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Abstract

We consider long-term equilibria that arise in the tokenomics design of proof-of-stake (PoS) blockchain
systems that comprise of users and wvalidators, both striving to maximize their own utilities. Validators
are system maintainers who get rewarded with tokens for performing the work necessary for the system
to function properly, while users compete and pay with such tokens for getting a desired system service
level.

We study how the system service provision and suitable rewards schemes together can lead to equi-
libria with desirable characteristics (1) viability: the system keeps parties engaged, (2) decentralization:
multiple validators are participating, (3) stability: the price path of the underlying token used to trans-
act with the system does not change widely over time, and (4) feasibility: the mechanism is easy to
implement as a smart contract, i.e., it does not require fiat reserves on-chain for buy back of tokens or to
perform bookkeeping of exponentially growing token holdings. Furthermore, we consider both the com-
mon single-token PoS model and a less widely used two-token approach (that roughly, utilizes one token
for the users to pay the transaction fees and a different token for the validators to participate in the PoS
protocol and get rewarded). Our approach demonstrates, for the first time to our knowledge, concrete
advantages of the two-token approach in terms of the ability of the mechanism to reach equilibrium.

1 Introduction

Designing tokenomics policies with good properties is pivotal to ensuring the success of blockchain systems
in the long term. Blockchains create value by offering services in a fully decentralized manner, wherein
users pay fees to access these services, while the functioning and security of the system is guaranteed by a
set of nodes or validators who receive rewards for performing the necessary computations required by the
protocol. These payments are issued in the system’s native token. The token’s value or price, denoted in
standard (fiat) currency, crucially determines the actual costs for users and the compensation for validators.
A drop or fluctuation in the token’s price can make the system less attractive for both types of parties.
While the system cannot directly control its token price in the market, it can implement various monetary
policies (such as token minting, adjusting the total supply or transaction fees, change the validator rewards
mechanisms, and others) to achieve a long-term equilibrium with the desired price without compromising
the system’s viability and decentralization.
This motivates the study of tokenomics designs achieving the following important desiderata:

1. Viability. The system that keeps all involved parties actively engaged: validators to guarantee the
protocol being alive and securely running, and the users to guarantee enough fees are collected at all
time.

2. Decentralization. A set of validators each equally engaged in the protocol, receiving adequate re-
wards, while also having significant stake in the system operation (e.g. in the case of proof-of-stake
(PoS) systems, validators “staking” high enough amount of tokens).



3. Stability. Reasonably stable token prices, meaning that the price of the token required to issue
transactions over time does not change or does not become inflationary (decreasing prices).

4. Feasibility. The tokenomics policy should be feasible to implement on-chain algorithmically. In
particular, this means that the policy avoids using features that are incompatible or difficult to imple-
ment in the form of smart contracts, integrate into the accounting model or they are antithetical to
blockchain decentralization. For example, the policy should minimize the use of off-chain entities that
need to be consulted on-chain as “oracles” or the use of techniques such as buy-backs which require
the use of fiat reserves to facilitate them. Furthermore, all the numerical quantities that are accounted
in the ledger (e.g., the number of tokens held by a validator) should not grow exponentially over time.

The conditions under which there is a tokenomics policy achieving all these requirements is a fundamental
question which we address in this work.

1.1 Main contributions

We explore tokenomics policies in the PoS setting, i.e., the setting where validators have to acquire tokens
and stake them in order to receive rewards and perform the necessary system maintenance to further the
system’s operation. We put forth a model where a set of m users and n validators engage with the system
in discrete time steps. At each time step, users and validators buy or sell tokens in order to accommodate
their objectives that include issuing transactions and staking tokens to provide the service.

We give both boundary conditions and actual policies (mechanisms) that implement equilibria with all
desired features: viability, decentralization, stability, and feasibility. Specifically, the resulting mechanism
only needs to adjust the total rewards allocated to the validators in the next round, though it does so in a
somewhat counterintuitive way:

If the demand for tokens drops, instead of buying back tokens, the mechanism increases the
rewards allocated to validators.

This idea steams from our analysis of equilibria that maintain a given price path (e.g., stable prices):

e Prices and equilibria. We show that, in all equilibria implementing certain desired price paths, at every
epoch or round (i) users spend a constant fraction of the total value of the offered service, and (ii)
validators stake a constant fraction of the total rewards offered by the system (Theorem 1).

The main catch here is that these two quantities are not necessarily related to each other, and the system
can actually adjust the rewards in order to match changes in the value of the service, and keep the desired
prices without performing token buy backs. If, at any point in time, the value of the service level decreases,
users will buy fewer tokens, thereby reducing demand and potentially necessitating token buybacks. Rather
than engaging in token buybacks, the system can opt to increase the rewards allocated to validators. As
validators compete for the rewards, they react by staking more tokens, which they must acquire from the
market. This action effectively restores the demand for tokens to align with the supply and avoids buybacks.

e Single Token Equilibria. We provide a mechanism which adjusts the rewards at every round based on
the current rewards and the next round service value using a single token for accounting. In order for
this mechanism to work, and keep the token rewards and staked holdings under control for feasibility,
the mechanism needs to have some global information about the service value time series (e.g., a lower
bound, cf. Theorem 2 and Corollary 2).

Intuitively, the mechanism strives to use the largest possible rewards (so to guarantee decentralization and
security — a good margin for the validators profit), while not exceeding at any point in time the value which
triggers an uncontrolled growth in the rewards and in the staked amounts of tokens (Section 3.3.1). In other
words, the mechanism provides the highest possible rewards (i.e., decentralization and security guarantee)
while satisfying the other three desiderata (viable system, stable prices, no buy backs). In Section 3.4 we



describe in detail the implementation of our mechanism for the case of stable prices. This implementation
includes the strategies for users and validators, showing that all information needed is the next round service
level offered by the system (despite their simplicity, these strategies still constitute an equilibrium in the
underlining repeated game, i.e., when more complex time-dependent strategies are in principle possible).

The above results apply to a single token setting which is the most common in PoS systems (e.g.,
Ethereum and Cardano operate in this way among the top cryptocurrencies). We next explore the setting
of two token PoS in which one token is used to get the service and another token is used for staking (and
governance). While less popular, this type of setup has been adopted in the Neo cryptocurrency! and can
be implemented in other systems as well (e.g., in the Cosmos SDK?). To investigate the potential of these
mechanisms, we introduce a natural variant of our model with two tokens. In order to maintain feasibility
and avoid buy backs, while maintaining desirable prices, we identify the necessary conditions that equilibria
(mechanism) must guarantee in terms of rewards:

e Double Token Equilibira. The two token mechanism is presented in Section 4.3. The main advantage
of the resulting rewards formula is that it is simpler than in the single token setting and the mechanism
does not need to know “global information” about the service value time series — merely a one step
lookahead suffices (cf. Theorem 4). As a result, the mechanism achieves our objectives with less
information about the service value time series.

Intuitively, the advantage of “decoupling” the users from the validators, using different tokens, allows to
better react and absorb shocks and fluctuations in the value of the service while maintaining the price of the
users’ token stable and keeping all our feasibility desiderata. The price of the token used for staking increase
“gradually”, while the amount of staked tokens remains constant, without scarifying incentive compatibility.
Hence, the security of the protocol is preserved (the value of the staked tokens increases). This should be
compared and contrasted with the single-token mechanism, which either (i) needs to know a global property
of the service level time series, or in any case, be informed well in advance about a sudden drop in service
value in order to be able to gradually decrease the rewards (as it can only adjust the rewards according to
a certain “decreasing curve”), or (ii) it should proactively keep rewards well below the possible value (thus
achieving a suboptimal security level for the protocol).

Related work. In the single-token setting, our results build on the model of Héfner (2023). Compared to
that prior work, our results accommodate a more general class of equilibria with respect to their features,
that facilitate stable prices without the requirement to employ buy backs. To the best of our knowledge, ours
is the first analytical model for such systems to study their equilibria and related token price paths achieving
all four desiderata. Prior work includes the effects of tokens regarding user adoption and equilibrium section
Bakos and Halaburda (2019, 2022); Sockin and Xiong (2023); Li and Mann (2018), or using token supply
and buyback to promote optimal growth and service provision Cong et al. (2021, 2022). Different aspects
of the monetary characteristics of tokens have been studied in Schilling and Uhlig (2019); Pagnotta (2022);
Prat et al. (2021), while Kiayias et al. (2023) considered token burning. Typically the users receive the most
modelling attention, but Chitra (2021) expand on the strategy space of validators and their alternative uses
for tokens. While all previous work has focused on the single token design, Dimitri (2023) has considered a
two-token model.

2 Model description and notation (single token)

In order to describe the model in detail, we introduce some notation in Figure 1. We have a repeated game
with discount factor § where each round ¢ consists of the following two subrounds, where players first interact
with the system (pay & stake with tokens) and then they interact with the “market” (buy or sell tokens):

1See https://docs.neo.org/docs/en-us/index.html.
2See https://docs.cosmos.network/main/learn/beginner/gas-fees.
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Figure 1: Notation and symbols.




Subround I (pay & stake): Each user i and each validator j has TKE” and ']I‘Kg-t) tokens, respectively.
Then:

1. Each validator j performs some work, incurs a cost v, and receives an amount R;t) of additional tokens
according to (1).

2. Each user ¢ uses some of her currently available tokens to pay for the service, and receives the corre-
sponding service level according to (2).

Subround II (buy or sell): Each user ¢ and each validator j has TKEt) — ugt) and TKY) + R;t) tokens,
respectively. Both type of players (users and validators) can buy any amount of new tokens or sell (part or
all of the tokens they currently have) at the current market price. In detail:

1. Each validator j sells sg-t) tokens to the market and receives .9;
Note that we have a validator’s selling constraint

Y. PRICE® units of money in return.

t t t
s <TK + R\ . (5)
Any negative sgt) is allowed meaning that j is actually buying tokens from the market at the current
price.

2. Each user i buys bgt) additional tokens from the market and pays bgt) - PRICE") units of money for
that. Any negative bgt) is allowed, meaning that ¢ is selling tokens to the market at the current price.
Note that we have a users’s selling constraint
b < TKW — 4 (6)
At the end of subround II of step ¢t we get the token holdings for the next step, ¢t + 1, for each user ¢ and
each validator j, respectively

(6) (5)
TK Y = TK — o + 0" > 0 TK{Y = TKY + RV —s{ > 0. (7)

Each user ¢ and each validator j aims at maximizing her own discounted utility, respectively

U &S5t 159 g(n) — ) - PRICE)] ®)
t=0

Vj(a,oo) ©) Zét _ [Sgt) - PRICE® — ] 9)
t=0

subject to their respective selling constraints in (6) and in (5).

Definition 1 (symmetric equilibrium). Consider a system policy given by (1) and (2), and a triple of users’
strategies, validators’ strategies, and prices
(u”,p{) stV PRICE® (10)
such that the corresponding selling constraints (6) and (5) are satisfied. We say that such a triple is an
equilibrium f
1. Strategy sg-t)
validator j;

mazimizes the discounted wutility (9) of validator j, given all other strategies, for each



2. Strategy (ugt),bgt)) mazimizes the discounted utility (8) of user i, given all other strategies, for each

user i;

3. The resulting two sequences of token holdings (7) are strictly positive, that is, TKZ@ >0 and TKg-t) > 0.

Moreover, we say that such an equilibrium is symmetric if the token holdings of all users are the same,
and similarly, if all token holdings of all validators are the same, correspond to sequences of strictly positive
token holdings

TK" = TK{" > 0 TK" = TK{ > 0. (11)
for all users i and for all validators j and for all t.

Remark 1. The condition that tokens holding must be strictly positive at all time steps is identical to the
definition of equilibrium in Héfner (2023). In particular, it implies that the selling/buying strategies at such
an equilibrium satisfy the selling constraints (6) and (5) with a strict inequality.

Remark 2. The results in Hafner (2023) mostly focus on equilibria that have two additional conditions,
namely, validators hold a constant fraction of all tokens (constant staking),

nTK{"
mTRY + nTK

=p>0 (12)

and the reward is also a fraction of all current tokens (constant inflation from validation)

R®)
mTKY +nTK{

I>0 (13)
Lemma 1. (Hdfner, 2023, Lemma 1) For the following special case of reward sharing and service schemes,

(t) (t)
SH = 5. ( b RY = R®. e o (14)
' Dok Up > TK

where k and v range over all users and all validators, respectively, the following holds. In any symmetric
equilibrium

PRICE~Y = PRICE® - § - (1 + é : n; 1) (15)
In the next section we generalize the price analysis above to a more general class of reward and service
sharing schemes, and without imposing the constant staking and constant inflation from validation conditions
in Remark 2.
In order to establish the existence of equilibria, we need a few (technical) assumptions that are also
satisfied in the setting by Héafner (2023). The first one below is about the service level, and another is on
the rewards and service sharing functions.

Assumption 1 (service levels). The service level S®) is upper bounded by some (arbitrarily large) constant
independent of t.

The value of the constant in Assumption 1 does not affect the results and bounds in any way, and is only
needed to establish the existence of equilibria. Other than this, we make no other assumptions, and allow
S®) to increase or decrease arbitrarily within this range. Hifner (2023) considers a setting where S*) can
be chosen by the system, though the system incurs some quadratic time-dependent cost, and the equilibria
maximizing the profit of the system in this setting will set S®) so to satisfy Assumption 1. Our results apply
to a more general setting, including the cases where S*) is some exogenous quantity that the system cannot
directly control, but can only react to it by changing other parameters, e.g., the rewards R®.



3 Single token mechanisms

3.1 Analysis of price path

In this section we generalize the result in Lemma 1. Consider the following family of service allocation and

rewards:
(t) (t)
S.(t):S(t)-s< - R = R® .y e @ (16)
’ S U S, TKS

where s(+) and r(-) are arbitrary differentiable functions in (0,1), and where the indexes k and v in the
summations range over all users and all validators, respectively. In the following, we denote by 7/(-) and §'(+)
the first derivatives of 7(-) and s(-), respectively. We make the following assumption about r(-) and s(-).

Assumption 2. We assume that the functions r(-) and s(-) in (16) are both concave. Moreover, for the
number m > 2 andn > 2 of users and validators under consideration, they never allocate more than the total
rewards or service available, r(1/n) < 1/n and s(1/m) < 1/m, and the first derivatives satisfy r'(1/n) > 0
and s'(1/m) > 0.

The proof of this result follows the same arguments in Héfner (2023).

Lemma 2. In any symmetric equilibrium, it holds that

R®  n-—1 1

PRICE® Y = PRICE® .5-R® . RO =14 ——r'(~) . (17)
nTKy) — 7 n
Moreover
_ NG if u” = TK{Y 5 m-1 , 1
PRICE~) = 4. by e o, Ss¥= g9n) ——s'(—).  (18)
PRICE®  if u{"” < TKY! mTK m m

Hence, if R®) #£ 1, then ugt) = TKg) and bgt) = TKSH) for all users i, and the following identity must hold:
PRICER® = S® (19)

We next provide an example of a possible reward sharing function r(-) other than the one in (14). We do
not claim that this alternative r(-) provides any particular improvement, but simply point out that changing
r(), and similarly s(-), does affect the equilibria as described by Lemma 2. Appendix B describes another
example of r(+).

Example 1. For any parameter { > 1, the following reward sharing function r(x) = x — x° satisfies
r(1/n) = 1/n — 1/n® > 0, meaning that for smaller number of validators a smaller fraction of the total
allocated rewards is actually distributed. Since r'(1/n) = 1 — £/n’~!, we have r'(1/n) > 0 for sufficiently
large n.

Remark 3. Assumption 2 implies that R®) > 1 whenever R > 0, thus implying that the largest possible
price growth must satisfy PRICE®) < PRICE®"Y /5 = (1 4 r) - PRICE® ™Y where § = 1/(1 + r) and r is
the risk-free rate. Intuitively, the return rate for just holding the token cannot beat the risk-free rate, as
one might expect when looking for equilibria that keep all users and validators engaged (viability). Whether
blockchains can achieve return rates competitive with the inflation is studied in Félez-Vinas et al. (2021) in
relation to policies adopted by some of the current blockchains, though without providing analytical results.



3.2 Generic symmetric equilibria

In the following we focus on the interesting case of prices having a constant multiplicative growth, that is,
forallt >1

1
PRICE®") = = PRICE*~Y N£G, >0, (20)

Note that stable prices satisfy the above condition with v = 1, while v > 1 and v < 1 corresponds to
decreasing and increasing prices, respectively.

We next define a class of generic symmetric equilibria which, as we prove below, captures all symmetric
equilibria whose prices follow the above path (20).

Definition 2 (generic symmetric equilibrium). A symmetric equilibrium is generic if the following conditions
hold for allt > 1:

1. The monetary amount of tokens that users hold (and use) is proportional to the service level offered by
the system. That is, the service to fees ratio is constant,

(t)
Ser2Fees) 1= 5 = Ser2Fees . (21)
mTK(? - PRICE®

2. The amount of tokens staked by validators is proportional to the rewards offered by the system. That
is, the rewards to stake ratio is constant,

Rew2Stake®) := i)(t) = Rew2Stake . (22)
nTK;,
3. The prices satisfy
PRICE*~Y =5 - PRICE") - (1 + Rew2Stake - k) (23)
=5 - PRICE") . Ser2Fees - kg (24)

where constants kg and kg depend only on the number of users m, the number of validators n, the
rewards sharing scheme, and on the service fee scheme.

4. FEach user i starts round t with the same token holding ']I‘]K(J), uses all its token current holding for the
service (uz(.t) = TKg)), and buys new tokens needed for the next round accordingly (bl(.t) = TKSH)).

Note that generic symmetric equilibria provide additional structure to the definition of symmetric equilib-
ria. The following theorem says that we can restrict to generic symmetric equilibria without loss of generality
as long as we want prices with a multiplicative growth (20), e.g., stable prices.

Theorem 1. Any symmetric equilibrium for the reward and service fee schemes in (16) whose prices satisfy
(20) is a generic symmetric equilibrium with constants

”; L vm) and ks = g(n) - m7—1 -s'(1/n) . (25)

KRR —
This in particular holds true for the case of stable prices.
Note that stable prices require the following specific constants in the two ratios involving the tokens:

Ser2Fees = 1/(dkg) Rew2Stake = (1 —9)/(0kR) (26)

thus implying that it must hold kg > 0 and kg > 0.



Corollary 1. Any generic symmetric equilibrium (and thus any symmetric equilibrium for the reward and
service fee schemes in (16)) with stable prices must have the following token holdings:
S R®) )

TR = 2 6 k5 >0 and TKy = = == kp > 0 (27)

for any nonnegative S® and R®.

3.3 No buy back condition and its implications

Like in the original model by Héafner (2023), in the model considered so far the system is allowed to buy or
to sell the additional tokens required during each subround II to match demand with supply. In this section,
we refine the concept of equilibrium, by requiring that the system does not have to buy back tokens (and
perhaps does not sell tokens either if demand and suppy match at equilibrium).

Definition 3 (no buy back). We say that a symmetric equilibrium satisfies the no buy back condition if no

additional tokens are bought at any round by the system, that is, mbg) > nsg) for all t.

Intuitively speaking, the following theorem says that increasing the rewards at the next round does help
for the no buy back condition. The intuitive, though perhaps surprising, reason is that this will make rewards
more attractive for the validators who then stake more tokens (and thus sell less on the market).

Theorem 2. In any generic symmetric equilibrium, the no buy back condition holds at round t if and only
if the rewards satisfy the following condition

RO > RO (1 4 a) —b- SEHD . (§R)H! (28)

where

_ Rew2Stake 1

a = Rew2Stake -n-r(1/n) b= Ser2Fees  PRICED R =1+ Rew2Stake - kg . (29)

Proof. Let us first observe that the total amount of tokens bought by the users (demand) is
S(t+1) gt+1) | (6R)t+1
PRICE*tY . Ser2Fees  PRICE® . Ser2Fees
where R = 1 4+ Rew2Stake - kr. The total amount of tokens sold by the validators (supply) is
R® R+

nsg) =" (TKg) B TK&H) +RY r(l/n)) ~ Rew2Stake  Rew2Stake + RO r(1/n).

mbP = mTKYE T =

Hence, the no buy back condition mbg) > nsg) is equivalent to

R®) Rt+1)
Rew2Stake  Rew?2Stake

RO nr(1/n) < S+ . (§R)HHT
PRICE? - Ser2Fees
that is
Rew2Stake
PRICE®) - Ser2Fees
By rearranging the terms, the theorem follows. O

RW — RFD 4 R® .y r(1/n) - Rew2Stake < LSED (SR

The above theorem provides a recursive (algorithmic) formula for the rewards, which leads to our mech-
anism described in Section 3.4 below. The same theorem also implies the following bound on the growth of
the rewards necessary to guarantee the no buy back.

Corollary 2. The minimal rewards satisfying the no buy back condition tightly are equal to

t T
RGY . = (1+a)'- (R(O’ —by 8. (572) ) , £>1 (30)

T=1 l+a

for any initial reward R, and for constants a, b, and R as in Theorem 2.



m=100,n=10,6=009,5'=11,R=1 m=100,n=10,6=09,5'=12,R°=1
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Figure 2: The effect of service level on rewards growth when no buy back condition: a small service level
(left) can trigger an exponential increase in both rewards and validators staked amounts, while a slightly
bigger service level (right) can remove this growth.

3.3.1 Main dilemma: Uncontrolled growth of rewards

The bound in Corollary 2 suggests that an exponential growth of the rewards over time is necessary if the
system starts with a too high initial reward or the service level is too low.

In the following experiment, we consider constant service level and rewards that are set to the minimal
value necessary in order to have no buy back (Theorem 2), and also impose the rewards to not be below some
minimum value (set to 0.1 for the sake of exposition). For the sake of simplicity, we consider the rewards
and cost sharing schemes in (14) and g(n) = 1, and observe the following:

e Sufficiently high service level can avoid rewards explosion (Figure 2 compares two different service levels
under the same conditions). The necessary increase in the service level max simply be not possible due
to inherent technological limitations.

e Sufficiently small initial rewards also avoid the rewards explosion (Figure 3 compares two initial rewards
under the same conditions). Rewards however cannot be arbitrarily small since they must cover the
costs of validators and be competitive against other source of investments.

e A higher risk free rate may also trigger an exponential growth (Figure 4 shows that for smaller § we
need a smaller initial reward, or a larger service level, to avoid this explosion).

e Allowing the token price to decrease does avoid the rewards explosion that instead occur with stable
prices, once we consider the rewards in money (Figure 5). Decreasing prices are however not desirable,
and perhaps one may want increasing prices, which turn out to make the monetary reward explosion
even more severe.

3.4 Policy that accommodates and implements the stable price equilibrium

In this section, we consider the fundamental question of how one can compute and implement an equilibrium
with stable prices satisfying the no buy back condition. Stable prices require to keep a precise amount of
tokens of users (on one side) and of tokens of validators (on the other side) given by Corollary 1. The no
buy back condition requires the system to set the rewards so to satisfy the condition in Theorem 2. For the
sake of exposition, we next describe an implementation for the reward and service fee schemes in (16).
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m=100,n=10,6=0.9,5=10,R*=0.9 m=100,n=10,6=0.9,5=10,R*=0.8
0.8 o

354 tokens U — tokens U
tokens vV tokens V

0.7 1
— rewards — rewards

3.0 4
0.6 1
2.5
0.5 9
2.0
0.4 4

154
0.3 4

10+ 024

0.5

0.1+

0.0 0.0

Figure 3: A too high initial rewards (left) causes an exponential growth, as opposed to a smaller initial
rewards (right) leading to stable rewards and staked tokens (note the different scale of the y-axis in the two
plots). In both cases, we fix a minimum value of 0.1 for the rewards, which is the flat part of the green line
in the right plot.

167 m=100,n=10,6 =07,5=11,R"=1 le7 m=100,n=10,6 =07,5=12,R°=1
— tokens U — tokens U
tokens V 3.0 tokens V
4+ — rewards — rewards
2.57
34
2.04
2 1.5
1.0 4
14
0.5
0 0.0
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50

Figure 4: The effect of risk free rate (4) on rewards growth when no buy back condition: a smaller § might
trigger an exponential increase in both rewards and validators staked amounts (compare the right picture
with the corresponding in Figure 2).
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m=100,n=10,6 =0.9,5'=1.0,R? = 1, price growth = 0.9 m=100,n=10,6 =0.9,5'=1.0,R" = 1, price growth = 0.9

17.51 — tokens U — tokens U in money
tokens V 0.8 1 tokens V in money
15.0 1 — rewards —— rewards in money

12.51 0.6 1
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0.4 4
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Figure 5: The effect of non-stable prices on rewards and validators staked tokens. We set decreasing prices
according to the price growth parameter 6R = 0.9. Though the rewards and staked tokens increase expo-
nentially (left) their value expressed in money — rewards and staked tokens market cap — does not (right).

Given parameters and constraints.
1. The risk free rate r and thus the discount factor 6 = 1/(1 +r).
2. The total number m of users and the total number n of validators (both constant over time).

3. There is no need for the system to buy back tokens (Definition 3).

System parameters. The system design depends on essentially two parameters:
1. Total amount of service S®) which is divided among the users at each step t.

2. Total amount of rewards R(*) which is distributed to the validators at each step t.

Assumption. By the beginning of Subround II (buy or sell) of a current round ¢, each user knows the
next total amount of service S(**+1) available in the next round, and each validator knows the total rewards
R+ available in the next round.

Suggested equilibrium description and properties. At each round t > 0,
1. Users strategies:

(a) Start with ’]I‘Kg) = % -8 - kg tokens, where kg = g(n) - ==L . 5'(1/m).
(b) Spend all these tokens to get S - s(1/m) units of service.

(®)
U

(c) Given the service level SU+1) of next round, buy by, = 'I[‘KSH) tokens required for the next round

according to Item la.

2. Validators strategies:

(a) Start with ’]I‘Kg) = R:) - 1= - kR tokens, where kg = =L - 1/(1/n).

(b) Stake all these tokens to get R(*) - r(1/n) new tokens as reward.

(c) Given the rewards R(+1) of next round, sell this amount of tokens (if negative, buy tokens):

)
83) _ (R(t) _ R(t+1)> T kr + R® -r(1/n) (31)

which yields the required TKSH) tokens for next round ¢ + 1 according to Item 2a.
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System \ token A \ purpose \ token B \ purpose H reference ‘
DFINITY ICP staking & rewards Cycle | computation (service) || (Team, 2022)
NEO NEO staking GAS pay transactions (neo.org)

Axie Infinity AXS governance and staking SLP play (breeding Axie) (Axi, 2021)

Figure 6: Examples of two-token systems.

3. System actions:

(a) Set the next service level S¢+1) and the next total rewards R+ so that

m- S 5. ke >p (R(t) _ R(Hl)) . % kr+n-RO . r(1/n) (32)

which guarantees the no buy back condition, that is, m - bg) >n- sg).

(b) Announce the next service level S+ and the next rewards R(**1 before the token buy or sell
(Subround II) begins.
+1) (t)

(¢) Sell the required amount of tokens, m’IF]Kgf —nsy,’, to match demand during Subround II.

4. Prices: all tokens are exchanged at a stable price PRICE® = 1.

4 A two-token model

In this section, we consider a natural variant of the previous (single-token) model to the case in which we
have two tokens, token A and B, whose use and purpose is as follows:

e token B is used by the users to pay and get the service, and
e token A is used by the validators for staking to get rewarded with more tokens (of both types).

A number of existing systems follow a similar two-token scheme (see Figure 6 for some examples) and a
model based on the similar assumptions has been recently given by Dimitri (2023). Both tokens can be
exchanged in the spot market as before, and thus we have a price for each token (see Figure 7 for some
additional notation for the two-token model). The corresponding utilities are naturally given by

U ST U0, U0 s g 00 BRICEY 0l PRICEY . (39
t=0
5 oo
00 t t t t t t
v =3 gt v v =50 PRICEY + 5,3 - PRICE{, — v . (34)
t=0

For the sake of exposition, we consider the simpler reward sharing and payment schemes (14) in Héfner

(2023), where token A is used for staking, and each validator j is rewarded with quantities Rg)j and Rg;
of tokens A and B, respectively. Users service level depends on the amount of token B they use. Thus, we

have
(t) A(.t) A(t)
Si(t) _ S(t) . U, , R(t) _ R(t) . J , R(t) _ R(t) . J . (35)
Zk ug) Aj A ZU Aq()t) Bj B ZU Agjt)
The validators’ selling constraint for the single token (5) extends naturally into
A§t+1) _ A;t) + RX)J_ . st) >0 (36)
B/ =B\ + RY) — 5,5 >0 (37)

13



RO = (RX), Rg)) is the reward at time ¢
° sg.t) = (ij), Sjg)) is the selling strategy of validator j

bgt) = (big), big)) is the buying strategy of user 4

u?

is the amount of token A used by user i to pay for the service

’]I‘Kz(f) = (A](Dt), B](Dt)) are the token holdings of a generic player p (a user or a validator)

PRICE® = (]P)]R]I(CIEX), ]P’]R]I(C]Eg)) are the prices of the two tokens

Figure 7: Notation for the two-token model.

Similarly, the users’ selling constraint for the single token (6) extends as follows:

AT — A 4 b >0 (38)
B =BY _ Y 4 b5 >0 (39)

where the asymmetry is due to the fact that only token B is used for getting the service, by paying ul(-t) tokens.

We next generalize the condition of (symmetric) equilibrium (Definition 1 and Remark 1) by requiring a
“minimal” set of selling constraints to be non-strict (see Remark 4 below).

Definition 4 (symmetric equilibrium two tokens). Consider a system policy given by (35), and a triple of
users’ strategies, validators’ strategies, and prices, {(ugt),bgt)),sy),PRHCE(O}, such that the corresponding
selling constraints of users (38)-(39) and of validators (36)-(37) are satisfied. We say that such a triple is
an equilibrium if, for every user i and every validator j

1. (ugt), bz@) maximizes the discounted utility (33) of user i, given all other strategies

2. s;t) mazximizes the discounted utility (34) of validator j, given all other strategies

3. the selling constraint of token B are non-strict for user i (resp., token A for validator j), and thus the
corresponding token holdings are strictly positive, that is, BZ(-t) >0 and A;t) >0

Moreover, we say that such an equilibrium is symmetric if the token holdings of all users are the same, and
similarly, if all token holdings of all validators are the same. In particular, we have

B =B > 0 A =AY >0 (40)
for all users i and for all validators j and for all t.

Remark 4 (minimal strict selling constraints). Note that in the definition above, each type of player —
validator or user — has non-strict selling constraint only in its own “main purpose” token. This corresponds
to the natural requirement of continuous participation in staking and in accessing and paying for the service.
Furthermore, the price analysis below implies that equilibria with certain desired prices are impossible if some
of the other selling constraints is also strict.

The proof of the next two lemmas is given in Section A.2. Next lemma is the generalization of Lemma 1
to two tokens, and it provides conditions in the prices based on the validators’ strategies.

14



Lemma 3 (validators part). In the two-token model, the corresponding prices at any symmetric equilibrium
must satisfy the following conditions. If the selling constraints of B are non-strict, then

PRICE{."" = § . PRICEY) . (41)

If the selling constraints of A are non-strict, then

PRICEY " = 6. PRICEY - (1 + ZY) + 6§ - PRICEY - 7Y (42)
where
o _ By n-1 0. By n-1
1P = Al =, 7y == =B : (43)
nA;’ " nA; T

and Ag) is the token holding (staking) of any validator at this equilibrium.

Note that in absence of token B, we recover the result in Lemma 1 for a single token. In this case, only
token A is used for staking and for rewards, and thus Rg) =0= I](;). The two quantities in (43) have an
intuitive meaning as they correspond to the total amount of tokens rewarded — in each of the two tokens —
over the total amount of staked tokens — the latter comprise only tokens A. Note that these two expressions
in (43) are not symmetric in the two tokens, as the staking token A appears in both denominators.

We next consider how the users’ buying strategies relate to the prices.

Lemma 4 (users part). In the two-token model, the corresponding prices at any symmetric equilibrium must
satisfy the following conditions. If the buying constraints of B are non-strict, then

_ S® fu =B® (t) 1
PRICES ™" =5 - » iy A st 50 gy Mt (44)
PRICEY iful" < B mB{" m
Moreover, if the buying constraints of A are non-strict, then
PRICE}{ " = § . PRICE” (45)

4.1 Generic symmetric equilibria

The following class of generic equilibria captures equilibria in the two-token model where prices of token B
satisfy (20), thus in particular the case in which we aim at stable prices for token B used by the user to get
the service.

Definition 5 (generic symmetric equilibrium for two tokens). A symmetric equilibrium for the two token
model is generic if the following conditions hold for allt > 1:

1. The service to fees ratio is constant,

S
Ser2Feesg) = 0 o= Ser2Feesp . (46)
mB{) . PRICE{,
2. The prices of B satisfy
PRICEY ™" =5 - PRICE{ - Ser2Feesp - kg (47)

where constant ks depends only on the number of users m, the number of validators n, and on the
service fee scheme.

15



3. Fach user i starts round t with the same token holding Bg), uses all its current holding tokens for the

service (uz(-t) = Bg)), and buys new tokens needed for the next round accordingly (bl(.t) = BSH)).

4. For the following rewards to stake ratios,

R(t) R(t)

Rewa2Staket) .= —A Rewp2Stake® .= —B (48)
A A
nay nay

the prices of A satisfy
PRICEY " = 6. PRICEY - (1 + Rewa2Stake® - k) + 6 - PRICEY - Rewp2Stake® - kg,  (49)
where constant kr depends only on the number of users n, and on the rewards sharing scheme.

Theorem 3. Any symmetric equilibrium for the two-token model with the reward and service fee schemes in
(35) and whose prices of token B satisfy (20) is a generic symmetric equilibrium. This in particular holds
true for the case of stable prices for token B.

4.2 No buy back in the two-token model

In this section, we study the implications of no buy back in the two-token model. As for the single token
setting, we aim at equilibria where the system does not need to buy back tokens of either type.

Definition 6 (no buy back two tokens). We say that a symmetric equilibrium in the two-token model satisfies
the no buy back condition if no additional tokens (of either type) are bought at any round by the system, that
18, mbig) > nsjg) and mbix) > nsjg).

Theorem 4. In any generic symmetric equilibrium, there is a maximum monetary reward for validators in
terms of tokens B that can be awarded without violating the no buy back condition. In particular, it must
hold

RS

RY . PRICEY <580 o

(50)

This is because validators always sell all the newly rewarded B tokens and users buy (only) tokens of type

B, thus implying that validators keep all their tokens A and possibly buy new ones, Ag) > Ag_l).

Proof. We consider the two inequalities of the no buy back condition (Definition 6) separately.

1. For tokens of type B, we observe that, for ]P’R]I(CIEg_l) £9- ]PR]I(CIES), the users buying strategies

satisfy
(t+1) S
) _  mlt+1) _ S _ qlt+1)
mb;g’ = mB = =5 S ———— - Kg . (51)
B v Ser2Feesit!) . PRICE{HY PRICE{"
Moreover, the validators’ selling strategies satisfy
siw =Ry r(1/n) (52)

since the validators selling constraint for tokens of type B must be strict, and thus Bgt) = 0 for all ¢.
Therefore the no buy back condition for tokens of type B is equivalent to

4]

(t) (t+1)
n-Ry -r(l/n) <S8 —— - Kg
5 r(1/n) PRICE?

(53)

2. We also require no buy back for the tokens of type A, which means that s; X) = (0 because users never

hold (and thus never buy) tokens of type A. Hence, Agﬂ) = Ag) + RX) -r(1/n) "‘ij) with bjg) > 0.

This completes the proof. O
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4.3 Stable price mechanism in two-token model

We next* describe a simple mechanism which implements stable prices for token B, while the price of A is
strictly decreasing:

1. In order to have stable prices for B and no buy back, we set Rg) such that
RY . PRICEY) = s¢+1 . [, (54)
where L is the constant given by Theorem 4 that makes the no buy back condition hold tightly.
Furthermore, we set Rx) = 0.
(0)

2. The buying strategies for token A are “no buy and no sell”, that is, Al = As)), for a suitable A,
specified below. From the equation of the prices (42), we obtain

PRICEY " = 6. PRICEY - (1 + ZY) + 6 - PRICEY - 3 (55)
() o RS n-1
— §-PRICEY + 4 - PRICEY - (56)
nA(t) n
Vv
1 n-1
=3 PRICEY + 6. 50+ . [ — 1 (57)
nA;’ T
and by rearranging the terms we get
(t-1)
(t) N PRHCEA . (t+1) ) L n — 1
PRICE, = —4— -5 AT (58)
which implies
PRICE
PRICEY < — (59)

3. From the previous equation, the discounted utility of validators, if deviating by selling all tokens A at
some step 7, is at most

57 - A . PRICEY < A? . PRICEY (60)

while the discounted utility for the suggested strategies (equilibrium) equals

= t (t)PRH E(t)_ :OO t, (H‘l).L _ v 1
;5 (Ry CEy —v) ;5 (S )15 (61)

4. In order to have feasible (nonnegative) prices, we need to set the initial payments and token holdings
sufficiently high.

Theorem 5. For any service level satisfying Assumption 1 and any reward and service sharing schemes
satisfying Assumption 2, the strategies above are a symmetric equilibrium with stable prices for token B used
by users for getting the service.

Proof. We follow the same argument in (Héfner, 2023, Remark 2 (exhistence)) based on the following three
conditions. First, the discounted utilities of all players (users and validators) assume finite values (as their
instantaneous utilities are proportional to S (t)). Second, these strategies are in some bounded interval [0, 6].
For the users this is obvious since they buy tokens proportionally to S®*+1). For the validators, they sell all
Rg) =0(S (t)) tokens B, they never sell or buy tokens A. Third, the utilities of the players are concave due
to Assumption 2. O
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4.3.1 Stable price mechanism implementation

At each round ¢, the system can infer infer S¢+1) from the total amount of tokens and the current price
from (46). Moreover:

1. Users use (spend) B tokens proportionally to S®*) and buy new B tokens proportionally to S*+1).
2. Validators’ rewards consist of only tokens B proportionally to the next round service level S¢+1),

3. Validators sell all these B that they get as rewards, and keep all A tokens they had from the beginning.

5 Conclusions and open questions

We investigate how the long-term equilibria between users, validators and token flows are different for
blockchains with a single token (used for transaction fees and staking) and two separate tokens. While
there are similarities, the two-token model affords additional flexibility that can handle a broader variation
of service levels at equilibrium, with the added complexity of robustly keeping track of certain additional
blockchain metrics. Specifically, to facilitate the implementation, a suitable proxy for the service level S is
essential. Using the fees as a proxy provides a good starting point, but additional work is needed to ensure
that incentive compatibility from users and validators is maintained. In addition, it is possible that an oracle
could provide additional valuable information, that does not necessarily exist on-chain (such as the volatility
of the crypto markets). Would this substantially expand our design space and allow finer robust control,
requiring only infrequent human intervention?
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A Postponed Proofs

A.1 Proofs of Section 3
A.1.1 Proof of Lemma 2

In the following, we consider a generic symmetric equilibrium (Definition 1),

%

for every user i and every validator j, where the above strategies give the corresponding token holdings via
(7). The proof follows the same steps as in (Hafner, 2023, Proof of Lemma 1).

1. Validators’ part. Denote by Vjt» the discounted utility of validator j at equilibrium starting from step
t. By the Principle of Optimality,

t_ (), @ t+1
Vj = max[PRICE" - 5" — o] + 6V (63)

J

subject to the selling constraint (5). We next show that we must have

oVt . gyttt
i_9 — PRICE® =§5—2
05, OTK (!

(64)

The LHS uses (crucially) that in the equilibrium (Definition 1 and Remark 1) the selling constraint (5)
is not binding (not strict), thus implying that the derivative must be zero at equilibrium. The RHS
holds because

oVt gyttt oyttt gTKUHY gyttt oyttt
('Z) = PRICE® +§ ](t) and ](t) = zt) J(t+1) @ (=)= ](t+1) (65)
(‘3sj 8sj 8sj st 8TKj 8TKj

Next observe that, since Sg-t) = ']I‘K§-t) + Rg-t) — TKyH), we also have

oVt ~1)TKY TK "
‘% = PRICE® - {14 R (t)(" JTRy a5 OR o) (66)
OTK! (TKY + (n — 1)TK{)2 TK + (n — 1)TKY,

Plugging this into (64), we obtain

R® —1 1
PRICE*~") = 6 - PRICE® - ( 1+ - -~ . +'(=) (67)
TKV n n

2. Users’ part. Denote by U} the discounted utility of user i at equilibrium starting from step ¢, By the
Principle of Optimality,

U= max (Y- g(n)- s(u”, u}) — PRICE® - 5] 4 a4 (68)
(“it 7bit )

where (ugt), bgt)) satisfies the corresponding buying constraint (6), and u(_tz denotes the use strategies

of all other users. We next show that we must have
ou?
w =0
ob;

8[/[?—&-1

= PRICE® = §
OTK!Y

(69)
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The LHS uses (crucially) that in the equilibrium (Definition 1 and Remark 1) the buying constraint
(6) is not binding (not strict), thus implying that the derivative must be zero at equilibrium. The RHS
holds because

t i+1 t+1 TK(f“) t+1 t+1
8%) = ~PRICE® Haul(t) an auz(t) -2 @ 8M‘(t+1) 2 auz(m) (70)
ob; ob; ob; ob; JOTK; OTK;
We next show that
" ) . . (m-pmRy TK! . e () _ mne(®)
8Z/Iit _ S g(n) (TK§+(m71)T‘%S))2 (TK:+(m71)TKS)) if at equilibrium u; ’ = TK;; (71)
BTKE ) PRICE® if at equilibrium ugt) < TKS)
thus implying
sz) cg(n) - 5L s/(L) if at equilibrium ugt) = TKS)
PRICE!™) =45 { T&y m " (72)
PRICE® if at equilibrium u!" < TK!?
We distinguish the two cases in (71). If at equilibrium uz(-t) = TKg), then bgt) = TKEtH) and
Ut =[S - g(n) - s(TK”, TKY), ) — PRICE® - TK{""™] 4 s04/+ (73)

where ']I‘K(EU denotes the token holdings at equilibrium of all but user i at step t. The above equation
implies that the corresponding derivative satisfies

ou!
@ = 59

Loyt (74)

m2 m

If at equilibrium ult) < 'JI‘Kg), then bz@ = TK?H) - TKE” + ugt) and

Ut =150 g(n) - s(ul?, u,) — PRICE® - 5] 4 s04/+! (75)

K2

thus implying that the corresponding derivative satisfies

t (t)
My _ —PRICE® . ob;
OTK" OTK"

(3

— —PRICE® - (—1) = PRICE®" (76)

as in this case the optimal uz(-t) < TKS) = TK?) is not affected by TKE”.

A.1.2 Proof of Theorem 1

Condition (20) on the prices and Lemma 2 imply dR(*) = ~. The result follows from the definition of R
and S® and from identity (19) from Lemma 2 (second part).

A.2 Proofs of Section 4
A.2.1 Proof of Lemma 3

By adapting the analysis in Hafner (2023), the discounted utility at equilibrium of validator j starting from
step t satisfies

Vi = m(%x[]P)RI[CEX) - 5; + PRICEY - 5, — o] + 6V (77)

J
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where in a symmetric equilibrium the selling constraints (36) and (37) for validator j become

*)
A (t

A(_t+1) _ A(-t) + R(t) — 8 ) >0 (78)
7 TR A (Al
A(t)
B;H_l) _ B§t) + Rg) J — Sjg) >0 (79)

AV 4+ (n—1)AY

(Note that the two expressions above are not symmetric as token A is the only one used for staking — the
fraction term is identical.) We next show that, under the optimal selling policy at equilibrium s;t) we must

have

8V(t) V(t+1)
I =0 = PRICEY = 6—— (80)
88jA é)A]

The LHS uses (crucially) that in the equilibrium (Definition 1 and Remark 1) the selling constraint (78) is
not binding (not strict), thus implying that the derivative must be zero. The equivalence with the RHS is
because

t t+1 t+1 t+1 t+1 t+1)
v PRICEY +5av§ ) o oV oAV avith 1) oV &)
8533? 88]5:) aij) 6ij) 8A§t+1) 6A§t+1)
ALY

where = —1 uses (again) that the selling constraint (78) is not binding (not strict). The exact same

J
s,
proof applies to the other token B, using the corresponding selling constraint (79) to obtain

8V(.t) 9 (_t+1)
I = — PRICE{" = s (82)
8sjB 8BJ

Next observe that

V" =PRICEYs;{ + PRICEY ;&) — v + gV5t+ (83)
t
—PRICEY [A® + RY A/ AT (84)
! AV 4 (m-1Ap
t
PRICEY |B" + RY A/ —BUY| — 4o (85)
! AV 4 -1AP !
thus implying
oy ~ 1AW — 1Al
r =PRICEY) |1+ Ry (t)(" JAy &= | +PRICEY | RYY (t)(” JAy = (86)
OA! (AY + (n—1)AY)? (AY + (n—1)AY)>
oyt
I =PRICE() (87)
B!
Plugging these into (80) and (82), we obtain
(t) (t)
(=1 _ ® Ry n—1 @ B n—1
PRICE} " =sPRICEY |1 + Al 2 + PRICE( Al (88)
PRICE{ ") —5PRICE{" (89)

which proves Lemma 3.
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A.2.2 Proof of Lemma 4

The proof is identical to the one for the single token in Section A.1, users part. The equation for B comes

from the same analysis of the single token. As for token A, we observe that since token A does not affect
®)

the amount of service to ¢, we have Buii) = ]P’R]I(CEX) for all £. The usual optimality conditions of strategy

A,

(t4+1)

bia also yields PRICE}) = 6%
iA

. The latter quantity, by the previous equation with ¢ + 1 in place of ¢,
equals SPRICES Y.

B An example of an alternative rewards scheme

x

Consider the following “soft cap” function based on the sigmoid (logistic) function o(z) = 15,

1

softeap(e,7.T) :=1=0(T (v =7)) = F= 7

(90)
Our reward function uses this soft cap, which intuitively aims at capping each validator’s stake to a fraction
1/n of the total stake:

2x

r(z) := 2z - softcap(x,1/n,T) = Te D11

(91)

In this case,

r'(r) = — , r(1/n)=1-T/2n . (92)

Hence the condition 7/(1/n) > 0 required in Assumption 2 is satisfied for all n > T/2, meaning that the
designer can set T" in order to be satisfied for the number n of validators.
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