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Nonequilibrium Bound for Canonical Nonlinearity Under Single-Shot Work
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For classical discrete systems under constant composition (specifically substitutional alloys), canonical aver-
age acts as a map from a set of many-body interatomic interactions to a set of configuration in thermodynamic
equilibrium, which is generally nonlinear. In terms of the configurational geometry (i.e., information about
configurational density of states), the nonlinearity has been measured as special vector on configuration space,
which is extended to Kullback-Leibler (KL) divergence on statistical manifold. Although they successfully
provide new insight into how the geometry of lattice characterizes the nonlinearity, their application is essen-
tially restricted to thermodynamic equilibrium. Based on the resource theory (especially, thermo-majorization),
we here extend the applicability of the nonlinearity to nonequilibrium states obtained through single-shot work
on Gibbs state. We derive the bound for the extended nonlinearity in nonequilibrium state, characterized by
the nonlinearity in equilibrium state, Renyi co-divergence between equilibrium and nonequilibrium distribution,

temperature and work.

I. INTRODUCTION

For classical discrete systems with f structural degrees of
freedom (SDFs) on given lattice, specifically substitutional al-
loys under a constant composition, the expectation for config-
uration under a given coordination {qy,--- ¢y} in thermody-
namic equilibrium can be provided by the following canonical
average

(ar), =27 Laf exp (~pUY), (M

where (), represents the canonical average, § the inverse

temperature, Z =) ;exp (— BU (i)) the partition function, with
the summation over all possible configurations i: e.g., coor-
dinate ¢, as kth multisite correlation function defined by the
generalized Ising model! forming complete basis functions.

Then the potential energy U ®) for configuration £ is given by
f
Z U]q;)q% 2)

where ( | ) denotes the inner product in the configura-
tion space, e.g., (a|b) = p~ 'Y a® -b® (p is normaliza-
tiorl constant). When we introduce two f-dimensional vectors
of 07 = ({g1)z.{47),) and U = ({U]ar), - (U]a5)).
the former and latter respectively correspond to the config-
uration in thermodynamic equilibrium and many-body inter-
atomic interactions in the inner-product form. Subsequently,
the canonical average of Eq. (1) can be interpreted as a map
@ of

¢:Uw Oz, 3)

which is generally nonlinear.

In alloy configurational thermodynamics, due to the com-
plex nonlinearity in ¢y, many theoretical approaches have
been proposed to capture alloy equilibrium properties: e.g.,
The Metropolis algorithm was devised for effective explo-
ration of the configuration space, followed by advanced tech-
niques including the multihistogram method, multicanonical

ensemble, and entropic sampling25 In terms of another as-
pect to ascertain many-body interatomic interactions, they
employ the generalized Ising model, augmented with opti-
mization techniques like cross- validation genetic algorithms,
and regression in machine learning &1 Although they yield
accurate predictions of alloy equilibrium properties, they do
not essentially elucidate the nature of the canonical average
for alloys as a nonlinear map, which holds particularly true
from the perspective of “configurational geometry” informed
by the density of states in the configuration space (CDOS’) in-
dependently determined from thermodynamic variables such
as temperature or energy.

To address these issues, we recently introduced a metric for
local nonlinearity at a given configuration as a vector field H
on the configuration space 213 which clarifies that the mag-
nification of ¢y, can be quantified by the divergence and Jaco-
bians of the vector field ™ We also propose an additional met-
ric for nonlinearity by expanding the concept of H to the sta-
tistical manifold, which enables the inclusion of further non-
local information of nonlinearity, as Kullback-Leibler (KL)
divergencel3 We observe a strong positive correlation be-
tween the averaged partial contribution to nonlocal nonlin-
earity across all configurations, and the geometric distance in
configurational polyhedra (i.e., convex polyhedra determined
from correlation functions rage) between practical binary al-
loys and ideally separable systems in terms of SDFs 18

Although these works have successfully introduced metrics
for the nonlinearity, they do not provide any information about
nonequilibrium state, i.e., their original consideration is es-
sentially restricted to thermodynamic equilibrium. To over-
come the problem, we first introduce the concept of the non-
linearity for nonequilibrium state as a natural extention from
that for thermodynamic equilibrium. Then, based on the re-
souce theory, we derive bound for the nonequilibrium nonlin-
earity, which is characterized by the nonlinearity for thermo-
dynamic equilibrium, Renyi divergence between equilibrium
and nonequilibrium state, temperature and work. The details
are shown below.
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II. CONCEPT AND DERIVATION
Nonlinearity Measure

First, we briefly explain the basic concept of loc:
earity on configuration space as a vector field A2
we read the configuration as an f-dimensional vect

(41,"' ,qf),FI is given by
i@ ={0(B)o(-p-1)"} 44

where o denotess the composite map and I" is an |

symmetric covariance matrix of CDOS, g(g) that

mentally independent of many-body interatomic int

and temperature. We have shown that ¢y, exhibits ¢

linear map iff the CDOS assumes a multidimensior

sian form,IE which reveals that the local nonlinear

can be decomposed into linear and nonlinear contributions,

with the former as the invertible map of (—f-I'). There-

fore, (i) when @y, is locally linear at configuration g, H (§)

takes a zero-vector, and (ii) the image of the composite map

On (B) o (—B-T) " is essentially independent of temperature

and interatomic interactions. These certainly suggests that H

can be a priori determined based solely on CDOS, g (g).
Then, we extend the concept of H to the statistical mani-

fold to capture additional nonlocal nonlinearity information at

configuration g. The corresponding nonlocal nonlinearity at a

giver}mgonﬁguration 4, DnoL, is defined by the KL divergence

D of:

Dyow =D (PE:P9). )
The probability distributions PE and PO are given by
) = g@exp|-B(aV)]
PG = 29 @en [-B(3 V)], ©
where g () corresponds to the CDOS of practical system with
covariance matrix I', g% (§) corresponds to the CDOS of syn-

thetically linear system, given by multidimensional Gaussian
with the same I', and

¢ - L)oo (#7)

q
Vi = (-B-I)" 7. )

Hereafter, we employ the superscript G as a function of the
linear system, as defined for PO and g®. Note that Dyoy is
independent of the temperature and many-body interactions,
which is a common characteristic with H.

PE(

)

Setup for Nonequilibrium State

In order to extend the above concept of the nonlinearity for
equilibrium state to nonequilibrium state (NS), we here con-
sider that the NS is prepared from equilibrium state contacting

Thermal bath @ S Thermal bath @ S
Work bath Work bath
e .

WI RV E> WI RP
I I
System System
PE A

FIG. 1: Present setup for preparation of the nonequilibrium state
from equilibrium state through the single-shot work.

with thermal bath (at inverse temperature 3) and with work
bath. The detailed setup is illustrated in Fig.[Il where (i) at the
initial time, system takes PF of thermodynamic equilibrium
and that for work bath takes the energy level of +W > 0 (de-
fined as RY), and (ii) at the final time, system takes nonequilib-
rium of PN and the energy level of the work bath of 0 (defined
as RP), corresponding to the single-shot work.

Under this setup, we consider the Gibbs preserving map
A for the composite of system and work bath, which provides
the condition for transferability between initial and final states
with thermo-majorization:

PNRRP < e PPORY, (8)
with
A(PF®RF) =PE@R". 9)

From the Lorentz curve of the composite system, necessary
and sufficient condition for Eq. (§) is given by

w>B1s. (PN PF), (10)
where S.. denotes Renyi a-divergence Sg (00 — o) of

1 i
_11n<zqq1>. (11)

L 1

Sa(Pif]):a

‘We note that

limS(p:q)=D(p:q). (12)
a—1
To address the nonlinearity for nonequilibrium state, we
first divide the canonical average as the following composite
of canonical map @ and taking avarage for probability distri-
bution ( );:

9=( )o®(g), (13)

where
®(g):V s PE (14)

under CDOS of g. Based on these maps, we show in Fig.
the relationship between the previously-introduced nonlinear-
ity DnoL for equilibrium state and nonequilibrium state ob-
tained through the Gibbs preserving map A. From the figure,



in analogy to the equilibrium state, nonlinearity for nonequi-
librium state can be naturally introduced as the nonlinear char-
acter for map Q:

Q:V —gN, (15)
where
Q=( )oAo®@(g). (16)
We can now clearly see that when
pN =p@ (17)
is satisfied,

Q=—fr (18)

holds on. Therefore, Eq. (I7) is a sufficient condition where
Q becomes locally linear map in terms of the configurational
geometry. With these considerations, we here naturally define
the nonlinearity for the nonequilibrium state given by

DNy, = Sa (PN : PG) : (19)

which has the common end-point for KL divergence of Dol .
The present purpose is therefore to reveal relationship be-
tween equilibrium and nonequilibrium nonlinearity of Dnor
and DEOL, under the condition of work bound in Eq (I0).

Derivation of Nonequilibrium Bound for Nonlinearity

We here assume that

are all full rank. When we consider
PN
InMeR st mgﬁgM, 1)

the following is always satisfied:

D(P":PN) < %D (PN: PF) (22)

from the common characteristics in KL divergence. In
Eq. @), we can specifically choose m as

E

1 P .
— = max e = S=(PEPY) (23)

Substituting Eq. (22) into Eq. (I0) with the condition of
Eq. 23) and using the inequality for Renyi divergence of
S¢ > Sy for o0 > o, we first obtain the inequality of

D (PE: PN) < 5P PY) gy, (24)

To further include the information about P¢, we employ the

PE PN PSP, (20) following superadditive property for KL divergence!™®
|
"p.a.r€Py, exp[-D(p:ar+bg)=a-exp[~D(p:r)]+b-exp[-D(p:q)], (25)
[
where Eq. (23) can be rewritten as
0<a,b< 1
a+b=1. (26)
When we read
p:PE,r:PN,ar—i-bq:PG, (27)
|
exp [~D (PP PO)] > a-exp[-D (P : PN)] +b-exp[-D (P° 1 )] (28)

We can always find the sufficient condition that there exists

g € P4, holding the inequality of Eq. (28], namely,

0<a<li<i

J

PN :

J= m:aXP_IG — S=(PN:P9) (29)

i



Therefore, when we specifically put a = J~!, Eq. 28) can be

further transformed into

exp [—D (PE:PG)] > J exp[ (PE PN)} (1—J’1) -exp [—D(PE:q)]
> J-texp[=D (P PY)]
> J lexp [—esw(”E-Pm BW} , (30)

where we employ Eq. (24) to obtain the last equation. Substi-
tuting Eq. (29) into Eq. (30) and taking logarism for Lh.s and
r.h.s, we finally obtained the desired nonequilibrium bound:
Dyor, = Se (PN 1PG) > Do — 5P . pw, - 31)
where the equality holds iff PE = PN = PO (implicitly assum-
ing W = 0). Eq. (1)) certainly clarifies the lower bound for the
nonlinearity for nonequilibrium state, which is characterized
by the nonlinearity in equilibrium state, Ranyi co-divergence

between equilibrium and nonequilibrium state, temperature
and the work.

III. CONCLUSIONS

Based on thermo-majoriazation and superadditive property
for KL divergence, we derive lower bound for the extended

concept of canonical nonlinearity in the nonequilibrium state.
The bound is characterized by the nonlinearity in equilibrium
state, Ranyi co-divergence between equilibrium and nonequi-
librium state, temperature and the work.
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FIG. 2:  Schematic relationships between nonlinearity for equi-
librium state Dnor, and nonequilibrium state PN obtained through
Gibbs preserving map A. Solid arrows denote taking map, and
dashed arrows represents taking difference in probability distribu-
tions through (appropriate) divergence.
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