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Parity-sensitive inhomogeneous dephasing of macroscopic spin ensembles
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Spin ensembles play a pivotal role in various quantum applications such as metrology and simu-
lating many-body physics. Recent research has proposed utilizing spin cat states to encode logical
quantum information, with potentially logical lifetimes on the order of seconds via enhanced col-

lective interactions that scale with system size.

We investigate the dynamics of spin cat states

under inhomogeneous broadening, revealing a phenomenon termed ‘parity-sensitive inhomogeneous
dephasing’: odd cat states are significantly more susceptible to inhomogeneous dephasing compared
to even cat states due to parity symmetry. Additionally, from a mean-field analysis of the driven-
dissipative dynamics, we identify a synchronization phase transition wherein the ensemble becomes
completely dephased beyond a critical inhomogeneous linewidth. Our findings shed light on the
stability of collective spin states, important for advancing quantum technologies.

I. INTRODUCTION

Coherent manipulation of spin ensembles is crucial
for scalable implementations of many quantum technolo-
gies, such as quantum metrology [1-3|, computation [4—
6] and simulation [7, 8]. In particular, spin ensembles
can be engineered to behave collectively as a single high-
dimensional quantum system. This allows for enhanced
precision in quantum sensors [9], and is also very use-
ful in quantum repeater protocols [10, 11]. Collective
spin dynamics has also led to the discovery of interesting
physical phenomena such as Dicke superradiance [12, 13],
which remains an active field of study in both theoreti-
cal [14-20] and experimental [21-23] frontiers to harness
it for various physical applications.

Recently, it was proposed that collective spin states are
potentially useful for encoding logical quantum informa-
tion. Motivated by the experimental success of bosonic
cat qubits [24, 25] for quantum error correction in super-
conducting circuits, the idea of spin cat qubits is based
on encoding the logical qubit in macroscopic superposi-
tions of spin coherent states [26], i.e., cat states. The
spin cat states are dissipatively stabilized by engineer-
ing collective two-body losses in the spin ensemble [27],
analogous to the protocol developed for bosonic systems.
For realistic experimental parameters, it was estimated
in Ref. [27] that the spin cat qubit has a lifetime on
the order of seconds, several orders of magnitude larger
than the state-of-the-art lifetimes for bosonic cat qubits.
This substantial improvement fundamentally stems from
the enhanced collective interactions in the spin ensemble
which scales as v/N, where N is the system size.

In this work, we study the robustness of spin cat states
in the presence of inhomogeneous broadening. This can
arise for example from Doppler shifts in atomic gas clouds
or spatial inhomogeneity in the electric or magnetic fields

in solid state systems. Such imperfections break the per-
mutation symmetry of the spin system, which inhibits the
collective behavior. We consider the quantum driven-
dissipative dynamics proposed in Ref. [27] which sta-
bilizes the spin cat states at long times, described in
Sec. II. By analytically solving for the free evolution of
the spin ensemble under the sole effect of the inhomoge-
neous broadening in Sec. I, we uncover an effect which
we term parity-sensitive inhomogeneous dephasing. We
find that the robustness of the spin cat states to inho-
mogeneous broadening depends critically on the parity
symmetry of the state, such that the even cat state is
significantly more robust to inhomogeneous dephasing.
This effect persists even when we consider the full quan-
tum dynamics, suggesting that the odd cat state is in-
deed fragile against inhomogeneous dephasing, limiting
its usefulness in encoding logical information.

In Sec. IV, we study the semiclassical mean-field dy-
namics derived from the full quantum model. The re-
sulting dynamics can then be physically interpreted as
a competition between spin synchronization and dephas-
ing. We show that the system undergoes a synchroniza-
tion phase transition, where the synchronization in the
spin ensemble is completely broken in the long-time limit
beyond a critical inhomogeneous broadening linewidth.
This sets a limitation to the stability of the collective
spin states against inhomogeneous dephasing. Our re-
sults provide a physical understanding of the robustness
of spin cat states in realistic environments, which would
be important in developing quantum technologies based
on spin ensembles. We provide an outlook in Sec. V.



II. DRIVEN-DISSIPATIVE SPIN MODEL

We consider a system of N two-level systems (TLS),
i.e., pseudospin-1/2 particles, which we henceforth refer
to as spins. The system is described by the Lindblad
master equation
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The parameters 7, and I's describe the squeezing
strength, squeezing phase and nonlinear two-excitation

loss rate respectively. o;” = |g;) (e;| is the lowering oper-
ator for the i-th particle from the excited state |e;) to the
ground state |g;), and o = |e;) (gi| is the correspond-
ing raising operator. of = |e;) (e;] — |gi) (g:| Each spin

has a detuning of §; compared to the ensemble mean fre-
quency, which models the inhomogeneous broadening in
the system. The dissipator D[A]p = ApAt — {ATA, p}/2
governs the dissipative interactions between the particles,
with the jump operator A. Eq. (1) can be physically real-
ized by collective two-photon coupling between the spins
and a bosonic mode, such as an optical cavity, which
is strongly dissipative. The bosonic mode can then be
adiabatically eliminated, resulting in effective two-body
dissipative interactions between the spins [27].

In the absence of inhomogeneous broadening (i.e., §; =
0) and the regime 1 < T's, the system is weakly excited
and behaves as the bosonic model studied in [28]. This
can be seen by performing the Holstein-Primakoff trans-
formation S_ = (N — ata)'/2a, where Sy = 3, i are
the collective spin lowering and raising operators, while
a,a’ are the bosonic annihilation and creation operators
respectively. The spins behave collectively when §; = 0
due to permutation symmetry. In the weak excitation
regime (a'a) < N, we have approximately S_ ~ v/Na
and S, ~ v/Na'. The model can be approximately de-
scribed (in the rotating frame) by

p ~ _i[Hbosonim P] + F2D[a2]p (3)
where
Hbosonic ~ n(ei¢a2 + €_ivaT2). (4)

The steady state of this bosonic model is spanned by
the coherent states |ta) with complex amplitude o =
V2n/Taexp (—i(¢@/2 4+ w/4)) [24, 28]. By forming even
and odd superpositions of |+«), one obtains stabilized
cat states which can be used to encode a logical qubit,
where the errors can be corrected autonomously. These
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FIG. 1. Fidelity F(t) for spin coherent, even cat and odd cat
states under the free evolution of the dephasing Hamiltonian
Hy. The light solid lines depict the random realizations of
the detunings (10 realizations shown), while the dashed lines
correspond to the analytical result for the mean fidelity F'(t).
The parameters are N = 200, § = 1/v/N ~ 0.0707, ¢ = 0.

cat states are robust against single-photon loss, which is
the dominant noise source in superconducting cavities.
By mapping single-photon loss to either a logical bit or
phase flip, this scheme generates a biased noise qubit,
with the noise bias increasing with the amplitude |a| of
the cat state [25].

In Ref. [27], it was proposed to use collective spin sys-
tems in the weak excitation limit for a similar logical
encoding, where the steady states are now spin coherent
states [26] which can be superposed to obtain spin cat
states analogous to the bosonic case. The main motiva-
tion behind this is to leverage the collective enhancement
of the coherent spin interactions, such that the amplitude
of the spin cat states scale as ~ v/N which translates to
stronger protection against noise. It was argued that the
spin cat states are robust to inhomogeneous broadening
even though the permutation symmetry is broken. We
now show that this depends heavily on the parity sym-
metry of the cat state.

IIT. PARITY-SENSITIVE INHOMOGENEOUS
DEPHASING

The spin coherent states are defined as

N
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Let us first consider the dynamics of the spin ensemble
under the free evolution governed by the dephasing (in-
homogeneous broadening) Hamiltonian Hy = ), 0,07.
For concreteness, the detuning frequencies §,, ~ N (0, §2)
are independently and identically distributed random
variables drawn from a Gaussian distribution with zero
mean and variance §2. The overlap between the evolved



state and the initial spin coherent state is given by
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The fidelity F(t) = |c(t)]? indicates the survival proba-

bility of the initial state at time t. Using the Gaussian
2,2
average E[cos d,t] = e % /2

(6)

, we get the average fidelity
— 1 22 N
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where the average is taken over random realizations of
the frequencies 6,,. In the weak excitation regime, 6 is
related to the amplitude of the bosonic coherent state
via |a| = v/Ntan(/2) [27]. Hence, we make the small
amplitude expansion N#? < 1 to get
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which implies F(0o) ~ 1—(IN#?)/2 is of order unity since
N62 < 1. Using E[cos? 6,1] = (14+e25°t") /2, we can also
evaluate the variance of the fidelity,

 Ne
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Thus, the fluctuations of F(t) are ~ +/N#?, which is

much smaller than F'(¢). This implies that for suffi-
ciently large systems, the random variable F(t) concen-

Var[F(t)] (1—e )+ 0(6%). (9)

trates around the mean F(t).
The spin cat states are defined as

Cats) = Niiue,@ L6+, (10)

with the normalization factors

Ni = 1/2(1 £ cost ). (11)

As with the spin coherent states, we compute the fidelity
of the cat states under the dephasing dynamics

Fe(t) = | (Cate]e 0" Caty ) 2 (12)

Using the Gaussian average E[sin d,t] = 0 from symme-
try, and after some algebra, we obtain
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In the small amplitude regime N#? < 1 we obtain qual-

itatively different results for the even cat state
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FIG. 2. Mean fidelity F'(t) under the full dissipative dynam-
ics (1). The N = 8 spins are initialized in the even (blue cir-
cles) and odd (red squares) cat states |Cat+) with /I’ = 0.2,
subject to inhomogeneous broadening with strengths /I’ =
{1073,107?}. The fidelities are computed with respect to the
initial state and averaged over 10 realizations of the detunings.
In the absence of inhomogeneous broadening, the fidelities of
the steady states are 0.998 (even) and 0.995 (odd).

and the odd cat state
F_(f)=e " + O(N%0%). (15)

The above expressions are simplified using IV > 1. Note
that the leading order term in Eq. (15) should be inter-
preted as the limiting case of N§2 — 07, since 6 = 0 is
not well defined for the odd cat state. Similar to Eq. (9),
one can also show that the relative fluctuations for the
fidelity vanish as N — oo.

This reveals an important fact that the robustness of
the cat state against inhomogeneous broadening is very
sensitive to its parity symmetry. For the even cat state,
the fidelity saturates at F, ~ 1—(N§?/4)? which is of or-
der unity, while for the odd cat state the fidelity vanishes
rapidly on the timescale of 6~. Moreover, the even cat
state is more robust than the spin coherent state, since
the infidelity 1 — F, (¢) is quadratic in N#? (as compared
to linear for the spin coherent state). Physically, this
means that the dephasing effects are suppressed by even
symmetry and amplified by odd symmetry.

A. Adding the stabilization dynamics

So far, we have only considered the free evolution gov-
erned by the dephasing Hamiltonian Hy. We now study
numerically the full dissipative evolution governed by the
master equation (1), using the QuTiP package [29]. Fig. 2
shows the mean fidelities F'(t) for the cases of even and
odd cat states, for N = 8. In each case, we initialize
the system in the even/odd cat state and measure the
fidelity with respect to the initial state. In the absence
of inhomogeneous broadening, the steady states achieve
fidelities of 0.998 and 0.995 for the even and odd cat
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FIG. 3. (Top) Steady state amplitude |(a)| against /T2
for the quantum model with N = 100. The initial state
is the bosonic coherent state with complex amplitude o =
\/2n/T2e~""/4. The dashed line corresponds to the mean
field solution for vV NA in Eq. (19). (Bottom) Steady state
Wigner functions for n/T's € {5,12}.

states respectively. We see that the odd cat state is sig-
nificantly more susceptible to the dephasing effects. For
example, at time st ~ 200 with §/T's = 1072, the even
cat state has a fidelity around 0.74 while the fidelity of
the odd cat state is only around 0.1. This shows that the
parity-sensitive dephasing derived for the simple case of
only free Hamiltonian evolution applies even with the
driven-dissipative stabilization terms. In Ref. [27], it was
shown numerically that the even cat state |Cat,) is ro-
bust against inhomogeneous broadening (and other im-
perfections). This is consistent with our findings. We
argue here that the same robustness does not apply to
the odd cat state, even at larger system sizes beyond the
reach of numerical simulations. For larger N, one ex-
pects that the effects of inhomogeneous broadening are
suppressed due to stronger collective interactions, but the
separation of timescales in the fidelity decay between the
even and odd cat state should remain valid.

IV. MEAN-FIELD ANALYSIS:
SYNCHRONIZATION PHASE TRANSITION

Since a direct analytical treatment of Eq. (1) is not
feasible, we consider instead a mean-field approximation
where we assume a product state ansatz for p. The spin
coherent state in Eq. (5) is a product state, so we ex-
pect this to be a reasonable approximation for large N.

The mean-field equations can be physically interpreted
as describing the synchronization dynamics of N glob-
ally coupled classical spins, containing both dissipative
and coherent (also called reactive) couplings. As we will
show, this system exhibits a synchronization transition
with both /T's and 6 /T's, where the spins become desyn-
chronized beyond a critical parameter value. This pro-
vides important insights on the robustness of the spin co-
herent states to inhomogeneous broadening with driven-
dissipative stabilization, for large system sizes.

The mean-field equations governing the dynamics of
the m-th spin read (see Appendix A for a detailed deriva-
tion):
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where ¢1,n = 5 2,4, (07) is the average coherence and
Com = 5k > j#m(14(07)) is the spin excitation density,
excluding the m-th spin. Re and Im denote the real and
imaginary parts respectively. The squeezing phase ¢ is
set to zero without loss of generality.

A. Identical frequencies

First, we consider the case where all the spins have
the same frequency (6§ = 0). This recovers the permuta-
tion symmetry in the system, which allows us to compare
the mean-field solution to the exact quantum dynamics.
From symmetry arguments, we denote (0;?) = (ot) =
Aexp(i¢) where A and ¢ are to be determined, and
(0%) = (0%) = z. Then, c1;m = (N —1)/N x Aexp(ip)
and ¢z, = (N —1)/2N x (1 + z). This reduces the
problem drastically from 3N real variables to just 3 real
variables A, ¢ and z. For large N, the reduced equations

of motion become

A
= —2nzsin 2¢ — 25 A% + Nz A2

1=
b= —2nzAcos2¢ (18)
z .
yeh 8nsin 2¢ — 4T (1 4 2) — 4T, N A%
In the low excitation limit, the steady state of the master
equation (1) is approximately the bosonic coherent state

with |(a) | = VNA = \/2n/Ts,2 =~ —1,¢ = n/4. This
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FIG. 4. Steady state value of the phase spread ( against
the dimensionless detuning § = N 25 /T2 and dimensionless
squeezing 77 = n/T's, for N = 10* spins. The white region
denote data points where the spins fail to converge to a syn-
chronized state at long times. The red line marks the ellipti-
cal boundary of the synchronization region given by Eq. (22),
with fitting parameters a ~ 0.03125 and b ~ 2.2077. For
small values of 7, some points within the synchronization re-
gion fail to converge to the steady state within the simulation
time due to the slow dynamics.

agrees with the steady state solution of Eq. (18):
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which is valid in the range 0 < n/(NT3) < 1/16. To
leading order in 1/NTy, we recover A?> = 21/NTy and
z = —1 which matches the quantum results in the low
excitation limit. The solution in Eq. (19) describes the
synchronized state where the spins are all phase locked to
one another. The range of validity of this solution can be
interpreted as the synchronization region, where the syn-
chronization is broken at 7n/(NT3) = 1/16. This sharp
behavior in 7/’ can also be understood for the quan-
tum system. Making the exact Holstein-Primakoff trans-
formation as introduced in Sec. II, we plot the steady
state bosonic amplitude |(a)| in Fig. 3 for N = 100
spins, initializing in the coherent state with complex
amplitude o = /21/Toe~""/%. For small /Ty, the
mean-field approximation agrees well with the quantum
model. Interestingly, the bosonic amplitude increases
and drops sharply at /T2 ~ 10, although the drop oc-
curs at a larger value of 7/T'y compared to the mean
field model (n/T" = 6.25). In the quantum case, the drop
in amplitude has a different physical interpretation: the
bosonic Hilbert space has a dimension of N 4+ 1. Due
to the boundedness of the quantum phase space, the

bosonic amplitude cannot increase indefinitely with 7/Ts
as 1/2n/Ta. Thus, for sufficiently large amplitudes, a sec-
ondary blob emerges in the Wigner function at a phase
difference of m and causing | (a) | to collapse. As a sim-
ple estimate, this collapse occurs when (afa) oc N such
that the boundaries of the phase space become relevant.
Since (afa) ~ n/T'y, the amplitude collapse occurs when
1/T2 < N, the same scaling as the mean-field prediction
(even though the exact values differ).

B. Oppositely detuned sub-ensembles

Now, we break permutation symmetry by adding de-
tunings to the spins. For analytical tractability, we con-
sider two sub-ensembles, each with N/2 spins (assuming
N is even), with detunings +§. The results derived for
this model should hold qualitatively for the more realistic
model of random detunings (e.g., Gaussian distributed)
which describes inhomogeneous broadening. Assuming
that (o) = Aexpli(m/4 £ ¢)] for the two sub-ensembles
respectively, where ( is the deviation of the phase from
7/4, and (0%) = z for all spins, we can reduce the prob-
lem once again to just 3 nonlinear coupled equations
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To verify the accuracy of Eq. (20), we compare numeri-
cal simulations of Eq. (20) with the full mean-field equa-
tions (16) and (17). It is also simple to see that this is
consistent with Eq. (19) by setting 6 = 0,¢ =~ 7/4,2 =~
—1 and taking the large N limit.

Compared to the previous case of identical frequencies,
this set of equations is much harder to solve analytically.
For small {, we can get an approximate solution by ex-
panding Eq. (20) to first order in ¢ and also first order in
1/N, the approximate steady state solution correspond-



ing to the synchronized state is (see Appendix B)
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This solution is valid for small § (where the dephasing
of the ensemble is slow) or large n (where the synchro-
nization effect is strong). For n/NTy <« 1, the formula
for phase spread simplifies to ¢ ~ N?T'5§/16n. Inter-
estingly, while the phase spread is linear in §, the steady
state values for A% and z are independent of § up to linear
order.

For larger values of §, we perform numerical simula-
tions of the mean-field equations for N = 10* spins,
shown in Fig. 4. The steady state value of the phase
spread ( is small for small § and large 1, which agrees
with our physical intuition. For the case of identical fre-
quencies § = 0, there is a maximum 7n/T'y of N/16 = 625
beyond which the synchronization breaks, agreeing with
our analytical calculations. As ¢ increases, the region of
synchronization narrows until a threshold value such that
no synchronization is possible for any 1. The boundary
of the synchronization region appears to be elliptical. We
postulate that the boundary curve takes the form

6 =b\/a% — (77— a)? (22)

where § = N2§/Ty and 7} = n/T'y are the dimensionless
frequency detuning and squeezing respectively, and a,b
are the fitting parameters. The threshold values are thus
7le = 2a and ¢, = ab. From numerical fitting, we find that
a =~ 0.03125 and b ~ 2.2077 which gives 7. ~ 0.0625[N
and d, ~ 0.06888N2. The value of 7. agrees excellently
with the theoretical prediction of N/16.

Since SC o N2, the critical detuning 0./Ty = 0.06888
is independent of N. This suggests that the robustness
of the spin coherent state to inhomogeneous broadening
is independent of N, for a fixed 7/T'2. Since the odd cat
state is more fragile than the spin coherent state by the
parity-sensitive dephasing effect, this supports the lack
of robustness for the odd cat state, consistent with the
numerical results in Fig. 2 for the quantum model.

V. DISCUSSION AND OUTLOOK

In this work, we analyze the effects of symmetry-
breaking inhomogeneous dephasing on collective spin
states such as spin coherent states and cat states |Caty)
formed from the superposition of two spin coherent states
offset by a m-phase. We show that the spin dephasing
is highly sensitive to the parity symmetry of the col-
lective spin state: For |Cat), even symmetry provides

enhanced protection against inhomogeneous dephasing
which grows with the system size V. On the contrary,
the odd symmetry in |Cat_) renders it significantly more
fragile to inhomogeneous dephasing, causing the fidelity
to decay rapidly.

This has important implications in using macroscopic
spin ensembles as ‘cat qubits’ to encode logical quantum
information, motivated by recent successful experiments
in superconducting quantum circuits. Due to the collec-
tively enhanced interactions in spin ensembles scaling as
VN, they stand to benefit from greater error-correcting
capabilities compared to their bosonic counterpart. How-
ever, using spin ensembles also come with a different set
of experimental challenges like particle loss which has
to be carefully addressed. In certain implementations
such as rare-earth ions, inhomogeneous broadening aris-
ing from spatially-varying magnetic fields break permuta-
tion symmetry which is required for the spins to behave
collectively, and causes spin dephasing. In Ref. [27], it
was demonstrated explicitly that |Cat,.) is robust against
such inhomogeneous dephasing, which is consistent with
our results. However, our results also suggest that the
odd cat state |Cat_) is significantly more fragile. This
means that the lifetime of |Cat_) is limited by the de-
phasing timescale from the inhomogeneous broadening,
which is on the order of 1 us (taking § ~ 1 MHz). Con-
sequently, encoding the logical qubit using [Caty) is un-
likely to result in logical lifetimes significantly longer than
the break-even point.

An alternative logical encoding is to define the basis
states [0), o< |0,0)+160,7) and |1), o |0, 7/2)+10,37/2),
where [0, ¢) are the spin coherent states (5). Here, the
logical qubit is encoded in the even parity subspace which
enjoys the enhanced protection against inhomogeneous
broadening. This encoding is analogous to the ‘four-
legged cat code’ proposed in bosonic quantum error cor-
rection [30]. To stabilize this as the steady state, one ap-
proach would be to replace the collective two-body terms
in Eq. (1) with collective four-body terms. However, it
is very challenging in practice to implement quartic dis-
sipators of the form D[S%]p, where S_ is the collective
spin lowering operator, while suppressing all unwanted
dissipative terms.

Apart from quantum error correction, our results are
also relevant for other applications of collective spin sys-
tems such as metrology and quantum simulation of dis-
sipative phase transitions. As a future work, it would
be interesting to study the parity-sensitive dephasing ef-
fect in more general dynamics beyond the specific master
equation studied here, and also for general spin states
with well-defined parity symmetry. One can also go be-
yond the product state ansatz and include quantum cor-
relations in the numerical simulations using higher-order
mean-field methods such as cumulant expansion [31, 32],
which has been widely employed to study many-body
spin dynamics [33-38].
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Appendix A: Derivation of the semiclassical mean-field equations

Starting from the quantum master equation (1), we make the mean-field ansatz p = ®fi1 pi; which assumes that
the quantum correlations are negligible. This allows us to derive the single-spin dynamics for (o;}) = Tr(o;} p,,) and
; i) (05) and (o 07 05) ~ (077 07) (o) =

(07,) = Tr(07,pm). Equivalently, we factorize spin correlations (0, 0;") = (0;

(1+(o7)) (o) /2 for i # j. Note that we treat the population and coherence separately, i.e., we do not assume
(ocifo7) =~ (o) (07 ), which allows us to capture some effects of quantum coherence while the spins are weakly
excited. The contributions from the squeezing Hamiltonian are

i i _2in - o\ 2 z -
NZN o7 o7 onl) + e kel = e S (o ailoy) & e (07) 3 (7)) (A1)

j#m j#m

d
dt

where the factor of 2 comes from the symmetry of ¢ <> j. For (0Z,), we have

d z 7’77 i - - .z —1 z 27’77 % - z — —1 z
$<O—m> = N Zeeqo—i 0 7Um]> +e 9<[U;rg;r7am]> = W Zequrn’am]o—j >+€ 9<[0’;;,0m]0';>
2 Jj#Fm
4@77 —i 81 —i
~ <’ i) —e o) (of) = JpIm | e (orh) Y (o)
N i#m
(A2)

Next, we compute the contribution from the collective two-body dissipator

N2d+ S N SR
T, dt (om) = Z (o 95 Om%% 91~ 5%mTi 95 0 01 T 593 05 0 0y Om)
2 i,k
~ (0h0m) (o 0for) = (omot) D (ofofor) —2(omonot) D (of o))
idok i gk i (A3)
ijk#m ijk#m ig7Fm
= (07) (o ofor) = 2(ah) Y (o707)
4,9,k %,J
ijk#m e

Eq. (A3) contains terms such as <U+0'+0'];> and (o} o; ). To obtain a closed set of mean-field equations, we have

to reduce these in terms of (o;") and (07). Defining ¢1,, = & D itm (cr]ﬂ and ¢, = 5k > izm(1+(07)), we then
obtain

N2 d . B _ _ _
TQ@@TJ ~(om) [2 ) (oo ) o)+ D0 (o) (o) o) | = 2(om) | D (oifoi) + > (o) (o)) (Ad)
i, 4,7,k i£m i,
i#] i#£j#m i#]

= —2(0) (Neam + N?|crml?) + (07,) @Nc1mCam + N2 |c1ml*c1m)
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Similarly, we can obtain the equation of motion for (¢Z,):

1 d 1 _ 1
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Combining Egs. (A1), (A2), (A4) and (A5), we have the mean-field equations:

d . . ; * C2m z
i ) = 0 (@) = 2ime 07} = 202 {0 (57 +lewm ) + T2 (07 et 2eam + Nlewnl?) (A0

d ; C2,m *
= (05) = Snlm (77 {07 e1.m) = 4a(1+ (03,)) (B + lerml?) — AD2Rel(0) €f (22 + Nlerml)] (A7)

as described in Egs. (16) and (17) in the main text.

Appendix B: Two detuned ensembles, small § limit

When the detuning ¢ is small, we expect the steady state value for the phase ¢ to be close to 7/4, as was shown in
Eq. (19). Writing ¢ = 7/4 &+ {, we obtain the mean-field equations (20). Expanding the equations to linear order in
¢, and then to order 1/N, we obtain the simplifed equations (setting I'y = 1 for notational simplicity)

A , N-1 s N-—-1,

1~ 24° + z(1—-2n+ (N 2)A)+TZ
g'zé—%(N+4n—2Nn+(N—2)A2+Nz)( (B1)
i 442 )

2~ 12N 1) =2y (N = 2)(N — 1A + 2 — 2N2).

Since A? is of order 1/N, one has to be careful here when making the large N approximation. We verify the accuracy of
the above equation by comparing numerical simulations against those from the full mean-field equations (16) and (17).
The steady state solution is complicated, but we can expand in powers of 1/N to get

2 4 4n — 321> 2
A2%777_777_’_’7 77+

-t~ (B2)



and

s
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