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SYMPLECTIC DIFFERENTIAL REDUCTION ALGEBRAS AND
SKEW-AFFINE GENERALIZED WEYL ALGEBRAS

JONAS T. HARTWIG AND DWIGHT ANDERSON WILLIAMS II

ABSTRACT. For a map ¢ : U(g) — A of associative algebras, U(g) the universal enveloping
algebra of a (complex) finite-dimensional reductive Lie algebra, the representation theory of A is
intimately tied to the representation theory of the A-subquotient known as the reduction algebra
for (A, g, ). Herlemont and Ogievetsky studied differential reduction algebras for the general
linear Lie algebra gl(n) as the algebra of h-deformed differential operators formed from realizations
of gl(n) in the N-fold tensor product of the nth Weyl algebra. In this paper, we further the
study of differential reduction algebras by presenting the symplectic differential reduction algebra
D(sp (4)), by generators and relations, and showing its connections to Bavula’s generalized Weyl
algebras (GWAs). In doing so, we determine a new class of GWAs we call skew-affine GWAs,
of which D(gl(2)) and D(sp(4)) are examples. We conjecture that the differential reduction
algebra of the orthosymplectic Lie superalgebra osp(1|2n) is a twisted generalized Weyl algebra
(TGWA) and that the relations for D(sp(2n)) yield solutions to the dynamical Yang-Baxter
equation (DYBE).

1. INTRODUCTION

1.1. Background. The reduction problem is a long-standing problem within representation theory
arising from the composition of homomorphisms. Indeed, if (g, ¢) is a Lie algebra representation,
then composing ¢ with a Lie algebra map v : £ — g provides a representation of £ as ¢o1), a so-called
pullback representation. One can then ask if the additional perspective of the representation of ¢
provides information about the representation of g, and this has been a fruitful journey (one could
begin with , 32, @]) in many cases. In the situation of inclusion of a semisimple subalgebra
t into a finite-dimensional complex Lie algebra g, Mickelsson addressed the reduction problem
with the introduction of step algebras m], which are now known as Mickelsson algebras. Thus
Mickelsson algebras belong to the class of reduction algebras, algebraic structures used to solve the
reduction problem through their action on singular (or primitive) vectors. The previous statement
was substantiated in @] so that a partial answer was given to the reduction problem (particular
branching rules) and a general algebraic philosophy found in the study of reduction algebras.

To preview the technical details, set a Lie algebra € reductive in a Lie algebra g =g_®hP g, so
that the ¢-module g is completely reducible under the adjoint action of €. Now ¢4 = g4 N¢. Also,
let Z = Z(g, ) be the reduction algebra associated with g D €. For a €, -locally finitd] e-semisimple
irreducible g-module V', we have the ¢-module decomposition

dim(V,")
v="ea'V,
=

Date: March 26, 2024.
1We use the definition for locally finite meaning dim(U (¢4 )v) < oo, for all v € V.
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where the space of ¢, -singular vectors V;r is the subspace {v € V' | ev =0, for all e € £, } and the
set of &-modules {V;} equals {U(t_)k | k = z.wp for weight vectors z € Z} \ {{0}} and wy is any
nonzero weight vector in V{,Jr.

Specific applications and developments relying on reduction algebras are found in the decom-
position of tensor product modules via actions of diagonal reduction algebras [20, [10], higher order
Fischer decompositions in harmonic analysis [7], conformal field theory [5, 6], and the construc-
tion of wave functions [1] in the realm of theoretical particle and nuclear physics, as examples.
The last paper formalized extremal projectors, and Zhelobnenko [37] is credited with realizing the
importance of extremal projectors in a scheme to determine generators and relations of localized
reduction algebras. See [40] for an overview of the construction of generalized step algebras, what
we equate to the class of reduction algebras.

We emphasize now two points with the first being that reduction algebras are associative algebras
with their own lanes of study. There are a great number of results on reduction algebras with
many summarized at the end of Tolstoy’s commemorative paper [31]. Khoroshkin and Ogievetsky
furthered results by giving a complete presentation of the diagonal reduction algebra |20] of type
gl in all degrees. Their care in the technical details sheds light on the role of reduction algebras
in the theory of quantum matrix algebras [27, and references therein] and the related quantum
inverse scattering method. Previously, Khoroshkin [19] had noted the application of extremal
projectors in the quantum dynamical group picture and, with Ogievetsky, solidified [21] that the
intertwining operators establishing dynamical quantum group theory appear as special cases of
reduction algebras. With motivation drawn from the second author’s dissertation [35] on finding
explicit bases of reduced tensor product representations of the orthosymplectic Lie superalgebras
osp(1]2n), the authors gave a complete presentation |10, Section 3.5] of the diagonal reduction
superalgebra Z(osp(1]2) x 0sp(1]2), 08p(1|2)) for osp(1]2), the first recorded diagonal reduction
algebra associated to a classical |18] Lie superalgebra. The sequel [11] classifies finite-dimensional
and certain infinite-dimensional representations of Z(osp(1|2) x osp(1|2), 0sp(1]2)).

The second matter is that homomorphisms to the nth Weyl algebra A,, (see the use of canonical
realizations in [12, Definition 1]) yield examples of reduction algebras important to quantum defor-
mations and noncommutative geometry. A particular example is the ring Dy (n, N) of h-deformed
differential operators [14] as the reduction algebra defined from the diagonal map sending gl(n) to
the tensor product U(gl(n)) ® A,n. In this paper we define D(sp(4)) as the symplectic analogue
to Dn(2,1) by leveraging the oscillator realization of sp(4) in As.

Combing the two points of emphasis above, we initiate the study of symplectic differential
reduction algebras and inspire results in the theory of generalized Weyl algebras (GWAs). There is
quite a natural progression to this aim: In [22], Khoroshkin and Ogievetsky introduced the method
of cutting and stabilization relating commutation relations in the diagonal reduction algebra of the
Cartesian product gl(m) x gl(n) to that of gl(m + n). A reasonable mathematical pursuit is the
generalization of this method to more general pairs € — g. For this, it is important to calculate
examples. The sequence of Lie (super)algebras

gl(n) — sp(2n) — osp(1|2n)

is of particular interest to us. For n = 2, the Lie algebra sp(4) plays a crucial role, and we expect
the relations found in this paper to be important for future work on 0sp(1[4) and higher rank cases.
Specifically, we introduce skew-affine generalized Weyl algebras that will be important for higher n,
as well as being of independent interest in noncommutative ring theory. We also state some related
open problems which would be valuable to investigate. For the osp(1|2n) case, we conjecture that
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the differential reduction superalgebra D (osp(l |2n)) is a twisted generalized Weyl algebra (TGWA),
as the family of TGWAs contains superalgebra versions of GWAs [9]. Finally, we expect solutions
to the dynamical Yang-Baxter equation (DYBE) to arise from explicit computation of relations
between generators of D (sp(2n)).

The paper’s structure is as follows: We provide preliminaries in Section 2l In particular, Sec-
tion 23] reviews the work of Ogievetsky, Khoroshkin, and Herelemont on Dy (2,1) to motivate our
technique. Section [B]contains a proof of our presentation for the rank two symplectic differential re-
duction algebra D(sp (4)) We supply in the concluding paragraphs open problems and conjectures.
We end the current section with a summary of main results.

1.2. Main Results. The following result, proved in Section [3.4] is the main result of the paper.

For the statement, we denote by R a homomorphic image in D (5p(4)) of the universal enveloping
algebra of the Cartan subalgebra of sp(4) localized at the monoid generated by all h — n where h
is a coroot and n € Z. The algebra D(sp(4)) is an R-ring with product denoted

o: D(sp(4)) @r D(sp(4)) — D(sp(4)).

Theorem 1.1 (Presentation). D(sp(4)) is generated as an R-ring by 1,01, &2, d> subject to rela-
tions, where H, € R denote the images of the coroots of sp(4):

J_TlH = (Ha — 1)1_71 J_TlHﬁ = Hﬁ{El (11&)
O H, = (Hy+1)0y O1Hg = Hpdh (1.1b)
J_TQH = (Ha + 1)1_72 J_TQHﬁ = (Hﬁ — 1)52 (11C)
OoHy = (Hy —1)0s OoHg = (Hg +1)0, (1.1d)
T1 0T = (1+ 1 )@20@1 52051251 052(14— ) (116)
H,+1 H,+1
_ 1 _ - ~ 1
_ — (1 - = — Toll4+ —— 1.1f
T ¢ 02 ( —|—7Hﬂ+a+1)82<>171 I2<>81 81<>$Q( +H[@+a+1) ( )
T 00, :_1+Ha+1 + f1101 0 &1 + f1202 © To (1.1g)
Li'2<>52 = —1+f21(§1 O X1 +f2252<>i‘2 (11h)
where fi; = fij(Ha, Hg) € R are given by
(a+1D(a—1)b+1) —(d+2)
Juu= 5 flo= — 12
a’b ac (1.2)
ald—1)4+c(d+1) d+1
Ja1 = foo = ——
acd d

and we put a = Hy +1, b=Hgyoo+1, c=Hgio+1, d=Hg+1.

We remark that, if we formally send all H, — oo we obtain the usual Weyl algebra relations.
This is to be expected according to general reduction algebra principles. More precisely, consider
the extension of scalars D* (sp(4)) = C[h, i=*] ®c D(sp(4)). There is an “integral form” D° (sp(4))
inside this algebra defined as the C[h]-subalgebra of D*(sp(4)) generated by

H], = hH,, Hj = hHg, &1, Z3, 01, Oa.
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Substituting H, = + H, in all relations above (and multiplying (LIa)-(LId) by h), we see that the
quotient algebra of D°(sp(4)) by the principal ideal (h) is isomorphic to the Weyl algebra A (C)
tensored (over C) by the ring R.

Our second main theorem provides a connection to generalized Weyl algebras in the sense of
Bavula [3].

Theorem 1.2 (GWA realization; see Theorem 5 for details). The normalized generators

Ti=x1, To=(Ha+2)Ts, 01 =0(Ho+1)(Hpsa+1), 0=0(Hpra+1) (1.3)
satisfy o R R
[@1, @2]e = [01, 2] = [T1, O] = [X2,01]6 = 0, (1.4)

where [a,ble = aob—boa is the diamond commutator. In fact, D(sp(4)) is an example of a
generalized Weyl algebra.

2. PRELIMINARIES

The base field is C except when specified otherwise. Let A, (C) denote the nth Weyl algebra.

More precisely, A, (C) is the complex associative algebra with generators z;,0; = %, for i =
1,2,...,n, and relations
TiTj — TjTq = O, 81(% — (%81 = O, (%xj — Ijai = 5ij; (21)

where ¢;; is the Kronecker delta. Relations 2.1] are expressed more compactly using the standard
commutator [a, b] = ab—ba within any ring. The Weyl algebra carries an order 2 anti-automorphism

2.1. Reduction Algebras. There is an extensive history [34, 37, 138, 21, 2, 16, [11] on the study of
reduction algebras and their applications. We provide a brief overview of four constructions/perspectives
for a complex finite-dimensional reductive Lie algebra g = g_ &b @ g with opposite nilpotent parts
g+ and Cartan subalgebra h. See [10, Section 2] for details in the super case.

It is helpful to see these constructions as intertwined rather than separate notions.

(1) Subquotient algebra: Let A be an associative algebra and ¢: U(g) — A a map of associative
algebras. In particular, this makes A into a U(g)-bimodule via multiplication. Let I = A-g
(written as Agy from hereon) be the left ideal in A generated by the image of g4 under
¢ composed with the natural inclusion. The reduction algebra Z associated to (A, g, ¥)
is defined to be Z = N4(I)/I, where N4(I) is the normalizer of I in A. To clarify, the
normalizer N4(I) of the left ideal I in A is the maximal subalgebra of A with respect to
containment of I as a two-sided ideal. Hence as an A-subquotient the reduction algebra
Z inherits its product from A. Note that normalizers may be termed idealizers in general
ring theory [with historical context found in [17, Section 2].

Remark 2.1. When ¢ is induced from a Lie algebra map g — &, g reductive in &, it is
common to denote the reduction algebra Z = Z(U(g), g, ¢) as Z = Z(®, g).

(2) Opposite endomorphism algebra: Since (EndA(A))Op is isomorphic to A, one might hope
for a natural realization of the A-subquotient Z as endomorphisms of an A-module. Indeed,
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since n € N4(I) implies In C I, right multiplication by N4 (I) defines a right action on
A/I such that I C Anny,(A/I). It follows that A/I is a right Z-module, in fact, an
(A, Z)-bimodule. Then End4(A/I) is a left Z-module isomorphic to the left Z-module
Z, particularly since endomorphisms of A/I preserve Z and 1+ I € Z generates A/I as
an A-module. Now consider maps 1 + 1 — n+ I, n € Na(I), which are precisely the
elements of End4(A/I) by the previous statement. Then opposite composition shows that
the reduction algebra Z is isomorphic to Zmaps = (EndA (A/I))Op, the opposite algebra of
left A-module endomorphisms on A/1.

(3) Subspace composed of g -invariants: For a left A-module V' we have the subspace
Vi={veV| ew=0, forallec g}

of g-invariants. Then since No(I)Vt C VT and IV = {0}, there is a left Z action on V.
Taking the case where V = A/I, we have that Z = (A/I)" since gy (a+1) = {0+ I} if and
only if Ta C I, the defining condition for a € N4(I). We say then that A/I is the universal
g+-highest-weight A-module in the sense that given a pair (W, w) of a left A-module W
containing a (singular) vector w (such as any g -highest-weight vector), there exists a
unique A-module homomorphism from A/I to W sending 1+ I to w. Thus evaluation at
1+ 1 € A/I determines completely and the left Z-module Homa(A/I, W) and W are
isomorphic as left Z-modules, as in the special case in the previous paragraph.

Remark 2.2. Recasting W™ as solutions to a system of equations puts Z as a symmetry
algebra of the solution space. In particular, reduction algebras are useful in determining
solutions to so-called extremal equations [3§].

(4) Quotient space composed of g_-coinvariants: There is a dual construction of reduction
algebras based on g_-coinvariants, the elements of V. = V/g_V for a left A-module V
(taking into account the action of g_ induced by ). We begin with the quotient space
(A/I)- = (A/I)/g—(A/I) that comprises the g_-coinvariants of A/I. Note that A/I being
a right Z-module and A being a U(g)-bimodule implies (A/I)_ is a right Z-module. By
multiple applications of the fundamental theorem of homomorphisms, we identify (A4/7T)_
with the double coset space J\A/I = A/II, where II is the sum of abelian groups J + I.
Explicitly,

(a+I)+g_(A/])—a+ T+ J).

Then we have mo¢: Z — A/Il with the natural inclusion ¢: Z — A/I and the natural
surjection w: A/I — A/II of right Z-modules. When the extremal projector is available,
there is an inverse to 7o ¢ that induces an associative product on A/l such that Z = A/IL.
See Proposition 2.3

The aforementioned extremal projector is available under satisfaction of the coroot condition
and locally nilpotent actions: If (the image under ¢ of) h —n is invertible in A for any coroot h and
integer n, and g4 acts locally nilpotently on A, then the extremal projector of g is available. To
ensure the coroot condition is satisfied, we follow Zhelobenko |38] to localize A at the denominator
set D generated by {h—n | h € h, n € Z}. One can localize A first and then consider subquotients
or form the the subquotient Z and continue with a localized version. The non-localized version is
termed the Mickelsson algebra and may be regarded as a subalgebra of the corresponding (localized)
reduction algebra. With the motivation for localization, let A’ = D=1U(h) ®y(n) A, recognizing the
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coefficients as “dynamical scalars”, rational expressions in . We also cite Zhelobenko [39, p. 4.16]
for the method to obtain normalized elements belonging to the non-localized reduction algebra
(Mickelsson algebra) from the localized reduction algebra by clearing denominators. We make use
of normalized generators of Z in specific calculations.

The thesis [14] of Herlemont (supervised by Ogivetsky) expands on the connection between
extremal projectors and reduction algebras. A more geometric treatment is found in [28]. What
immediately follows is a summary on extremal projectors which is developed for the specific foci of
this paper in Section

2.2. Extremal Projectors. Projection operators or extremal projectors were introduced in [24]
and subsequently studied by Asherova, Smirnov, Tolstoy [1]. Each finite-dimensional reductive Lie
algebra g over the complex numbers admits an extremal projector as an element of U (g), denoting
a certain completion of the localized (in the same sense as A above) U(g) in terms of formal power
series and finitary conditions on exponents within terms. In particular, the extremal projector
corresponding to g was recalled in [30]. See [10] for further background and applications of the
construction [29] in the super setting. As stated, we give only the main ingredients to prime
readers for the explicit construction found in Section [Bl

Recall that g = g_ ®hDd g and let @ be the root system of g with @, the positive roots. Choose
a convex [in 130, “normal”]) order on the positive roots, and denote the corresponding ordered set

by <I>+ so that indexing over <I)+ is in regard to the convex ordering.
The extremal projector P of g (associated with the triangular decomposition) is independent of
the choice of convex ordering [30]:
II P (2.2a)

—

OtE‘I’+
where i
oo 1 B
Bt A P (2.2)
k=0 ’
and
- (o, 0)
o = T (o + ) + 71222 (2:20)
j=1

for p the linear functional on h* determined by its image p(e;) = 3(a, ;) on simple roots o, and
(Tas T—ay ho) 18 an sl(2)-triple associated with o € @ .

Precisely, P is the unique element of U of satisfying 2o P = 0, Pr_o =0, P = 1 (mod g_ U+ ﬁng).
For each locally g -finite U-module V', P provides an inverse to the linear map Qv : V* — V_,
from the space of gi-invariants to the space of g_-coinvariants. The map Qv is the composmon
of my with ¢y, the natural projection and injection, respectively. In other words, the extremal
projector P acts an endomorphism

-1
Py Vv Syt vy
which satisfies:

Py(v)=w, forallve VT, (2.3)
Py(v)ev+g_VCV, forallveV.
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The name extremal projector is appropriate in that the characterization above and Equa-
tions ([23) and ([24) imply P2 = Py. Thus, we have the decomposition V = VT @& g_V, that
is, P projects V to the space VT along the space g_V. Emphasizing Q‘_,l o my, we have the
isomorphism VT 22 V/g_V of vector spaces.

If we choose (A, g, ¢) such that the coroot condition is satisfied and A/I is a locally g-finite
U(g)-module, then we have Im(P4/;) = Im(QZ}I) = Z, the reduction algebra. The map QZ}]

yields a meaningful way to study Z = N4(I)/I since computing the entire subalgebra N4(I) by
definition is generally unwieldy.

Also, we recall facts from the previous subsection: We have the identification of (A/I)_ with
the double coset space A/Il. Now both Z and A/II are right Z-modules, and Q4/7: Z — A/IL is
the composition of right Z-module homomorphism. Hence @ 4,; and its assumed inverse are right
Z-module isomorphisms.

Moreover, the following result was noticed by Khoroshkin and Ogievetsky.

Proposition 2.3 (|21, Equation 3.7]). There is an associative binary product in A/Il that makes
Q;‘}I : A/l — Z an isomorphism of algebras:
jog:IPy—}-H, j:I‘FHag:y"’IvayeAv

where we make sense of xPy+11 as the image of xPa,r(y+1) € A/I under the canonical projection
AT — A/

Proof. Having Q4,7 : Z — A/Il and QX}I : A/TT — Z as isomorphisms of right Z-modules, the
result follows from writing the product in A/II to define an algebra homomorphism Z — A/II:

(¢ + )0 (y+10) = Qayr (Quly(x + Q) (y +1)) by definition of o
=Qur (QZ}I(:E + I[)) (Q:‘}I(y —i—]I)) since @4/ is a right Z-module map

= (e +T) (@), (y+10))
=(x+I)Pasr(y+1)
=zPy+1 by right action of Z on A/IL

We clarify that the right action of n + 1 € Z on = + I is 2n + II, which is equal to the image of
x(n+I) € A/I under the canonical projection A/I — A/IL O

From now on we use Pv to denote Py (v) unless additional context is needed.

2.3. The Differential Reduction Algebra D(gl(2)). To illustrate the methods of Section B} in
this section we compute a presentation for the differential reduction algebra of gl(n) with n = 2.
For general n, these algebras have been investigated by [14, [16, [15]

Consider the Lie algebra homomorphism from gl(2) to the algebra A2(C) ® U(gl(2)) localized
at the multiplicative monoid generated by {H —n | n € Z}, where

e—»FE=210®1+1®e
hHHZ(Ilal—CL'gag)@l-i-l@h
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L= T=@b+20+1)@1+101
where I is the 2 x 2 identity matrix and e, f, h the standard s[(2) basis. Put
Ti=wi®l, 0,=0,®1.

We have the following rules for moving dynamical scalars to the left of these generators:

T1H = ( 1)y, ol = -1)z,

ToH = (H + 1)Z4, Tol = (I — 1)Z,,

= = = = 2.5

OH=(H+1)o, Ol =(1+1)0, (25)

9o H = (H — 1)y, oI = (I +1)0s.

To calculate relations in the reduction algebra we use the extremal projector for s(2),
P—1+F—E+ (2.6)
= fi . .

When [E, [E,b]] = 0 or [[a, F], F] = 0 (which will be the case for all our generators a,b), we have
modulo II:

-1
aPb=ab+ [a,F]ﬁ[E,b].

First, since £ commutes with z; and 52, and F' commutes with o and 51, we have the following
congruences modulo II:

aPil = afl, 52Pb = 521),
aP52 Ea(;;g, 51Pb551b
Next,
-1 H+2
%1P52 = fflig + [ffl,F]ﬁ[E,fo] = Hi 152P§1

So, with #; = 7; + I and 8; = 9; + II:

H+2_ .
T (2.7)

71T = Taf1,  Ohdh =
T1T2 H+1UC2ZC1, 201

The second relation follows from the first by applying the involution © and using that H commutes
with 61(92. " " _ _
1\I€Xt7 we have 82P§1 = 8251 = ':13182 = §1P82, SO

52:51 = f1(§2, 51@2 = f2(§1, (28)
again using © to get the second from the first.
Lastly,
~ o = = -1 . SN -1 =
0o P2y = 0925 + [62,F]F[E,x2] =14 22P0; + o 1(91PI1.
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Solving for Engg, we get in the quotient

_ 1 - _
ToOy = —1 + i 1(91@1 + O2To.
Similarly,
S S -1, = ~ -1 . =~
11 P01 = 2101 + [wl,F]F[E,al] =—-1+01Px1 + o 1£L'2P(92
That is,
710; = —1+4 0171 + H_+ 15:252.
Substituting ([2.9]) into this we get
o - -1 I 5 _
2101 = -1+ 0171 + H——Fl(_ 1+ o+ 161:51 + (92$2)
Simplifying this, using the identity 1 + (H;11)2 - Ié(lifr Jlr)zz) we get

_ 5 1 H(H+2) 5 _ -1 5 _
0 =-1 0 ——— 0272
101 +H+1+(H+U2“M+H+12@

Now introduce normalized generators
T1 =T, Z2=(H+2)I,, 51 = (H +2)0y, 52 = 0,.
Theorem 2.4. Then one can check that
@1, T2) = [01,02] = [0, 71] = [01,72] = 0.

Furthermore, using (29), one checks that

PPN 1 4 H+2~
Oy =—(H+2 —0 —0
T202 ( +)+H+1 1$1+H+1 bX2,
. H -~ 1 ~
7101 = —H + ——7 ——— O Zo.
101 +H—|—1 1I1+H+1 T2

Corollary 2.5. The set
{29250;04 | a,b,c,d € Lo}

is a basis for D(gl(2)) as a left R-module.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Proof. The linear independence follow from the linear independence of the corresponding monomials

in . The spanning property follows from Theorem 2.4

O

We note that clearing denominators (multiplying (2I3) and ([2TI4]) from the left by (H + 1))
we obtain a presentation for a subalgebra of (a kind of “order” in) the non-localized version of the

reduction algebra.
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3. CONSTRUCTING A DIFFERENTIAL REDUCTION ALGEBRA OF sp(4)

3.1. Type C Lie Subalgebra of the Weyl Algebra. As seen in the introduction of [13], for
example, we realize the (complex) symplectic Lie algebra sp(2n) as the Lie subalgebra of the Weyl
algebra spanned by anti-commutators {a,b} = ab+ba. Let V = Span{x1,01, ..., 2, 0n} C A,(C).
Define

sp(2n) = Span{ab+ba | a,b € V} (3.1)

Thus, sp(2n) is spanned by the following elements:

1 1 1 1
aij = 5{:1:1,8]} = xi[)j + 5517-, bij = g{xi,xj} = .Iin = bji; Cij = 5{81,(%} = 81@ = Cji

These elements correspond to the size 2n x 2n matrices of the form

A  B=B
c=ct —at

Recall that 9 denotes the C-linear involutive anti-automorphism of the Weyl algebra A,, determined
by J(z;) = 0;. Note that ¥ preserves the subspace sp(2n). We identify 9|4 (2,) with the involutive
Lie algebra anti-automorphism 6 given by

0(ai;) = agi, 0(bij) = cij.

The subspace ) = Span{a;; }? ; is a Cartan subalgebra. The root system is

A={ei—egjtizg U{ei+e}is U{—ei—€}ij (32)
where €;(a;;) = d;;. A choice of positive roots is

Ay ={ei —gjlicg U{ei + &5} (3.3)

and the corresponding simple roots are

Q; = &5 — Ei41 (’L:L,?’L—l), Oén:25n. (34)
For each positive root v we fix an sl(2)-triple (e, fy, hy) as follows:

v=ei—gi (i, ajis aii — ajj)

v—1 v—1
v =2¢;: (Tbm —5 Giis @i;)

y=eit+e: (V—=1bij, V—1lcij, aii + a;j)

3.2. The Differential Reduction Algebra of sp(4). In this section we obtain a symplectic
extremal projector as defined in (22)).

With the root data as give in the previous section, we now specialize to the case n = 2. Thus,
g = sp(4), the complex symplectic Lie algebra of rank two (type Ca = Bs) with Cartan subalgebra
h. The corresponding root system is shown in Figure [l

From 3.2 we have the 8 roots

t(e1 —e2), £(e1 +€2), £2e1, £2e2
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o 8+ 2«

B+

B

FIGURE 1. Root system of type of type Cy. Thick lines indicate a choice of positive
roots.

For n = 2 we denote the simple roots by
=g — &g, B = 2¢e5. (3.5)

The corresponding simple root vectors of sp(4) are

€a = €cy—gy = Q12 = 1102 (3.6a)
)
eg = €ge, = 5:10% (3.6b)
€B+a = €eytey = LT1T2 (3.6¢)
i
€8+20 = €2, = 5:10% (3.6d)
ho = a11 — az2 = 2101 — x20; (3.6¢e)
1
hg = aze = 2205 + 3 (3.6f)
hgta = a1 + ag2 = 2101 + 2202 + 1 (3.6¢)
1
h5+2a =a;1 = 2101 + 5 (36h)

The negative root vectors are obtained by applying the anti-automorphism 6. Also, note that
ad hgtq is the total degree derivation on the Weyl algebra: [hatq, 2] = xi, [Rg+a, 0i] = —0;.

Let hq, hg € b be the simple coroots. Then a(hg) = —1, B(ha) = —2. The set of positive roots
is

(I)+ = {ﬂaﬂ+avﬂ+2aaa}' (37)
There are exactly two convex orderings of the positive roots:

B<B+a<fB+2a<a, (3.8a)

a<fH2a< pf+a<p. (3.8b)

Let As be the 2nd Weyl algebra over C with generators x1, 01, x2, 2. Let
o =A® U(sp(4)), (3.9)

where U(sp(4)) is the universal enveloping algebra of sp(4). Let {eq, ha, fa, €, g, f3} be Chevalley
generators of sp(4). We have a Lie algebra homomorphism

p:sp(4) = o’ (3.10)
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determined by (i = v/—1):

ea—= Ey=21001+1Re, (3.11a)
fa'—)Fa:{E281®1+1®fa (311b)
ho = Hy = [Eo, Fo] = (101 — 2202) @1+ 1Q hy, (3.11¢)
6g»—>E5:%I§®1+1®65 (3.11d)
fars Fs = %a§®1+1®fﬁ (3.11e)
1
h@HHIQZ[EB,FIg]Z ($262+§)®1+1®hﬂ (3.11f)
Let

o =St (3.12)

where S C &/’ is the multiplicative submonoid generated by {¢(h) —n | h € h —n}. Let
I. =dE,+ dE;s (3.13)

be the left ideal of & generated by the image of the positive nilpotent part of sp(4). Let P be the
extremal projector (see (22))) for sp(4). Thus

P = PgPp+aPpi20P0 = PaPpy20Pp+a s, (3-14)

where .
P,=1-——FF 3.15
v H’)’+2 vy V+ ( )

We will use the Chevalley integral basis
1

€B+a = [ea7 63]7 €B+2a = 5[60“ e,@-‘ra]v
1
JBta = 9(€ﬁ+a) = [fﬁa fal, JB+2a = 9(6ﬁ+2a) = §[f5+aa fal,

where 6 is the Chevalley involution of sp(4). Then {e,,h,, fy} is an sl(2)-triple for each positive
root 7, where h, := [e,, f,]. Let

Egya = [Ea, Egl =it122 ® 1 + 1 ® €gra, (3.16a)

Fpra=1010o @14+ 1® faian (3.16b)
i

Epioa = §x% @1+ 1® egi2a, (3.16¢)
i

Faiza = 50 ®@141@ foiaa. (3.16d)

The two crucial facts we need about these elements are that for each positive root v, the set
{E,,F,,H, = [E,,F,]|} is an sly triple (we need this for the extremal projectors P, occurring
in P), and that ¢ intertwines natural involutions (see Lemma below), which allows us to cut
computations almost in half. Also we have

hﬁ+o¢ = ha + 2hﬁ7 h6+2a = ha + hﬁ; (317)
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which can be verified by applying ¢ to both sides (¢ is injective when restricted to b since p(hq)
and ¢(hg) are linearly independent). Applying ¢ we obtain the same relation for the upper-case
elements.

Let I = I_ + I}, where I_ = F,o/ + Fgo/. Define

D(sp(4)) = o/ /11 (3.18)
On D(sp(4)) we have the diamond product
aob=aPb+1, VYa=a+1, b=0b+1L. (3.19)

This makes D (sp(4)) an associative algebra isomorphic to the Zhelobenko reduction algebra N/ (I)/1 .
Let

R = 5719(U(b) (3.20)

and introduce the following elements of D (sp(4)):
Ti=x;, Q1+1I, i=1,2, (3.21)
0;=0;@1+10, i=12. (3.22)

Lemma 3.1. D(ﬁp(4)) carries an order two anti-automorphism © determined by

o) =08; i=1,2 (3.23)

Proof. Let 6 be the Chevalley involution of sp(4), which extends to an order two algebra anti-
automorphism of U(sp(4)) determined by 6(e,) = f, for v € {a, 8}. Let ¥ : Ay — Ay be the order
two anti-automorphism determined by ¥(z;) = 9; for i = 1,2. Then we have

e(f(a)) = (¥ ®0)op(a), acsp(4). (3.24)

The anti-automorphism 9 ®6 of A2 @U (sp(4)) uniquely extends to the localization &7 and preserves
the double coset II and fixes the extremal projector P, hence induces an anti-automorphism © of
the required form. O

3.3. A Computational Lemma for D(sp(4)). In this section we provide some computations
that will be needed in proof of Theorem [L.I
In o/ we have for any positive root ~:

-1
aPyb=ab+aF,—Eb+---

H,
= ab—i—aF,y_—[E,y,b] +
H,
-1 (3.25)
=ab+ [a, Fy)|—FEb+---
vy H’Y v
-1
Eab—i—[a,Fy]H—[Ev,b]—i—--- (mod II)
gl
where - - - indicate higher order terms from the extremal projector. However, we will only need the

constant and linear terms in the calculations of this paper.
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Lemma 3.2. In <&, the following relations hold.

[Ea,d1] = =02, [T1, Fo] = =72, (3.26a)

[Ea,T2] = 21, (02, Fa] = 01, (3.26b)

[Epyoa,01] = —id1, [#1, Fay2a] = —i01, (3.26¢)

(Ep i O] = —iT2, [#1, Faia) = —t0o, (3.264)

[Epya,0a] = —i%1, (2, Fgyo) = —id1, (3.26¢)

[Eg, 2] = —iTa, (%2, Fg] = —ido, (3.26f)

[Ey, z] = 0 in remaining cases, [w, Fy] = 0 in remaining cases, (3.26g)

Ho@y =71(Ha + 1), Hod) = 01(Ha — 1), (3.27a)

Hoo = F2(Ho — 1), Hod2 = 82(Ha + 1), (3.27h)

Hg 2071 = T1(Hpt2q + 1), Hp 2001 = 01(Hgi2a — 1), (3.27¢)

HpyoZi = Ti(Hppo + 1), Hpyod; = 0i(Hpyo — 1), (3.27d)

Hys = 3a(Hg + 1), Hpd = D2(Hp — 1), (3.27¢)

H.,z = zH in remaining cases. (3.271)

Proof. Using the map ([B.10]), computations in & verify the the left column of commutator relations
(326) and shift relations (B:27)). Applying the anti-automorphism © defined in Lemma BTl yields
the relations in the right column. ([

Lemma 3.3. In &, we have the following congruences modulo 1I:

51P:’fl = 515[71 (328)
~ ~ —1 ~
0 PZo = 0979 + 2 181I1 (329)
PO Hpg - 1 ~ o

Po,=-1+ 1 .
#2b0; (Hy + ) (Hprn + 1)8”51 (1 Hy + 1)8”2 (3:30)

HoHgyo+ Hgioa +1
(Ho +1)(Hpta +1)(Hpy20 + 1)

Hy — Hg o —2
(Ho + 1)(Hpta + 1)
(3.31)

0272

- = 1
$1P815—1+7+(1+

H, +1 )alxl +

Proof. The congruence ([B.28) follows immediately from the fact that [E.,z;] = 0 for all positive
roots -.
For the proof of (329), we have:

02 PFy = 02 Po P390 PsyaPsZs def. of P
= 52Pa:’fz by [E,@+ka,/$vi] =0

~ ~ —1 _
= 0272 + (02, Fa]H—[Ea,ﬂfz] by B25)

by (3.26T)

~ ~ —1_
= (92332 +81H—$1

[e3%
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= 5252 + Ha + 151§1 by (mb
This proves (3:29).
The proof of the third congruence, [3:30]), is more involved:
T POy
= T3P P390 PsyaPs0s def. of P
= 2Py Pyl by (3203
-1 - -1 -
= (Fo + [Fo, Faro] ——Eg10) (95 + Fs—[Eg, b
(@2 + [@2, ﬂ+]Hﬁ+a 5+a) (02 + 57, 1P ]) y ([B.25)
~ ~ 1 ~ -1
=z —i0 Egio, O To, Fgl—(—iT
Ta0s + (—i 1)Hﬁ+a[ B+as Oa] + [T2 ﬂ]Hﬁ( i3)
=~y —1 -1,
+ (—1i01) Eptalg——(—i72) by ([3.266), (3.26¢)
Hgia Hg
- 1 -1
= 2200 + 01 Ty + 0a 22
Hg o Hg
Gt (E F]1~ by 91— Fy = Fydy—
- s - =
1Hﬂ+a o g Hg ’ Y 1HB+0¢ g ’ 1HB+0¢_2
and ([3.26¢])
- 1 ~ -
=T200 + ——— 0171 + 0o
1202 Hgio+1 1 Hg+1 202
1 -
- 81[E0H§2] by (m)am)am
(Hgta +1)(Hg +1)
and [EB_;,_Q,F,@] = Ea,
and HgEa = Ea(Hg — 1)
T20o + Hp Bid + — o by (B-26T)
=z z z .
T e+ D(Hpra + ) T H 41 Y

Using that 5252 =—-1+ 5252 and collecting terms we obtain ([3.30).
The last case is the hardest one, as we need to use three of the four root-vector projectors P, .
First, we have:

7 PO,

= 71 P3P31 0 Ps 120 Padh def. of P
= 71P34 0 Psy20Pady by (B26g) and (3.25)
= (F1-+ [F1 Foval g Eove) Poasa (01 + Fu g (B, 91) by (@23
= (71 + (—igz)H:La Bpta)Pai2a (01 + Fa;[—i(—gz)) by (3.26d), (3.26a)

= /J,'vlpﬂ_i_zagl (332&)
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~ 1 =
+ $1P5+QQFQH_82 (332b)
4 Oy FpraPssoady (3.32¢)
HﬁJra
~ 1 1 ~
19, EgioPsioaFo—0 3.32d
+ 2H,8+a B+alB+2 . 2 ( )

Then we consider each of these four terms in separate computations:

The first term:

B32a) = 51Pﬂ+2a51

= 5151 + [fl, F5+QQ]H—[E5+20” 51]
B+2a
L PO
=1101 + (—281) (_Z-Il) by m
B+2a
~ 1 ~
=710, + ———— 017 b .
101 + Horon 1 1 171 y (3.27d)

We could use 5151 = 5151 + 1 to rewrite this but we hold off until we have all four terms.
The second term:

~ 1 =
m = xIPB+2aFO¢H_62

- . -1 1 ~
= (7 + [xlvaza]mEﬁua)FaH—aaz) by ([B.25)
~ 1 ~ = ) 1 ~
= [71, Fol 502 + O [Et2a, Fol 702 by ([B.26d),([3.26g)
H, B+2a H,
1~ o~ 1~
= (—xg)H—aag + alm(—Eﬂ+Q)H—a62 by (BEED and [EB_;,_QQ,FQ] = —E3+a
_ ~ i ~ ~
= ToOoy + O01[Es1a, 0 b, , ,
12 I Dt 1) 1[Epta;02) y (B:27D),(B.27d), B.27a)
and [HQ,E5+Q] = —2Eﬁ+a
-1 ~ -1 ~
= ToOo + o T by ([3.26€)
Ho+ 177 (Ho + D)(Hpgza + 1) Y
The third term:
~ g ~
B32d) = 0, EgtaPsi2001
Hgiq
i - - _
= 78 E o 8 F « —iz b ) ?
T 0B (31 + Faso T i) y B27d),32),B250)
i - I i
=——([Es1a,0 02[Eg1a, Fgioa T b
H6+a+1( 2[E+as 01 + 02[Epta, Fatz ]Hﬂ+2a$1) y (3:26g)
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- Hﬁ+a + 1

(Ba(-i72) + B ! )

by (3:26d)
B+2a
and [Egta, Fgt2a] = Fao
1 - -~ -1
=—— (57 +0 7) b
Hora + 1 ( oTo + 1H,8+2a T y (8.26h)
1 = ~1 ~
= —— 0Ty + o1T by (3.27d).
Hppo t1 27" (Hovo+ D(Hpiza +1) Y
The fourth term:
Z ) ) (B27d), @270)
= 02 E 310 P3yoaFa0: b, H.,F,=F,(H,—2
(m) (H,B+a+1)(Ha+1) 2LB+al B+2 2 y ( )

HoEgio = Egtata
For brevity, we omit the prefactor and compute:

52Eﬂ+apﬂ+2aFa52
= 32 raFa + [Favar Fisaal g——1Fa 120 Fal )2 by (268
~ 1 ~ [EB-i-ou Fa] = _2EB
=0, (FaEﬁ+a —2E3 + FaH—(—Eﬁ+a))32 by  [Egta, Fpt2a) = Fa
B+2a

[Eﬁ+2av Fa] = _EBJra

= (02, FollEg+a, &) — 252[E[3, Do) + (02, F) > [Es+as 5] by congruence mod I
+2a
. e ~ 1 —~

= O1(—iT1) — 202(—iZ2) + O Hors (—i71) by (B.26D), (3:2Ge), (5.261)

~Hpyoa +25 - 5~
= (—i)(=—————01x1 — 20 b .

? Hpsoo + 1 171 2!102) y .27d)

With the prefactor we thus get:
1 Hpyon+25 o ~ .
B3 = (HM; i - 282:132) (3.33)
B+ B+

Afiding up the four terms, and using that 5151 = -1+ 5@1 and collecting coefficients of 5151
and 0xZo we get:

~ ~ 1 ~
11 POy =110 + —————— 0%
Tl 1 101 HB+2a+1 121
T 1 7
- T
Ho+17°7% 7 (Hy +1)(Hpr0a +1) 7

+ Boy + -

X
Hgia +1 > (Hﬂ+a+1)(Hﬂ+2a+1)
1 (Hﬁ+2a+2
_|_

(Ha+1)(Hﬂ+a+1) Hpioq +1

Oz,

51%1 — 252%2)

17
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1 —1 —1
=-1+ + (1 + + +
Ho +1 Hgioa+1  (Ha+1)(Hpt2a +1)  (Hpta +1)(Hpt2a +1)
Hﬁ+2a +2 o~
n )a
(Ho + 1) (Hpro + 1)(Hproa + 1))
4 ( —1 i 1 I —2 )5 ~
X
Ho+1 Hpra+1  (Hot V)(Hppa+1)/727

This can be simplified to B3T]).
3.4. Presentation of D(sp(4)). In this section we prove Theorem [Tl
Proof. Relations ([LTa)—(LId) follow from the corresponding identities in 7. For example:

T1Hoy=(@T1 +)Hy =21Hoy + 1= (21 ® 1)((961(91 —2202) @1 +1 ®ha) +1I
21'1(1'1(91 —1'2(92) R1+z1Qhy +1I
= ($181—I282—1)I1®1+$1 ®ha—|—H: v = (Ha—l)fl

where we used 2101 = d121 — 1.

18

Next, we prove ([LI€)). The second relation follows from the first by applying ©. For the first
relation, observe that neither of E, and Ejs involve 8y in their expressions (see (311al), BI1d)).

Therefore, they both commute with z; and hence
[E'Y,ffl] =0, V’}/ S (I)+.

In particular,
/LL'VQP/LL'vl = 525[71 (mod ]1)

Similarly, none of Eg, Egyq, Eg424 involve 02 which implies that
(B, 3] =0, V¥yed,\{a}

[Ea,%g] = [I182®1+1®6a,$2®1] :I1®1:§1.

Similarly
[@1, Fo] = —To.

Consequently, using 71 H, = (Hy — 1)Z1, we have (= means congruence mod II):

fL‘leEg = :fl PaPB+2aPB+aPBEE2

= fflPa%Q

- - 1 - .
=112 — Ha+1[$17Fa][Ea7$2]

This computation along with ([3.35]) proves the first relation in (T I€).

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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Next we prove (LIf). Again, the second follows from the first by applying ©, so we focus on
the first one. We use P = PgPgyP3420P. We have

@1, Fy] = [, 53] @ 1 =0,

and, similarly,
[EOL7 82] - 07 [E6+2Ot) 82] - 0

Thus, computing mod II, we have
51P82 = :’51P3+a(92

- 1 -
= 7102 + [T1, Fptal 77— [Epta, 02]

Hpya
= ff152 + [ffl, 25152] H_ [’L'fflfo, 52]
B+a
~ = = 1 _
=2109 + 02 X1
Bt+a

| Y
( H5+a+1) >

Since 0,71 = 9, P71 by (B34), this proves the first relation in (LIf).

Lastly, to prove (LI and (TIg), we use Lemma B3l Solving for 9;%; in (3:28) and (3:29) we
get,

5151 +1I= 51 o T (339)

52/552 +1I = 52 O T2 + 51 O T (340)

H,+1
Substituting [339) and (40) into the right hand side of (329) we get:

Hﬁ = H5+2 1 =
o1 oT +
(H3+1)(H3+a+1) Hg+1 H,+1
Hp+25 Hg(Ho +1) + (Hp +2)(Hpta +1) 5

Oy © Ty + 01 ¢
Hy+172° T T (Ho+ )(Hs + D(Hpra+1) 07

52052:—14— (52<>f—|—2—|—

proving ([LIN) for certain f;.

Similarly, substituting (3:39) and B:40) into B.31)), we obtain (I.Ig) for some fi;.
Lastly, inspecting the relations in more detail, we have proved (T:Ig),(IL) with

(Ho + 1)(HaH,3+a + Hpi2a + 1)+ (Hp42a + 1)(Ho — Hgio —2)

fu=1+ (Ho + 12 (Hy o+ 1)(Hs 20 + 1) 410
_ Ho—Hgio—-2

e = D (e 1) s

fr = Hg(Ho +1) + (Hg +2)(Hp1o + 1) (3.41c¢)

(Hy + 1)(H,@ + 1)(H,@+a +1)
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1

=1 3.41d

f22 + ;41 ( )

One can verify that these coefficients coincide with the expressions ([Z), using that Hgioq =
Ha—l-Hg and Hﬁ+a:Ha+2Hﬁ. O

Corollary 3.4. (a) D(sp(4)) is a domain (i.e. there are no left or right zero-divisors).
(b) D(sp(4)) is free as a left R-module with basis
{0705574 | a,b,c,d € Z>o}. (3.42)

Proof. (a) One may use part (b) to prove part (a). But we give a deformation argument using the
observations made in Section Since D(sp(4)) is a subalgebra of D*(sp(4)), it suffices to show
the latter is a domain. Since B = D%(sp(4)) is a C[h]-order in D*(sp(4)) it suffices to show B is
a domain. The latter has a filtration given by By = B+ Bh+ -+ + BhF for k € Zs¢ whose
associated graded algebra is gr B/(h). As remarked in Section [[2] this quotient is isomorphic to
R ®c A2(C) which is a domain. Therefore gr B, and consequently B, is a domain.

(b) The the given set spans D (sp(4)) as a left R-module follows from Theorem[LIl That the set
is independent follows from the fact that & = R®c U(n_) ®¢ A2(C) ®c U(ny) as left R-modules.
In particular, the canonical projection & — &7 /Il = D(sp(4)) has a section ¢ which is a left R-

module map. Explicitly, ¢ sends an ordered monomial in the barred variables to the corresponding
variables with tilde. (|

4. GENERALIZED WEYL ALGEBRAS

Differential operators are ubiquitous in representation theory and mathematical physics, with
the previous sections as examples. In the 1990s, Bavula [3] described a class of algebras that
generalizes the nth Weyl algebra A,,. These so-called generalized Weyl algebras (GWAs) include
important examples from representation theory and ring theory, such as U(sl(2)), U,(s1(2)), down-
up algebras 4], skew Laurent-polynomial rings, to name a few. The class is closed under taking
tensor products and certain skew polynomial extensions. See [g] for a recent survey on GWAs.

In |33], GWA presentations are given for certain subalgebras of Mickelsson step algebras S(gn+1, 9n)
where g, = sl(n) or so(n). In |25] certain reduction algebras were shown to be twisted GWAs.

In this section, we recall the definition of GWAs and state two theorems about their center and
irreducible weight representations. We also observe that D(gl(2)) and D(sp(4)) are examples of an
interesting subclass of GWAs that we term skew-affine GWAs.

4.1. Definition of Generalized Weyl Algebras.

Definition 4.1. Let k be a field. Let B be an associative k-algebra, n be a positive integer,
o = (01,09,...,0n) € Autg(B)™ an n-tuple of commuting k-algebra automorphisms of B, ¢t =
(ti,t2,...,tn) € Z(B)™ an n-tuple of elements of the center of B. The associated generalized Weyl
algebra (GWA) of rank (or degree) n, denoted B(o,t) is the B-ring generated by X1,Y1,...,X,, Y,
subject to the following relations, for ¢,7 =1,2...,n and all b € B:

Xib = Ui(b)Xi, bY; = Y;‘Ui(b), (41&)
XiX; = X;X;, YiY;=Y;Ys, XiV;=Y;X;ifi+#j, (4.1b)

Taking k = C, B = Cluq,us,. .., uy|, o; defined by o;(u;) = u; — d;5, and t; = u;, the GWA
B(o,t) is isomorphic to the nth Weyl algbera A4, (C) via X; — x;, Y; — 0;.
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e |, o '

(-2,2) 1 (-1,2)  (0,2) 1 (1,2)  (2,2)
e ' e :

(-2,1) (L) (0,1) , (1,1)  (2,1)
o ' o o ' o °

(-2,0) ' (-1,0)  (0,0) ' (1,0) (2,0)

FIGURE 2. Example of a Z2-orbit O in MaxSpec(B). A point (a,b) € Z?* corre-
sponds to the maximal ideal o¢o5(mg). The dashed break lines divide O into 9
equivalence classes w;, only one of which is finite. For example, the vertical break
line z; = —1.5 corresponds to the statement that t; € oy >a5(myg) for all b € Z.

4.2. Center. To describe the center of a GWA, first note that since the automorphisms o; commute,
they define an action of Z" on B, by the formula (ki1, ko, ..., kn).b = ot ok? ... gk (b).

Theorem 4.2. Let B(o,t) be a GWA where B is commutative. Assume that the action of Z™ on
B is faithful. Then the center of B(o,t) is equal to the set of all b € B such that o;(b) = b for all
i=1,2...,n.

4.3. Irreducible Weight Modules. A left module V over a GWA B(o,t) is a weight module if

V=P Va, Va={veV|mv=0}
m

where the sum runs over the set MaxSpec(B) of all maximal ideals m of B. The support of a weight
module V is defined to be Supp(V) = {m € MaxSpec(B) | Vim # 0}.

Since o; are automorphisms, the image o;(m) of a maximal ideal is a maximal ideal. Thus we
have an action of Z™ on the set MaxSpec(B) of all maximal ideals of B. Furthermore, by (£.1a]),

XiVin CVoym)y  YiVo(m) € Vi, Vi=1,2,...,n; Vm € MaxSpec(B). (4.2)

For simplicity, we assume the action of Z™ on MaxSpec(B) is faithful. Let ~ be the smallest
equivalence relation on MaxSpec(B) such that ¢; ¢ m = m ~ o;(m), and let Q@ = MaxSpec(B)/ ~
be the set of equivalence classes. Note that each equivalence class w € () is contained in some
Z™-orbit in MaxSpec(B). In more detail, if we fix my € MaxSpec(B), the map Z" — O = Z™.my,
k= (k1 ko, ... kn) = 0¥ (mg) := ook ... gFn (mg) is bijective. Then, whenever t; € m = o*(my),
the hyperplane {x € R" | z; = k; + %} breaks O into two pieces. Thus any equivalence class
w € Q can be thought of as a rectangular parallelotope (box) in Z™ bounded by a set of these break

hyperplanes, see Figure
Theorem 4.3. Let A= B(o,t) be a GWA, where B is commutative.
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(i) If B is a finitely generated C-algebra, then any finite-dimensional irreducible representation
of A is a weight module.

(ii) Assume that the action of Z™ on MaxSpec(B) is faithful. Then the map [V] — Supp(V) is a
bijection from the set of isomorphism classes of irreducible weight modules over A and the set
Q. Furthermore, dimV = | Supp(V)| for any irreducible weight module V.

4.4. The gl(2) GWA. We state here the connection between D(gl(2)) and GWAs which follows
immediately from Theorem [2.4] and Corollary

Corollary 4.4. D(gl(2)) is isomorphic to the GWA B(o,t) with

B = R[t1,ts], R=C[H,I[(H—-n)""|neZ

and
Ul(H):H—l, Ul(I)ZI—l (43&)
oo(H) = H + 1, oo(I)=1-1 (4.3b)

and o;(t;) for j #1i and

0its) =& + firts + fiat (4.4)
with
~ H A -1
1 , fi1 Tl J12 Tr1 (4.5a)
~ -~ 1 ~ H+2
=—H-2 =7 = 4.5b
Ca ; fo1 Tl Ja2 Tl (4.5b)

Note that fll and fgg are invertible in R (in fact, flg and fgl are too, but this is not in
general required in order for o; to be automorphisms). Furthermore, one can directly verify that
Equations (£I2a)-(412f) hold. This follows independently from the compatibility between the
relation Z1Ze = T2%; and T;a = 0;(a)Z; for all @ € B, and the fact that D(gl(2)) is a domain.

4.5. D(sp(4)) is a Generalized Weyl Algebra. Let B = Rlt1,t5]. Define C-algebra automor-
phisms o; of B as follows:

o1(Hy) = Ha — 1, oo(Ha) = Hy + 1 (4.62)
o1(Hg) = Hg, o2(Hp) =Hg —1 (4.6b)
o1(t1) = ¢ + fuits + frata, oa(t1) =t (4.6¢)
o1(ta) = to, 03(tz) = Co + farts + fasto, (4.6d)
where
& = —Ho(Hpsa + 1), G = —(Ho +2)(Hgya + 1), (4.7)
fir = g Ha O s 1) fo = fo et OUWssa £ 2y )

(Ha+2)(Hﬂ+a+2), (Ha+1)(Hﬂ+a+2),
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and fi; = fi;(Hq, Hg) were defined in (L.2]).

It is far from obvious that the automorphisms o1 and o9 actually commute. However, we will
show this indirectly during the proof of Theorem This is not a problem because the definition
of GWA goes through even without the assumption that the o; commute (the algebra could just
be somewhat degenerate, possibly trivial).

Note that using the generators a;; in place of H,, Hg and using H, = a11 — ag2, Hg = a2 + %,
({6a))-([4.6D) may be replaced by o;(aj;) = a;; — ;.

Theorem 4.5. There is a C-algebra isomorphism

o : D(sp(4)) — B(o,t) (4.9)

satisfying

¢(Ha) = Hou

¢(Hp) = Hp,

¢(X1) =71 = 71,

¢(X2) = /$\2 = (Ha + 2)@2,

¢(Y1) = 0 = 01 (Ho + 1) (Hpra + 1),

$(Y2) = 0o = Do(Hpa + 1).

Proof. Let ¢ : B — D(sp(4)) be the C-algebra homomorphism which is the identity on R and
d(t;) = 0; 07 for i = 1,2. Extend ¢ to BU {X1,Y1, Xo,Ya} by ¢(X;) = 7, ¢(Y;) = 9;. We must
show that the GWA relations (4] are satisfied by the images of ¢. First we prove that relations

({1D) are preserved.

Using z1H, = (H, — 1)Z1 (and omitting ¢ for brevity),

Ho+2
ToZy = To7
o 12 h =0

T1%2 = T1(Ho +2)T0 = (Ho + 1)T1Z2 = (Ha + 1)

Using Hp 4001 = O1(Hpyo — 1), O2Hy = (Hy — 1)02, and doHp 1o = (Hpyo + 1)02 we get:

b0, Oo(Hpio +1)01(Hy + 1)(Hgyo +1) = 0201 (Ho + 1) Hpyo(Hp o + 1)
H, +2
H,+1

= 01(Ho + 1)(Hpyo + 1)0a(Hg o + 1) = 010.

Il
Qi

152 (Ha + 1)H3+a(Hﬂ+a + 1) = glég(Ha + 2)H3+Q(H3+a + 1)

Next, since Hgy, commutes with 7102, and H3+a52 = 52(H/3+a — 1), we have

HB+0¢+2*, 5 _
———— 0571 = (Hgqo + 2)0>%
Hyro + 10201 (Hpy )02 1

710y = 2102(Hp 1o + 1) = (Hpya +1)7102 = (Ha1a + 1)
= 0y(Hpgya +1)T1 = 0o
We have HoTy = Zo(Hy — 1), Hy01 = 01(Hy — 1), and ZoHp o = (Hp 1o — 1)T2, S0

5251 = (Ha + 2)@251 (Ha + 1)(H3+a + 1) = i‘gélHa(Ha + 1)(H3+a + 1)
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_ HB-‘,—a +2
=012+
Hﬁ+a +1

= 51 (Ha + 1)(Ha + 2)(Hﬂ+a + 1),’?2 = (/9\1/,@\2.

Ha(Ha + 1)(H,8+a + 1) = 51£’2Ha(Ha + 1)(HB+0¢ + 2)

This proves that the four relations in ({IL) are preserved by ¢.

Next, to show that (@Ia) holds for all b € B, it suffices to show it for b € {H,, Ha, t1,t2} since
o; are C-algebra homomorphisms. For b = H, and b = Hg, it follows directly from (LIa)-
and the definition of o;.

For b = t; the identities are immediately verified once we prove that ¢(t;) = ¢(Y;)p(X;) and
¢(0i(t;)) = ¢(X;)9(Y;), because then:

and for j # 1

Similarly for the case of Y;.
Actually, that ¢(t;) = ¢(Yi)e(X;) is immediate by definition of ¢(¢;). So, it only remains to
prove that

¢(0i(t:)) = ¢(Xi)p(Y7) (4.10)
for i = 1,2. The left hand side of (£I0) equals

d(oi(ti)) = d(ci + ﬁltl + ﬁ2t2) =¢ + J?ilglfl + ]/[;252/«%'\2
=i+ fir - (Ho +2)(Hppo + 2)0131 + fiz - (Ho + 1) (Hppo + 2)0as
=ci+ (Ho+1)(Hpta + 1)(fi151!?1 + fi252f2)' (4.11)

The right hand side of (@I0) equals
7:0i = (Ho + 1) (Hppa + 1)2:0;

which equals (£.11]), by (T.Ig).

At this point we can establish that o1 and o9 actually commute. We have for any b € B,
O = (/,T\lfb'\g — /:E\Q/:E\l)b = (01 (Uz(b)) — 0'2(01 (b)))fli\l/,fz

By Corollary B4l it follows that o1 and oo commute.

We have shown all GWA relations [@.1) are preserved by ¢. Therefore there exists a well-defined
C-algebra homomorphism ¢ : B(o,t) — D(sp(4)) as in the statement of the theorem. Moreover,
¢ is a homomorphism of left R-modules. By a known result about GWAs of the type where
B = Rlt1,ta,...,t,] for some subring R, the monomials Y*Y? X{ X4 (a,b,c,d € Z>q) form a basis
for B(o,t) as a left R-module. These are mapped under ¢ to the monomials 5{‘5355553 which form
a left R-basis for D(sp(4)) by Corollary B:4(b). Therefore ¢ is bijective. O
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4.6. Rank Two Skew-affine GWAs. We consider a class of GWAs we call skew-affine. We
restrict to the case of rank two. The reduction algebras considered in this paper turn out to be
examples of such GWAs.

Suppose R is a finitely generated commutative C-algebra and let B = R[t1, t2] be the polynomial
algebra over R in two indeterminates ¢;. Consider the following Ansatz for C-algebra automorphisms
o; of B:

oi(ti) = ci + futy + fiota, i=1,2;
oi(t;) =t;, i #J;
0'1'|R S Aut(c(R).
where ¢; and f;; are some fixed elements of R. The requirement that the o; are invertible and
commute impose some conditions on the coefficients:

Lemma 4.6.
(a) oy is invertible if and only iff fi; is invertible in R.

(b) o1 and o2 commute if and only if o1|r and o2|r commute, and the following equations hold:

c1 = oa(c1) + o2(f12)ce, (4.12a)
fi1 = oa(f11) + 02(f12) fo1, (4.12b)
fi2 = 02(f12) fa2, (4.12¢)
c2 = o1(c2) + o1(fa1)er, (4.12d)
far = o1(fa1) f11, (4.12¢)
faa = o1(f21) f12 + o1(f22). (4.12f)

Proof. (a) Say i = 1. Suppose v is the inverse of 1. Then ¢1|gp = (01|g)”! and ¥1(t2) =
o7 (ta) = to and 1 (t1) = a(tz) + g(ta)ts + p(t,t2)t3 for some a,g € R[ta], p € B. Now t; =

Y1(o1(tr)) = P1(er) + 1 (fi)Y1(tr) +1(fi2)te. Substituting ¢y (t1) we see that ¢ (f11)g(t2) = 1.
Thus f11 is a unit in R[ts], hence a unit in R. Conversely, if f1; is a unit, an inverse ¢; can be
found of skew-affine form 1 (t1) = a1 + g11t1 + g12t2. Indeed,

Y1(o1(t1)) = Y1(c1) + 1 (fir) (a1 + girts + giata) + 1 (fr2)ta
= (1/11 (c1) + 1/)1(f11)a1) + (1/11(1“11)911)151 + (1/11(f11)912 + 1/)1(f12))t2

which equals tl iff ayp = —2/11(01/f11), g1l = 2/11(1/]011), gi2 = —’lﬁl (f12/f11)- With these ChOiCQS7
g1 (’lﬂl (tl)) = tl too.

(b) By definition of o;, the automorphisms commute if and only if they commute on R and
0109(t;) = o201(t;) for i = 1,2. For ¢ = 1 we have

0102(t1) = 01(t1) = 1 + furts + fizte (4.13)

and

o901 (t1) = oa(c1 + fu1t1 + fizte) =
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= oa(c1) + o2(fi1)t1 + 02(f12)(02 + fort1 + f22f2)>

= (02(01) +U2(f12)62) + (02(f11) +U2(f12)f21)t1 + (Uz(fu)fm)tz (4.14)

Since B is a polynomial algebra in ¢y, t3 over R, identifying coefficients of ([@I3]) and (£14)), we see
that o102(t1) = 0201 (t1) if and only if (II2al)-@I2d) hold. Similarly, o102(t2) = o201 (t2) holds if
and only if (£.12d)-(#@.12f) hold. O

As explained in Section 3] to understand weight modules, it becomes important to know when
t; belongs to a maximal ideal of B. The maximal ideals of B have the form Bmpg + (t1 — A1, 12 — A2)
where mp is a maximal ideal of R. In particular, the following calculation is useful:

Lemma 4.7. Assume that o1 and oo commute. For i = 1,2 and any non-negative integer n:

o (t:) = e + £+ £50t, (4.15)
where
n—1 ,(n) n=1 .(n)
AW =3 sl A = fuo(fn) ol (), fE =D et (i),
k=0 J11 k=0 J11
n—1 n n—1 n
=S IRk, 1 =5 LR ok () 1) = Fraoa(f) - 03 (fo2)
2 - (k+1) 2\€2), 21 — (k+1) 2\J21) 22 — 22021 J22 02 22 ),
k=0 Jf22 k=0 J22

where fi(in)/fi(ikﬂ) is shorthand for o' (fi)ot 2 (fii) -+ o (fu) = a’?*l(f.(.”*lfk)).

2 K3

Proof. Follows by definition of ¢; using induction on n > 0. O

5. OPEN PROBLEMS AND CONJECTURES

Problem 5.1. Classify all rank two skew-affine GWAs by solving the equations in Lemma[{.6

Problem 5.2. Classify simple weight modules over such skew-affine GWAs (perhaps using the
formulas in Lemma[J.7).

Problem 5.3. Generalize the previous two problems to higher rank.

Conjecture 5.4. The differential reduction algebra of sp(2n) is an example of a skew-affine GWA
of rank n.

It is known that there is no need to define “super GWAs” as the class of twisted GWAs is already
general enough to include such examples, see |9]. Therefore we make the following conjecture.

Conjecture 5.5. The differential reduction algebra of osp(1|2n) is an example of a skew-affine
twisted GWA of rank n.
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A. ALTERNATIVE COMPUTATION OF ONE IDENTITY

See Lemma By the implication of (3:26g), we have ingg = ingPnganJrgaPagg =
ZoPgPgq0>. Continuing:

Egpgg = :’L‘ngI@PIg_,_agg

(5’:’2 + [52, FIQ]I_{—;EB) (52 + FB-‘raﬁ[‘Eﬂ"‘a’ 52])

= (2 + (—iéz);—;Eﬂ) (32 + Fava T (i)

= (52 + HB:‘ 152Eﬁ) (52 + ﬁ}?ﬁﬁx%)

= T20s + Hﬁ’; 152 [Es, 0a) + @ﬁﬂm@l o 152E3 T 5 Forals
= 20y + H31+ 152@ + %Qmﬂm@l - ﬁ@ﬁfzﬁﬂm@l

= F905 + ﬁéﬁz + ﬁ[@, Fayolf — @ 1)&{[3% - 1)52[@,, Faio)®
= T2l + Hﬁ1+ 5T+ ﬁ(—zﬁlm @ 1)&%& 50 P
=50+ gy O+ O~ ey O

=20 + (Hs + 1)?I§ﬂ+a ¥ 1)51%1 + H31+ 7 Oa2

= 5252 + (Hs + 1)?5,(34-0[ T 1)51% + %52%2

This coincides with (330).
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