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Abstract

Magneto-optical effects (MOE), interfacing the fundamental interplay between mag-

netism and light, have served as a powerful probe for magnetic order, band topology,

and valley index. Here, based on multiferroic and topological bilayer antiferromagnets

(AFMs), we propose a layer control of MOE (L-MOE), which is created and anni-

hilated by layer-stacking or an electric field effect. The key character of L-MOE is

the sign-reversible response controlled by ferroelectric polarization, the Néel vector, or

the electric field direction. Moreover, the sign-reversible L-MOE can be quantized in

topologically insulating AFMs. We reveal that the switchable L-MOE originates from

the combined contributions of spin-conserving and spin-flip interband transitions in

spin-valley splitting AFMs, a phenomenon not observed in conventional AFMs. Our

findings bridge the ancient MOE to the emergent realms of layertronics, valleytronics,

and multiferroics, and may hold immense potential in these fields.
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Magneto-optical Kerr1 and Faraday2 effects (MOKE, MOFE), referring to the change

of polarization plane of light reflecting from and transmitting through a magnetic material,

respectively (see Figure 1), offer prominent benefits for basic science and technology appli-

cations.3–6 As a modern noncontact spectroscopic technique, magneto-optical effects (MOE)

manifest itself as a powerful tool for measuring magnetic order in two-dimensional (2D)

materials, overcoming inevitable difficulties using standard techniques from superconduct-

ing quantum interference device and neutron scattering, as successfully performed in CrI3,7

Cr2Ge2Te6,8 and Fe3GeTe2.9 Besides, MOE have also matured into a sophisticated probe

for exploring band topology10–13 and valley index.14,15

The common MOE arises from the combined effects of band exchange splitting (induced

by an finite net magnetization) and spin-orbit coupling (SOC).3–5 Antiferromagnets (AFMs),

appear to pose a challenge for hosting MOE due to the absence of a net magnetization and

usually suffer from the limitation from usual Kramers double band degeneracy. However, this

empirical knowledge was questioned by several recent theoretical and experimental progresses

in certain noncollinear AFMs. Feng et al.16 first revealed an unexpected MOE in coplanar

noncollinear AFMs Mn3X (X = Rh, Ir, Pt) with special vector-spin chirality, which is also

the cases for other kinds of noncollinear AFMs Mn3ZN (Z = Ga, Zn, Ag, Ni)17 and Mn3Y

(Y = Ge, Ga, Sn).18 The MOE in noncollinear AFMs was soon experimentally confirmed in

Mn3Sn19,20 and Mn3Ge.21 Subsequently, Feng et al.22 further proposed a novel (quantum)

topological MOE in noncoplanar AFMs, which stems from a finite scalar spin chirality and

emerges even without SOC and band exchange splitting simultaneously, thus reshaping our

understandings of the MOE. Very recently, the topological MOE was observed experimentally

in skyrmion lattice.23

These advances indicate that the MOE is essentially controlled by magnetic symmetry,25

with its symmetry rules traceable to the ac Hall pseudovector σ(ω) = [σyz(ω), σzx(ω), σxy(ω)].26

The conventional collinear AFMs usually host T P or T τ symmetry (T is the time-reversal;

P is spatial inversion, and τ is lattice translation). The tensor σ is invariant under lattice
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Figure 1: Schematic illustration of L-MOE in spin-valley splitting AFMs. (a-b) The van-
ishing MOE with conventional T P-symmetric layer stacking. The system exhibits a valley-
polarized property, while it still obeys the Kramers spin degeneracy theorem. In this case,
the interband optical transition between the spin-up valley and the spin-up valley (↑↑) tends
to cancel out that of the time-reversal symmetric transition from the spin-down valley to the
spin-down valley (↓↓). Moreover, the transition between states with opposite spins (spin-flip,
↑↓) is forbidden. (c-d) After breaking the T P symmetry via a layer-stacking effect [e.g., from
(a) to (c) by rearranging the top layer under a P operation], the spin degeneracy is further
lifted. The combined spin-valley polarization permits the optical excitation from both the
spin-conserving (↑↑+↓↓ ≠ 0) and spin-flip transitions (↑↓ ≠ 0). Interestingly, the sign of the
L-MOE is reversible by flipping the spin-splitting bands [e.g., from (d) to (f)], which can
be achieved by reversing the ferroelectric polarization or Néel vector direction [e.g., from
(c) to (e) by rearranging the bilayer under a T P operation]. Moreover, the sign-reversible
L-MOE can be also excited in conventional T P-symmetric AFMs under a vertical electric
field, sharing the similar physics to the novel dc case of layer Hall effect.24
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translation. While with respect to T (P) symmetry, the σ is odd (even) function. Thus,

the combined T P or T τ can force the σ to be zero and lead to vanishing MOE. For a 2D

system (σyz = 0, σzx = 0), the MOE is also suppressed by some O symmetries [e.g., O may

be Mx, My, C2x, and C2y] as well as limited by some combined T S symmetries [e.g., S

may be Mz, C2z, C3z, C4z, C6z)] due to the odd property of σxy under these symmetries.25

Hence, by breaking above symmetries, MOE may also emerge in more commonly available

collinear AFMs.25–33 From the nanoscience application perspective, it is much desirable to

enrich the MOE family in 2D collinear AFMs because of the emergent valley-indexes,34–41

layer physics,24,42–48 and multiferroic order.49–55 Importantly, it is highly desirable to realize

the long-sought spin-splitting in 2D AFMs, which has triggered extensive attention recently

benefiting from the versatile development of altermagnetism.56–58

In this work, we propose a layer control of MOE (L-MOE) in multiferroic bilayer Nb3I8

and topological bilayer MnBi2Te4. The L-MOE is switched on and off by a layer stacking

effect, depending on whether the T P symmetry is broken [Figure 1(c)-(d)] or not [Fig-

ure 1(a)-(b)]. The presence of L-MOE originates from the combined spin-valley-splitting in

AFMs [Figure 1(d)], which enables the nonzero contributions from both the spin-conserving

(↑↑ + ↓↓) and spin-flip (↑↓) interband optical transitions. The spin-flip process is usually

prohibited by the optical selection rule while it can be aroused in spin-splitting systems when

considering the SOC effect.58–67 It can be served as a unique hallmark for spin-valley splitting

AFMs, a phenomenon absent in conventional T P-symmetric AFMs due to the time-reversal

symmetric interband transitions between states of opposing spins [↑↑ = - ↓↓, Figure 1(b)].

The typical character of L-MOE is that its sign is reversible by reversing the ferroelectric

polarization or Néel vector directions [Figure 1(c)-(f)]. Moreover, we reveal that the sign-

reversible L-MOE can be also excited in the T P-symmetric AFMs by an electric field effect,

presenting the similar physics to the novel dc case of layer Hall effect.24 Interestingly, this

sign-reversible L-MOE can be quantized in insulating topological bilayer antiferromagnets in

the low-frequency limit. Our findings integrate the properties of emergent layer, spin, valley,
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ferroelectricity, and topology into the MOE and suggest a promising platform for spintronic,

valleytronic, multiferroic, and magneto-optical applications.

Figure 2: Sign-reversible L-MOE in multiferroic bilayer AFMs. (a) Side view of A-type
antiferromagnetic bulk Nb3I8, labeled A-F from bottom to top layer, and (b) top view of
monolayer Nb3I8. The red and blue arrows in (a) denote the magnetization direction. The
A(C, E) and B(D, F) layers in the A-type antiferromagnetic bulk crystal are related to each
other by a T P symmetry. The blue dash lines in (b) denote the primitive cell. (c-d) Side
views of magnetic density isosurfaces for bilayer AA and BB stacked Nb3I8, which are related
to each other by a T P symmetry and have an opposite ferroelectric polarization directions.
The purple arrows in (a) and (c-d) indicate the polarization direction. The green and yellow
balls in (a-d) represent Nb and I atoms, respectively. (e) L-MOE of bilayer Nb3I8 in AA
and BB staking. (f) Angle evolution of maximum Kerr rotation angle (blue symbols and
lines) and valley-splitting ∆Evalley (green symbols and lines) for AA and BB stacking. The
∆Evalley is defined as the energy difference between two K valley at the conduction band
edge [see Figure 4(g) and (l)].

The layered transition metal halides Nb3X 8 (X = Cl, Br, I) have attracted increasing

interest due to its exotic layered magnetic kagome lattice, topological flat bands, and trans-

port properties.68–82 Recently, the monolayer and few layers Nb3I8 were cleaved mechanically

from the bulk crystal.70,71 There are six monolayers in the bulk Nb3I8 with a stacking order

of A-B-C-D-E-F along the c direction [see Figure 2(a)]. Each layer hosts a breathing kagome

lattice constructed by magnetic Nb trimers which are coordinated by the distorted non-

magnetic I octahedron environment, as shown in Figure 2(b). Such an arrangement breaks

inversion symmetry from space group of P3m1 and exhibits a spontaneous valley polariza-
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tion73 as well as ferroelectric polarization along the out-of-plane direction.77,78 Among these,

the A, C, and E monolayers are interconnected through a lattice translation operation. They

have ferroelectric polarization along the z direction. The B (D, F) and A (C, E) layers are

related to each other by an inversion symmetry (without considering magnetism). So, the

ferroelectric polarization direction of B, D, and F monolayers is along the -z direction, which

are revealed by recent theoretical and experimental reports.77,78 While the magnetism of

Nb3I8 has yet to be measured experimentally, several preceding theoretical works have fore-

casted its layer-dependent magnetic properties,72–77 e.g., ferromagnetism for monolayer and

antiferromagnetism for bilayer. By comparing the total energies among the ferromagnetic,

nonmagnetic, and different antiferromagnetic states [see Figures S1-S2 and Tables S1-S2],

we find that the bulk and monolayer Nb3I8 prefer to a A-type antiferromagnetic ground

state [see Figure 2(a)] and ferromagnetic ground state, respectively, which is in accordance

with the prior studies.72–77 The optimized lattice constants of monolayer, bulk crystal, and

bilayers are shown in Table S1-S3, which are in reasonable agreement with the experimental

results.68,69

The key findings of L-MOE are demonstrated in the bilayer multiferroic Nb3I8. The

previous studies77,78 suggest that the two layers with same (opposite) polarization directions

are the ferroelectric (antiferroelectric) states. For example, the AA (CC, EE) bilayer hosts

the ferroelectric polarization along the z direction, while the BB (DD, FF) being along the

−z direction [see Figure 2(c)-(d)], respectively. Correspondingly, the AB (BC, CD, DE,

and EF) layer stacking is the antiferroelectric state. By layer sliding and twisting, one

can obtain more abundant multiferroic states in bilayer Nb3I8. Here, we consider seven

simplest stacking configurations such as AA(BB), AB, AC, AD, AE, and AF, which are

sufficient to reveal the L-MOE in the following discussion. The magnetic ground states of

AD and AE prefer to interlayer ferromagnetic coupling, while AA (BB), AB, AC, and AF

feature an interlayer A-type antiferromagnetic coupling, showing a strong stacking-dependent

magnetism which is also reported in bilayer CrI3 83 and MnBi2Te4.43 Next, we will focus on
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bilayer antiferromagnetic AA (BB), AB, AC, and AF stacking to reveal the sign-reversible

L-MOE.

First, the basic property of sign-reversible L-MOE is demonstrated directly based on the

magnetization density and magnetic group analyses. Figure 2(c) shows the magnetization

density of bilayer AA stacking, the usual T P , T S, and O symmetries that suppress the

MOE are broken apparently. In this case, the σxy or L-MOE is nonzero protected by the

magnetic point group of 3m′1. Interestingly, the ferroelectric counterpart of BB stacking has

a degenerate energy and same magnetic point group as the AA stacking, while their magnetic

density isosurfaces are connected by a T P transformation [see Figure 2(c) and (d)]. The

MOE is odd and even with respect to T and P symmetries, respectively. Therefore, the

two opposite antiferromagnetic ferroelectric states (AA and BB) must have a reverse sign of

L-MOE. This sign-reversible principle can also be extended into all other paired ferroelectric

states of bilayer Nb3I8 with opposite polarization directions. The magnetic group analyses

are further confirmed by the first-principles results. The Figure 2(e) presents a long-sought

MOE in AA- and BB-stacked antiferromagnetic Nb3I8 with the Néel vector beling along

the z direction. The largest Kerr rotation angle of about 0.13◦ is comparable to the typical

magnitude of 0◦ ∼ 2◦ in some usual layered magnets, such as CrI3,84 Cr2Ge2Te6,85 FenGeTe2

(n = 3, 4, 5),86 CrTe2,87 and CrSBr.88 As expected from symmetry analyses, the AA and

BB stacking with opposite ferroelectric polarization directions exhibit the same magnitude

but opposite sign of L-MOE.

Besides the induced sign-reversible response, the layer stacking also plays a significant

role in the presence and absence of L-MOE in bilayer Nb3I8. The L-MOE of AB and AF

stacking are vanishing because the systems possess a T P symmetry from a magnetic point

group of 3̄′1m′. While for AC stacking, the L-MOE is allowed due to the same magnetic

point group 3m′1 as the AA stacking. The first-principles calculations indeed reproduce the

results of symmetry analyses. Figure 3(a-b) shows the magneto-optical Kerr and Faraday

rotation angles θK,F for different layer stacking. Apparently, the θK,F for AB and AF stacking
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(a) (b)

(d)(c)

Figure 3: Layer-stacking dependent L-MOE in bilayer AFMs. (a-b) MOKE and MOFE, (c-d)
real parts of diagonal element σxx and off-diagonal element σxy, for bilayer antiferromagnetic
Nb3I8 with different stacking. The arrow in (d) marks the maximum of σ1

xy.

are equal to zero in the whole frequency range, while it is nonvanishing for AA and AC

stacking. One can also observe that the magnitudes of L-MOE are substantially affected by

layer stacking. This novel phenomenon is essentially controlled by the off-diagonal element

σxy rather than diagonal element σxx of optical conductivity. The former (latter) depends

significantly on (is robust against) layer stacking, as shown in Figure 3(c-d).

Taking the AA, BB, and AB stackings as typical examples, we now elucidate the un-

derlining physics of the presence/absence of L-MOE and their sign-reversible response at

the microscopic level based on the electronic structure calculations. Figure 4(a) and (b)

show the spin-polarized and relativistic band structures of AB stacking with the Néel vector

being along the z direction, respectively. Without SOC, one clearly observes that the AB

stacking obeys Kramers spin degeneracy with a pair of degenerate valleys at K1 and K2 for

both conduction and valence band edges. After considering the SOC effect, the double band

degeneracy still exists due to the T P symmetry, while the valley degeneracy is broken due
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Figure 4: Underlying physical origin of sign-reversible L-MOE. (a, b)/(f, g) Spin-polarized
and relativistic band structures of bilayer Nb3I8 with AB/AA stacking, respectively. (c, d)
Momentum-resolved σ1

xy for AB stacking with the interband optical transitions between the
bands from spin-up to spin-up (↑↑), and spin-down to spin-down (↓↓), respectively. (h, i)
Similar to (c, d) but from spin-conserving (↑↑ + ↓↓) and spin-flip (↑↓) interband transitions.
(e)/(j) Spin-resolved L-MOE with AB/AA stacking contributed from the interband transi-
tions of ↑↑, ↓↓, and spin flip ↑↓, respectively. (k-o) Similar to (f-j) but with BB stacking.
In (c, d), (h, i) and (m, n), the σ1

xy (in units of e2/h) is calculated at ℏω = 0.56 eV and is
marked by a black arrow in Figure 3(d). The reduced coordinates for the Berry curvature
slice and high-symmetry points are shown in Figure S9.

to the novel coupled spin-valley physics.89 By decomposing the interband optical transitions

between the bands of the same spins (namely, spin-conserved parts ↑↑ or ↓↓) and the op-

posite spins (namely, spin-flip process ↑↓), one can see that the momentum-resolved σ1
xy for

spin-up to spin up (↑↑) and spin-down to spin-down (↓↓) interband transitions present a

reverse distributions around two K valleys [see Figure 4(c) and (d)]. Thus, for this conven-

tional AFM, the magneto-optical spectra from spin-conserved parts are cancelled out from

each other, as shown in Figure 4(e), accompanying with a negligible contribution from the

spin-flip process.

Nevertheless, a novel L-MOE is generated in AA stacking due to the lifted spin together

with valley degeneracy, as revealed in the following discussion. Figure 4(f) and (g) show the

spin-polarized and relativistic band structures of AA stacking with the Néel vector being
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along the z direction, respectively. It is obvious that the Kramers spin degeneracy is lifted

in the entire Brillouin zone even in this fully compensated collinear AFM, in contrast to

the spin-momentum locking property in altermagnet.56–58 Therefore, the multiferroic bilayer

Nb3I8 can also host the spin-polarized property of ferromagnets coupled with the extraordi-

nary advantages of antiferromagnetic spin order such as ultrafast spin dynamics and without

parasitic stray fields. The SOC effect further breaks the degeneracy of two K valleys. The

valley splitting ∆Evalley can reach up to 98 meV at the conduction band edge, which is

on the order of usual ferrovalley materials, such as monolayer Nb3I8,73 VSe2 or VS2,37,52

VSi2N4 or VSi2P4.40,41,90–93 In contrast to T P-symmetric antiferromagnetic materials, Fig-

ure 4(h) shows that the spin-conserving interband transitions (↑↑+↓↓) present an asymmetric

distribution near two K valleys, which means the ↑↑ component can not cancel out the ↓↓

contribution. Notably, a finite spin-flip contribution emerges and also exhibits an unbalanced

distributions around two K valleys [see Figure 4(i)], which is usually negligible small in most

materials because the SOC energy scale is usually smaller than the exchange splitting energy

scale.58–67 The nonvanishing contributions both from spin-conserving and spin-flip processes,

induced by the strong SOC effect and special spin-splitting, ultimately give rise to a mea-

surable L-MOE, as shown in Figure 4(j). One can see that the novel spin-flip process can be

served as a unique marker for spin-valley splitting AFMs, which is absent for conventional

T P-symmetric AFMs. The sign-reversible magneto-optical response for AA and BB stack-

ing can be also elucidated based on the spin-valley splitting physics. Figure 4(k)-(l) shows

the spin-polarized and relativistic band structures for BB stacking. Apparently, they can be

regarded as the time-reversal-like counterpart of the case in AA stacking. The σxy and MOE

are all odd under time-reversal symmetry. Therefore, the signs for all of them are reversed

when the ferroelectric polarization direction is changed, as shown in Figure 4(m)-(o).

We also find that the L-MOE can be effectively tuned by changing magnetization direction

[see Figure 2(f)], which is strongly correlated to the valley polarization property since they

all originate from the SOC effect. With the Néel vector n rotating from the z-axis to the
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-z-axis gradually, the L-MOE and valley-splitting ∆Evalley all display a period of 2π in θ.

This can be understood from that the z component of spins at π ± θ is the time-reversed

counterpart of the one at θ and the L-MOE/∆Evalley is odd with respect to time-reversal

symmetry T . Especially, when the Néel vector is along the x direction, although the spin-

splitting exists, while the valley-splitting is vanishing and L-MOE is thus prohibited [see

Figure S6]. The underlining physics is that the system has a O = Mx symmetry from

magnetic point group of m when Néel vector n||x. Because σxy is odd under Mx symmetry,

the L-MOE is expected to be zero. Thus, the predicted L-MOE is closely related to both the

spin- and valley splitting, and it is characterized by the sign-reversible response controlled

by ferroelectric polarization together with Néel vector directions.

Beyond the layer-stacking method, the L-MOE can be also facilitated even for T P-

symmetric AFMs (such as for bilayer Nb3I8 with AB stacking) via applying a static electric

field, which can break the T P symmetry and induce the spin-splitting.25 The combined spin-

and valley-splitting leads to the gate-controllable L-MOE [seeing Figures S10 and S16(a)].

Moreover, this field-driven L-MOE can be extended into a quantized version in antiferro-

magnetic Chern insulators, as done in bilayer MnBi2Te4 in the following discussion. It is

known that the even-layer MnBi2Te4 94–99 is a typical antiferromagnetic axion insulator with

T P-symmetric Kramers spin degeneracy, which provides a ideal platform for investigating

the transport phenomena under the axion field E·B effect. Gao et al.24 observed experi-

mentally a fascinating type of Hall effect, coined layer Hall effect, in which the compensated

layer-locked Berry curvature’s contribution from top and bottom layer is broken and reversed

by the axion field of E·B. Our calculated layer Hall conductivity can reach the same order of

the experimental report (i.e., 0.5 e2/h)24 at appropriate hole- or electron-doping, as shown

in Figure S14. By extending the layer Hall effect into the ac case, it is natural to expect the

sign-reversible L-MOE controlled by the electric field and Néel vector.

Interestingly, a novel topological phase transition is induced in bilayer MnBi2Te4 with

the an increase of the electric field or SOC strength, as shown in Figure S13. Specially, a
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Figure 5: Sign-reversible quantum L-MOE in topological bilayer AFMs. (a, b) Band struc-
ture with SOC for bilayer MnBi2Te4 at E = ±0.024 V/Å. The colors denote the bands of the
spin projection along the z direction. (c, d) Spin-resolved Berry curvature along symmetry
lines at E = ±0.024 V/Å from spin flip transition ↑↓, and spin-conserved transition (↑↑+↓↓),
respectively. (e) Spin-resolved optical Hall conductivity σ1

xy at E = ±0.024 V/Å from spin
flip transition ↑↓, and the total contribution (↑↓ + ↑↑ + ↓↓), respectively. (f) L-MOE and
its quantization of bilayer MnBi2Te4 at varying electric field.

Chern insulator phase emerges at a critical field of E ≈ 0.023− 0.027 V/Å100 even without

net magnetization. Because the role of SOC strength is closely related to the known Berry

curvature (behaving like a fictitious magnetic field), the emergence of the topological phase

transition may be traceable to the combined control by electric and magnetic field, which in

fact has been first realized experimentally recently by Cai et al. in spin-canting MnBi2Te4.101

The Chern insulator phase in bilayer MnBi2Te4 is characterized by a large quantized optical

Hall conductivity in the low-frequency limit σ1
xy = −3e2/h [see Figure 5(e)]. As expected

from the physics of layer Hall effect,24 the quantized σ1
xy is also reversed by changing the

electric field direction, which arises from the fact that the system at E = ± 0.024 V/Å hosts

time-reversal-like degenerate spin-polarized electronic bands and the resulting opposite Berry

curvatures, as shown in Figure 5(a)-(d). We also find that the large quantized σ1
xy is mainly

contributed by the Berry curvature along the Γ → K1 direction [see Figure 5(c)-(d)], which

is more than 4 orders of magnitude larger than that along the Γ → K2 direction, showing

a valley-like polarized feature. Such a valley property, located at the general paths rather
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than high-symmetry points, is also reported in few-layer transition metal dichalcogenides.102

Much interestingly, the Berry curvature and the σ1
xy mainly stem from the contribution from

spin-flip transition [see Figure 5(c)-(e)] because the strong SOC-induced avoided crossings

are separated between two bands with opposite spin states66 [see Figure 5(a)-(b)]. Overall,

the field effect shares the similar underlining physics as the above layer stacking effect, that

is the spin-valley splitting in T P-broken bilayer AFMs.

This spin-valley-polarized properties together with the topological properties ultimately

give rise to the sign-reversible L-MOE in bilayer MnBi2Te4 [see Figure 5(f)]. In addition, the

sign-reversible L-MOE is quantized in the low-frequency limit, i.e., θK = −tan−1[c/(2πσ1
xy)] ≃

±π/2 [see Figure S16(b)] and θF = tan−1(2πσ1
xy/c) ≃ Cα [see Figure 5(f)] (c is the speed

of light, C = ±3 is the Chern number) due to the consideration from an axion term

(Θα/4π2)E·B (here Θ is magnetoelectric polarizability and α = e2/ℏc is fine structure

constant) into the usual Maxwell’s equations.103–106 Thus, our findings are a crucial step

for detecting experimetally this novel spin-valley polarized physics and the hidden topology

simultaneously in such a large family of bilayer collinear AFMs by utilizing the noncontact

modern magneto-optical technique.7,8,10–13

In this study, using symmetry analyses and first-principles calculations, we proposed a

novel class of magneto-optical interactions, namely L-MOE, which is rooted in the nontrivial

combination of spin- and valley-splitting in bilayer AFMs. The L-MOE can be switched

on/off by a layer-stacking effect or an electric field stimulus, originating from the uncompen-

sated/compensated spin-conserving and spin-flip interband transitions. The key character-

istic of L-MOE is the sign-reversible responses controlled by ferroelectric polarization, the

Néel vector, or the electric field direction. Interestingly, the sign-reversible L-MOE can be

quantized in topologically insulating AFMs. These findings promote our understanding of

MOE in a large family of bilayer AFMs, and may have a potential impact in magneto-optical

devices based on the novel layer, spin, and valley degrees of freedom.
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The Supporting Information contains: (a) the details of methods, (b) supplementary tables,

figures, and discussions on other calculation results including different magnetic configu-

rations, lattice constants, the dependence of Hubbard parameter U , band structures with

different layer stacking and magnetization, transition between ferroelectric state and antifer-

roelectric state, (spin-resolved) optical conductivity with different layer stacking in bilayer

Nb3I8 as well as the reduced coordinates for the Berry curvature slice, band structures and

magneto-optical effects under electric fields, topological phase transition under different SOC

and electric field strength, layer Hall conductivity and optical Hall conductivity in bilayer

MnBi2Te4.
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