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We introduce an SU(M )-symmetric disordered bipartite spin model with unusual characteristics.
Although superficially similar to the Sachdev-Ye model, it has several markedly different properties
for M > 3. In particular, it has a large non-trivial nullspace whose dimension grows exponentially
with system size. The states in this nullspace are frustration-free, and are ground states when
the interactions are ferromagnetic. The exponential growth of the nullspace leads to Hilbert-space
fragmentation and a violation of the eigenstate thermalization hypothesis. We demonstrate that the
commutant algebra responsible for this fragmentation is a non-trivial subalgebra of the Read-Saleur
commutant algebra of certain nearest-neighbour models such as the spin-1 biquadratic spin chain.
We also discuss the low-energy behaviour of correlations for the disordered version of this model in
the limit of a large number of spins and large M, using techniques similar to those applied to the SY
model. We conclude by generalizing the Shiraishi-Mori embedding formalism to non-local models,
and apply it to turn some of our nullspace states into quantum many-body scars.

I. INTRODUCTION

Systems that violate the eigenstate thermalization hy-
pothesis (ETH) have been intensely studied in recent
years [IH5]. ETH is a set of constraints on the eigen-
states of a quantum time-evolution operator such that
for (almost) any initial state, observables evolve to a
steady state at late times and exhibit only those cor-
relations dictated by thermal equilibrium at the initial
energy density. Such systems in effect “act as their own
heat bath”. Generic isolated many-body systems are be-
lieved to satisfy ETH, giving an intuitive justification for
applying various standard techniques of equilibrium sta-
tistical mechanics to time evolution. ETH can be violated
by the presence of an extensive set of conservation laws,
as occurs in integrable models [6]. Similar phenomena
are believed to emerge in many-body-localized systems
as a consequence of strong disorder [7]. In both cases,
ETH is expected to be strongly violated, meaning that
at most a set of measure zero of the eigenstates of such
a quantum model obeys ETH.

A distinct symmetry-related mechanism for breaking
ETH is Hilbert-space fragmentation (HSF) [2, BHIT].
HSF occurs when the dimension of the commutant al-
gebra of a Hamiltonian grows exponentially with system
size, “fragmenting” the Hilbert space into exponentially
many dynamically disconnected subspaces. The commu-
tant algebra is defined for a family of Hamiltonians of the
form H = Zj Jjh; as the set of all operators that com-
mute with each of the local few-body operators h;, and
hence with H for any choice of the J;. Strong HSF occurs
when the size of each subspace is a vanishing fraction of
the total size, leading to a strong violation of ETH. Weak
HSF (and consequently a weak ETH violation) occurs
when almost all eigenstates belong to a single subspace,
i.e. the collective measure of all other subspaces tends to
Zero.

In this paper, we introduce an SU(M)-symmetric bi-
partite spin model which exhibits HSF even in the pres-

ence of random and long-range couplings. Half of the
2N spins are in the fundamental M representation of
SU(M), and half in the conjugate M. The Hamiltonian
consists of a sum over projectors onto the spin-singlet
state for each M, M pair. This Hamiltonian generalizes
the nearest-neighbor spin chains of [12] [I3], the most fa-
mous example being the “biquadratic” spin-1 chain.

We show by explicit construction that our Hamilto-
nian has a nullspace whose dimension grows exponen-
tially with increasing system size. States in this nullspace
are frustration-free, i.e. are annihilated by each of the
projectors. When all the coefficients of the projectors
are positive (the “ferromagnetic” case), they are ground
states. Some of these states are product states, and the
remainder can be found by exploiting the fact that the
nullspace of the clean model (uniform couplings) is the
same. For spin M > 3, we show that the resulting
nullspace dimension grows exponentially with increasing
system size. We identify precisely the SU(M) representa-
tions in the nullspace and find their dimensions increase
only polynomially with N. The exponential growth of
the nullspace size therefore results in HSF.

This large nullspace arises as a consequence of a non-
trivial commutant algebra. This algebra is a subalgebra
of the Read-Saleur (RS) algebra [I4], whose elements
commute with all the generators of certain presenta-
tions of the Temperley-Lieb algebra, including those used
to build the nearest-neighbor analogs of our model [2].
Remarkably, here we find that some of the HSF and
the commutant algebra present in the nearest-neighbor
chains survives their generalisation to our model as long
as we preserve bipartiteness.

Our model can be viewed as a bipartite generalization
of the Sachdev-Ye (SY) model [I5] 6], which has ran-
dom all-to-all couplings and SU(M) symmetry. The SY
model, along with the closely related Sachdev-Ye-Kitaev
(SYK) model of quartically coupled Majorana fermions,
have received much attention for their links to quantum
chaos. Many aspects of their thermalizing dynamics may



be accessed using field-theoretic techniques. We also de-
ploy such techniques in the limit of large M and N, and
find that the resulting equations are similar to those ob-
tained for the bipartite SYK model [I7]. They thus in-
dicate similar non-Fermi-liquid behaviour and emergent
conformal symmetry at low energies for the appropri-
ate disorder-averaged observables. However, our model
exhibits the additional feature of HSF not apparent in
the disorder-averaged field theory and not believed to be
present in the SY model.

We show how to modify our Hamiltonian using a long-
range variant of Shiraishi-Mori spectral embedding [I§].
The product states are then spread throughout the spec-
trum and constitute quantum many-body scars [3]. The
existence of these states results in a weak violation of
ETH, and can be arranged so as to lead to periodic re-
vivals, a hallmark of scars in experimental setups. Our
model thus provides a rare example of a non-local model
that violates ETH via fragmentation or scarring.

Our paper is organized as follows. In Sec. [[I, we de-
fine our Hamiltonian and demonstrate its key properties,
namely the exponential growth of its nullspace with sys-
tem size and the resulting Hilbert-space fragmentation.
In Sec. [[TT} we solve the uniform-coupling version of our
model, and use this solution to derive an exact formula
for the dimension of the nullspace of the full model. We
show that the fragmented sectors can be identified solely
by the SU(M) symmetry: states in certain SU(M) repre-
sentations are always part of the nullspace, while others
never belong to the nullspace. We find the commutant
algebra in Sec. [[V] and show how it is a remnant of the
Read-Saleur algebra. In Sec. [V] we exploit the bipar-
tite Sachdev-Ye structure to discuss the structure of the
disorder-averaged correlations of this model at low ener-
gies. We generalize the Shiraishi-Mori embedding formal-
ism to non-local Hamiltonians in Sec. [VI, and show that
the resulting scar states violate ETH. We apply this for-
malism to yield a non-local model with an exponentially
growing number of scar states, leading to weak fragmen-
tation. In Sec. [VII} we provide concluding remarks.

II. BASIC PROPERTIES

In this section, we introduce our Hamiltonian H s
and derive some of its key properties. We explain
how it can be thought of as a bipartite version of
the well-known Sachdev-Ye model, an all-to-all SU(M)-
symmetric model. Despite the resemblance, we show that
it has some significantly different properties. Namely,
we demonstrate that the dimension of the nullspace of
Hy; grows exponentially with increasing system size.
The states in this nullspace are frustration-free and cor-
respond to ground states for ferromagnetic couplings.
A consequence is that our model is Hilbert-space frag-
mented, with each map between two nullspace eigenstates
constituting an element of the commutant algebra.

A. The Hamiltonian

We study a spin-S SU(M )-symmetric bipartite system,
with M = 25 4 1. The system is composed of 2N spins,
with N spins transforming in the fundamental represen-
tation M of SU(M) and N transforming in the conjugate
representation M. We will usually label the spins of the
former by upper indices ¢ and the latter by lower indices j
with 1 < 4,5 < N. The corresponding states for each spin
are labeled respectively as ’ai> and |a;) with 1 <a <M.
We work in a basis where the symmetry generators are
built from operators acting on a given spin as

|b;) (a;] (1)

while acting trivially on the others. The operators

N . N
Jp=>"T +> S8 (2)
j=1

i=1

Tt =la) B S =

generate a U(M) algebra, but the U(1) generator ) J2
vanishes on any state in our Hilbert space. Thus effec-
tively the symmetry is SU(M).

We study the bipartite model with all two-spin inter-
actions between each pair (4,7) with ¢ in the M half and
j in the M half. The spins in each half do not interact
amongst themselves. The SU(M)-invariant two-spin in-
teraction can be written in terms of the (unnormalized)
projector onto a singlet, which is given in this basis by

Pl=- Z TS, = Z |a'a;) (bb;| . (3)
a,b=1 a,b=1

The eigenstate of Pj with non-vanishing eigenvalue M is

w97y = f ja'a;) - (4)

The most general such Hermitian Hamiltonian is com-
prised of a sum over singlet projectors for each pair with
arbitrary real coefficients 77:

N

Hy =Y riPl. (5)

ij=1

For M =2, the projector is the usual spin—% Heisen-
berg interaction. When M =3, a familiar way to rewrite
the Hamiltonian is in terms of the “biquadratic” spin-1
interaction. Namely, we let S* = ((S%)¢, (5Y)¢, (S%)*) de-
note the usual spin-1 SU(2) generators acting on spin 4,
and likewise for S; acting on spin j. The projector then
can be unitarily transformed into

UsPIUS = (8- 8;)? -1,

O (6)
where Uz = H exp(iﬂ'Sj) exp(iﬁSf) .

j=1



As has long been known [I2], the symmetry of the bi-
quadratic spin chain is enhanced to SU(3) with genera-
tors given by .

The nearest-neighbor uniform chain analog of Hj, is
found by setting 7 =0 unless j = i,i+1, yielding a chain
with 2V sites and nearest-neighbor interactions:

Z lP +T1+1 7,+1)' (7)

1=1

This Hamiltonian has long been studied (see e.g. [12}[13]),
because its generators obey the Temperley-Lieb alge-
bra. With uniform couplings, the model is integrable,
and many properties can be computed utilising the XXZ
chain whose generators satisfy the same algebra.

Remarkably, H,, has a large commutant algebra
whose generators were derived by Read and Saleur
(RS) [14]. Each element of this algebra commutes with
each projector from individually, and so commutes
with Hy, for any couplings. For M =2, where Hy, is
the Heisenberg chain, the commutant algebra is simply
SU(2). However, for M > 3, the dimension of the RS alge-
bra grows exponentially with system size, leading to ex-
ponentially large degeneracies in the spectrum. A heuris-
tic way of understanding why is to note that the spectrum
in essence follows from properties of the Temperley-Lieb
algebra, while the dimensions of the Hilbert spaces of the
XXZ chain and H,,, grow as 22 and M2V respectively.
Thus for M > 3, it is natural to expect large degeneracies
in the spectrum of the latter. We discuss the ensuing RS
algebra in more detail in Sec. [[V]

B. Hilbert-space fragmentation

One of central results of our paper is that Hjys with
completely arbitrary couplings 7/ has for M > 3 has a
nullspace whose dimension grows exponentially with N,
and as a consequence the model exhibits Hilbert-space
fragmentation. We show these facts here by a rather
elementary analysis. We derive an exact formula for the
dimension of this nullspace in Sec. [[TI} and show how the
SU(M) symmetry allows us to precisely characterize the
corresponding states. In Sec.[[V] we connect this result to
the survival of a non-trivial subalgebra of the RS algebra.

Since Hjp; from Eq. is a sum of projectors, its
nullspace N for arbitrary couplings consists of those
states annihilated by each projector Pj individually.
Such states are said to be frustration-free. An exponen-
tially large number of states in N are product states, and
so can be found easily. We write a product state |¢pr) as

on) = @ [t12 .tV 5180 5w, (8)

where each t%,s; € {1,..., M} denotes the state of the

spin ¢, 7 in the M and M irreps respectively. As apparent
from , if we choose t* and s; such that

M —1} (9)

ti§z<sj, for anyz € {1,...,

then |57} will be annihilated by each projector in Eq. ().
The total number of possible values for all the levels
t* and s; such that the above constraint is satisfied is
(2(M — 2))N for each value of 2.

Obviously, for M > 3, the number of product states
in the nullspace obeying @ grows exponentially with
N. Since all these product states belong to non-trivial
SU(M) multiplets, the number of them provides a lower
bound to the dimension Dxs of the nullspace:

M—-1

> AN (M =) (10)

For N large, this bound is sharply peaked around z =~
M/2, so we expect the exponential growth to be

M 2N
= M even
D (2) ) 11
A {(Mi—l)"’, M odd. (1)

For ferromagnetic couplings (r; > 0 for all 7 and j), each
state in the nullspace is a ground state, yielding an ex-
ponentially growing ground-state degeneracy.

For any couplings, the large nullspace results in
Hilbert-space fragmentation. In its analysis we follow the
approach of [2, 9] [20]. The bond algebra A of Hy, is
generated by the projectors P; and the identity operator,
with elements given by linear combinations of arbitrary
products of generators. The commutant algebra C is the
algebra of operators O that commute with each generator
of A individually:

C:{az[P;,@}:O,forlgi,jgN}. (12)

Under C, the Hilbert space splits into dynamically discon-
nected Krylov subspaces. The total number K of Krylov
subspaces is bounded by the dimension of C [2] as

dim(C) < K < dim(C). (13)

Hilbert-space fragmentation occurs in local models
when log(dim(C)), and hence log(K), grows as a volume
law with system size. The fragmentation is non-trivial
when A is non-abelian, as in our case. (If A were abelian,
the model would be trivially solvable.) As Hj; is effec-
tively zero-dimensional, we define fragmentation to occur
when log(dim(C)) grows linearly with N. We also require
that this exponential growth does not arise solely from
the degeneracies arising from the SU(M) symmetry, i.e.
the number of SU(M) multiplets in the nullspace must
grow exponentially.

Since the states in the nullspace N are annihilated by
each P]‘ individually, maps between them that leave all
other states invariant are elements of C. Indeed, for any
two states |¢4) , [¥B) € N, we have that

Pl [a) (Wsl| =0, for1 <ij <N (14)

Hence, dim(C) > (dim(N))?2, and so the size of the com-
mutant algebra grows exponentially with N. This leads



to Hilbert-space fragmentation, with each state in A/ con-
stituting its own one-dimensional Krylov subspace.

In section we derive an exact formula for the di-
mension of the nullspace, and find precisely which SU(M)
representations are present in it. This analysis allows us
to show that the degeneracies are exponentially larger
than those arising solely from the SU(M) symmetry.
Thus our model exhibits Hilbert-space fragmentation.

C. Comparing H); to the Sachdev-Ye Model

As an SU(M)-symmetric spin model with disordered
long-range interactions, Hj; is reminiscent of the well-
known Sachdev-Ye (SY) model [I5[I6]. The SY model is
a disordered all-to-all variation on the SU(M )-symmetric
Heisenberg model [15]. Its Hamiltonian is given by

HSY - \/72 Z g”sz a,j’ (15)

1<j a,b=1

where Sj'; are generators of SU(M) acting non-trivially
at site ¢, and the g;; are independent and identically
dlstrlbuted Gaussian random variables with vanishing
means and variances that do not scale with N or M.

The crucial distinction between the SY model and ours
is that all sites in the former transform in the same
SU(M) irreducible representation. When that represen—
tation is the fundamental M, each operator Sy, Sb
equal (up to a constant shift) to the permutation opera-
tor P,;; swapping the spins on sites ¢ and j.

As a consequence, Hsy and Hj; have rather different
physical properties. The permutation operators P¥/ in SY
split the M? states into M (M +1)/2 and M(M —1)/2-
dimensional subspaces. The singlet-projector operators
P]? comprising Hjys have rank 1, annihilating all but one

of the basis states in the M?2-dimensional Hilbert space
formed by two spins. It is therefore not surprising that
the Hjys has a non-trivial nullspace, unlike SY. We would
also expect the ranks of the projectors P; to influence the
rest of the spectrum, with Hj; having a higher density of
states close to energy zero than this SY model. We have
checked this behavior numerically and indeed confirmed
it at small N.

The SY model is therefore expected to obey ETH, as
tested in the fermionic analog, the Sachdev-Ye-Kitaev
(SYK) model [21} 22]. A reason is that when all sites
are in the fundamental representation, the SY model
has the same bond algebra as the SU(M) Heisenberg
model. Indeed any P;; is the product of nearest-
neighbour permutation operators, e.g. for j > i, Py; =
Pi,i-‘rl PH_LH_Q te Pj—l,j [23] The same bond algebra im-
plies the same commutant algebra as well, and including
random all-to-all couplings will not increase the symme-
try. The SU(M) Heisenberg model for M >2 is not
integrable and has no known symmetry algebra beyond
SU(M). It therefore obeys ETH, and SY model thus
should as well.

III. EXACT RESULTS

We here obtain the nullspace N of Hy;. As N is de-
fined as the set of states annihilated by all the projectors,
it is independent of the couplings. We thus can find it
by solving the “clean” case, where all couplings are the
same. We derive an exact formula for its exponentially
large dimension, and show precisely which SU(M) repre-
sentations appear in N.

A. The energies of the clean model

The clean version of H) is given by setting all cou-
plings 7 in Eq. to one:

N M )
Clean - Z Pl Z Z T;’lsg’j . (16)

ij=1 ij=1a,b=1

This Hamiltonian is invariant under permutations of the
N spins in the M representation amongst themselves,
and likewise for those in the M. This symmetry enhance-
ment allows the spectrum of Hjean to be computed from
a purely group-theoretical analysis.

The method for solving Hcjean is to write it as a sum of
Casimir invariants. Any representation of a Lie algebra
possesses a quadratic Casimir operator that commutes
with all the generators of the algebra in that representa-
tion. The full system we are studying is comprised of N
spins in the M representation of SU(M) and N in the M,

—®N
i.e. the representation is M®V ® M™" with generators
given in (2f1). The corresponding Casimir operator is

M
> T (17)

a,b=1

C

MeN@MEN =

We also need the SU(M) Casimir operators for just the
M spins and for just the M spins, which are

M
CM®N — Z nar];b v +Z Z Talsz

a,b=1 1a,b

=1
M N2 M N
Cgon = Y SpSh = MJF > sgsh

a,b=1 a,b=1j=1

(18)

where the SU(M) generators acting on the M®Y and

—@N
M” subspaces are respectively

N N
Te=Y" (T;,z B %55)7 sp=3 (sg,j + ﬁag}
i=1 j=1
giving traceless operators as needed.
The clean Hamiltonian therefore can be written in
terms of these three Casimir operators as

N2 1
Hejean = 57 + §(OM®N + Cygenv — CM®N®M®

V). (19)



Other models consisting of a sum of SU(M) Casimirs
have been analyzed [24H27], but all spins in these models
are in the M representation.

The key property of the quadratic Casimir operator
is that for an irreducible representation it is propor-
tional to the identity. Irreducible representations of
SU(M) are characterized by an M-dimensional vector
p=1[p1,p2,...,pnm| comprised of integers satisfying

pr=>p22>...2pym > 0. (20)

Each such vector can be written as a partition Pg j, of S =
> a Pa into k positive integers, where k < M. For any
partition with & < M, we set A, =0 for b > k. The vector
corresponding to the fundamental M representation is
[1,0,0,...0], while for the conjugate M it is [1,1,...,1,0].
SU(M) representations related by shifting all p, — p,—1
(until ppr = 0) are equivalent.
The quadratic Casimir operator obeys

C,=c,1 for pirreducible. (21)

For any representation of a semisimple Lie algebra, the

number ¢, can be determined by standard techniques.
For SU(M), it is [28]

= (52 + (1 -20p.) (Y p)”
’ T )

where here and everywhere unlabeled sums over a run
from 1 to M. The Casimir ¢, is indeed invariant under
the shift p, — p, — 1.

Group theory alone yields all the eigenvalues of Hcjean-
Finding them requires decomposing the Hilbert space

MEN M into irreducible representations of SU(M).
Since involves also the Casimir operators for the
two types of spins alone, we must also keep track of
the representations of SU(M) in the corresponding sub-
spaces. The simplest way to understand tensor products
of SU(M) representations is via Young diagrams. The
Young diagram for an irreducible representation p is a
collection of boxes glued together such that the ath row
has p, boxes in it. To take the tensor product of two rep-
resentations, one glues the boxes from the corresponding
Young diagrams together subject to certain rules (see e.g.
[29] or any text on Lie algebras).

We first need to decompose the tensor products M®V

—QN
and M" into a direct sum over irreducible representa-
tions A and 7 respectively, and then decompose the tensor
product of each A and 7 pair. The irreducible representa-
tions A in the decomposition of M®Y obey > A, = N.
They therefore can be written as integer partitions of N
into at most M parts:

MY = @m(\) A, ANEPyyfor k<M.  (23)
where m(A) is the “multiplicity”, the number of times
A appears in this direct sum. We give its value below.

5

The decomposition of M®N can be characterized simi-
larly by taking advantage of conjugate representations.
The conjugate 7 is defined via ¥, = v1 — Ym+1-a. The
conjugate of a tensor product is the tensor product of the
conjugates. We then utilize to get

N _ em(y)7y, € Pyyforl <M. (24)

M
Here ), %, = M~ — N.

To decompose the full Hilbert space into irreducible
representations, we then take the tensor product of each
pair to give A ® ¥ = @p. The Hilbert space thus can be
decomposed into sectors labeled by (A, 7, p). The clean
Hamiltonian is diagonal in such a basis, with any state
|¥x5,p) 0 & given sector obeying

Hclean |w)\ﬁ,p> = (NWQ + %(CA + Cy — Cp)) |w)\ﬁ,p> .
(25)

This spectrum of the clean model is highly degenerate,
and below we compute its ground-state degeneracy.

B. The ground states of the clean model

To find the dimension of the nullspace of Hj;, we first
construct the states annihilated by Hcjean. Since eigen-
values of Hjean and Casimirs of SU(M) are always non-
negative, from we have

¢y < QNVZ + e\ + ¢, (26)

with ground states given by those representations p &
A ® 7 satisfying the equality.

Thus for a given pair \,7, candidates for ground states
must maximize c,. To find this maximum, we exploit
a useful inequality for SU(M) representations: for any
p EAX®7, then [30]

b b
D a+7a) 2D ra (27)
a=1

a=1

for any b. It follows from the explicit expression that
this ¢, is maximized when p obeys the equality in ,
i.e. p= A +7. Here the Young diagram for p is given by
gluing those for A and 7 together horizontally.

The zero-energy ground states of H¢ean are therefore
those A and % for which

eary = 207 4 e + e (28)
By construction > A, =N and ) 7,=M~; — N, so
that yields
— 2
Caxyg —Cx —Cx = 22)\(17,1 — 2N~, + 247

IRC
= _QZAa7M+1—a + 297 -



The condition then reduces to
Z AaYms1-a =0 (30)

In we defined A and ~ as partitions of N. Since
both A, and «,,,,_, are non-negative, one of these two
must vanish for all a for to be satisfied.

The condition therefore is equivalent to the re-
markably simple constraint k£ + 1 < M. We thus find
that the ground states of Hcean and the null space of
H)yy are all those [ty 5,a+5) with

| X€Pvi, vEPvu k+l<M. | (31

This constraint is both necessary and sufficient for ob-
taining a zero-energy ground state of H¢jean-

We thus have proved that the Hilbert space of Hjs
is fragmented: all states satisfying are part of the
null space. Since there are many such SU(M) representa-
tions, this degeneracy goes well beyond the consequences
of this global symmetry. In section [[ITD] we prove an
even stronger statement: any state in a representation p
that obeys p = A + 7 is in the nullspace, as long as A
and ~ satisfy the conditions of .

C. Exact dimension of the nullspace

We here present an exact formula for the dimension of
the nullspace N of Hj; as a function of M and N. As
discussed in section [[TB] all states in the nullspace are
annihilated by each projector PJZ Because Hjean 1S a sum
over these projection operators with positive coefficients,
its eigenvalues are non-negative, and all eigenstates with
zero eigenvalue are annihilated by all P; Hence the null
states for any 7"; are given by the zero-energy ground
states of the clean model. We therefore may make use
of the solution of the latter to derive the nullspace di-
mension Dyr. It therefore follows from purely group-
theoretical calculations.

The nullspace is spanned by all the states in . The
multiplicities m(A) and m(vy) in (23}24) give rise to one
kind of degeneracy: any of the copies of A and 7 can be
used to make p = A + 7. The second kind of degeneracy
comes from the fact that any of the states in the p rep-
resentation give rise to a ground state. The number of
these is d(X\ 4+ 7), the dimension of this representation.
The resulting number of ground states, and hence the
dimension of the null space N, is then

M—-1

De= Y Y Y mmedA ), (32
k=1 XEPn i YEPN:
k+e<M

which indicates that this degeneracy is significantly
greater than can be explained via any obvious symme-
try of the model.

The multiplicities and dimensions of these representa-
tions follow from standard group-theory methods. The
N spins in the M representation are exchanged amongst
each other by elements of the permutation group Sy,
which in the clean model is a symmetry. The multi-
plicities m(A) in are given by the representation of
the corresponding irreducible representation of this Sy.
Both this representation and the SU(M) representation
A are labelled by the same Young diagram, a fact known
as Schur-Weyl duality. The dimension of an Sy repre-
sentation is given by

h(A) = [ haw (33)
a,b

where h, ; denotes the “hook length” of the box at row a,
column b of the Young diagram for A, and the product in
h(A) is over all boxes. A hook comprises the box (a,b),
all the boxes to the right of it in the same row a, and
all the boxes below it in the same column b. The hook
length h,p is the number of such boxes. The dimension
d(p) of a SU(M) representation also involves the product
of hook lengths. It is

1 ﬁ(ﬂa+M—a)! =

For M =2, the formula exhibits no great surprises.
Here both k and ! must be 1, and the only partition Py ;
is [N,0], which has m([N,0])=1. The corresponding
SU(2) representation has dimension d([2N,0]) = 2N +1,
so we find Dy = 2N +1, the dimension of the usual
ferromagnetic multiplet.

As we noted in , for M > 3 the nullspace dimen-
sion grows exponentially with N. For M =3 the precise
asymptotic is

9
DN‘ ~ 2N N? for large N. (35)
To prove (35)), we first note that using the explicit ex-
pressions (33|[34) for the multiplicities and the dimension
in the exact formula for M =3 yields

=(N+1)°+ LNZ/QJ P (N>

n

D/\/’
M=3 1

(36)
1+N+n
1+N-—-n"

We define o via n = N/2 — aN, so that the binomial is
sharply peaked at o small. We take N large and o small,
and use Stirling’s formula to approximate it as

N 2
(N aN) =2V e—2“2N<1 +0(a?,a'N, N‘1)>.
2~ T

This expression is exponentially small unless « is order
1/V/N or smaller, justifying neglecting the other terms.
We then can approximate

Pn =18a°N? + O(aN? o’ N?) (37)

P, = (14+ N —2n)*(2+2N —n)



and replace the sum over n in with an integral over
Nda, giving

1
[2N [> 2
~ 9N 3 2 —2Na
Doy 2 2V 18N [ = /0 dao’e :

Since the integrand is sharply peaked around o = 0, we
can extend the upper limit of integration to co and then
do the Gaussian integral, yielding (35). The corrections
are suppressed by 1/N: the terms in (37)) suppressed by
only 1/ VN cancel after doing the integral.

Another limit of Eq. worth considering is the large
M limit for fixed N. Since the rank of each projector P}
remains fixed at 1, and the total number of projectors
is fixed at N2, we expect the nullspace to dominate in
the large M limit. This is indeed the case: we show in
App. [A] that the limiting form is the dimension of the
total Hilbert space:

. Dy
lim

M—oo M2N - (38)

We note that this effect does not happen in the SY model
with spins in the fundamental representation: the permu-
tation operators P¥ split the Hilbert space of two spins
into symmetric and antisymmetric subspaces, which have
comparable dimensions in the large M limit.

D. SU(M) and the nullspace

We have demonstrated degeneracies in the spectrum of
Hj; going well beyond SU(M), as for M >2 many dif-
ferent representations obey the nullspace condition .
The number of each such representation is the product
of multiplicities m(A)m(7), and it grows exponentially
with V. For example, the binomial in the SU(3) formula
arises from the multiplicities, not the degeneracies
coming from a particular SU(M) representation.

However, we see no evidence for degeneracies and frag-
mentation outside the nullspace. Thus despite its being
exponentially large, the nullspace for Hj; still comprises
a vanishing fraction of the full Hilbert space for M finite.
Thus fragmentation occurs only in a set of measure zero
of the full Hilbert space, and almost all states obey ETH.

The SU(M) representations appearing in the nullspace
defined by are rather special. The reason is that all
the projectors Pj must annihilate states in the nullspace,
and when forming p € A ® 7, no singlets can appear.

This property leads to a rather interesting feature of
Hy;. We show here that determining whether a given
eigenstate is in the nullspace requires only knowing how
it transforms under SU(M). Namely, any eigenstate of
H)y; in the SU(M) representation p = A + 7 satisfying
the conditions of must be in the nullspace. Any
eigenstates of H); in any other representations are not
in the null space.

Precisely, any eigenstate of Hp; can be labeled non-
uniquely by the triple A, v, p where A,y € Py, and p €

A ® 7, just as shown in for Heean. However, in
general the eigenvalues depend on more data than just
these representations. Eigenstates in the null space of
H); satisfy the more restrictive properties given in .
We prove that the only way to have p = p for all such p
is for the corresponding A = A and v = v as well.

A key component of the proof is the tensor-product
rule , which for p, = p, = Ay +7, requires that

Zb: (Ao +7a) > Zb: (Ao +7,) (39)

a=1 a=1

for all b. The equality is satisfied when we glue the Young
diagrams horizontally. Otherwise, it amounts to requir-
ing that boxes can only move downward when forming p
from A ®7.

We start by noting that ;1 ==, because by construc-
tion My1=>,pa=D>_,Ps=M~,. By definition v €
Py 1, so we have 7y, =%, =, for a < M —[. All repre-
sentations obey , so it follows that

Wagilgrylzf)llzﬁa foraSM—l, (40)

i.e. we cannot add boxes to these rows of 7, to get 7,.
Having 7, <7, for all @ < M — [ then requires

b b
D Aa=D A, forb< ML (41)
a=1 a=1

Preserving Y, Ao = >, Aa = N along with requires

M-I M-I
D A= A=N, A=0 fora>M-1 (42)
a=1 a=1

Moreover, 7, = p, for all a > k > M — [ since A, =0
in this range. Using along with means that
Vo = Yo = P, for all a > M —[. However, since boxes
can only move downward in the tensor product, having
the inequality for some such a would result in p,s > p,
for some @’ > a > M — . Thus

Y, =7, fora>M—1. (43)

However, combining this with the fact that > 7, =
Y a Yo shows that the inequality in must be an
equality. Thus ¥ =% and v = 7.

The final step comes from noting that requires
that when going from A to A, boxes with a < M — [ only
can stay put or move up. Given that 7, =%, =7, for
a < M — 1, any such box moving up would need to move
back down when forming p= p. Such a move, however, is
not consistent with the tensor-product rules: boxes orig-
inally in the same row cannot end up in the same col-
umn after taking the tensor product. (The reason is that
tensor indices are symmetrized in the rows of Young di-
agram, antisymmetrized in the columns.) Thus the only
consistent possibility for p = A +%F € A ® 7 satisfying
is to have both y=+ and A=A\, as claimed.



IV. THE READ-SALEUR SYMMETRY
ALGEBRA AND ITS REMNANT

A remarkable feature of the nearest-neighbor chain
is the presence of a large commutant algebra discovered
by Read and Saleur (RS) [I4]. The resulting degenera-
cies occur throughout almost all the spectrum. Their
number grows exponentially with system size, and so re-
sults in Hilbert-space fragmentation [2]. We have shown
that the exponentially large dimension of the nullspace
and the ensuing fragmentation survive the introduction
of the many additional couplings in Hy;. As described
in section [[TB] this behavior automatically results in a
commutant algebra acting within this nullspace. In this
section we demonstrate that this algebra is a subalgebra
of the RS algebra.

A. The Read-Saleur algebra

We here describe the Read-Saleur commutant algebra
of the nearest-neighbor chain . To make the structure
more apparent, we renumber the sites as p = 1...2N,
with odd p labeling spins in the M representation and
even p labeling those in the M. We also relabel the gen-
erators of H,, as eg;_1 = Pii and eq; = Pf+1 SO

2N
n — E Tp€p,
p=1

with 7, the non-vanishing random couplings. Each pro-
jector e, onto a nearest-neighbour SU(M) singlet has
only one non-vanishing eigenvalue out of the M? pos-
sibilities. Since the nearest-neighbor chain has only 2V
such projectors, one expects large degeneracies for large
enough M.

Comparison with the XXZ chain suggests that expo-
nentially large degeneracies occur for any M > 3. The
generators e, satisfy the Temperley-Lieb algebra [12]:

M
€p = Z |apap+1) (bpbpia| - (44)

a,b=1

(ep)2 = Me, , €pCpt1Cp = Cp (45)
and epe, = eye, with [p — p'| > 1. Many interesting
lattice Hamiltonians are written in terms of the ey,; one
prominent example is the XXZ chain. In the uniform-
coupling case any such chain is integrable, and so the
relation between the two spectra can be determined ex-
actly (see [I3] and references therein). Since the Hilbert
spaces for XXZ and H,, are 22V and M?2"-dimensional
respectively, there should be exponentially large degen-
eracies in the spectrum of H,, when M > 3.

Read and Saleur [I4] showed how the degeneracies
are independent of the couplings 7, in Hy,. They did
so by constructing the irreducible representations of the
Temperley-Lieb algebra in this chain. The resulting de-
generacies are completely independent of the couplings,
following solely from understanding how the Temperley-
Lieb algebra works here. Not surprisingly, the nullspace

has the largest degeneracy, but large degeneracies are
found for all but a small set of states.

A key tool of Read and Saleur’s results is the con-
struction of the commutant algebra C?S of the ep. It is
generated by J(*) that satisfy

epJ®) =J3e, =0 (46)

for all p. RS find a linear basis set for the generators in
terms of the same building blocks used to construct
the SU(M) generators, namely

Jli2i71 = Tz;m7 Jl;l,Qj = Sg,j' (47)

Generators of CRS are of the form

(s) — ~b1bs.. ajas..
J ga1a2 Jblbg b 7

a1,by,...

(48)
ai1as...as ai as as
Jb1b2 b T Z Jbl \P1 Jbz o2 Jbiyps‘
1<p1<p2<...<ps<2N
for 0 < s < 2N. Setting s=1 yields the SU(M) genera-

tors. For (46]) to be satisfied, the necessary and sufficient
conditions on the coefficients are

~. ,abp+1 bp7a7
Z Z apin =0 (49)

for all p. More explicit expressions for the J(*) can be
found in Ref. [T4l

As apparent from , the RS algebra includes the
universal enveloping algebra $(SU(M)) (i.e. products of
the SU(M) generators in this representation). It is easy
to check that the J*) map between different representa-
tions of SU(M), and so go beyond {(SU(M). RS derive a
variety of interesting properties of C*°, for example show-
ing how gluing together multiple systems allows one to
define a tensor-product structure. More generally, they
show the algebra is Morita equivalent to $,(sl(2)), the
commutant algebra of some other Temperley-Lieb sys-
tems like the XXZ chain. However, many interesting
questions remain; even the minimal set of generators of
CRS and their commutation relations is not known.

B. The commutant algebra

We have shown explicitly in Sec. [ILC] that degenera-
cies in the null space survive the inclusion of all N? cou-
plings in Hps, and that one can define elements of the
commutant algebra mapping in between them. We show
here that these elements form a subalgebra of the RS al-
gebra, in particular of the algebra generated by the JZV).

In the nearest-neighbor case, the JZN) act non-
trivially on the nullspace of H,, and annihilate all other
states. The reason is that the J?V) annihilate any
state with at least one nearest-neighbour SU(M) singlet,
and the eigenstates of Hy, with non-zero eigenvalues are



solely composed of such states [14]. Furthermore, for any
two states in the nullspace of H,,, there is an operator
amongst the JN) that maps between them.

We generalize this result here. Since all nullstates of
H); are also nullstates of Hy,,, maps between the former
are given by operators J?N) that satisfy certain addi-
tional constraints. For notational ease, we relabel the

indices as
(2N) _ btbNdyedy par,l | pa™,Nger | gen
J - al--aNep-en Tln TbN Sd1,1 SdN,N'
(50)

where this sum and all those in this section are over the
appropriate a*,b’, ¢;,d; from 1 to M. To be in the com-
mutant algebra of H,;, these operators obey

(2N) pi _ pi J(2N) _ i
JENV P =P =0, for 1<4,j<N. (51)
These constraints require that the coeflicients satisfy
Ci b s _ SRR dje
Moodmgitii= 0 gl =0 (52)
{b}.{e} {a}.{d}

forall 1 <i,5 < N.
A general null state of Hy, is given by

[y = > vhrWat- -
{a},{d}

aVdy---dy), (53)

where the a and d; transform in the M and M repre-
sentations respectively, and the coefficients satisfy

S osugdhdy =0, for 1<i <N, (54)
{a} {d}

The resemblance to the constraints on J is not coinci-
dental. We can find a solution to by taking any two
solutions 9, x of and defining

1. N *
gl i () L (69)
We thus have proved that |¢)x| can be written as an
operator JN) from Eq.(g).

Regarding the other energy levels of Hp;, our numer-
ics found no sign of degeneracies other than those arising
from the global SU(M) symmetry. This suggests that the
only operators J*) which act nontrivially on eigenstates
outside the nullspace are elements of Y(SU(M)). This
suggestion is in harmony with Read and Saleur’s deriva-
tion of the symmetry generators for the nearest-neighbor
chain [I4]. Their construction utilizes a “dimer” basis
for the Hilbert space, where each state is written as a
product of spin-singlet (dimer) states. Operators in the
Temperley-Lieb algebra act non-trivially on the dimers,
whereas those in the RS algebra leave the dimers un-
touched. The non-local projectors P]? in Hys, however,
mix the dimer states in a much more complicated way,
and so there is no reason to expect degeneracies beyond
SU(M). Indeed, from this point of view it is rather sur-
prising that even the non-trivial nullspace survives.

V. LOW-ENERGY FIELD-THEORY
DESCRIPTION

In Sec.[[TC|we discussed how H s resembles a bipartite
version of the SY model but with Hilbert-space fragmen-
tation. Here we sharpen the comparison by analyzing a
field-theory limit using manipulations familiar from stud-
ies of the SY/SYK models [15, BI]. We will take the
limit of a large number of spins and of large M, and
subsequently the limit of frequencies small compared to
microscopic scales when we explicitly discuss constraints
on conformal ansatze for the low-energy correlations. As
we explain next, we also need to generalize the spins to
larger representations of SU(M).

A. Spins in antisymmetric representations

A natural generalization of H,; is to take spins in rep-
resentations other than the fundamental ones. We utilize
the antisymmetric representation A, of SU(M), which
has a Young diagram with one column and m rows. We
consider N spins in the A,, representation and N in the
A,, =Aj;_,, representation. The Hamiltonian is the ob-
vious generalization of (F]), namely

1 N N o
Haton =~ > gip (56)

i=1 j=1

where the projectors are as in (3)) with the sum running
instead to d,, = (%), the number of states per site. We
have included random couplings g; and allow for N # N.

The generalized Hamiltonian Hjy ,, remains a sum of
positive semidefinite operators, so the nullspace still con-
sists of those states annihilated by each two-site term
individually. The calculation of the nullspace dimension
thus proceeds as in Sec. [[TT] The clean model Hamiltonian
is written in terms of Casimirs as
m? (N2 +N2)

T"’_%(CA%N +CX§1N _C

lean
HY = — N )
M N QN
»m ASNQAT

just like (25). The tensor products can be decomposed

into irreducible representations A € ASN WEX%V and
p € Y®A. One then finds as in that the ground states
are states where p = A +7% and £+ [ < M, with Young
diagrams for A and ~+ having k and [ rows respectively.

For m # M/2, similar arguments to those for m=1
show that the dimension of the nullspace grows exponen-
tially with N. For m = M/2, the model is equivalent to
the SY model with spins in the representation A,;/,. We
thus expect no Hilbert-space fragmentation. Indeed, all
but one of the possible A\ have more than M /2 rows, and
likewise for . Hence there is only one SU(M) represen-
tation in the nullspace, that with a rectangular Young
diagram with m = M/2 rows and N + N columns. It has
multiplicity one in the tensor products, so fragmentation
does not occur.



B. Field-theory description at large M, m

Here we utilize field-theory techniques [15] BI] to show
how some of the physics closely resembles that of the SY
and SYK models. We study the Hamiltonian Hy ,,, from
(56) with spins in antisymmetric representations. Here
we set N/N = b, and m/M = ¢ with b and ¢ order 1.

We represent the spins in the A, and A, representa-
tions using fermionic operators f?, f;:

M

> =m,

a=1

M
So;=F s D M fay=M—m,

a=1

Syt =Ny
(57)

where the fermions obey standard anticommutation re-
lations: {fe1, fi} = {fb,j,f;j} =1, and all other an-
ticommutators vanish. The Hamiltonian (56| written in
terms of spins contains interactions of the SY form be-
tween the two groups of spins

=,

H= ?Sg’iSf;,j. (58)

The coefficients gj- are independent and identically dis-

tributed Gaussian random variables with g? = 0 and

(95)* = g*.
We introduce the on-site (and diagonal in SU(M
dex) Green’s functions at T' = 0:

G(r) = =T {f*" (1) f*}(0)), G(r) =

) in-

(59)
That we calculate disorder-averaged quantities is implicit
throughout this section; whether the quantities of inter-
est are well-represented by their disorder averages is a
separate question, and one which we shall not confront.
One can calculate these Greens functions by writing
the Hamiltonian of Eq. ( in terms of fermions using
Eq. ., with chemical potentlals u, fi to fix the respec-
tive fillings. We then observe that the diagrams which
do not vanish in the large N, M limit are of the melon
type, just like in the SYK model. The Schwinger-Dyson
equations are

1 ~ 1

G = sy = s
60

with

S = () = GGG, (61)

\\ ;
-

where U? = bg?/2 and

PR

~T{fa () f1(0)).
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where U? = ¢2 /2. In the above diagrams, solid and
dashed lines denote the propagators G and G. The dis-
order average which couples the two vertices is implicit.
Finally, the filling constraints of Eqgs. translate to
Gr=0")=¢, Glr=0")=1-c (63)
All other propagators are smaller by factors of N, M rel-
ative to these, and so will be ignored. Equations with a
similar structure have appeared in the solution of a bi-
partite Majorana SYK model in Ref.[I7 and an all-to-all
t-J model in Ref. [321
Egs. through in general need to be solved
numerically. However, in looking for solutions in the w —
0 (consequently |7| — oo) limit some further progress
can be made. One starts by guessing SYK-like Green’s
functions in the upper half frequency plane (Im z > 0):
e—i(TA+0) ~ _ e—i(mA+0)

G(z) = C—=a—
z

These allow us to find the corresponding spectral func-

tions, which yield, via Laplace transforms, G(7) and

G(7):

CT(24) sm(7TA+0)
G(T) { CF(ZA) sm(ﬂ'& 0)

B T <0,

7>0 (65)

and an identical expression with tildes for G(7). Defining

crea) sin(rA £ 6) (66)

a4 =
™
(and similar for a4 ) Egs. and become, respec-
tively,

‘T|_2A_4A

—U2a+d+d, 7>0

B(r) {U2a07+07|7|_2A_4AT <0 (67)
and its tilded counterpart.

Again using the inverse Laplace transforms as an in-
termediate object, we can find X(iw) and 3(iw). Then,
assuming that the small-frequency behaviour of the de-
nominators in Eq. is dominated by the self energies,
equating the powers of w in the same equations gives
1-2A=2A+4A -1, ie.

-1

and equating the coefficients then gives

1 T(@2AI?(2A) - X 5
_1_ TRATTRA) ey (cos 2nA — cos20) (69)
C  2mT(2A +4A)

and the tilded version. Dividing these two equations, one
arrives at

E_l_ 2A  cos20 + cos 2rA (70)
U2 b 1—2Acos20—cos2rA’




Setting # = 6 = 0, which enforces particle-hole symme-
try, one recovers the equation for A in the bipartite SYK
(i.e., quartic-in-Majoranas) model studied in Ref. 17 Fi-
nally, we have equations that fix the fillings in terms of
the parameters that enter the Green’s functions [31],[33):

1 0 1 sin 20
CZ_W_(Q_A> sin 27 A’ (71)
1 ] sin 26
l—c==-—-— - —-A—"", 2
¢ 2 7 sin 27w A (72)

Note that these “Luttinger relations” cannot be found
by substituting the Green’s functions of Eq. (which
are valid only at large |7]) into Eq. (which con-
cerns the 7 — 0 behaviour of the true Green’s functions).
Eqgs. , , are three equations in the variables
A, 0,0, and may be solved numerically.

We should stress that the conformal ansatz, while
demonstrably a valid solution to the Schwinger-Dyson
equations as w — 0, is not guaranteed to be associated
with any solution that is valid at higher energies as well.
(See, e.g., Ref. B4 for a treatment of this issue in the
SYK context.) In this sense the approach described here
does not represent a complete solution for the Green’s
function even in the N, M — oo limit.

We expect that the states in the nullspace, the focus
of the rest of this paper, are invisible to the solutions
of the Schwinger-Dyson equations discussed here, and
would also be invisible to their finite-temperature ver-
sion — even if analytic continuation to real time can be
performed. This is because these states are exponentially
(in N) rare in the spectrum, and so taking the N — oo
limit (which one has to do for any analytical control) will
erase their contribution. While 1/M corrections may be
possible to treat, and are likely to indicate a spin-glass
state [35], the N — oo limit must be taken first in such
calculations; we are not aware of a way to calculate, say,
1/N corrections at large but finite M. Furthermore, all
the quantities one can calculate in the field-theoretic ap-
proach are disorder-averaged. It is not clear a priori,
even at finite IV, if disorder-averaged correlation func-
tions should be expected to inherit any non-trivial fea-
tures from the non-ergodicity of the Hamiltonian.

VI. SCARS FROM THE SHIRAISHI-MORI
CONSTRUCTION

We have established that each eigenstate in the
nullspace of Hy; does not mix with the others under time
evolution. As such, it is tempting to label these eigen-
states as quantum many-body scars [20]. The numerous
product eigenstates identified in Sec. [[TB] have area-law
entanglement entropy scaling, a signal of a scar. How-
ever, typically a scar is a rare ETH-violating exception
in an otherwise thermal spectrum. Here the situation is
rather different, as states in certain SU(M) representa-
tions are in the nullspace, while all others are not.
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We show in this section how to perturb Hj; to yield
more conventional scars. We utilize the Shiraishi-Mori
(SM) embedding formalism [I8] to break the SU(M) sym-
metry, converting some of the original nullspace eigen-
states into quantum many-body scars. To do so, we must
address subtleties involved in applying this formalism to
non-local models.

A quantum many-body scar for a local Hamiltonian
violates ETH. Since global symmetries also constrain
time evolution in the obvious fashion, we must split the
Hilbert space into sectors H,,, labeled by the correspond-
ing quantum numbers. Defining Hihermal,n to be largest
Krylov subspace of H,,, two conditions are sufficient for
an eigenstate |Yscar) to be a quantum many-body scar
[20], namely

dim(chermal,n) N—o00

dim(H.,)

|¢SC&I‘><¢SC&I‘| 6 C I’ 17 (73)
where C is a non-trivial commutant algebra. The first
condition ensures that the scar state violates ETH, since
it implies that the scar state is an eigenstate of a family of
Hamiltonians, whereas ETH-obeying eigenstates generi-
cally have a unique parent Hamiltonian [20} 36} [37]. The
second condition ensures that the scar state is a rare ex-
ception in a spectrum dominated by thermal eigenstates.
We note that |t)scar) need not have area-law entangle-
ment entropy [20, B8]. Additionally, if the number of
scars in a model grows exponentially with N, then by
Eq. the dimension of the commutant algebra grows
exponentially as well, leading to Hilbert-space fragmen-
tation. The fragmentation in this case is weak, because
the second condition of Eq. says that the spectrum
is dominated by one large thermal Krylov subspace.
Following Refs. [18 and 20, we perturb H,; as

N
Hsi= Y P;h@] P!+ Hyer, (74)

ij=1

where the h{j,]] are finite-support operators that are suffi-

ciently general to break the SU(M) symmetry, and Hpert
is chosen to split the degeneracies between the nullspace

eigenstates. Each operator hB]]
the spins 7 and 7, so these indices merely serve as labels.

The original Hamiltonian Hj; from Eq. corresponds

to setting hB]] = 7';1 and Hpery = 0.

Because the SU(M) symmetry of Hjs is broken, the
perturbed Hamiltonian Hgyp acquires a dominant ther-
mal subspace, and hence satisfies the second condition of
Eq. . Furthermore, when Hpe =0, the nullspaces of
Hgy and H)yy are the same and so states in it satisfy the
first condition of Eq. as well. However, satisfying
these conditions does not automatically guarantee that
states in the nullspace of a non-local model are quantum
many-body scars. This is because a thermal eigenstate is
generally understood to uniquely specify a parent Hamil-
tonian only for spatially local systems [36], 37]. In the ab-
sence of locality, we thus cannot conclude that the first

need not have support on



condition is thus is sufficient to imply that an eigenstate
violates ETH.

However, the product eigenstates in the nullspace iden-
tified in Sec. [[TB] have area-law scaling and so violate
ETH. Moroever, we can choose Hye¢ such that the prod-
uct eigenstates of Hy; are split from the remainder of the
nullspace. Namely, we perturb by the diagonal on-site
U(M) generators defined in Eq. via

M
pert—z an zTaz+Zda So , (75)
a=1 \i=1

where the ¢®? and d% are arbitrary distinct real coeffi-
cients. The product states from N remain eigenstates
of Hsy, and now are situated in quantum-number sec-
tors of Hgy that have a dominant thermal Krylov sub-
space. They thus satisfy the conditions in Eq. , and
furthermore violate ETH due to their area-law entangle-
ment entropy scaling. The product states hence consti-
tute quantum many-body scars of Hgy. In particular,
when the coefficients ¢®* and dj are rational, any initial
state composed of a sum of these product states would ex-
hibit revivals when time evolved with Hgyr, a hallmark of
scars [3]. Additionally, since the number of such product
states grows exponentially with N, the perturbed model
Hgy has an exponentially-growing number of quantum
many-body scars and is Hilbert space fragmented.

VII. CONCLUDING REMARKS

The non-local model introduced in this paper possesses
a number of remarkable properties. In spite of its all-
to-all interactions, the dimension of its nullspace grows
exponentially with increasing system size. Furthermore,
maps between eigenstates in this nullspace are elements
of the commutant algebra. The exponentially growing
degeneracy thus leads to Hilbert-space fragmentation in
some of the SU(M) quantum number sectors of the spec-
trum, violating ETH in a weak sense. Much like the
SY model, our model can in appropriate limits be at-
tacked by field-theoretic methods, at least for disorder
averaged low-energy observables. However these tech-
niques cannot access the special states in the null space.
The Shiraishi-Mori embedding formalism can be utilised
to perturb many of the eigenstates in the nullspace into
quantum many-body scars.

Non-local models with Hilbert space fragmentation are
rarer in the literature than those with quantum many-
body scars. Non-local models have a large bond algebra:
for example, the number of generators of the bond alge-
bra of Hy; grows quadratically with N, as opposed to
the linear growth associated with a 1D spin chain. This
strongly constrains the dimension of the commutant al-
gebra, making fragmentation less likely.

Previous works have considered how scars and frag-
mentation can be stable against the addition of longer-
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range interactions to local Hamiltonians [39-H43]. How-
ever, the model studied here is apparently a rare example
of one where the non-local terms are the leading contri-
bution to the problem, and cannot be ascribed a notion
of spatial distance: it is intrinsically “zero dimensional”.
It may be of interest to explore other problems of that
nature which share some features of our model, for in-
stance the model of Ref. [44] which is also SYK-like and
has extensive degeneracies in its eigenspectrum. We leave
this question for the future.
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Appendix A: Limiting form for M large, N fixed

In this appendix, we show that for M > 2N, the Hilbert
space is dominated by the nullspace, as displayed in :

lim 2N
im
M=o M2N

The proof follows from two facts: 1) for all states in
the nullspace as given in , the dimension of the cor-
responding SU(M) multlplet grows as M2V for fixed N,
while 2) all other irreducible representations have dlmen—
sion growing as a lower power of M.

We first note that £k + ¢ < 2N < M when M > 2N.
Since the restriction in the sum in is always satisfied,
the nullspace dimension simplifies to

D=y Y Yom

k=1 XePn1 YEPN,

The only dependence on M here is through the SU(M)
dimension d(p). The formula for this dimension
then can be factored into two pieces by splitting this
product into one piece involving the first & rows of the
Young diagram for p, and another involving the other
rows. The latter part of this diagram can be thought
of as a separate Young diagram with entries p(M—%) =
[Pry1s Pryas - Pyl = Vi1, Vrras - -+ Y] The corre-
sponding contributions of this piece to d(p) then amount
to the dimension d™~*) of the representation p(™—*) in
the group SU(M — k), yielding

15 (pa + M —a)!

[Ty (M = ) TT2 has)
(42)

=1

JAA+7). (AL

(p) = dM ) (M)



The resulting large-M behavior is straightforward to
determine. We have

ﬁ(pa+M—a :f[ +71+M—a)
i M b - a)! (A3)
M large MN+k'71

)

where we exploit the facts that Y¢_ A, = N and
o =71 for a < M — . Because of the latter fact along
with v € Py, the first 7, columns in the Young diagram
of 7 and hence p must be at least of length M — [. The
remaining columns arise only from A, and so the corre-
sponding hook lengths are independent of M, yielding

k  Pq
TT TT haw 5% () (A4)
a=1b=1

Finally, we use the fact the dimensions of an SU(M — k)
representation and its conjugate are the same to derive
dM—k) (p(M*k)) = JWM—k) (p(M—k)) — d(M*k)(,),) ]

Here the hook lengths are independent of M, yielding

14
(Yo + (M — k) —a)!
1;[ (M -k —a)

A=) (-1

(A5)
M large N 1
M
h()
Putting the above results together, we see that
_\ M large 1 oON
dA+7 M A6
A+ AVA() (A0
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We proved that states in any SU(M) representation
other than p= A\ + 7 are not in the nullspace. For M >
2N, these states must be in representations p € A® 7 in
the tensor product, as there are no restrictions on A €
Py, and v € Py,. Since 7y, = v, for a < M — 1 and
k < M —I, the inequality means that at least one box
in A must move downward when forming p. Moreover,
it must move to a row a with a > M — £ + 1, as boxes
originally in the same row cannot end up in the same
column after taking the tensor product. We thus have
Zle pa < N + k~,, as opposed to the equality used in
the proof of . The number of boxes in p™—*) must

therefore increase, so that d™ —*) (p(M—=k)) must decrease
relative to . Meanwhile, M in is unchanged.
Thus d(p) for p # p increases at large M at most with a
power M?2N-2,

We have shown that the only SU(M) representations
with dimension growing as M2V that appear are those
in the nullspace. Since the total dimension of the Hilbert
space is MY the relation must therefore hold. An
amusing by-product of this derivation is the identity

ZZQ,~

k=0AEPnN i

(A7)

The proof of (| . comes from noting that combining

and.ylelds
mNm(y) _
>y oy B

k,l=0 A€ PN 1 YEPnN

and then using the first part of .
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