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Radiation damping of a Rayleigh scatterer illuminated by a plane wave
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We investigate the radiation damping experienced by a dielectric spherical particle when it is
illuminated by an electromagnetic plane wave within the Rayleigh regime. We derive the equivalent
electric dipole of the moving particle and subsequently calculate the electromagnetic force acting on
it from two different approaches. In the first approach, we calculate the force from the integration
of stress tensor and field momentum. In the second one, we calculate the force directly from the
integration of the force density. Our derivations reveal that the damping coefficient is equal to
6Pscat/mc2 along the propagation direction, whereas it is Pscat /mc2 along perpendicular directions.
Here, Picat denotes the power scattered by the particle, and mc? represents the particle’s mass
energy. The radiation damping derived in this study sets upper limits on the quality factor of
optically levitated objects and ensures the existence of a steady-state solution of the particle’s

dynamics.

I. INTRODUCTION

Arthur Ashkin, in his pioneering 1970 paper on trap-
ping of particles by radiation pressure writes ”The ex-
tension to vacuum of the present experiments on particle
trapping in potential wells would be of interest since then
any motions are frictionless” ﬂ] Later, in 1976, based
on the Doppler effect he provides an estimate for the
friction in vacuum (radiation damping) and concludes
that the particle’s oscillation will damp out with a half-
time of roughly half a year ﬂj] Over the past decade,
optical trapping of levitated nanoparticles in high vac-
uum has gained renewed interest Bﬁ], and it has been
shown that the particle’s motion accelerates due to the
random momentum transfer from photon scattering, so
called photon recoil heating ﬂa] Radiation damping was
predicted to counteract this heating mechanism in order
to establish a stable equilibrium ﬂ]

The rates of radiation damping and recoil heating are
fundamental parameters in the study of optomechanics
concerning levitated nanoparticles ﬂa, é] In his renowned
1905 paper on special relativity, Einstein calculated the
radiation pressure acting on a moving totally reflecting
mirror, employing the principle of energy conservationﬂg].
From this calculation, the radiation damping rate for a
movable mirror could be derived by linearizing the radia-
tion pressure with respect to the particle’s velocity. Fur-
ther analysis of the friction forces due to the electromag-
netic radiation for mirrors has been presented for one-
dimensional structures like Fabry-Pérot cavities@, ]
Moreover, radiation reaction forces of accelerated charges
and two-level systems like atoms has been extensively
studied in the literaturem—IE]. Radiation reaction of
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charged particles are usually studied by using retarded
Liénard-Wiechert ﬁeldsﬂﬁ]. When an atom is moving
toward a red-detuned laser, its momentum decreases due
to the Doppler effectﬂE]. In a paper by one of our
authorsﬂj], the radiation damping of a polarizable par-
ticle interacting with an incident plane wave was derived
by integrating the Maxwell stress tensor in the rest frame.
However, we have found that this analysis is not com-
plete, and that the contribution of the field momentum
has to be accounted for when the integration is performed
in the particle’s rest frame. Moreover, the scattered far
field of a moving particle is no longer transverse in the
laboratory frame, which affects the net momentum flux.
In this paper, we revise the derivation for the radiation
damping, taking into account the two mentioned correc-
tions. We also present an alternative derivation by di-
rectly integrating the Lorentz force density. The results
obtained from both approaches are in agreement.

In the following, we explore the scattering problem of a
moving dielectric particle in the Rayleigh regime when it
is illuminated by an incident plane wave in Sec. II. Then,
we investigate the calculation of the force acting on the
moving particle in Sec. ITI. We introduce two approaches
for calculating the force, and consequently the radiation
damping. The first involves surface integration of the
stress tensor and field momentum in the particle’s rest
frame, presented in Sec. 11T A. The second method entails
directly integrating the force density, presented in Sec.
IIT B. Finally, the conclusions are made in Sec. IV.

II. DIPOLE APPROXIMATION FOR A
MOVING PARTICLE

Consider a dielectric spherical particle moving with ve-
locity v and being illuminated by a monochromatic plane
wave. The incident wave in the laboratory frame is con-
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sidered as
E; = Re [Eofcei(’fz—wt)}, (1a)
E .
H; = Re[—oye“kzwt)} : (1b)
Mo

where w is the angular frequency of the incident wave,
and k = w/c is its wave number. Here, 19 and ¢ denote
the characteristic impedance and the speed of light in
vacuum, respectively.

When v < ¢, the incident electric field in the rest frame
of the particle can be expressed as m]

E; =Re | Ey ()A( + ﬁ % y) eik(’z/—ﬁ'r/)e_iw/t/} ’ (2)

where r' =r — vt and ¢/ =t — v -r/c? are the space and
time in that frame, and 3 = v/c represents the normal-
ized velocity of the particle. The incident wave in the
rest frame is also a monochromatic plane wave with an-
gular frequency of w’ = w(1—3;). In fact, we are dealing
with a not moving spherical particle in the rest frame be-
ing illuminated by a monochromatic field E;. When the
particle’s radius is much smaller than the wavelength of
the incident wave referred to as the Rayleigh regime, the
particle acts as an electric dipole. The induced electric
dipole is given by

p =Re [Ee’i“,tl}

k(2 ’ S 1y (3)
= Re [a(w’)Eo (X4 B x §) ekE=Bry) =it l ,

, QiK' R —w't))
E. = Re{ w' poa(w')Ey

where a denotes the polarizability of the particle. For a
spherical particle with radius R, and dielectric constant
€p, the polarizability can be written as

Qo

a(w) (4)

1o iwdag /6meged’
with ag = 4megR3 (e, — 1) /(e + 2) being the quasi-static
polarizability of a sphere ].

In the rest frame, the electromagnetic fields scattered
by the particle can be written as

E, = Re [o./2u0G0(r’ r;w) -Ee_i“/t/} , (ha)

) p?
H/ = Re [—iw’V x Go(r',r,;w’) -Eefi“’,tl] . (5b)

Here, G represents the dyadic Green’s function in the

free space, given by
i 1
(1 + kIR/ - k/2RI2 > I

3 3i 1 R'R’
+ k,2R,2 - k'R’ - R/Q
(6)

with ¥/ = w’/c being the wave number of the field in
the rest frame, and R’ = r' — r%ﬂﬁ]. Without loss of
generality, we assume that the particle is located at the
origin in the rest frame, i.e., r; = 0. Then, the scattered
electromagnetic fields in the rest frame can be written as

otk R’
Go(r',r/ =
(x’ 4R’

v’

)

(1 — B.)(A; 4+ Agsin® @' cos® ¢ ) + B, Az sin 0 cos 0’ cos ¢’
(1 — B.)Aysin® @ cos ¢’ sin ¢/ + B, Ay sin # cos #' sin ¢/ , (7a)

Ar R BrA1 + (1 — B,)Azsin @ cos ' cos ¢’ + B, Az cos? ¢
w/Q ei(k'lew’t’) ﬁ1A3 sin 6’ sin (b/
H/ = Re ﬂa(w’)Eoil (1—8,)Ascost — B, Azsinf cos¢’| (7b)
o ArR ~(1 - B.)Assin#'sin ¢/
Here, (R, 0, ¢') represents the spherical coordinate sys- Ay = —1— ?i/ 23 . (9b)
tem in the rest frame of the particle which is considered KR KR
as .
i
2’ = R'sin cos ¢/, (8a) Az =1+ PR (9¢)
To get the far-fields, it suffices to substitute A;, Ag — 1,
y' = R sin® sin ¢/, (8b)  and Ay — —1.
Now, we can obtain the scattered fields in the labora-
2 = R cost, (8¢) tory frame from the following transformationsm:

and the coefficients A1, Ao, and Aj are defined by

) 1
Al=1—|-L

LR 2R’ (98“)

E; = E, —nB3 x H., (10a)

1
H, =H, + B E.. (10b)



Hence, the scattered fields in the laboratory frame can
be written as
iK' R/ —w't")

2
E. = Re {w' poa(w)Ey yr

95(9/7 (b/)} ) (118‘)

es(olv (b/) =

and

hg (9/, ¢I) =

IIT. FORCE CALCULATION

According to the Lorentz force law, the electromag-
netic force density exerted on a charge density p and a
current density j is given by

f=pE+jxB. (14)

where p and j are the charge and current densities, re-
spectively. We can also express the force density as

_ og
F=V.T- 2 (15)

in which
1
T = BE + uoHH — 5 (eo|E)* + po[H|*) I, (16)

is the stress tensor, and
g = pocoEE x H, (17)

is the momentum of the electromagnetic fields. When
v < ¢, the Lorentz transformation implies V = V'’ —
(v/c?)0; and 8y = Oy —v-V’. Hence, we can also express
the force density as

0 v
f:V’-T+(v-V')g—%(g+c—2~T), (18)

To obtain the total force acted on the particle, we should
calculate [fd3r. Since the Jacobian determinant is
equivalent to |J(r,r’)] = 1+ O(v?), the total force can
also be calculated from [ fd®r’. Therefore, the total force
exerted upon the particle can be written as

F:%T-ds'—k?{g(v-ds’)—/%(g—i—CXQ-T)d%'. (19)

We can also apply a time-average to eliminate the high
oscillating force terms. The time-averaged force can be
obtained from

(F) = 7{<T) -ds’ + %(gﬂv -ds"). (20)

i R ) o
—_— Eg———hg(0
o a(w')Ey yr $(0,9) ¢,

(11b)

[(1—B.) (A1 + Assin? 0 cos® @) + B, Aasin b cos ' cos ¢’ + [, Az sin @ sin @’ + 3, As cos 6’
y
(1 — B.)Aysin? 0 cos ¢ sin ¢’ + B, Ay sin 6 cos#' sin ¢/ — B, Az sin @ sin ¢’ , (12)
BrAr+ (1 — B.)Aysin @ cos ' cos ¢’ + B, Az cos? @ — B, Az cost)’

BpAssing sing’ + B, Az sin b’ cos’ cos ¢’ — 3, Az sin’ 0’ cos ¢’ sin ¢/
(1 —B.)Azcost — B, Azsin@ cos ¢’ + B.(A; + Aysin® @ cos® ¢') — By Az sin® cos@ cos¢’ | . (13)
—(1 = B.)Azsin @ sin ¢’ + B, Ay sin® §’ cos ¢’ sin ¢/ — By (A1 + Ag sin? @’ cos? ¢')

We can calculate the force acted on the moving parti-
cle from two distinct approaches: calculating the surface
integral of the stress tensor and the field momentum, or
directly calculating the volume integral of the force den-
sity. In the following, we investigate these two approaches
in detail, separately.

A. Surface integration of stress tensor and field
momentum

The time-averaged force acting on the particle can be
determined by calculating the surface integrals of stress
tensor and field momentum according to Eq. As
seen in Sec. II, the total electromagnetic fields can be
represented as the combination of incident and scattered
fields. Consequently, both the stress tensor and field mo-
mentum can be decomposed into three parts:

T = Tu + Tss + Tis; (213“)

T,; and g;; are the components of the stress tensor and
the field momentum that solely pertain on the incident
fields that are defined as

1
Ty = eoB;Ei +poH;H; — 3 (eolBil® + po|Hil*) I, (22a)

gii = poeoE; x H. (22Db)

T, and g, are the ones that only pertain on the scat-
tered field that are described by

1
Tss = 6O]Es]as + /'I‘OHSHS - 5 (60|ES|2 + MO|H8|2) Iu
(23a)

ss = MOEOES X Hs' (23b)



Eventually, T;s and g;s represent the mutual terms, de-
fined as

Tis = «EEs + coE;E; + poH;H + poH H;

24
— (eoE; -Eg + poH; - Hy) I, (24a)

gis — Ho€o (El X HS + Es X Hz) . (24b)

We have evaluated the surface integrals of the stress ten-
sor components in Appendix A. The results are

%<T”> . dS/ = O, (25)

4,2 2E2
f{ (Ty,) - ds’ = — 2 HOVNZ0 6y % 4 T,y + Tv.2)

607mc
(26)
4,2 2E2
j{<TZ—s> s = % (1 - 4%) i (27

We can also evaluate the field momentum integrals. In
Appendix B we have demonstrated that

f (g} (ds' - v) = 0, (28)

4,2 2E2
j’{<gss> (ds' - v) = % (Ve + 20,3 + 20.2) ,
(29)
whiZega B2
is) (ds’ - — _Z F0=900 7. 30
o) (ds' v = - (30)

Therefore, the time-averaged force exerted upon the par-
ticle is

P, scat
c c2

(vaX + vyy + 6v,2) (31)

where Pycat = k4a%E§ /127eg is the power scattered by
the particle. The first term in the above expression rep-
resents the radiation pressure force that acts on the par-
ticle along the propagation direction. The second one
represents the radiation damping force experienced by
the particle. Hence, the radiation damping tensor can be
defined as

100
Psca

1—‘lrad: ; 010 (32)
mes19 0 6

B. Volume integration of the force density

Here, we present another approach for deriving the ra-
diation damping. We calculate the force acting on the
moving particle directly from the volume integration of
the force density. According to the Lorentz force law,

the force exerted on a charge density p and the current
density j can be obtained from

F= /pE +j x Bd®r, (33)

where the volume integral should be taken over the
charge distribution.

In the rest frame, the induced dipole p is not mov-
ing and is located at position r;. Thus, the charge and
current densities in that frame can be written as

pl=-V"[pér —r))], (34a)

i = a—pé(r' —r),

j= 5 » (34b)

Then, we can obtain the charge and current densities in
the laboratory frame from p = p'+ % -j" and j = j' +p'v,
respectively. Hence, we can express p and j as a function
of laboratory-frame variables as

p=-V -pilr—ry(t)] —p- Vi[r—ry(t)], (35a)
3= [2 4+ (v V)b - vV p|5le (0]
(35b)

-V (p -V [r —r,(t)] )

Upon substituting p and j from Eqs. B5al and into
the force expression and computing the volume integral,
one obtains

Ip

F:[(p-V)E%—ExB

—-Bx(v-V)p+vx(p-V)B

(36)
r=rp(t)

We can also express the force as a function of the rest
frame variables:

F = [(p-V’)E’—i—%xB’

() (2

in which E' = E+v x B and B’ = B — (v/c?) x E rep-
resent the electric and magnetic fields in the rest frame,
respectively.

As discussed in Sec. II, the electromagnetic fields in
the particle’s rest frame are monochromatic with angular
frequency w’. Hence, we can represent the fields as

(37)

E = Re {E’e*iw“*@)t’} : (38a)

B’ = Re {B’e*iwﬂfﬁzﬂ’} , (38b)



with E' and B’ being the complex amplitude of the elec-
tric and magnetic fields, respectively. Upon substitut-
ing these expressions in Eq. B7 it can be easily shown
that the time-averaged force acting on the particle can
be written as

v

(F) = SRe[p V' Efriw(1-5.) (0 B) 5] . (39)

c2

When calculating the force, it’s important to account for
the total electric field. We can decompose the electric
field that needs to be incorporated into the force expres-
sion into two parts:

E/ = Egnc + E;ad' (40)

The first term is the incident electric field, given by

E|,. = Ey (X + 8 x §) k=8, (41)
The second term is referred to as the radiation field, de-
fined as

E.q = w’uolm [Go(r',1r))] - p. (42)

It should be noted that the remaining part of the scat-
tered field that is proportional to the real part of Gg
is singular at the particle’s position, and should not be
considered when calculating the force.

Now, we can decompose (F) into two parts:

<F> = <Finc> + <Frad>- (43)
The first term represents the force that E{ . applies to
the induced dipole, given by
¥y = 22801 29 )tm o)z — B0 g 1 [ 921 5
inc) = — 4 - 2 || Z — LM | — | Z.
2 2 Ow
(44)

Upon using Eq. H it can be easily shown that (Fi,.) can
be simplified to

Pscat Uz .

(Finc) = = (2 5-22) . (45)

c

The second force term represented by (Fy.q) is the force
that E/_, applies to the induced dipole. By employing
the following relations that can be easily demonstrated
from the Taylor expansion of Gg

el § (462)

6me

Im [Go(r),,1,)] =

Im [VGo(r),,x,)] =0, (46b)
we can find that
Ps a
(Fraq) = —C—;tv. (47)

Therefore, the total time-averaged force acting on the
particle is

PS a A A A
= L (0% + v, ¥ + 60.2) . (48)

This result matches the one obtained in Sec. IIT A
through the integration of the stress tensor and field mo-
mentum.

IV. CONCLUSIONS

In summary, we have derived the radiation damping
experienced by a moving dielectric particle exposed to an
incident plane wave using two distinct approaches: one
involves the surface integration of the stress tensor and
field momentum, and the other involves the integration
of the force density, directly. Our analysis has shown that
the damping coefficient along the propagation direction
is 6Pscar/mc?, while it equates to Picat/mc? in perpen-
dicular directions. We note that radiation damping is a
necessary ingredient for the existence of a steady state so-
lution of the particle’s dynamics. While zero-point field
fluctuations heat the particle’s motion via radiation pres-
sure shot noise, radiation damping cools the motion and
gives rise to a steady-state solution in which heating and
cooling are balanced. Such an equilibrium is the prereg-
uisite for Einstein’s famous fluctuation formula and the
particle nature of radiation m]

Appendix A: Derivation of stress tensor integrals

Here, we provide a detailed derivation of stress ten-
sor integrals. As previously discussed in Sec. III, the
stress tensor is decomposed into three components. One
of these components is T;; that represents the stress ten-
sor of the incident wave, as defined in Eq. 22al Substi-
tuting the incident fields from Eqs. [ results in

1 . .
7{ (T4) - ds’ = 7{ ERe{eoEg [(ef - R0je + (i -R)h,

1 .
-3 (e;-e +h -h;‘)R’} }ds',

(A1)

Here, e; = (1,0,0) and h; = (0, 1, 0) represents the direc-
tion of the incident electric and magnetic fields, respec-
tively, and R’ = (sin#’ cos¢’,sin 6’ sin ¢', cos ). After
evaluating the integration over the polar angle, i.e. ¢,
we obtain

™ 0
f<T“> . dS/ = 7T€0Eg/ 0
0 | —cost

It can be easily shown that the above integral vanishes.
Consequently,

R?sing'de’. (A2)

f<T”> . dS/ =0. (A?))

Now, we aim calculating the surface integral of (Tss).
As defined in Eq. 23al T, is the component of the stress
tensor associated solely with the scattered fields. Substi-
tuting the incident fields from Eqs. [ yields



6

/ 1 WI4M(%60043E§ x P/ x P/ 1 * \ R/ /
(To,)-ds' = ¢ SRes “OR0Z0 (o1 Ri)e, + (hi - Ry — 3 (e, -el +h,-h) R pds’.  (A4)

2 16m2R’?

We can use the far-fields values when calculating the above expression. After evaluating the integration over the polar

angle, i.e. ¢’, it becomes

wi2ega2E2 [T
T.) ds — 0€0% L4 /
f< ) ds 327 0

Bo (=2 +2cost — 2 cos? ' —2cos® ¢ + 2 cos' )

If we evaluate the integral above and retain terms up to first order in 3, one obtains

whi2ega2 B2
Tys) - ds' = — 20270770
7{< ) - ds 607mce

By (—% — $cos? 0 + Lcos? ) sin 6'do’.
—2cosb —2cos 0 + B, (—1 +2cos® —2cos? 0 + 2cos® @ — cos? 9’)
(A5)
(6vpX + Tv,y + Tv,2). (A6)

Eventually, we want to calculate the surface integral of the mutual component of the stress tensor, as defined in
Eq. Upon substituting the incident and scattered fields from Eqs. ] and [[], respectively, we obtain

1 i(k' R —w't' —kz4wt)
%<Tis> -ds' = j{ iRe{w/Qluoeoa(w/)Ege

AR’

[(e;f ‘R)e, + (es - R)e’ + (h* - R))h, + (h, - R')h

—(ef-e,+h! h,) R’} ds' |

If we retain terms up to first order in 8 and compute the integral over ¢’, the expression becomes

/ / 2
jI{<Tis> .ds' = Re Fa(W')Eq

The coefficients appearing in the x-component of the
above expression are defined as

O = B, [As + ik'R (A + As)] | (A9a)

CF = B, (24, + 345 — ik'R' As) (A9D)
C2 = B, [~3A43 — ik' R (A, + As)] , (A9c)
CF = B, (— Ay + iK' R/ As) . (A9d)

The ones appeared in the y-component are given by

Cg = By (—A3 — ik/R/Al) s (AlOa)
CY = -28,A4, (A10b)
CY = B, (A3 +ik'R'Ay), (A10c)
and eventually the ones in the z-component are
Co = —(1—p:)A4s, (Alla)

K
lim k:IR/ eik}/R/(l—COS 9/)
8 k' R'—0 0

(A7)
C§ + Cf cos0' + C5 cos* 0’ + CF cos® 0
CY + CY cost + CY cos? ¢’ sin 6’ do’
C¢ + C cos ' + CF cos? 0 + C5 cos® 0
(A8)
C7 = —2A1 — B Ao, (A11b)
O3 = —(1+5:)A4s, (Allc)
C3 = B As. (Al1d)

Upon performing the integral and taking the limit, the
resultant expression is:

j,{<Tis> ds — W50t Eg (1-4%)z
C

Tom (A12)

Appendix B: Derivation of field momentum integrals

Here, we provide a detailed derivation of the field mo-
mentum integrals appeared in Eq. As discussed
previously, the field momentum can be decomposed into
there components: g, gss, and g;s. According to the
definition of g;; given in Eq. R2h and upon substituting
the incident fields from Eqs. [II one obtains

j(<g“->(ds/-v) - f%Re {Me x ﬁ;] (ds'-v), (B1)

Mo



which can be expressed as:

T 27 2 0
E
g::)(ds' - v) = Re %0 g Bysing cos¢’ + B, sin® sing’ + B, cos@' )R> sin0'do’d¢’ . B2
ds’ R 5 Y
o Jo 1
Upon computing the above integral, we can easily demonstrate that

j{<giz‘>(ds’ -v) = 0. (B3)

Now, we aim the calculation of (gss) integral. According to the definition of gss given in Eq. 230 and substituting
the scattered fields from Egs. [[I] we obtain

1 w e Ef -
%<gss>(d5/ : V) = f §RQ{WGS X hs}(dsl ’ V)’ (B4~)

that can be further expanded into

2 A 20 2 sin 0’ cos? 0’ cos ¢’ + sin® 0’ sin? ¢’ cos ¢’
(gss)(ds' - v Hgeoag g sin @’ sin ¢ — sin® @’ sin ¢’ cos? ¢’
16m2R? 2
cos @ — sin® @’ cos @’ cos® ¢’ (B5)

X (Bysin®’ cos ¢’ + B, sin @’ sing’ + 3, cos 0'\R'* sin0'do’ d¢/ } )
If we evaluate the integral above and retain terms up to first order in 3, one obtains

E2
7{ (gss) (ds' - V) = % (Vo + 20,5 + 20.2) . (B6)

Eventually, we aim the calculation of the mutual term. According the definition of g;, given in Eq. 24b, it can be
easily shown that

. 1 2 A ei(k R —w't —kz+4wt) R . R . ,
(gis) (ds" -v) = §Re W ppega(w’) Ef T [&; x h + &, x hi] (ds"-v). (B7)

Since we want to calculate the above expression up to first order terms in 3, we can retain €; x h} 4+ &, x h} up to
zero order in beta. Then, the above expression can be written as

Iy 2 R, Agsin 6’ cos 0’ cos ¢/
Malw)Eg lim {k’R’/ / etk R (1=cosb) Az sin @' sin ¢/
o Jo

™ k' R'—0 .
8 - Az cost — Ay — Ay sin® @' cos? ¢

Flgi) @ v) = e

(B8)
X (Bysin®’ cos ¢’ + B, sin @ sin ¢’ + 3, cos ') sin 6'do’ }] )

Upon evaluating the above expression and retaining terms up to first order in 3, one obtains

whudeoad B3

i) (a5’ v) = - 5 (B9)

[1] A. Ashkin, Acceleration and trapping of particles by ra- [2] A. Ashkin and J. Dziedzic, Optical levitation in high vac-
diation pressure, Physical review letters 24, 156 (1970). uum, Applied Physics Letters 28, 333 (1976).



[3] C. Gonzalez-Ballestero, M. Aspelmeyer, L. Novotny,
R. Quidant, and O. Romero-Isart, Levitodynamics: Lev-
itation and control of microscopic objects in vacuum, Sci-
ence 374, eabg3027 (2021).

[4] J. Gieseler and J. Millen, Levitated nanoparticles for mi-
croscopic thermodynamics—a review, Entropy 20, 326
(2018).

[5] J. Millen, T. S. Monteiro, R. Pettit, and A. N. Vami-
vakas, Optomechanics with levitated particles, Reports
on Progress in Physics 83, 026401 (2020).

[6] V. Jain, J. Gieseler, C. Moritz, C. Dellago, R. Quidant,
and L. Novotny, Direct measurement of photon recoil
from a levitated nanoparticle, Physical review letters
116, 243601 (2016).

[7] L. Novotny, Radiation damping of a polarizable particle,
Physical Review A 96, 032108 (2017).

[8] D. E. Chang, C. Regal, S. Papp, D. Wilson, J. Ye,
O. Painter, H. J. Kimble, and P. Zoller, Cavity opto-
mechanics using an optically levitated nanosphere, Pro-
ceedings of the National Academy of Sciences 107, 1005
(2010).

[9] A. Einstein et al., On the electrodynamics of moving bod-
ies, Annalen der physik 17, 891 (1905).

[10] V. Braginski and A. Manukin, Ponderomotive effects
of electromagnetic radiation, Sov. Phys. JETP 25, 653
(1967).

[11] A. Matsko, E. Zubova, and S. Vyatchanin, The value
of the force of radiative friction, Optics communications
131, 107 (1996).

[12] F. Hartemann and N. Luhmann Jr, Classical electrody-
namical derivation of the radiation damping force, Phys-
ical review letters 74, 1107 (1995).

[13] M. Tamburini, F. Pegoraro, A. Di Piazza, C. H. Keitel,
and A. Macchi, Radiation reaction effects on radiation
pressure acceleration, New Journal of Physics 12, 123005
(2010).

[14] A. K. Singal, Compatibility of larmor’s formula with ra-

diation reaction for an accelerated charge, Foundations
of Physics 46, 554 (2016).

[15] D. J. Wineland and W. M. Itano, Laser cooling of atoms,
Physical Review A 20, 1521 (1979).

[16] J.-H. Wu, S. Horsley, M. Artoni, and G. C. La Rocca,
Radiation damping optical enhancement in cold atoms,
Light: Science & Applications 2, e54 (2013).

[17] S. Horsley, M. Artoni, and G. La Rocca, Radiation damp-
ing in atomic photonic crystals, Physical Review Letters
107, 043602 (2011).

[18] P. Gould, Laser cooling of atoms to the doppler limit,
American Journal of Physics 65, 1120 (1997).

[19] J. D. Jackson, Classical electrodynamics (John Wiley &
Sons, 2021).

[20] The rest frame of the particle is the inertial frame moving
with velocity v with respect to the laboratory frame. We
use prime notation to denote quantities in the rest frame.

[21] P. C. Chaumet and M. Nieto-Vesperinas, Time-averaged
total force on a dipolar sphere in an electromagnetic field,
Optics letters 25, 1065 (2000).

[22] M. A. Abbassi and K. Mehrany, Inclusion of the backac-
tion term in the total optical force exerted upon rayleigh
particles in nonresonant structures, Physical Review A
98, 013806 (2018).

[23] M. A. Abbassi and K. Mehrany, Self-induced backaction
in optical waveguides, Optics Express 30, 42967 (2022).

[24] M. A. Abbassi and K. Mehrany, Green’s-function formu-
lation for studying the backaction cooling of a levitated
nanosphere in an arbitrary structure, Physical Review A
100, 023823 (2019).

[25] L. Novotny and B. Hecht, Principles of nano-optics
(Cambridge university press, 2012).

[26] A. Zangwill, Modern electrodynamics (Cambridge Uni-
versity Press, 2013).

[27] W. Ritz and A. Einstein, Zum gegenwirtigen stand
des strahlungsproblems, Physikalische Zeitschrift 10, 323
(1909).



