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Abstract

The Floquet-Magnus and Fer expansion schemes were introduced in solid-state
nuclear magnetic resonance (NMR) in 2011 and 2006, respectively. Key features of the
Floquet-Magnus expansion are its ability to account for the calculations developed in a
finite-dimensional Hilbert space instead of an infinite-dimensional space within the
Floquet theory as well as its use of its distinguishable function, A,(t),n =1,2,3, ..., not
available in other concurrent theories such as average Hamiltonian theory, Floguet theory,
and Fer expansion. The distinguishable function facilitates the evaluation of the spin
behavior in between the stroboscopic observation points. This article focuses on revisiting
the Floquet-Magnus and Fer expansion approaches, and applying both methods to calculate
the effective Hamiltonians and propagators, which control the spin system evolution during
the Triple Oscillating Field Technique radiation experiment (TOFU). The TOFU pulse
sequence is an important technique that was shown to avoid the dipolar truncation problem
and form a new basis for accurate distance measurement by solid-state NMR. We take
advantage of the interaction frequencies and the time modulation arising from the TOFU
pulse sequence allowing selective recoupling of specific terms in the Hamiltonian that
fulfill determined specific conditions. The work presented here unifies and generalizes
results of the Floguet-Magnus and Fer expansions, and delivers illustrations of novel
springs that boost previous applications that are based on the classical information. We
believe that the revisited approaches of this work and the derived expressions can serve as
useful information and numerical tools for time evolution in time-resolved spectroscopy,
quantum control, and open system quantum dynamics.

I. Introduction

Over the past two decades, solid-state nuclear magnetic resonance (NMR)
spectroscopy has revealed its ability of producing atomic-resolution structures of solids
and semi-solids®. This has opened new possibilities to elucidate molecular structure and
dynamics in systems, which in many cases cannot be obtained by alternative ways?. Most
solid-state NMR experiments are established on a combination of magic-angle spinning
(MAS) and dipolar recoupling®. This technique can also be combined with cross
polarization to increase the spectral sensitivity of rare and low-gamma nuclei such as *C,
15N in biopolymers or other organic solids?. Therefore, MAS NMR techniques have
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improved to determine complete structure of systems*®. Methods to describe the time
evolution of spin systems under time-dependent Hamiltonians play an important role
among the tools used to analyze solid-state nuclear magnetic resonance experiments. The
technique of spin recoupling, first proposed by Andrew’, has evolved into a universal and
essential part of high-resolution NMR spectroscopy. The general idea of spin recoupling is
that the radio-frequency irradiation is used to manipulate the spin part of the Hamiltonian
to reintroduce certain terms in the Hamiltonian®°, In many situations, the resulting time
dependent Hamiltonian becomes periodic with possibly multiple incommensurate
frequencies. MAS NMR experiments are preferred for structural studies of biomolecular
systems that exhibit low solubility or lack long range order and therefore cannot be
addressed with the traditional tools of structural biology, solution NMR or X-ray
diffraction. The basic approach consisting of reintroducing dipolar couplings with a train
of pulses at the 13C and 15N frequencies®*? while simultaneously decoupling the 1H spins
from the 15N-13C spin dynamics was employed in the development of the majority of
heteronuclear recoupling sequences including rotational echo double resonance (REDOR)
13 transferred echo double resonance (TEDOR)!, frequency selective (FS)-REDOR?, Z-
filtered (ZF-) and band-selective (BASE-) TEDOR, and frequency selective (FS-)
TEDOR?®, which enable accurate N-C distance measurements, and have been especially
important in the determination of high resolution 3D structures!’. MAS NMR experiments
average 2" rank tensor interactions such as the chemical shift anisotropy and dipolar
interactions, and therefore yield high resolution spectra. One of the most significant
challenges encountered in the recoupling pulse sequences is the requirement to
accommodate high power rf irradiation on all three channels (1H, 13C, and 15N) during
the mixing periods. Nearly a decade and half ago, Khaneja and Nielsen'® proposed a new
concept for homonuclear dipolar recoupling in MAS solid-state NMR experiments, which
avoids the problem of dipolar truncation. With the introduction of the triple oscillating field
technique (TOFU), Khaneja and co-worker demonstrated that the TOFU is an efficient
means to accomplish broadband dipolar recoupling of homonuclear spins, while
decoupling heteronuclear dipolar couplings and anisotropic chemical shifts and retaining
influence from isotropic chemical shifts?®,

In this article, we applied the two developing approaches which describe the
behavior or spin dynamics in solid-state NMR, namely the Floquet-Magnus expansion
(FME)?193% and the Fer expansion (FE)3**8 to control the spin dynamics on the TOFU
radiation experiment. We investigated the orders to which the FME and the FE approaches
are equivalent or different for the chemical shielding Hamiltonian during the application
of the TOFU pulse sequence radiation experiment. The TOFU experiment allows for
broadband recoupling of Ising interaction Hamiltonian, 21zSz, while simultaneously
ensuring that the chemical shifts of the spins are maintained and the heteronuclear coupling
are decoupling'®4°. This method circumvents the dipolar truncation problem and form a
new basis for accurate distance measurement par solid-state NMR%%-°,

The Floquet-Magnus expansion? and the Fer expansion® schemes were introduced
in solid-state NMR in 2011 and 2006, respectively. Key features of the Floquet magnus
expansion are its ability to account for the calculations developed in a finite-dimensional
Hilbert space instead of an infinite-dimensional space within the Floquet theory as well as



its use of its distinguishable function, A, (t),n = 1,2,3, ..., from other theories such as
average Hamiltonian theory, Floquet theory, and Fer expansion, which facilitates the
evaluation of the spin behavior in between the stroboscopic observation points. Notably,
the A, (t) functions represents the n™ — order term of the argument of the operator that
introduces the frame such that the spin system operator is varying under the time-
independent Hamiltonian, F. This view presents the functions A,, (t) as the argument of the
operator that introduces the frame that varies under the time-independent Hamiltonian, F.
Such theoretical advance has been facilitated by the development of a more general
representation of the evolution operator, which removes the constraint of a stroboscopic
observation. This current article focuses on applying the Floquet-Magnus and Fer
expansion approaches for the calculation of effective Hamiltonians and propagators to
control the spin system evolution during the Triple Oscillating Field Technique radiation
experiment. Our work unifies and generalizes existing results of the Floquet-Magnus and
Fer expansions and delivers illustrations of novel springs that boost previous applications
that are based on the classical information. The generality of this work points to potential
applications in problems related to theoretical developments of spectroscopy as well as
interdisciplinary research areas whenever they include spin dynamics concepts.

In this manuscript, we explain in detail the spin dynamics mechanism during the
application of the TOFU technique. Notably, we show that analytical expressions derived
using FME and FE approaches facilitates a clear understanding of the associated spin
physics. The paper is organized as follows. In sections Il, we revisited the TOFU Pulse
Sequence, and in sections Il and IV, we revisited the theoretical formalism of the FME
and FE, respectively. In sections V and VI, we performed the applications of FME and FE
to Chemical Shielding Hamiltonian during the TOFU Pulse Sequence Radiation. The
comparison and discussion are presented in section VI, and the conclusion in section VIII.
We also presented an extended appendix containing detailed derivations and calculations
of the results.

Il. Reuvisiting the TOFU Pulse Sequence

The triple oscillating field technique called TOFU was introduced a decade and half
ago by Khaneja and Nielden®8. The TOFU pulse sequence allows for broadband recoupling
of Ising interaction Hamiltonian (21zSz), while simultaneously ensuring that the chemical
shifts of the spins are maintained and the heteronuclear couplings are decoupled®®. This
technique was shown to avoid the dipolar truncation problem and form a new basis for
accurate distance measurement by solid-state NMR. Consider two coupled homonuclear
spins | and S under magic-angle-spinning (MAS) conditions. Within the high-field
approximation and under conditions of MAS, the Hamiltonian of the spin system takes the
form®,

Ho(t) = w;(OT{ o + ws (DTS + wys (t)\/gTzl,%' 1

where the first two terms include isotropic/anisotropic chemical shifts for the two spins
while the third term denotes the dipole-dipole coupling interaction. These interaction



strengths may be expressed in terms of a Fourier series,

W3 m (t) m——2 ‘U,g m,)l exp(imwrt) (2)

where w, is the sample spinning frequency in angular units and A = [, S, IS is a signature
of the specific interaction such as the chemical shift, dipole-dipole coupling (through this
the internuclear distance), J coupling, and quadrupolar coupling®®®8, The Fourier
coefficients are

wg:g = w1505m0 + wt/}niso {D(Z)m (Q R) 7 [D(Z) R) +
Dé,z—)m ('QPR)]} dgzrzl mr(BrL), (3)

where &,,, 0 is a standard Kronecker delta and the constants specifying the isotropic (w?,)
and anisotropic (w?,;.,,n*) contributions to the Fourier coefficients (for the i-spin) are

given in angular frequency units by

Who = 0)8Lo = Wrer (4-a)
Wfniso = ©58tniso (4-b)
n* =nks (4-c)
8o = 5 (8 + 8%y + 6L,) (4-d)
Siniso = 8Lz = S (4-)
;

B “D

wh = —¥;By. (4-9)

&; is the gyromagnetic ratio and B, the flux density of the static magnetic field. w,., isan

optional rotating frame reference frequency. The principal elements are ordered according
to

|6£z lSOl = |6915x lSO| = | - 6zlso| (4'h)

The second-rank Wigner (D(®)) and reduced Wigner (d®) rotation matrices in the Eq. (3)
reveal the orientation dependence for the anisotropic interactions. Furthermore, the Wigner

rotation matrices, D(” (Q;}B), describe the coordinate transformation between axis
systems A and B, accordlng to a set of three Euler angles®*®°,
Wp = {a,fllB' Bis, VﬁlB} (4-i)



such as,
DY) (0s) = exp(—im'aly)d' . (Bhs)exp(—imyly), (4-))

where dfr?,’m(ﬁ;}B) is the reduced Wigner matrix. Any given interaction A describes these

matrices coordinate transformations from the principal-axis frame (P%) to the laboratory-
fixed frame (L), as well as a rotor-fixed frame (R) such as described by Bak et al.>®. For
simplicity, the Eq. (3) assumes that the principal axis frame coincides with the crystallite-
fixed frame.

With the aim of recoupling the dipole-dipole coupling interaction while
maintaining strong contributions from the isotropic chemical shift terms to truncate non-
secular terms in the dipolar coupling Hamiltonian, the pioneering TOFU technique
experiment®® uses a rotor synchronized, time-dependent rf Hamiltonian takes the general
form

H,:(t) = A(t) (cosp(OF, + sinq,')(t)Fy) + w(t)E, (5)
where
F,=1;+54(q =x,y,2). (7

By appropriate choice of amplitude, phase, and offset, the rf field can be written as

H,;(t) = CF, + Cexp(—iCtF,)F, exp(iCtF,)
+Bexp(—iCtF,)exp(—iCtF,)F,exp(iCtE,)exp(iCtF,). (8)

This particular setting of the rf fields may be appreciated by performing a series of
coordinate transformations*®. The TOFU technique was recently improved by introducing
the four-oscillating field dipolar recoupling technique in a one-dimensional (1D) setup that
allowed the user to extract accurate *C-13C distances*. In this work, we applied the FME
and FE to the original TOFU (Triple Oscillating Field Technique) to understand and
investigate the spin dynamics during the TOFU pulse sequence radiation for the chemical
shielding Hamiltonian. The overall transformation to the recoupling frame represented as

A =U*r()AU(t), ©)
with
U(t) = exp(—iCtF,) exp(—iCtFE)), (10)

where F, is defined by the Eq. (7) and C is the magnetic field strength described by
Khaneja and co-worker?8, In this article, within the recoupling frame, we only consider the



expression for the chemical shielding Hamiltonian leaving other interactions for future
work and development.

I1l. Revisiting the Theoretical formalism of the FME

The idea of a formulation of FME applied directly to periodically driven many-
body quantum systems has attracted much attention over recent years, in particular is solid-
state NMR. The FME benefit from the fusion of average Hamiltonian theory (Magnus
expansion)®"° and Floquet theory’"® as well as the concise natural treatment of time-
periodic Hamiltonian that both approaches (average Hamiltonian and Floquet theories)
provide. The divergence of the FME anticipate interesting physical meaning?!®. Part of
this article focused on the FME that gives a formal expression of the effective Hamiltonian
on the system. Plausibly, the most noteworthy difference of the Floquet—Magnus
expansion with other approaches such as Magnus expansion, Floguet theory, or Fer
expansion may be that it expands a propagator in the form of a more basic representation
of the evolution operators as?’’

U(t) = P(t)e *FP*+(0), (11)
which removes the constraint of a stroboscopic observation. P(t) can be seen as the operator
that introduces the frame such that the density operator is varying under the time

independent Hamiltonian F. The FME is obtained by representing the solution of the time
dependent Schrédinger equation

2O = —iHU(®) (12)

in the form of eq. (11) and using the following exponential ansatz

P(t) = exp{—iA(t)} (13)

where the function A(t) is the argument of the operator P(t). Introducing the expansions

A(t) = Zn An (t)' (14)
and
F= Zn Fn: (15)

the FME expansion can be summarized as
A() = A (0) + f, G,(Wdu — tF, (16)

where the first functions G,,(t)are defined in the literature?. The above Eq. (16) includes
two operators A,,(t) and E, independent of each other. Indeed, the periodicity conditions,



An(tc) = An(0) (17)
where 7 is the period of the modulation,

H(te+t) = H(b) (18)
defines F, as

E, = éfotc G,(w)du (19)

such that we are free to choose the operators A, (0), i.e., the boundary conditions. At first
glance, the choice A,,(0) = 0 (i.e., P(0) = 1) appears as the simplest. As was shown in
our previous work?, in this case the FME reduces to the Magnus expansion (ME), which
validity is restricted to stroboscopic observation, as was discussed in numerous
papers>19:262976 - A much better choice, without any restriction on the observation time, is
given by the general rule,

Jo € Ay (Wdu = 0 (20)

which was shown to simplify higher order terms in the F, expansion. The FME is also
known to give a formal expression of the Floquet Hamiltonian as follows

Hp = 2020 T" O (21)
where explicit forms of the terms {Q,,};7—, are given by

1 o 0@ (n—0(@)) 1
Q”_mz(_l) " n! T+

X [ dtnyr o f37 dty [ dt [H(toman))s [H(oim))r- oo [H(Eo ) H(to)] 1] (22)

The parameter ¢ is the permutation and 8(a) := Y7, 8(a(i + 1) — (i), with 8(.) the
usual step function®*®. The FME is useful to investigate periodically driven system when
the period T of the driving is sufficiently small. The above Eq. (22) is useful especially for
high-frequency limit in finite-size systems, where higher-order contribution is negligible.
The FME can also be truncated up to the n'" order, which is defined as

HM:=yr_ T™Q,, (23)
IV. Revisiting the Theoretical formalism of the FE

The Fer expansion was developed by Fer more than half a century ago® and further
thrived by Klarsfeld et al.”®. Recently, Madhu et al.3® introduced the approach to solid-state

NMR, while Takegoshi et al.”” as well as other authors such as**"%8° contributed to
exhaustive descriptions of Fer expansion in solid-state NMR. In this section, we



recapitulate and revisted the results of Madhu®®, Takegoshi’’, and Ganguly’®® for the Fer
expansion without going into detail. In the Fer expansion, the evolution operator is
expressed in terms an infinite product of exponential operators such as,

U(te) = [ exp{—ircﬁgg} (24)

Depending on the ordering of the operators, the time-propagator, U(t), derived from Fer
expansion is classified into two categories®®’’% The Right running Fer expansion and the
Left running expansion, which are represented in the following,

(a) Right running Fer expansion

Ur(t) =
exp(AF, (t)) exp(A2F,(t)) exp(A3F5(t)) ... exp(A" "1 Fp_1 (t)) exp(A"F, () ) U, (t). (25)

Next, using the form of the F,(t) operators, we can evaluate the density operator (Right

running Fer expansion) at time t as well as derive the signal detected (Right running Fer
expansion) as a function of time. The density operator,

pr(t) = Ur(t)pr(0)UZ (1), (26)
and the signal detected as a function of time is formally given by,

Signal(t) = (S(t))g = Trace{pg (t)D} (27)
(b) Left running Fer expansion

U, (t) =
Un (t)eXp(/’I”Fn(tf)) exp (A" Fp_1(t)) ... exp(A*F5(t)) exp (A*F,(t))exp(AF;(t))  (28)

Similarly, we can evaluate the density operator (Left running Fer expansion) at time t as
well as derive the signal detected (Left running Fer expansion) as a function of time. The
density operator,

pL(t) = U (O)p, (0)U/ (1), (29)

and the signal detected as a function of time is also formally given by

Signal(t) =(S(t)), = Trace{pL (t)ﬁ} (30)
The E,(t) operators in the above Egs. (25) and (28) act sequentially and are derived using
the following simple integrals,

Fy(t) = (=0) [y H(t"dt' (31-a)
Fy(t) = Fo0(t) + Fpq(t) + Fpp(t) + - (31-b)



Foro(8) = () 3 [F. ("), H(eH]dt' (31-c)
Fou(t) = =) [ [F.(e)), [Fy (¢, H(e)]]de’ (31-d)

The above Egs. (31-a)—(31-d) show that F,(t) operators are infinite series containing
progressively higher order correction terms. However, for the purpose of this article, we
limit ourselves only to the lowest order correction in the operator, F,(t) = F,¢(t).
Although, the splitting of the time-propagator into an infinite product of exponential
operators seem beneficial, from an operational aspect, the ordering of operators in the time-
propagator play an important role. In the time-propagators based on Left running
expansion, the F,(t) operators (of higher order ’n’) act initially on the initial density
operator, while in the Right running expansion, the FE, (t) operators (of lower order ’n’) act
initially on the initial density operator. Therefore, the signal for the Right running Fer
expansion can be calculated explicitly as following

Signal(t) = (S(t))g = Trace{pR (t)ﬁ} (32-a)

=Tr '{eF5<t>eF§<t>eF§<t> p(o)e—F§(t)e—F§(t)e—FlR(t)} 5]

[ Diy(®)

= Tr [eF®p(0)e~F® eFF® p(0)e~F® e~Ff Dkl

_ pR 0]

= Tr[ply) (Opfs) (DD, ()] (32+h)

The signal for the Left running Fer expansion can also be calculated explicitly as
Signal(t) = (S(t)), = Trace{p, (t)D} (33-a)

= Tr —{eF3L(t)erL(t)eFlL(t)p(O)e—FlL(t)e—FZL(t)e—F3L(t)} 5]

[ D (®)

= Tr [eH®p(0)e"HZ® eFL® p(0)e~F® ¢~F Deks

_ pby(® Py ®

=Tr [P(Lz) (t)pé&) (t)D\(L3) (t)] (33-b)

The subscripts (1, 2, and 3) in the density operator p(t) and detection operator D represents
the evolution under the corresponding ER(t) and EE(t) operators, where ER(t) represents
the Right running counterparts of the Left running operators EL(t). The operators are
related among them as following:

F{(6) = F{(8) = Fi() (34-a)

F7(6) = F;(8) = Fy(6) (34-b)



F3(t) = F3(t) = F5(t) (34-c)

As described above, the final form of the density operator at time ’t’ is dependent on the
type of the expansion scheme (Right running or Left running) used to obtain the time-
propagator. Depending on the form of the initial density operator and the detection
operator, the final form of the signal expression derived from the two formulations could
differ as showed in the Egs. (32-b) and (33-b). Because most works in the literature mainly
are based on Right running expansion®77%% in this article, we used the Right running
notation for the sake of continuity and simplicity.

V. Application of FME to the Chemical Shielding Hamiltonian during the
TOFU Pulse Sequence Radiation

The relevant spin Hamiltonian of the chemical shielding transformed into the
recoupling frame takes the form*é,

A, = w,(® (cosz(Ct)IZ +sin(Ct) Iy — >sin(2Ct) IX)
+ ws () (cos?(CH)S; + sin(Ct) Sy —sin(2Ct) Sx) (35)

where C is an angular frequency, which is the strength of a field B; (with i =X, y, z). The
functions w;(t) and wg(t) represent the time-varying chemical shifts for the two spins |
and S, respectively. These functions are interaction strengths that may be expressed in
terms of a Fourier series such as expressed in section Il. The Interference between time
dependence, exp(—imw,t), of the interaction frequencies (Eg. (35)) and the time
modulation given in the appendix (Egs. (A.1) — (A.3)) arising from the TOFU pulse
sequence, allows for selective recoupling of specific terms in the Hamiltonian by fulfilling
the conditions

mw, +nC =0 (36)

where, m = +1, +2 according to Eq. (2), and n = +1, +2. The chemical shielding
Hamiltonian can be written as

Hy(t) = Y2, 0™ {ayly + ayly + azl;} + 25O (37)

where 25 @are the sum of the equivalent terms of spin | for spin S, and the functions ay (t),
ay(t), and a,(t) are given by

1 i 1 _
ay = _E(el(mwr+zc)t _ el(mwr ZC)t) (38)
1, - -
ay = Z (el(mwr+c)t _ el(ma)r C)t) (39)
a, = %eimwrt + % (ei(ma)r+2C)t + ei(mwr—zc)t) (40)

10



The dipolar coupling Hamiltonian takes the form?8,

cos*(Ct)21,S, + sin?(Ct)cos?(Ct)214Sy
His(t) = 2 w;s(t){ +sin?(CO2lySy + ~sin(2Ct) [cos(Ct) (21Sy + 2IyS; (41)
- Sln(Ct) (ZIXsy + ZIySX) - COSZ(Ct)(ZIzsx + ZIst]

where components from the invariant (and non-recoupled) IS part of the Hamiltonian are
ignored. In this article, we only considered and treated the chemical shielding Hamiltonian
and we leaved the dipolar coupling Hamiltonian, which will be treated in a forthcoming
publication.

The first order term of the FME can be calculated as

Iy
FY = [ H@)dr == [ {0, (©)cos?(CO I, + w,(Dsin(CE) Iy —
I

I3 I Ig

%w,(t) sin(2Ct) Iy + wg(t)cos?(Ct) S; + wg(t) sin(Ct) Sy — %ws(t)sin(ZCt) Sy pdt
Iy

(42)

where the integrals I1, Iz, ... Is are calculated in the appendix. In respect with the Dirac
function integration??,

~J emertdt = 8y (43)
we have
|{ %, for mw, =
L=Y:__, a),(m)%I %, formw, +2C =0 (44-1)
G, formw, —2C =0

1
=, formw,+C=0
I = Y2 0™ % ’ (44-2)
=0 formw, —C=0
-1
—, for2C+mw, =0
=% M™% ’ (44-3)
L for 2C —mw, =0

11



%, formw,+C =0

15 — 22 - (l)(m)
" s _izl,, formw, —C=0

;—il, for 2C + mw, =0

4%,, for 2C —mw, =0

(44-4)

(44-5)

(44-6)

We consider selective recoupling of specific terms in the toggling Hamiltonian (Eq. (35))
by fulfilling the conditions of the Eqg. (36). We considered two classes of selective

recoupling experiments obtained using,
1
@ Cc= S may,
and

(b) C = mw,.

For C = %mwr, we have the first order term of the FME calculated as,

1

1 1 1
FY = (;Iz + glx) Y=z ‘Uz(m) + (5Sz +:5%) Y=
and for € = mw,., we have the first order term of the FME calculated as,

1 1 (m)
FY =— 1y Y2 ‘UI(m) — 55 Y=z W

The associate transformation results from

A () = [ HD)de — tF

(45)

(46)

(47)

(48)

(49)

where we choose A, (0) = 0. After calculations showed in the appendix, we obtained

12



A (t)

( [Zinllwr (efmert =)+ 4i(mwi +2C) (efmers20=1) \
1 . — .
_ i o™ ] +4i(m“1r T A T vy L
Me—2 +2(TT—C) (ei(mwr—c)t — D]y + [m( i2C+mw)t _ 1)
L _m(ei(mwr—zc)t — DIy )
+3S-tF, (50)

where XS are the sum of the equivalent terms of spin | for spin S. If we choose € = %mwr,

corresponding also to mw,. — 2C = 0, the first-order term of the argument of the operator
evolution can be evaluated as

A (8) = X2, 0™ {ax (DI + ay (OIy + a7z} + SO, (51)

where £SMare the sum of the equivalent terms of spin | for spin S, and the functions
a;x(t), a;y(t), and a;,(t) are given by

4 (8) = (et — 1), (52
ay (t) = (3m(10r) (ei(gmwr)t - ) mor )(e Gmer)e 1) (53)
aIZ( ) — (eimwrt _ 1) + (el(mer)t 1) (54)

2imwy 81(mw )

If we choose € = mw,, corresponding to mw, — C = 0, the first-order term of the
argument of the operator evolution can be evaluated as

A,(®)=X%__, (UIm {aIX 1Dy + a1 (Oy +ayz, 1(t)lz} +25@), (55)

where 2S@are the sum of the equivalent terms of spin | for spin S, and the functions
a;x1(t), ary1(t), and a;z 4 (t) are given by

1

i3 (8) = g (1Gmt — 1) 4 L (gimart 1) (56)
i (8) = o (eiemont _ 1), 57)
az1(t) = 2imw, (eimwrt N 1) 12imw, (el(gmwr)t N 1) T 4imow, (e_imwrt N 1)' (58)

13



High order terms can also be obtained after lengthy calculations and the details of
calculations are shown in the appendix. The second order terms are computed to be

1
for C = Emwr,

1 Trsy ! 14 14 I I 1 1
Fy = [J[H@ + Fu, A, (D]dv = (] + I + I + U3 + 1+ 7 + Iy (59)
+(IE+ 15+ 1)1, + 285G,

where £S5 ®are the sum of the equivalent terms of spin | for spin S, and the integrals, I;,
1,13, ... I3, and I, are given in the following and are calculated in the appendix,

, =1 T
I, = EfO ayw;(t)cos?(Ct) dt
( 0 formw, =0
! for zmwr+2C=0

12mwy
1

emwy
1

= —%22 =—2 a),(m)< dmawy

formw, +2C =0

for %mwr +2C=0 (60)

1

5
for S My — 2C=0

12mo,
1
- formw, —2C =0
6emuws
1 3
L for =mw, —2C =0
IMmwy 2

;-1 T
I; = 521211?2 ‘Ul(m) Jo @y dt

- (m) 0 for mw, =0
T Tgam=—29 —2 for mw, 0 (61)
3mwy
;1 (T )
I = Efo a;xw;(t)cos?(Ct) dt
( 0 formw, =0
% for 3mw, +2C =0
1
1 _1 —
~ Temawy Yin=—2 wI(m) 9 4 formay +2¢ =0 (62)
" for3mw, —2C =0
L —i formw, —2C =0

’ 1 (m) (T
I, = Ezrznz—z w; fo arx dt

0 formw, =0
_1y2 (m)
8mwy
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I = [ ajz,(t)sin(Ct) dt
( 1
2imwy
-5
8imwy
_ 1
1 2imw
= 4_1 $n=—2 (,L)I(m) < 5 r
8imwy
1
8imwy
1

\8im Wy

, -1 T .
Il = Z—Tlfo a;xw;(t)sin(Ct) dt

1

-1 yp m) —1
32imw, SM="2"1 -1

1

I, = ﬁfOT a;zw;(t)sin(2Ct) dt
f 1
2imwy
5
8imw,
1
8imw,
1 m -1
~ i 7271:_2 a)l( )< 2imwy
1
2imwy
1
8imw,
1
\ Simw,

, -1 (T .
15 = 4—;[0 ayw;(t)sin(2Ct) dt

forZ2mw,+C =0
formw, +C =0
for2mw, —C =0
formw, —C =0
for3mw, —C =0

for3mw,+C=0

for3mw,+C =0
formw,+C =0
for 3mw, —C =0
formw, —C =0

for2mw, +2C =0
formw, +2C =0
for3mw, +2C =0
for 2mw, —2C =0
formw, —2C =0
for3mw, —2C =0

formw, —2C =0

formw, =0

formw, # 0

(64)

(65)

(66)

(67)
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(—2 for gmwr +2C=0

formw, +2C =0

for Emwr +2C=0
=1ly2_ pm{mer : (68)
4 SmETe for 2mw, —2C =0
2

3muwy
2
r— formw, —2C=0
-1 3
oo for S My — 2C=0

-1 (m) (T
Iio = Ean:-z w" fy ay dt

=T formon 2. @
3mwy
For C = %mwr, we have the second order term of the FME calculated as,
Ff =Y 0™ () -2 -21,]+2s® (70-1)
The propagator derived from the FME can be written as
U(te) = exp{—itc(FZ + F§ + )} (70-2)
where F?,F¢,..etc correspond to the 1%, 2" ... etc... Floquet operator orders,

respectively.

For € = mw,.,

Tri ! ! ! I I 1
on;l = %fo [H(T) + Fl’ Al,l(T)]dT = (11,1 + 12,1 + 15'1)1}( + (13'1 + 14'1 + 17,1 +
I )y + (16, + 151 + g1 )z + 2 S@, (71)

where =S ®are the sum of the equivalent terms of spin | for spin S, and the integrals, I ,,
Iy,13, ... 154, and I1, , are calculated in the following,

, -1 T
I, = Z—Tlfo ayy ,w;(t)cos?(Ct) dt (72)

16



( 0
1
4
1
1 2 (m) ) -
= = w
4
1
\ g
1Tl (m) (T
La =5 lm=—2 @ fo apy, dt
0
— 2 w(m) 1
— am=-2%]
32mwy

I} 1 T
13’1 = Efo aIX’l(l)I(t)COSZ(Ct) dt

( 0
A
12
1
1 2 m) ) =
PN
1
\ 6

— Ly (m) (T
iy = o2 Xm=—z 0y Jo aixadt

_ 152 (m)
—52m=—2 w, { -5
AMmwy

/ 1 T .
I51 = [y aizaw()sin(Ct) dt
(1
-2
3

—_"1 §2 (m)
T 8mo, Lin=-2 LA

formw, =0
for3mw, +2C =0
for3mw, —2C =0
formw, +2C=0
formw, —2C =0

formw, =0

for mw, # 0

for mw, =0

for 4mw, +2C =0
formw, +2C =0

for dmw, —2C =0
formw, —2C =0

formw, =0

for mw, # 0

for 2mw, +C =0
formw, +C =0
fordmw, +C =0
for2mw, —C =0
formw, —C =0

fordmw, —C=0

(73)

(74)

(75)

(76)
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’ -1 T .
16 = Efo aIX’la)I(t)Sln(Ct) dt

fg for 4mw, +C =0
4
S e zw(m)< —3 formw,+C =0
1 m=— I -1
16imawy ~ for 4mw, —C =0
L g formw,—C=0

(1 for 2mw, +2C =0
_?2 formw, +2C =0
N - é for 4mw, +2C =0
- 16imw, SM="2 @7 -1 for2mw, —2C =0
2 formw, —2C =0
= for 4mw, — 2C = 0
! -1 T
18,1 = EZTZﬂ:_Z (,I)I(m) fO aIZ‘l dt
L , m) 0 formw, =0
" 16mawy Lin=—2 @} _?2 for mw, # 0

, -1 T .
Ij, = 4—T1f0 ayy 1w (t)sin(2Ct) dt

1 for3mw, +2C =0
1 oy m) 1 for 3mw, —2C = 0
32imawy “M="271 -1 for mw, +2C =0
1 formw, —2C =0
II _ 1 2 w(m) fTa dt
101 = g am=-2%1  Jo ®iv1
__ "l w2 w(m){o for mw, =0
32imw, &M="2"1 1 for mw, # 0

For € = mw,.,, we have the second order term of the FME calculated as,

e = Bheesof™ () [ 2 () - ] + 25

The propagator derived from the FME can be written as

U(te) = exp{—iTC(Ff + F7, + )}

(77)

(78)

(79)

(80)

(81)

(82)

(83)
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where F{,Fg,,..etc correspond to the 1%, 2" ... etc... Floquet operator orders,
respectively.

VI.  Application of FE to the Chemical Shielding Hamiltonian during the TOFU
Pulse Sequence Radiation

Here, we examine the Fer expansion by using the TOFU pulse sequence radiation.

Using the chemical shielding Hamiltonian when transformed into the recoupling frame
defined by the Eq. (35), we first calculate the function

Fi(6) = =i [{ Hy,(Ddt = Sy o (B (O)x + () ly + ()17} +35©  (84)

where %5®are the sum of the equivalent terms of spin | for spin S, and the functions,
fx (), fy (£), and f; (), are given by,

fx(t) — 4(2C+mw )(ei(26+mwr)t _ 1) PYEm—y (ei(mwr—zc)t _ 1)’ (85)
i i i —
fy( ) — T +C)( L(mwT+C)t _ 1) _ T (el(mwr ot _ 1) (86)
— imwyt _ _ 1 i(mwy+2C)t _ _ 1 i(mw,—-2C)t __

fz(t) 2mwy ( 1) 4(mw,+2C) (e 1) 4(mwy—2C) (e

1) (87)

If we choose € = %mwr, we have the function,

Fi(t) =Y2,__, 0™ Iy + (fi, O)I I} +325© 88
1(t =20 \frx(O)Ix + (fry (O)ly + (fz(O)) 25 + (88)

where 25®are the sum of the equivalent terms of spin | for spin S, and the functions,
fix (£), fiy (£), and fi, (¢), are given by,

fia(®) = oo (efment — 1) — 2t (89)
iy ® = g (e!mer)t 1) - oo etlamer)t - (90)
f12(t) = m( eimert —1) — rv— —— (elmont — 1) — it (91)

Using the condition T = 1, = Z—” we have

Fi(zc) = Zrznz—z C‘)I(m) {(_ifc)lx + (_ifc)lz} +35® (92)

which leads to the zero-order average Hamiltonian for the Fer expansion
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A = 30 {(= DI+ Ol + Zae s 0™ {(- 1) 5 + G5} (93)
If we choose € = mw,., we have the function

Fi(t) = Sy 0 H{Far(O)x + (foy (O)ly + (foz ()2} + 2T (94)

where S are the sum of the equivalent terms of spin I for spin S, and the functions,
fax (), foy (£), and f;, (¢), are given by,

for(£) = e (OO — 1) — e (e 7Ot — 1) (95)
foy (€) = o (ef2ment — 1) +§t (96)
f22 (t) = o ( imwyt _ ) _ T (el(Bmwr)t _ 1) + prv. (e—imwrt _ 1) (97)
We have,

Fi(t) = Shep 0 (Frc) Iy + oy o™ {f7c} Sy (98)

which lead to the zero-order average Hamiltonian for the Fer expansion

gg)r =2 @ (m) {( )IY} + Y- §m) {( )SY} (99)

Using the time modulation given in the Appendix, Eq. (A.1), the Hamiltonian takes the
form

H,(t) = ay()Ix + ay(t)Iy + az(t)I; + ES® (100)

where %5®are the sum of the equivalent terms of spin | for spin S, and the functions,
ay (t), ay (t), and a, (t), are given by,

ay(t) = _3272”:_2 wl(m)%(ei(zc+mwr)t _ ei(mwr—zc)t) (101)
ay (t) = 22 ., wl(m) (ei(C+mwT)t _ ei(mwr—c)t) (102)
ay(t) = 22 2w1m)( pilmont 4 1 ez(mwr+26)t +1 ez(mwr—zc)t) (103)

The major term in the first-order term is calculated.
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1
For C = 5 Mw;, we have

Hio (8) = =1 [ (0, (0] = =2 {(fiy (Daz(®) — fis()ay (D)l + (i (Dax(®)
fix@®az(O)y + (fix (O)ay (t) = fiy () ax ()7} (104)
and the correspond term

Fyo(t) = —i [ Hyo(t)dt' = Ffy () + Flo () + F£o(t) + 25O (105)
where %5are the sum of the equivalent terms of spin | for spin S, and the functions,

F5(t), Fio(t), and F£y(t), are calculated and results are given below. For simplicity
reasons without losing the generality of the problem, we have set, m = m/, and obtained,

F5() =

5
( 1 I:E (elgmwrt ) (elmwr _ 1)] %
6m2w,2 L5 2m2w,2

4m2w,2 L5

_(eimwrt _ 1)

) 2 (ei%mwrt _ 1)
T ama, |7
" —it
1 1 > t 1 Emopt
P e
_E(ZZ =—2 W )2 2m2w, 2 L5 €z 1 3 €z 1

1 1, il t
_8m ~ - [;(elzm(l)r _ 1)

.3
(el Jmart —“Dl+;5— o [(i%mwrt - 1) e2mert 4 1]
1 (el;mwrt

1 1 Emaw,t _ ) ( Emaw,t _ )] 1 5
+ 2m2w,? [3 (e ’ 1 € )]+ 8m2w,-2 (

%[(l—wrt - 1) Gort 4 1]

\ m2w,

llmwt
e2""T

(106)

which is simplified after calculation

2 .7 .5 ;
X __1 2 (m) 1 1 i-mwyt 13 i-mw,t 1 i(.3
on(t)—__(z =—p Wy ) ( Zwrz){_gez T ——12082 T +<Z+;(l—ma)rt—

1)) plamort _ (3 +i (imwrt — 1)) eizort 4 Loizmant 4 Lomaort 8y gy —}IX
8 2 8 3 9 840

(107)

21

) F (elzmw‘r _ 1)] 1 [Z (eigmwrt _ 1) _1 (eimert — 1)]
2

1)
-1)
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2T

We can calculate the expression at 7, = -,

r

X _ _1(y2 (m) 1 _ Y Jitmm _ 13 _ismn e —
Fao(te) = 2 ( m=-2 @y ) (mzwrz){ 56 120 € + ( + (13m7t
1)) eidmm (Z + i(imm — 1)) eimm +ée"4m” + éeizm” - —l - l—r + %} Iy (108)
and
iFo(te) _1(y2 (m) 2 i _21 Jizmm _ 13 ismm L L —
Tc - 2( m=-2 ¥ ) (anzwr){ 56e 1208 + + (13m7r
i3mr _ (3 3 iCimm — j 1 1,2 ___2_”@
1)) etsmr (8 + i(imm 1)) e + - et 4 —etimT ll e + 840}IX Ayly
(109)
Fz’fo(t)
( i3mawyt i2mwyt ] 1 )
- rt — 1) —— rt — 1 e —
8im?w,? [3 (e ) (e ) 32im2w,?
l(eizlmwrt _ 1)
* 17 [1+ (i2maw,t — 1)eZmert]
_1 (eimert _ 1) 64lm2wr2
2
1 [ (eima)rt _ 1)]
2 - imw
1 8mw T
=50 @™ ' —t Iy
m=-2 _ 1 [ 1 (eimert _ 1) _ t]
32muw, LliZmw,

1
16im2w,? '3

—(elmort _1q _—[_
(e U NG

[1 (eiSmwrt _

idmwyt _ _ 1 2mwyt _
1) -5 (e 1)

D

1 1 .
—_ Zmwyt __ 1) — t]
\ 32mw, [imer (e ) )
(110)

which is simplified after calculation
FZYIO(t) = l( 72n——2 a)l(m)) (m T ){ ei3mart _|_ ( 23 + 134mwrt)612mwrt
1 .
16 etmert + 192} Iy (111)
We can calculate the expression at 7, = =,

wr
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2 . .
Flo(te) =2 (223, 0f™) () {5 €™ + 1 (=23 + i68mm)e ™™

48 64
77

—t1

192} Y

and

16

1 .
_ _eLZmn' +

(112)

Fao(tc) _ 1( Z w,(m))z (—1 ){iewm” +— (=23 + i68mm)e4mT —

Tc 2 2nm?w,/ 48 64
1 iomn 77}
—el2mm  ——t], = Ayl
16 192} 'Y Yy
Z
F3,(6)

1/ Spoe
E(el.z‘l’n(,l) _1) 1

£

1 1 . imwrt
C 2im2w? [(Emwra B 1) er 1]

( —2 1 iLmwpt ) 1( 2mwpt )]
—— | (et — 1) = (2™ — 1) |+ ——
16im2aw, 2 [7 (e 3\° 8im2w,? |

(113)

1

3 3
+ : 1+ (._ t— 1) lzmwrt]
(et 1) a1 (gmart =1)e

1 - 1 2 7 1
— (m) 2 ( iim(l)rl‘—' _ 1) _ 2mwyt _ 1 ]
2 ( Z o)y 12mw, [i7mwr ¢ i2mw, (e )

m=-2

1 2 5
_ 4lm2w > [g (elzm(l)rt _ 1)
-
1 .
_E(eLmert _ 1)]
_ 1 [ 2 (ei%mwrt _ 1) _ t]
12mw, li3mw,
1 2 imw t
2@rt — —
\ + dmw, [imwr (e 1) t]

which is simplified after calculation,

2 .7 .5
1 (m) 1 1 i“mw,t 3 i-mw,t 1 5
FZ t :_( 2_ w ) { el rt _ = oY T +_(__+
20(0) 2 \&m=—2"1 (mzwrzi) 168 40 12\ 6
.3 .m
. Smewpt . (9 1. Moot . 1 1, 2359
lmwrt) et + (— —= lmwrt) e 2t + = eiZmart _ Zime,t — —} I,
8 4 12 6 2205

. 2
We can calculate the expression at 7, = —,

Wy

N

(114)

(115)
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2 . ] '
FZZ,O(Tc) = %(Zrzrm—z wl(m)) (mz;) {Leﬂmn — ieISmn + L (_ 2 + iZmn) el3mmn +

w21’ {168 40 12
9 1, ; 1 1, 2359
(— — - LZmn) e'MT 4 — WMt — ~im2m — —} I (116)
8 4 12 6 2205

and

7 2 . i .
iFp0(tc) — 1( $n=—2 wl(m)) ( 1 ){Leﬁmn _ ieLSmn + %(_2 + i2mn) eidmm

Tc 2 2rm?w,/ (168 40
9 1, ; 1 1, 2359
(———lZmn)e‘m” + —eltmn ——lm27r——} I; = Azl (117)
8 4 12 6 2205

which leads to the calculation of the expression of the first-order average Hamiltonian for
the Fer expansion,

0 _ iF20(t0) _ Agly + Ayly + Ayl + X SC0), (118)

Fer Tc

where 250 are the sum of the equivalent terms of spin | for spin S, and the functions, Ax,
Av, and Az are calculated and results are given above in the Egs. (109), (113), and (117),
respectively. The propagator derived from the FE can be written as

Fer Fer

Uper(tc) = exp {—irc (W + W + - )} (119)

where Hég)r Hﬁ‘f), ..etc correspond to the zero™, 1% .... etc... average Hamiltonian orders

for the Fer expansion, respectively.
VII. Comparison and Discussion

The Egs. (47), (48), (93) and (99) are the evaluation of the first-order contributions
for the FME and the zero-order contributions for the FE, respectively. Both approaches are
identical at their respective first level. These results show that at the lowest order of
expansion of the FME and FE, both approaches converge to the same results during the
TOFU pulse sequence radiation experiment. The FME and FE approaches were developed
for the improvement of analytic methods for studying quantum systems driven by time-
dependent Hamiltonians in theoretical physics and found their applicability in wide range
of problems that involve coherent control and manipulation of quantum systems®°, Initially,
both methods (FME and FE) starts with the development of an alternate formula to evaluate
the time-propagator (U (t, 0)) given by,

U(t,0) = T exp(~i [, H(t"dt") (120)

where T represents the time-ordering operator. However, the operator T prevent the direct
integration of the operators in the exponent appearing in the above U (t,0) Eqg. (120).
Furthermore, the calculation of the propagator U (t,0) in systems in control by time-
dependent Hamiltonians is further intensified by the non-commutativity of the
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Hamiltonians at different times. Both analytical methods (FME and FE) are expressed as
exponential operator representation (Egs. (11), (13), and (24)), which explain the reason
why the two approaches are identical at their respective first level. In addition, one key
property that needs to be ensured for both approaches is the conservation of unitarity at any
finite order of series applicable to any time dependent Hamiltonian, which satisfies the
physical behavior such as the non-violation of norm conservation.

The Egs. (70-1), (82), and (118) are the evaluation of the second-order contributions
for the FME and the first-order contribution for the FE, respectively. Both approaches are
not identical at their respective second level of contribution. The propagator derived from
the FME (Eqg. (83)) is different to the propagator derived from the FE (Eq. (119)). The
results of the FME (Eq. (83)) compared to results of the FE (Eg. (119)) show that the FME
approach converges more faster than the FE during the TOFU pulse sequence radiation
experiment. The spin dynamics evolution is much more complexed during the application
of FE compared to FME. The low performance of the FE during this scheme can be linked
or associated to the complexity of spin dynamics during its evolution. This outlines the
serious FE limitations with regard to the description of time-evolution of quantum systems.
Such as derived in section IV, depending on the form of the initial density operator and the
detection operator, the final form of the signal expression derived from the two
formulations could differ as showed in the Egs. (32-b) and (33-b). In the time-propagators
based on Left running expansion, the F, (t) operators (of higher order ’n’) act initially on
the initial density operator, while in the Right running expansion, the F, (t) operators (of
lower order ’n’) act initially on the initial density operator. This work supports is in
agreement with the recent work of Ramachandran® that also highlighted the over
dependence on the commutator relations between the operators ([E, (t), p(0)], [F.(t),D]),
which limits the utility of the FE approach in time-evolution studies. It is noteworthy that
for the most part, the current literature stresses more effort on the derivation of the Fy (t)
operators than the accuracy of the FE method. Based on the approaches revisited in section
IV and the results of the Egs. (118) and (119) for FE compared to the Egs. (70-1) and (70-
2) for FME, we can conclude that, the FE scheme works only in special cases where the
conditions [E,(t), p(0)] # 0 and [E,(t),D] # 0 are both completed.

VIIl. Conclusion

It is worth stressing that this is the first attempt to apply the FME and FE approaches
to investigate the TOFU radiation experiment. We have revisited the accuracy of the FE
scheme and the FME approach as complementary methods to the well-established methods
in solid-state NMR, namely, the average Hamiltonian theory®%3and the Floquet theory’*-
73, We compared the FME and FE approaches based on the quantification of the effective
Hamiltonians and propagators, and we found that the FME approach is more appropriate
to describe the dynamics of spin system during the TOFU pulse sequence radiation
experiment compared to the FE approach. This manuscript brings the relevance or the
subtle points of the two expansion schemes and gives new insights into the analysis of the
TOFU scheme. It is also important to highlight that many aspects of the TOFU pulse
sequence have still not been worked out. The comparison between the FME and FE give
us an indication on the performance of the two approaches as well as the relevance of the
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cross-term effects. Our analysis might suggest the possibility to study the resonance
condition, what limits the resolution in each case of the recoupling, how the resolution can
be improved, and issues related to all these points. This pilot study could show more that
the FME is a promising approach to the study of more complex pulse sequences. Future
theoretical works are certainly feasible and we hope to approach also other important
pertinent point such as to do an actual line shape calculation due to the TOFU experiment
with certain orders of the schemes that will bring out the relevance of the argument. We
showed in this article that elegant integral calculations are possible with the two approaches
and that the differences between FME and FE are consistent and the similar calculations
could be applied to other sequences as well. We believe that all the expressions derived
can be employed for numerical time evolution for a broad class of time dependent
Hamiltonians and thus can be utilized for calculating observables in time resolved
spectroscopy, quantum control, and quantum sensing as well as for the open system
quantum dynamics when the reduced system density operator is solved in the interaction
picture with respect to the zeroth order system Hamiltonian.
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Appendix

1.

cos?(Ct) =%+iexp(i2€t) +%exp(—i2Ct) (A.1)
sin(Ct) = %(ei“ — e~icty (A.2)
sin(2Ct) = %(eiza — e~i2Ct) (A.3)
2.

2

2
1 1 1 2
(m) (m)
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