant closed-channel scattering
length a?" is defined by:

nr (f0|wnr)

°c (f00|wnr).

In the s wave, for small k, one finds:

Qa

As (k) — k (IV.124)
k—0
a — Q¢ Gnr Zz:z;:
A<(k> m A> (k) P (IV125)
aei(k) — a (IV.126)
k—0

In the fully isolated resonance limit where the
non-resonant parts are negligible, the expressions of
Egs. (IV.120, IV.121, IV.123) simplify to:

A (k) = Do(k)m (IV.127)
A (k) = Ag@% (IV.128)
aeﬁ(k) = ao + ﬁb—Ao (IV129)

In particular, at low energy such that a.g(k) &~ a, one
finds the simple formula for the ratio:

Ao a — ac
= = IV.130
~A> Ao — Q¢ ( )
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Figure 6: Effective two-channel radial wave functions wuc

(“closed”, blue curve) and u, (“open™, orange curve) of

the lithium-6 diatomic ab resonance near B = 834 G. Top:
wave functions at B = 500 G, corresponding to a scattering
length @ = —4.362 nm. Bottom: wave functions at B =
539.04 G, corresponding to a scattering length a = a. =
2.507 nm. The open-channel wave function wu, is fitted at
large distance by the wave function of Eq. (IV.119) (dashed
curve) and at short by the wave function of Eq. (IV.122)
(dotted curve).

showing that the short-distance amplitude vanishes
when ¢ = a.. Note that the general formula
Eq. (IV.124) for a partially isolated resonance reduces
to Eq. (IV.130) in the special case where a* = ac.
This happens when the wave functions of the resonant
and non-resonant bare states in the closed channel are
also energy-independent in the coupling region, and
thus characterised by the same scattering length.

C. Application to lithium-6

The lithium-6 ab diatomic resonance (where ab des-
ignates the two lowest hyperfine states of lithium-6)
near the magnetic field intensity B = 834G is de-
scribed by five hyperfine channels characterised by a
total spin projection mp = 0. The interaction be-
tween the atoms depends on the total electronic spin
S of the two valence electrons, which can be either
in a singlet (S = 0) or triplet (S = 1) state. This
multi-channel system with radial components w;(r)
(1t = 1,...,5) can thus be solved numerically using
the singlet and triplet interaction potentials and the
atomic hyperfine Hamiltonian.

The bare bound state causing this resonance has



15

— .
[ / ]
200; / ] —— Open-channel scatt. length a,
. : / ] .
S  100F S 1 Physical scatt. length a
c . - 4
< 0 " Background scatt. length ay,g
® :
k9] e e
g o 3 a
g : ——T g
£ -200F - 5 o ——
© L 4
3 i 7 1 ® 6 (8-8o)
-300r / 1
: I/ 1 = - al)+al)(B/Bo-1)+ay) (B/Bo-1)?
—400L ]

600 700 800 900 1000
Magnetic field intensity B [G]

1100 1200

Figure 7: Open-channel scattering length a, (orange curve), physical scattering length a (blue curve), and background
scattering length apg of the lithium-6 diatomic ab resonance near B = 834 G, obtained by fitting the numerical wave
functions, as a function of magnetic field intensity. The open-channel scattering length a, is close to the triplet scattering
length a; = —112.8 nm (dotted line), while the physical scattering length is well reproduced by Eq. (I11.41) (dahsed curve)

with 5/h = 62770 MHz nm, and E, = Ej, + Ao —

E, = 0p x (B — Bo) with dpu/h = 2.8 MHz/G and By = 834.08 G. This

yields the background scattering length ang, which is well reproduced by Eq. (IV.133).

been identified as the v = 38 s-wave level of the singlet
interaction potential, with radial wave function u(r).
Therefore, to construct the effective two-channel com-
ponents, one can project the components u; onto the
bare bound state to obtain the closed-channel com-
ponent u., and project out the bare bound state and
retain only the ab entrance component (¢ = 1) to ob-
tain the open-channel component u,. Explicitly,

ue(r) = (IV.131)

5
> e (up ) [Pun (r)
ij=1

5
Uo(r) = ur(r) — Z o (ub|uj)un(r) (IV.132)
j=1

where o;; are the matrix elements of the projector

1 — 52 onto the singlet state.

The zero-energy components are shown in Fig. 6
for two different values of the magnetic field intensity.
The open-channel wave function u, (orange curve) is
well fitted at large distance by the wave function of
Eq. (IV.119) (dashed curve), and at short distance by
the wave function of Eq. (IV.122) (dotted curve). The
two fits deviate from u,, in a region of distances around
7w = 2.6 nm, which shows that the inter-channel cou-
pling is localised in that region. The QDT is there-
fore an accurate description for energies smaller than
240 hMHz ~ 10 mK above and below the threshold.
The fits enable to extract the amplitudes A~ and A,
as well as the open-channel scattering length a, and
the physical scattering length a.

Both scattering lengths a, and a are plotted as a
function of magnetic field intensity as blue and orange
curves in Fig. 7. One can see that the open-channel
scattering length a, is close to the triplet scattering
length a; = —112.8nm, confirming the spin triplet
character of the open channel, while the physical scat-
tering length a is well reproduced by the formula of
Eq. (I1.41). This yields the background scattering

length ay,g, which has a small dependence on the mag-
netic field as shown by the green curve in Fig. 7. This
dependence is captured by the following Taylor expan-
sion around By:

a2 (B/By —1)°
(IV.133)

with a(o) —84.89 nm, a(l) = —24.19 nm, and a,(fg) =
22,77 nm

The ratio | A< /As| is plotted in Fig. 8 as a function
of magnetic field intensity. It is well reproduced by the
formula Eq. (IV.130) with a closed-channel scattering
length a. = 2.507 nm ~ ay and an open-channel scat-
tering length a, = —109.6 nm ~ a. It should be
noted that the non-resonant contribution is not neg-
ligible for this resonance: the background scattering
length apg is found to be around -85 nm, significantly
differing from a,. Thus, in principle one may not use
Eq. (IV.130) which is obtained in the fully isolated
resonance limit, but Eq. (IV.124), which includes the
non-resonant correction. However, it turns out that
a, is very large compared to a. and a2" (presumably
of the same order, or even possibly equal) so that
Eq. (IV.130) is a good approximation of Eq. (IV.124)
in this case.

One can see that the short-distance amplitude van-
ishes at the magnetic field intensity B = 539.04 G cor-
responding as expected to a = a.. This suppression of
the open-channel amplitude at short distance can be
visualised in the bottom panel of Fig. 6. A close look
around this magnetic field (see the bottom panel of
Fig. 8) reveals that a very narrow resonance acciden-
tally occurs close to that point. Although the pres-
ence of this extra resonance, which is due to a bound
state with total nuclear spin I = 2 [3], complicates
a bit the variation of |A/As|, it is still reproduced
by Eq. (IV.130) with the same value of a. when the
precise variation of a (inluding the narrow resonance)
is taken into account. This is because both the broad
and narrow resonances originate from the same bound

avg = ape +aly) (B/Bo— 1) +
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Figure 8: Top: Short-distance amplitude of the lithium-
6 diatomic open channel as a function of magnetic field
intensity. The grey curve shows the ratio of the amplitudes
A< and A of Egs. (IV.119-1V.122). It is well reproduced
by Eq. (IV.130) with ac = 2.510 nm (dashed curve). The
blue and orange curves show the triplet amplitude A (r)
of Eq. (IV.134) at the probing distance r1 = 1.9 nm (blue)
and ro = 0.8 nm (orange). Bottom: closeup of the top
figure in the region where the short-distance amplitude
vanishes.

state v = 38 of the singlet potential, thus having the
same values of a.. The fact that the obtained value
of a. = 2.507 nm is very close to the singlet scatter-
ing length as = 2.391 nm confirms that the singlet
character of the closed-channel bound state.

Since the open channel corresponds essentially to
the triplet component, an experiment probing the
triplet component, for instance by photoassociation,
could reveal how the amplitude of the open-channel
wave function vanishes near @ = a.. This is illustrated
in Fig. 8, where the triplet amplitude

Ay = | D010 = a ) ()

ij=1

(IV.134)

at two different probing distances r is plotted as a
function of the magnetic field intensity. For both
probing distances, the triplet amplitude reproduces
very well the short-distance amplitude A. up to a
scaling factor. However, very close to the points where
A vanishes, the triplet amplitude does not com-
pletely vanish, an indication that the triplet compo-
nent does not perfectly account for the open channel,
but also includes non-vanishing admixtures. Never-
theless, the measurement of A over a wide enough
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range of magnetic field intensities would enable to de-
termine ac.
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