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ABSTRACT. Assuming the extrinsic Q-curvature admits a decomposition into
the Pfaffian, a scalar conformal submanifold invariant, and a tangential di-
vergence, we prove that the renormalized area of an even-dimensional mini-
mal submanifold of a Poincaré-Einstein manifold can be expressed as a linear
combination of its Euler characteristic and the integral of a scalar confor-
mal submanifold invariant. We derive such a decomposition of the extrinsic
Q-curvature in dimensions two and four, thereby recovering and generalizing
results of Alexakis—Mazzeo and Tyrrell, respectively. We also conjecture such
a decomposition for general natural submanifold scalars whose integral over
compact submanifolds is conformally invariant, and verify our conjecture in
dimensions two and four. Our results also apply to the area of a compact
even-dimensional minimal submanifold of an Einstein manifold.
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1. INTRODUCTION

Poincaré-Einstein manifolds are a generalization of hyperbolic space which have
been intensely studied in both geometry and physics. These are asymptotically
hyperbolic manifolds (X", g4 ) with Ric(g+) = —(n — 1)g+. Although their volume
is infinite, they have a renormalized volume V, which is an invariant when n is
even. Their minimal submanifolds Y* ¢ X™ with prescribed boundary at infinity
are also fundamental objects. Their area is infinite, but they have a renormalized
area A, which is an invariant when & is even.

Chang, Qing, and Yang [CQY08] derived a formula of Gauss—Bonnet type for
the renormalized volume: if (X", g, ) is Poincaré-Einstein with n > 4 even, then

—9\n/2
(1.1) V:cnx(X)—l—/XZdV, Cn = %
Here x(X) denotes the Euler characteristic of X and Z is a natural scalar that is
pointwise conformally invariant of weight —n. The result for n = 4 was first proved
by Anderson [And01]. In this case Z = —|W|?/24, where W denotes the Weyl
tensor. Conformal invariance implies convergence of the integral in Equation (I)):
the expression Z dV does not change upon conformally rescaling the metric, so it
equals the same expression when evaluated on a compactification of g .

A main ingredient in Chang, Qing, and Yang’s derivation of Equation (1]
is a result of Alexakis [Alel2], motivated by a conjecture of Deser and Schwim-
mer [DS93], that establishes in even dimension n a decomposition of any natural
scalar I whose integral over compact manifolds is conformally invariant. Namely,
any such scalar can be written

(1.2) I=cPf+Z +divV,

where ¢ € R, Pf denotes the Pfaffian of the curvature tensor, Z; is a natural scalar
that is pointwise conformally invariant of weight —n, and V is a natural vector
field. In their proof of Equation (LIJ), Chang, Qing, and Yang applied Alexakis’

result with I equal to Branson’s [Bra9j] critical @-curvature. The proof shows that
_yn/
the conformal invariant in (IT)) is given by Z = %Z@.

Our main result is an analogue of Equation (II)) for even-dimensional minimal
submanifolds of Poincaré-Einstein manifolds, assuming a special case of a subman-
ifold version of Alexakis’ result. We first formulate this submanifold version as a
conjecture.

Conjecture 1.1. Let k,n € N with k even and n > k. Suppose that I is a natural
scalar on k-dimensional submanifolds Y of n-dimensional Riemannian manifolds
(X, g) whose integral over compact Y is invariant under conformal rescaling of g.
Then there is a natural submanifold scalar Wy that is pointwise conformally invari-
ant of weight —k, a natural submanifold vector field V', and a constant ¢ € R so
that

(1.3) I=cPf+W+divV.

Here div and Pf are the divergence operator and the Pfaffian of the Riemannian
curvature tensor, respectively, for the metric induced on Y by g.

By convention, manifolds and submanifolds are without boundary unless otherwise
specified. See Section 2l for a discussion of natural submanifold tensors.
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An extrinsic submanifold version of Branson’s critical Q-curvature was defined
by Case, Graham, and Kuo [CGK23|. For k,n € N with k even and n > k,
this @Q-curvature is a natural submanifold scalar whose integral over compact Y is
conformally invariant. It will be reviewed in Section Pl Henceforth in this paper,
by @ we will always mean this critical extrinsic submanifold Q-curvature.

Our main theorem is the following.

Theorem 1.2. Let k,n € N with k even and n > k. Suppose that [L3]) holds for
I = Q on k-dimensional submanifolds of n-manifolds, with Wg and V' as in the
statement of Conjecture 1. If (X™,g.) is a Poincaré-Einstein manifold, Y* is a
smooth compact manifold with boundary, andi: Y — (X, g4) is a polyhomogeneous
minimal immersion, then

1\E/2
(1.4) A=cx(Y)+ % /Y Wo dA,

where A denotes the renormalized area of Y and cy is as in Equation (LTI).

Importantly, the conformal invariance of Wg implies that fy Wqo dA converges.
Explicit formulas for @ for k = 2, 4 are derived in [CGK23]. The formula [CGK23|
Equation (5.14)] for k = 2 already exhibits a decomposition of the form (I3):

— 1 -
Q = Pf+ W, Wo = 5|L|2 -wT.

Here |L|2 is the squared norm of the trace-free part of the second fundamental form
and W7T := W(ey, ez, e1,ez) is the tangential component of the background Weyl
tensor, where e, es is an orthonormal basis for TY. In this case, the resulting
Gauss—Bonnet formula (L4)) was derived by Alexakis and Mazzeo [AMI0] using
another method.

When k = 4, the formula for @ in [CGK23, Equation (5.14)] is not decomposed in
the form (L.3). The main issue is recognizing Wq, since the obvious scalar conformal
submanifold invariants constructed from the trace-free second fundamental form
and the Weyl tensor are not sufficient to produce such a decomposition for Q. In
Subsection [B.1] below we identify four non-obvious scalar conformal submanifold
invariants of weight —4 for submanifolds of general dimension and codimension.
One of them, which we denote Z, takes the following form when k = 4:

J— — — ) 2
I =-3AG—4(F - Gi*g,P+F) —2V"(Co — D?* Lugar) — ——Ba"+ 2|D|2.

Here F is the conformally invariant Fialkow tensor given in Equation [@9), G is
its trace, P is the Schouten tensor for the induced metric, L the trace-free second
fundamental form, and

Daa’ = Paa’ - v()zl—LJ/u
Co = Cpa” — H  W5oP o,
Bo® i= Ba® —2(n — 4)H® Coes® + (n — ) HY H* Worap®,

where P is the background Schouten tensor, H is the mean curvature vector, and
B, C, and W are the background Bach, Cotton, and Weyl tensors, respectively.
(Our notational conventions are described in Section[l) In Subsection 5.2l we show



4 J. S. CASE, C R. GRAHAM, T.-M. KUO, A. J. TYRRELL, AND A. WALDRON

that the formula [CGK23, Equation (5.14)] for @ when k = 4 can be rewritten in
the form ([3]) with

11—
Wo = —Z|W|2 + T +2|F)? — 2G?,

where |IW|? is the squared length of the Weyl tensor of the induced metric. Theo-
rem then immediately implies the following:

Corollary 1.3. Leti: Y* — (X" g.) be a polyhomogeneous minimal immersion
into a Poincaré—FEinstein manifold of dimension n > 5. Then
2
(1.5) A= 4LX(Y)— l/ <1|W|2—I—2|F|2+2G2> dA.
6 Jy \4

Tyrrell [Tyr23] derived a formula equivalent to Equation (L) in the n = 5
hypersurface case. Tyrrell’s integrand is a natural submanifold scalar that agrees
with our integrand for minimal hypersurfaces of Poincaré-Einstein manifolds. But
his integrand is not conformally invariant and an analysis of the asymptotics of its
summands was required to establish convergence of the integral. See Remark
below for further discussion.

Decompositions of the form (I3)) are not unique when k = 4. In Proposition [(.2]
we identify two scalar conformal submanifold invariants K1 and Ko of weight —4
that are divergences when £ = 4. Theorem implies that the Gauss-Bonnet
formula ([4) holds for any Wg that arises in such a decomposition for Q.

The main reason that it is important to have a conformally invariant integrand in
Equations (II)) and (4)) is to guarantee convergence of the integral. The formulas
then give a concrete expression for the outcome of the renormalization process
applied to volume or area. There are other formulas of Gauss—Bonnet type in this
setting, for instance in [AIb09] for Poincaré-Einstein manifolds and in [T'T20] for
minimal submanifolds. But these formulas involve renormalized quantities other
than just the volume or area. A drawback of Equations (II]) and (4] is that they
require identifying a conformal invariant in the decomposition of @Q-curvature to
become explicit.

Our proof of Theorem follows the same outline as the proof in [CQY08] of
Equation (II]). But our geometric situation is more complicated and we introduce
two modifications which simplify the argument. Important properties of the extrin-
sic Q-curvature which enter are its linear transformation law in terms of a critical
extrinsic GJMS operator and the fact that both of these objects have an explicit
factorization for minimal submanifolds of Einstein manifolds. These properties are
established in [CGK23]. The other main ingredient in the proof is the existence
and properties of what we call the scattering potential. This is a solution of a
linear scalar equation on the submanifold whose asymptotic expansion contains a
term which produces the renormalized area when integrated over the boundary.
The scattering potential was introduced in [FG02] in the setting of renormalized
volume. The scattering potential determines a specific compactification of the met-
ric induced on Y by g4, called the scattering compactification, whose @Q-curvature
vanishes identically. (In the setting of Poincaré-Einstein manifolds, this is some-
times called the Fefferman—Graham compactification.) In our formulation of the
argument, the decomposition of @) is applied to a geodesic compactification and the
renormalized area arises via the integrated asymptotics of the scattering potential
upon conformally transforming to the scattering compactification.
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The following theorem is a result analogous to Theorem [[.2 for compact minimal
submanifolds of Einstein manifolds, in which the renormalized area is replaced
by the area. In this case there are no convergence issues and the result follows
immediately upon integrating the decomposition (I3]) for the extrinsic Q-curvature
determined by the background Einstein metric itself.

Theorem 1.4. Let k,n € N with k even and n > k. Suppose that (L3 holds
for I = @Q on k-dimensional submanifolds of n-manifolds, with Wq and V' as in
the statement of Conjecture (L1l If (X™,g) satisfies Ric(g) = A(n — 1)g and if
i: Y* — (X, g) is a minimal immersion of a compact manifold, then

2m)k/2 1
((k: _)1)!!X(Y) RECESN /YWQ da,

where A denotes the area of Y.

(1.6) MNe/2 4 =

In particular, if dimY = 2, then

1 -
(1.7) M = 271x(Y) +/ <§|L|2 - WT> dA,
Y
and if dimY = 4, then
2
(1.8) NA= ﬂx(y)—l/ 1|W|2—I—2|F|2+2G2 dA.
3 6 Jy \ 4

Equation (7)) follows immediately by integrating the Gauss equation (£8d). It
has been used, for example, in the classification of minimal surfaces in S3 of index
at most five [Urb90, p. 991] and in the study of a class of immersed surfaces in
self-dual Einstein manifolds [Fri84, Section 2].

Our second result is the verification of Conjecture L] for submanifolds of dimen-
sion two or four.

Theorem 1.5. Conjecture [I1] is true when k = 2 and k = 4.

The main ingredient in our proof of Theorem is the identification of a well-
chosen spanning set for the space of natural submanifold scalars of weight —k
modulo scalar conformal submanifold invariants and tangential divergences. When
k = 4, we need to use two non-obvious scalar conformal submanifold invariants 7
and 7 identified in Subsection[B.1]to eliminate potential elements from the spanning
set. The cardinality of our spanning set is 3 when & = 2 and 33 when £ = 4. We then
calculate directly the conformal variation of the integral of a linear combination of
the elements of this set to argue that if this integral is conformally invariant, then
the linear combination must be proportional to the Pfaffian modulo a conformal
invariant.

Various cases of Conjecture [Tl have been considered in the literature. Mondino
and Nguyen [MN18] discussed natural submanifold scalars whose integrals are con-
formally invariant. They gave a characterization of a family of such scalars involving
the curvature and second fundamental form, but not their derivatives, for surfaces
of codimension at most two and hypersurfaces in general dimension. Juhl [Juh23]
verified Conjecture [Tl when k = 4 for the singular Yamabe extrinsic Q-curvature
on hypersurfaces derived by Gover and Waldron [GW21] and conjectured the de-
composition ([[3)) of this invariant for even k > 4.



6 J. S. CASE, C R. GRAHAM, T.-M. KUO, A. J. TYRRELL, AND A. WALDRON

The invariants that enter the Gauss—Bonnet formula (4] are even; i.e. they are
unchanged under changes of orientation. Throughout this paper we only consider
even invariants.

This paper is organized as follows:

In Section 2 we define natural submanifold tensors and differential operators and
review properties of the extrinsic @-curvature and the scattering compactification
which we will use in the proof of Theorem

In Section Bl we prove Theorems and [[4]

In Section ] we review background material concerning Riemannian and confor-
mal submanifold geometry and fix our notational conventions. In Subsection 3]
we also introduce three tensors P, C, and B that are modifications of projections
of the background Schouten, Cotton, and Bach tensors, respectively. These tensors
play an important role in our subsequent analysis; one reason for their importance
is that their conformal transformation laws only involve tangential derivatives of
the conformal factor.

Section [B] contains three subsections. In Subsection .1 we introduce four non-
obvious scalar conformal submanifold invariants Ky, Ko, Z, J of weight —4 in
general dimension and codimension. In Subsection 5.2l we use Z to derive a decom-
position in general dimension of the fourth-order Q-curvature defined in [CGK23];
this specializes to the form (L3) when k = 4. Corollary [[.3 and Equation (L.8]) are
immediate consequences. In Subsection we state without proof how some in-
variants previously found in special cases by Blitz, Gover, and Waldron [BGW21],
Juhl [Juh23|, Astaneh and Solodukhin [AS21], and Chalabi, Herzog, O’Bannon,
Robinson, and Sisti [CHO™22] can be written in terms of our invariants constructed
in Subsection [5.I] thus generalizing their constructions to general dimension and
codimension.

In Section [6] we prove Theorem As indicated above, the proof uses our
invariants Z and J from Subsection [5.11

In Appendix [A] we give the details of the computations omitted in Subsec-

tion 5.3

2. EXTRINSIC Q—CURVATURE AND SCATTERING COMPACTIFICATION

2.1. Natural submanifold tensors and extrinsic @-curvature. We will be
dealing with immersions i: Y* — (X", g) into Riemannian manifolds. The pull-
back bundle ¢*T'X admits the g-orthogonal splitting i*TX =TY & NY. We use
the induced metrics on TY and NY to identify these bundles with their respective
duals, T*Y and N*Y. The Levi-Civita connection V of g determines connections
V on TY and NY by projection. On TY this connection is the Levi-Civita con-
nection of i*g. We use bars to denote intrinsic quantities on Y. For example,
Rm denotes the curvature tensor of g and Rm the curvature tensor of i*g; also,
A denotes the Laplacian of g and A the Laplacian of i*g. Our sign convention is
A =" 9? on Euclidean space. The second fundamental form L : S?°TY — NY is
defined by L(U,V) = (VyV)*. Ifi: Y¥ — (X™,[g]) is an immersion into a con-
formal manifold, then there is an induced conformal class i*[g] on Y. In i*[g], we
allow rescalings by arbitrary functions in C*°(Y"), not just pullbacks of functions in
C>(X).

Let k, n € N with n > k. A natural tensor on k-dimensional submanifolds of
n-dimensional Riemannian manifolds, or a natural submanifold tensor, is an
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assignment to each immersion i: Y* — (X", g) of a section of (T*Y)®" ® (N*Y)®$
for some integers r,s > 0 which can be expressed as an R-linear combination of
partial contractions of tensors

21) m(VMBRm)® @V Rm) eV Lo @V "L rg®).

Here Mj, N;, and P denote powers, and 7 and 7; denote restriction to Y followed
by projection to either TY or NY in each index. The tensor displayed at (2.1))
is viewed as covariant in all indices (that is, with all indices lowered), and the
contractions are taken with respect to the metrics induced by g on TY and NY for
partial pairings of tangential and normal indices. A natural submanifold tensor T
has weight w € R if T9 = ¢¥T9 for all ¢ > 0. A natural submanifold tensor T is
conformally invariant of weight w, or a conformal submanifold invariant, if
T°"9 = ¢wi"TT9 for all immersions i: Y* — (X", g) and all T € C*°(X).

A (linear) natural submanifold differential operator on k-dimensional sub-
manifolds of n-dimensional Riemannian manifolds is an assignment to each immer-
sion i: Y* — (X", g) of a differential operator

D:C®(Y) = C®(Y;(T*Y)®" @ (N*Y)®*)

for some integers r,s > 0 which can be expressed as an R-linear combination of
partial contractions of terms of the form

(VM Rm) @ - @ 1y (VM Rm) @ V' Le - @V Lo r(g®) o V°.

(In this paper, we only need to consider natural operators acting on scalars.) For
both natural submanifold tensors and natural submanifold differential operators,
some of the free indices can be raised to view the tensor as contravariant in these
indices.

Case, Graham, and Kuo [CGK23] constructed extrinsic GJMS operators
and extrinsic @-curvatures associated to a submanifold of a conformal manifold
which satisfy covariance relations under conformal change. The objects of critical
weight are the ones that are relevant to the proof of Theorem As discussed
in [CGK23], the construction applies to immersed submanifolds and the conclusion
can be formulated as follows:

Proposition 2.1 ([CGK23, Theorem 1.1]). Let (X", [g]), n > 3, be a conformal
manifold and let i: Yk = X™ be an immersion with 2 < k < n and k even. For each
h € i*[g], there is a formally self-adjoint differential operator Py: C(Y) — C>(Y)
and a scalar function Q@ € C(Y) such that Py(1) =0,
(2.2) Py = (=A% 4 1o.t.,
and if h = 2T h with Y € C®(Y), then
kY ph h

e P =P,
(2:3) kY ];z l; h
e Q" =Q"+ PXY).

In Equation ([2.2)), 1. 0. t. denotes a differential operator on Y of order at most k — 2.

Note that P and @ depend on the conformal class [g] on X and the choice of
h € i*[g]. We can also view Py and @ as determined simply by a choice of metric g
on X since g determines [g] and the induced metric h = i*g. When viewed this way,
Py is a natural submanifold differential operator and @ is a natural submanifold
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scalar. (A different definition of natural submanifold differential operators and
scalars is used in [CGK23]. The definitions will be shown to be equivalent in [GK].)
Proposition 21l implies that if Y is compact, then the total Q-curvature is con-

formally invariant:
/QﬁdAE:/ Qh dA, .
Y Y

An essential property of the operators and Q-curvatures constructed in [CGK23]
is their factorization for minimal submanifolds of Einstein manifolds. We rely on
the specialization of this fact in the critical-order case:

Proposition 2.2 (JCGK23, Theorem 1.2]). Let i: Y* — (X" g) be a minimal
immersion, where k is even and g is Einstein with Ric(g) = A(n — 1)g. Then

k/2
o= [ (B +AG+i- 1 -5).
Q= N2k — 1),

2.2. Asymptotics and scattering compactification. If X is a manifold with
nonempty boundary, by a boundary identification we mean a diffeomorphism
from a collar neighborhood of 9X to 90X x [0,¢), for some ¢ > 0, for which
90X > p — (p,0). A function or tensor defined on X is polyhomogeneous if
in a boundary identification it has an asymptotic expansion in powers of r and
nonnegative integral powers of logr whose coefficients are smooth on 0X. This is
an informal formulation; see, for example, [Gri01] for a detailed presentation. This
polyhomogeneity condition is independent of the choice of boundary identification.

Let (X™,¢+), n > 3, be a Poincaré-Einstein manifold with conformal infinity
(0X,¢). That is, X is a compact connected manifold with nonempty boundary,
g+ is an asymptotically hyperbolic metric satisfying Ric(g+) = —(n — 1)g4, and
¢ = [r29+|Ta X], where r is a defining function for X. A representative g € ¢
uniquely determines [GL91, Lemma 5.2] a defining function r near X such that
r2g+|rox = g(o) and |d7°|f2q+ = 1. We call r the geodesic defining function and

r2g, the geodesic compactification determined by g(v)- The metric g also
determines, for some € > 0, a boundary identification with respect to which
r?gy = dr’ + g,.

Here [CDLS05, Theorem A; BH14, Théoréme 1] g, is a one-parameter family of
metrics on X which is smooth if n is even or n = 3, and is polyhomogeneous if
n > 3 is odd. The expansion of g, has the form [FGI12] Theorem 4.8]

gr=g(o)+g(2)r2+---, n =3,
(24) gr=g©)+ + 92" F gon—yr" "+, n even,
gr =9+ -+ g(n,g)r"_3 + k" ogr + g(n,l)rn_l +---, otherwise,

where the coefficients g(;) and x are smooth symmetric 2-tensors on X . Terms rd
do not occur for odd j <n — 1.

Let (X™, gy) be Poincaré-Einstein and let Y* be a compact manifold with
nonempty boundary. Let ¢: Y — X be an immersion that is C°°° on the inte-
rior Y, is a C! embedding in a neighborhood of Y, satisfies i(8Y) C dX with i(Y)
transverse to X, and is such that i|gy is a C°° embedding into dX. If (z*, u®),
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1<a<k-1,1<d <n-—k,are local coordinates on X with i(0Y) = {u = 0},
then in the boundary identification induced by g(o) € ¢, we may write i(Y) in the
form i(Y) = {u = u(x,r)}. We say that i is a polyhomogeneous immersion
if the graphing map u(z,r) is polyhomogeneous. This condition is independent of
the choice of coordinates (z,u) on dX. Since r?gy is itself polyhomogeneous, the
transition maps relating boundary identifications determined by different choices
of g(g) themselves have polyhomogeneous expansions, so the condition that i is a
polyhomogeneous immersion is also independent of the choice of g(g).

Our analysis requires that the minimal immersions under consideration are poly-
homogeneous (at least to some order). We will simply assume this to be the case.
There are results establishing the polyhomogeneity of minimal submanifolds under
certain initial regularity hypotheses [AM10, Proposition 2.2; [HJ23, Theorem 1.1;
Mar21l Theorem 3.1].

We need a global invariant description of the asymptotics of minimal subman-
ifolds. We use the normal exponential map of ¥ := ¢(9Y) for this purpose as
in [GR20]. Let i : Y¥ — (X™,g4) be a polyhomogeneous immersion. Choose
g(o) € ¢. Use the boundary identification determined by g(o) to identify a neigh-
borhood of 0X in X with 0X x [0,€),. For r > 0 small, let ¥, C X denote the
slice of i(Y') at height 7; i.e. i(Y) N (0X x {r}) = X, x {r}. Then %, is a smooth
submanifold of X of dimension k—1 and ¥y = %. The normal exponential map of
3. with respect to g(g), denoted expy;, defines a diffeomorphism of a neighborhood
of the zero section in NX to a neighborhood of ¥ in X. So there is a unique
section U, € I'(NX) near r = 0 such that exps{U,(p) : p € £} = X,. This defines
a polyhomogeneous 1-parameter family U, of sections of N¥ for which we have

(2.5) i(Y) = {(expy Up(p),r) : p € ,7 > 0}.

The inverse normal exponential map can be used to define a boundary identifi-
cation for i(Y). Define a diffeomorphism v from a neighborhood of ¥ in i(Y) to
¥ x [0, €) for some € > 0 by

U(g,r) = (n((expg)~'a), ), (g,7) €4(Y) COX x [0,¢),

where w: NYX — X is the canonical projection. Then 1 is a boundary identification
for i(Y).

Choose local coordinates {z® : 1 < a < k — 1} for ¥ and a local frame
{ea () : 1 <o <n—k} for NX. The map expsy, (uo‘/ ea(2)) = (z,u) defines a ge-
odesic normal coordinate system for 9X near ¥ with respect to which ¥ = {u = 0}.
Extend the coordinates (z,u) to X x [0,e9) C X to be constant in r. In these co-
ordinates, the diffeomorphism ¢ is given by ¢ (x,u,r) = (x,r). Express the section
U, in Z5) as U, (z) = u® (z,7)eq (z); then i(Y) is locally the graph {u = u(z,r)}.
A function defined on (Y") near X can be uniquely extended to a neighborhood
of i(Y) in X near 0X by making it independent of the u variables. Since varying
u gives the fibers of 7 : N¥ — ¥, this extension is independent of the choice of
coordinates and is globally defined near 0.X.

Ifi: Y* — (X", g.) is a polyhomogeneous minimal immersion, the form of its
expansion can be formally calculated [GW99[GR20] from the minimal submanifold
equation H = 0. Henceforth we assume that & is even. In this case,

(26) U, = U(g)T2 + U(4)T4 + -+ U(k)Tk + U(k+1)Tk+1 + O(’I”IH_2 log T),
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where the U; are global sections of N¥.. Equivalently, in local coordinates (x,u,)
as above, the expansion of u(z,r) takes the form

(2.7) u=u@r® +u@yr® + -+ upr” +ugenrt T+ O 2 logr),

where the u(;) are functions of z. The log terms in (2.6) and (2.7) come only
from the log terms in g¢,: If n is even or n = 3, then g, is smooth, and hence the
expansion of u(x,r) has no log terms. If n > 3 is odd, then the r"~!logr term
in the expansion of g, can generate a r"*'logr term in the expansions of U, and
u(z, 7). Thus the O(r*+2 logr) terms are actually O(r*+2) unless n > 3 is odd and
n=*k+1.

Set hy :=i*gy. The metric h := r?h, can be written in the coordinates (z,7):

(2.8) h = hoodr? + 2heodrdz® + Ea,@dl'adlﬁ,

where

Eaﬁ = Gap + Zga/(aua ,B) —|—ga/5/ua ﬂuﬂ B
(29) EaO = gaa’ua T + ga’,@’ua ,auB Ty

EOQ =14+ gafg/ua/,ruﬂ/,r.
We have used a ‘0" index for the r-direction and commas denote partial derivatives
with respect to the coordinates (z®,r) on Y. The components of h and the deriva-
tives of u are evaluated at (x,7). The above formulas for the components of h were
obtained from the pullback of 72¢g, upon writing

9r = gap(@,u,7)dz*dz’ + 2gaar (x, u, r)da® du® + garp (@, u,r)du du?,

and all g;; in (29) are understood to be evaluated at (x, u(z,r),r).

The expansions of h are obtained by substituting 24) and (27) into (Z.9).
Observe first that hao = 0 and hgg = 1 at » = 0. Thus |dr|% =1on Y, so hy is
asymptotically hyperbolic. One also finds that the first odd term in the expansions
of Eag and hgo occurs at order k + 1, and the first even term in the expansion of
hao occurs at order k + 2. (Once again there can be log terms if n > 3 is odd: in
this case the expansion of Eag can have a 7"~ !log r term, the expansion of ho can
have a 7" logr term, and the expansion of hgy can have a 7"+ logr term.)

Set ho) :=i"g(0)- Let p be the geodesic defining function for i determined by
h(oy and let (y, p), y € Y, be the associated boundary identification for Y. For this
discussion we identify Y with ¢(Y") near dY. The map (z,7) — (y, p) relating the
the two boundary identifications is uniquely determined by the requirement that

(2.10) p*hy =dp* + h,

relative to the (y,p) boundary identification. The defining function p is deter-
mined by the eikonal equation |dp|22h+ = 1 and then y is extended to Y by
following the gradient flow of grad,., (p) (see [GLIIl Lemma 5.2 and the sub-
sequent paragraph]). Analysis of the eikonal and gradient flow equations as in

[Gui05l Lemma 2.1] shows that y = y(z,7), p = p(x,r), where the expansions of y
and p have the form

y(@,r) =T+ yoyr? + -+ ygort 2+ 0  logr),

(2.11)
pla,r) = (14 payr® + -+ pe—yr* = + O(r* log ).
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Here y € 9Y is described in terms of its x-coordinate, and the coefficients y(3;) and
p(2j+1) are functions of .
The expansions of the inverse map have the same form:

2(y,p) =y +x2)p” + -+ Te_2)p" 2+ O(p" log p),
r(y,p) = p(L+r@p° + -+ ru—1p* > + 0(p" log p)),

where the coefficients x(2;), 7(2j41) are functions of y. Now pull back hy = r=%h

by the transformation (ZI2)) and use the parity of the components of h discussed
above to deduce that h, in Equation (ZI0) has the expansion

(2.13) hp = (o) + h(2)p” + -+ hie—2)p* "% + O(p" log p).

There are no log terms in any of the expansions (ZI1)), (Z12), (ZI3) if » is even
orn = 3. If n > 3 is odd, then the first log term in these expansions occurs at
order n — 1. Thus the remainder terms are actually O(r*) in (ZII) or O(p*) in
212), (213) unless n > 3 is odd and n =k + 1.

The renormalized area A of Y was defined in [GW99] as the constant term in
the asymptotic expansion of Areay{r > €} as e — 0, and it was shown that A is
independent of the choice of geodesic defining function r for g4 on X. The same
argument shows that A also equals the constant term in the asymptotic expansion
of Areay{p > €}, where as above p is a geodesic defining function for A4 on Y.
The argument only uses the parity of the terms in the expansions (ZTI1)), 2I2) of
r and p in terms of one another and the parity of the terms in (2I3). Since p is
an intrinsic geodesic defining function on Y, the constant term in the asymptotic
expansion of Areay {p > €} can also be interpreted as a renormalized volume of the
asymptotically hyperbolic manifold (Y, hy).

In [FGO2, Theorems 4.1 and 4.3], the scattering theory of [GZ03] was applied to
show that the renormalized volume of an asymptotically hyperbolic approximately
Einstein manifold can be calculated as an integral over the boundary of a function
that appears in the asymptotic expansion of a solution of a particular linear scalar
equation. The same argument applies to any asymptotically hyperbolic metric
that is even to the appropriate order. In particular, it applies to calculate the
renormalized area of a minimal submanifold:

(2.12)

Proposition 2.3. Leti: Y* — (X", g.) be a polyhomogeneous minimal immersion
of an even-dimensional manifold into a Poincaré-Einstein manifold and let h(g) be
a representative of the conformal infinity of (Y, hy :=1i*g4). Then there is a unique

v e C®(Y) such that
~Apv=k-1, nY
(2.14) ha'? pmE
v=1logp+o(l), neardY,

where p is the geodesic defining function determined by hy. Moreover, near Y,

(2.15) v=logp+ F,
where F' is polyhomogeneous with expansion
(2.16) F =Fayp>+ -+ Fp_2p" > + Bp* ' + O(p" log p).

The renormalized area of Y is given by:

(2.17) A= Blay do,
oY
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where do is the volume form of h.

Some remarks are in order. The existence of v uses scattering theory for the metric
hy. If n > 3 is odd, then p?h, is polyhomogeneous but not necessarily smooth.
The extension of the scattering theory to the case of polyhomogeneous metrics is
addressed in [CMY22]. Also, the same comments as above apply to the remainder
term in (Z7I6). Namely, F is smooth if n is even or n = 3, and if n > 3 is odd, then
the first log term occurs at order n — 1, so that the remainder term is O(p*) unless
n = k + 1. Taking this into consideration, when k = 2, Equation (2.16]) should be
interpreted as F' = Bp + O(p?).

We call v the scattering potential determined by h(). Equations ([2.I5) and
I6) imply that e’ is a (polyhomogeneous) defining function for 9Y. There-
fore h = €2vh, is a compactification of h,, which we call the scattering com-
pactification. The scattering compactification of a Poincaré-FEinstein metric was
introduced in [CQY08|, where it was observed that it has vanishing Branson’s Q-
curvature. The attempt to find an analogy in the setting of minimal submanifolds
of Poincaré—Einstein manifolds led to the introduction of the extrinsic Q-curvature
in [CGK23], and the corresponding vanishing statement is likewise essential for the
proof of Theorem

Proposition 2.4. Leti: Y* — (X", g.) be a polyhomogeneous minimal immersion
of an even-dimensional manifold into a Poincaré-Einstein manifold and let h(g) be
a representative of the conformal infinity of (Y, hy :=i*gy). Let v be the associated

scattering potential and set hi= e?*hy. Then Q" = 0.
Proof. Applying Equation (23)), Proposition and Equation ([2I4) to h4 and
h = €2Vh, yields

ekaﬁ _ Qth 4 P:+’U

) (k—2)/2

—enfe-u [ TT (<o - (240G -0) | Can
j=1

=0. O

3. PROOFS OF THEOREMS AND [ 4]

We turn first to the proof of Theorem Our first objective is to compute the
coefficient ¢ of the Pfaffian in the decomposition (L3) for I = ). Our normalization
of the Pfaffian is such that the Chern-Gauss—Bonnet formula reads

(3.1) 2m)F2x(Y) = /YPde

for compact Riemannian manifolds (Y*,h) of even dimension .

Lemma 3.1. Let k,n € N with k even and n > k. Suppose that there is a constant
cn.k € R, a scalar conformal submanifold invariant Wg, and a natural submanifold
vector field V' such that

(3.2) Q = cp i PI+Wo +divV
for all Riemannian manifolds (X™,g) and embedded submanifolds Y* C X™. Then
k—1)!
ok — (k-1)

k- DI
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Proof. Consider an equatorial sphere i: S¥ — (S",g) in the round n-sphere. By
stereographic projection, the equatorial sphere is locally equivalent to the embed-
ding R* < (R, |dz|?) of R* as an affine subspace in flat Euclidean n-space. The

latter is a totally geodesic submanifold of a flat manifold, and hence, by natural-
|da|?

ity, Wg~' = 0. By conformal invariance, W% = 0. Proposition implies that
Q"9 = (k —1)!. We conclude by integration that
— 2(2m)k/2
202m) % 2cp g = cn k/ PfdA = (k — 1)! Vol(S§%) = (k — 1)! x 22m
’ WL (k—1)1
Therefore ¢, j, = (k—1)! O

= =D

We introduce two simplifications to the argument of Chang, Qing, and Yang to
help deal with the more complicated submanifold setting. The first is that we make
a second conformal change so as to apply the conjectured decomposition (L3) to
the geodesic compactification instead of the scattering compactification. This gives
a more direct route to the term producing the renormalized area in the Chern—
Gauss—Bonnet formula. The second is that we provide a simpler version of the
parity argument for the vanishing of the other terms.

Proof of Theorem[L.2. Set hy =i*g,. Pick a metric g € ¢ and set h() = i*g(o)-
Let p be the geodesic defining function for hy determined by h(p). Regard p as
defined on i(Y") near i(9Y"). Extend p to a neighborhood of i(Y) in X near X by
requiring it to be independent of the u variables in coordinates (z, u, ) as described
in Section 21 Now choose some positive smooth extension of p to a neighborhood
of i(Y) in all of X and set g := p?g; and h :=i*g. Then h = dp* + h, near 9Y in
the boundary identification determined by hq).

Let v be the scattering potential determined by k) as in Proposition and

let h = e?’h, be the associated scattering compactification. Extend F so that
Equation (ZI5) holds on all of Y; then e’ = pe’, and so & = €¢2F'h on all of Y.
Extend F to a neighborhood of ¢(Y") in X near X by requiring it to be independent
of the u variables.

Proposition 2.4 followed by Equation (23] gives

0= Q" = Q"+ Pl(F).
Now write the assumed decomposition (3] for Q" and use Lemma [3.] to obtain

(k — 1)1

(3:3) S

PI' + WS +div' V9 + PP(F) =0,

On a manifold with boundary, there is an additional boundary integral in the
Chern-Gauss-Bonnet formula [B.1), but it vanishes if the boundary is totally ge-
odesic. The expansion [2.I3) of h, implies that 9Y is totally geodesic for h. So
integrating Equation [B.3]) gives

(k - 1)' k/2 g h _

(3.4) yTR——T Q)" x(Y)+ | WodA+ (n,V9)do + | P} (F)dA =0,
(k=1 Y Yy Y

where n = —0, is the h-outward pointing unit normal along 0Y. The proof will be

completed by showing that (n,V9) =0 and [, P}(F)dA = —(=1)"2(k — 1)! A.
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By definition, V' = V¥ is a linear combination of partial contractions with one
free raised tangential index of tensors of the form (21I). The condition that divV’
has weight —k is equivalent to

p q

S M +2)+> (Nj+1)=k—1.

i=1 j=1

It follows that each M; < k — 3 and each N; < k — 2. Since VM Rm and vNL
depend on at most M + 2 and N + 1 derivatives of g, respectively, we see that V'

depends on at most k — 1 derivatives of g. Also, since V'L depends on at most
N + 2 derivatives of (defining functions for) Y, we see that V depends on at most
k derivatives of Y.

Consider the expansion at r = 0 of g = (p/7)?(dr? + g,) in the (x,u,r) coordi-
nates. Using the expansion ([2.4]) for g,, the expansion (2.I1]) for p/r, and the fact
that p was extended to be independent of u, it follows that the expansion of g is
even through order k — 2 and has no 7*~! term. An evenness argument implies
(n,V9) = 0: Define ¢° by truncating the expansion of g at order k — 1. Likewise,
define U? by truncating the expansion (2.6]) of U, at order k (keeping the term of
order k). Define Y by (2.5) with U, replaced by U? and define V' to be the natural
vector field determined by ¢° and Y°. Then V = V" at r = 0. Since they are poly-
nomial and even in r, both ¢° and U? extend to r € (—¢, €) and are invariant under
the reflection R(p, ) := (p, —r) on X X (—¢, €),.. Extend Y to r < 0 by (Z.5) with
Y replaced by Y° and U, replaced by U?. Naturality implies that R*V? = V0.
Hence R*V =V at r = 0. But R*n = —n, and hence R*(n, V) = —(n, V) at r = 0.
We conclude that (n,V) = 0.

Now F' has the expansion (ZI6) in the boundary identification (y, p) induced
by hg). This is related to the (z,r) boundary identification on Y by (ZII]). Since
y(z,7) and p/r have even expansions to order k — 2 with no 7*~! term and p/r = 1
on 9Y, it follows that the expansion of F' in the (x,r) boundary identification has
the same form:

F= ﬁ(g)?"z 4+ 4 ﬁ’(k;_g)?"kiz + BrF=t £ O(rF log ),

where the ﬁ(gj) are functions of z and B is the same as in ([2I6]). This expansion
also holds in a neighborhood of i(Y) in X near 0X since F was extended to be
independent of the u variables.

Recall that P is a natural formally self-adjoint operator with leading term
(—A)*/2 that annihilates constants. Therefore there is a natural TY-valued dif-
ferential operator T: C°(Y) — C(Y;TY) of order at most k — 3 such that

P, = (—A)*2 4+ divoT.
Therefore

/P,f(F)dA:/ (= tn grady, (~An)*D/2(FO 4 Brh 1)) + (0, T(F))) do
Y oY

where FO := ﬁ(g)TQ + -4+ ﬁ(k,g)'f'k72. On the one hand, the evenness argument
above shows that

(n, grad, (A,)*=2/2(F0) =0, (n, T(F°)) = 0.
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On the other hand, there is a differential operator T” of transverse order strictly
less than k£ — 1 so that
(n,grad, (=Ap)*22(Br 1) = ((-1)M20F 1+ 1) (B
= (-D)*2(k-1)!B.

Integrating using Equation (ZI7) shows that [, P(F)dA = —(—=1)*/2(k — 1)! 4,
as claimed. ]

r=0

The proof of Theorem [[.4] is much simpler:

Proof of Theorem [1.4] Proposition shows that Q"9 = \¥/2(k — 1)!. Recalling
Lemma B} the assumed decomposition (3] reads

1 — 1 1
k/2 _ Pr
A T TR s WA oy

The result follows upon integrating over Y. ([

dw V.

4. RIEMANNIAN AND CONFORMAL SUBMANIFOLD GEOMETRY

4.1. Conventions from Riemannian geometry. Let (X", g) be a Riemannian
manifold. We always assume that n > 3. The Riemann curvature tensor is
determined by

(41) VaoViTe = VpVoTe = Rabchd

for all one-forms 7,, where V, is the Levi-Civita connection, we raise and lower
indices using g, and we employ abstract index notation [PR84]. The Ricci tensor

and scalar curvature of g are the contractions R, := R. and R := R,%,
respectively, of Rqpcq- The Weyl tensor is

(42) Wabcd = Rabcd - Pacgbd - Pbdgac + Padgbc + Pbcgad7

where

1
Pap = —— (Rap — Jga
b= —— (Rab = Jgar)

is the Schouten tensor and J := ﬁR. Note that J = P,%. Recall that the
Weyl tensor is trace-free; i.e. W,,¢ = 0. As discussed further below, the interest
in Wypeq stems from its conformal invariance. The Cotton tensor and the Bach

tensor are
Cabe = VaPoe — ViPac,
By := V°Ceap + WaepaP,
respectively. Note that our convention for the Cotton tensor differs from that

used in [CGK23]. Clearly Cupe = —Chqe. We use square brackets to denote skew
symmetrization of the enclosed indices; e.g.

1
_(Cabc - Cbac) = Cabc'

C[ab]c = 9

The Bianchi identities imply that

(43) v[u,vvbc]d8 = _2O[ab[dgc]e]a
(44) Vevvabec - (TL - 3)CabC;
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and also that

Cbab =0, C[abc] =0,
B," =0, Blay =0

We refer to Equation (£3) as the Weyl-Bianchi identity.

4.2. Riemannian submanifolds. Let i: Y* — (X", g) be an immersion into a
Riemannian manifold. We always assume that 1 < k < n and n > 3. As above, we
use abstract indices, with a lowercase Latin letter (a,b,¢,...) labeling a section of
1*T'X or its dual. Recall the g-orthogonal splitting *TX = TY & NY. We use a
lowercase Greek letter (a, 3,7, ... ) to label a section of TY or its dual, and we use
a primed lowercase Greek letter (o/, 8,7/, ...) to label a section of NY or its dual.
We also use Greek or primed Greek indices implicitly to denote composition with
the projections to TY or NY, respectively, or their duals. With these conventions,
gap denotes the metric on X, while gog and go/p denote the induced metrics on
TY and NY, respectively. Note that goo = 0.

Recall from Section 2] that the Levi-Civita connection of g,; determines connec-
tions V, on TY and NY by projection. Moreover, the connection V,, on TY is
the Levi-Civita connection of g.g.

Our convention from Section [2] for the second fundamental form L.z, of Y
is that if 7, is a section of i*T™* X with projections 7, and 7., then

(4.5) VaTar = VaTar + Lagar .

Recall that Logar = Lgaq’. Since the splitting :*T'X =TY @ NY is g-orthogonal,
we deduce that

— ’

(4.6) VaTs =VaTs — Lagar T .
These identities extend to higher rank tensors by the Leibniz rule; e.g.
VaTaow = VBTM, — LQBB Tg'a! + L,@’Yo/Ta'y-

The mean curvature of Y is the vector field

’ 1 ’
H® = —L,*".
k

We denote by

o

Laﬁa’ = Laﬁa’ - Ha’gaﬁ

the trace-free part of the second fundamental form. As discussed further below, the
interest in iaﬁa/ stems from its conformal invariance.

When a function u € C*°(X) is given, we denote ugp...c := V- VpVau. Thus,
by the conventions described above,

’

Uag = VgVt = ﬁﬁau — Laﬁa/VO/u = ngau — Lagaru® .
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The Gauss—Codazzi-Ricci equations (see, e.g., [DT19] Section 1.3]) and their var-
ious contracted forms are obtained by combining Equations (d.1]), (£5), and (@6):

Ragvs = Rapys — LavarLps® + Lasar Lgy®
Rop = Rap + Roars™ + LasarLg™™ — kH® Lagar,
R=R+2Ry® + Lapa L% —K?Ho H — Rarp®?,
Rapary = 2ViaLgjyar,
Row = Raprar® =V Laar + kVaHa,
Raparpr = Rapars — LY aar Lypgr + LY apr Lygar,

where Ralga/ g is the curvature of the connection V. on NY. It is useful to rewrite
these in terms of the Schouten tensor, the Weyl tensor, and the second fundamental
form. To that end, set

(47) Daa/ = Paa’ - VQHQ/.
If k > 3, then the Gauss—Codazzi-Ricci equations are equivalent to (cf. [Fia44])

(48&) Waﬁfy(s = Waﬁ'yé - za’ya/iﬁéa + iaéa’zﬁ’ya - 2Fa['yg6]6 + 2F,8['yg6]ou
— ) 1 !

(48b) Pa,@:Paﬂ—HQ LozBo/ —§HO‘ Ha/gaﬂ+Faﬂ7
— ’ k ’

4.8¢) J=T+4Po® = ZH Hy 46,

4.8d) Wagary = 2V o Lgiyar + 2950Dgjars
486) (k — l)Daa/ = _vﬁiﬁaa/ - Waﬁalﬁa
48f) Waﬁa’ﬁ’ — Raﬁa/ﬁ/ — z’yaa/i’yﬁﬁl —+ jﬂaﬁ'i'yﬁa'a

where
1 o o /
(4.9) Fag 1= P (La’ya/Lﬁ’ya — Wanp™ — Ggaﬁ)
is the manifestly conformally invariant (of weight 0) Fialkow tensor [Fiad4] and
1 o o /
Gi=Fu® = o (Lapar L% = W)
20k —1) \"*F g

is its trace. Equation (&3f) follows from the Gauss—Codazzi—Ricci equations and
the fact that Rogarpr = Waparg - Notably, it recovers the fact [Che74| that the
curvature of the normal bundle is conformally invariant. Of course, equations in-
volving the trace of the Fialkow tensor, but not the Fialkow tensor itself, require
only k > 2; and Equations (4.8d)-(4.81f) hold for k = 1, but are trivial.

4.3. Conformal submanifolds. Let L9: C*(Y;T1) — C*°(Y;Tz) be a metric-
dependent differential operator on sections of vector bundles 7T and 75 over Y,
where g is a metric on X. We say that L is homogeneous if there is an h € R
so that L9 = ¢"L9 for all ¢ > 0. In this case we call h the homogeneity of L.
Note that if L1 and L, have homogeneities hy and ho, respectively, then Lj o Lo
has homogeneity hi + hso, provided the composition makes sense. We say that L is
conformally covariant if there are constants a,b € R such that

Lemg(v) _ e—bi*uLg(eai*uv)
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for all w € C*°(X) and all v € C*°(Y;T1). Note that conformally covariant opera-
tors are necessarily homogeneous.

Branson showed [Bra85l Section 1] that homogeneous differential operators on
X are conformally covariant if and only if their conformal linearizations are zero.
We develop the analogous framework for metric-dependent differential operators L
associated to an immersion. Suppose that L has homogeneity h. Fix w € R. Given
an immersion i: Y* — (X", g) and a function T € C*°(X), define the conformal
linearization of L, regarded as an operator on densities of weight w, by

A
Y

e—t(w-i—h)i*'r o Le2tTg ° etwi*'f7
t=0

.
where e T

%| o A" is the evaluation at
t = 0 of the derivative in t of the one-parameter family of operators A!. (We
suppress the dependence of L® on g, T, and w to simplify our notation.) We define
the conformal linearization of metric-dependent tensor fields by regarding them as
zeroth-order metric-dependent differential operators; note that L*® is independent
of w in this case. We use the same notation for the conformal linearizations of
metric-dependent differential operators, including tensors, defined on X.

It is easy to see (cf. [Bra85, Corollary 1.14]) that L*® = 0 if and only if

Le2Tg _ e(w-l—h)i*'r o906 e—wi*T

acts as a multiplication operator and

for all Riemannian metrics g on X and all T € C*(X). It is straightforward to
check that ® satisfies a Leibniz rule: Suppose that Ly: C°(Y;Ty) — C™(Y; 1)
and Ly: C®(Y;Ty) — C(Y; T5) have homogeneities hy and hs, respectively. Fix
w € R. Then
(LyoLy)* =LaoL}+ Lo Ly,

where L1 and Ly o Ly are regarded as operators on densities of weight w, and Lo is
regarded as an operator on densities of weight w + hy.

Since the difference of two connections is a tensor, it makes sense to consider the
conformal linearization V®: C®(X;T*X) — C®(X;(T*X)®?) of the Levi-Civita
connection. Indeed, given w € R, the Koszul formula implies that

V;Tb = (w — 1)Ta7'b — Y7o + TCTcgab.

From this one recovers the formulas

(;bcd = 0’
;b - _Taba
(4.10) . y
abec = =T Wabcdu

B;b = 2(” - 4)chc(ab)a

for the conformal linearizations of the Weyl, Schouten, Cotton, and Bach tensors,
respectively, where round parentheses denote symmetrization. One also recovers
the formulas

V;Tg =(w—1)Ya13 — Tp7a + Y7 7ygas,
(411) v;TO/ = (w - 1)Toﬂ'o/,
L;gw = _To/gozﬁu

for the conformal linearizations of the connections V,, on TY and NY, and of the
second fundamental form L,gq’. In particular, the various projections of the Weyl
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tensor Wypeq and the trace-free part loLaga/ of the second fundamental form are con-
formal submanifold invariants of weight 2, as defined in Section[2 Equations (411
yield formulas for the conformal linearization of the tangential divergence of tan-
gential one-forms, the tangential Laplacian on functions, and the mean curvature:

(V)70 = (k+w —2)Y%7,,
(4.12) AN'u=(k+2w —2)T%4q + w(AT)u,
S = —To.

al T

We conclude this subsection by introducing four more tensors, the first of which is
a variant of a tensor introduced by Blitz, Gover, and Waldron [BGW21l, Lemma 6.1]:

Pop = Pap + H Lopar + %Hﬂ’Ha,gaﬁ,
Cabe = Cape — H* Wapear,
Ca = Cga”,
Bag := Bag +2(n — 4)H® Cor(ap) + (n — ) H* H* Waargpr.

There are two key points. First, these tensors make sense in all submanifold dimen-
sions k > 1; in particular, Equation (48] implies that P,s generalizes Pog + Fag
to all dimensions. Second, Lemma 1] below shows that, under conformal change,
these tensors depend only on tangential derivatives of the conformal factor. In
particular, they depend only on an immersion i: Y* — (X", [g]) and a choice of
representative h € i*[g], in the sense that they are independent of the choice of

local extension of h to a metric in [g] defined on a neighborhood of #(Y).

Lemma 4.1. Leti: YF — (X™, g) be an immersion with 1 < k < n and n > 3.
Then

‘;B = —vav5T,
;bc = _TaWabcaa

C; = _T’YWﬂaﬁw
B;B = 2(n - 4)T’ch(a/3),
D% = TP Lgna
Remark 4.2. If k = 1, then each of EQBO/, apab, and Copq vanishes. Lemma [A.]
thus implies that D, and B,g are conformal invariants of immersed curves. In-

deed, the condition D, = 0 characterizes unparameterized conformal circles [Bel15]
Theorem 5.4; [CGS23| Theorem 1.2 and Proposition 5.4].

Proof. Equations ([@I0) and (@II]) imply that
25 = —VaVT = T Laga,

;bc = _TaWabcau
B;B = 2(n — 4)T'YC,Y(O¢;),
;a’ = -V VT + VQVO/T + H,V,7YT.

Combining these with Equations ([@.5) and ([@.6]) yields the desired conclusion. O
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5. NEW CONFORMAL SUBMANIFOLD INVARIANTS

In this section we identify and apply four new non-obvious scalar conformal
submanifold invariants. To that end, we introduce some useful notation:

L% = LVaaLy®,  |L|* = Lagar L,
(5.1) LBy = 12,50, wid = bl aly L,
ZLaﬂa/ = vwvaaﬂa/.
We use similar notation to denote other inner products and squared lengths.

5.1. Identification of invariants. We begin by identifying four scalar conformal
submanifold invariants of weight —4 in general dimension and codimension. Our
first step is to compute some useful tangential divergences.

Lemma 5.1. Let i: YF — (X™, g) be an immersion with 1 < k < n and n > 3.
Then

(5.2) VB'PQL-; = Vcﬂ?ﬁﬁ +Co — Dﬁa/iﬁaa/,
—fB e 1— ° /o ’ o o ’
(5.3) V'iZ,= SValLl? = (k= 2)D% Lagar = W' Lagar = L7 Wyayr,
— 1_ o ’ ° ’
(5.4) V' W = 5VaWs, " = (k = 2)Ca = LY Wyanar = Lo Wi,

Proof. First we compute the tangential divergence of P,3. Equation ([@6) implies
that

VPas — VaPs? = Coa® — PP [ogr + (k — 1) H Py
Combining this with the definitions [@.7)) and (£I3) of Daos and P,g, respectively,
yields

V' Pas — VaPs? = Csa® — D% Lugar + (k — 1)H Dagr + HY V" Lagar.

Combining this with Equations (£8€) and ([{I5]) yields Equation (&.2]).
Second we compute the tangential divergence of L? - Direct computation using
Equation (£8d) yields

V125 = — (k= 1)DP Logar — WO Lo + L7 Vs Lgyar.

Rewriting the last summand using Equation ({8d)) yields Equation (5.3)).
Third we compute the tangential divergence of W,,57. On the one hand, Equa-
tion (£6) implies that

V' Wars? = VAWars” + Lo Wayar? — LY Whanar + kH® Woga?,
VWi = VaWsPY + 4L " Wayor' + 4AHY Weopa”.
On the other hand, the Weyl-Bianchi identity (£3) implies that
(5.5) VAW g7 = VW g? + VWP 57 = VW5 PY —2(k — 2)Cs,°.
Combining these three identities with Equation (£13) yields Equation (&4). O

Our first two scalar conformal submanifold invariants involve a single derivative
of the trace-free second fundamental form or the Weyl tensor. These invariants are
tangential divergences in the critical case dimY = 4. This is in contrast to the
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intrinsic case: there is no nonzero scalar conformal invariant of weight —4 that is a
natural divergence.

Proposition 5.2. Let i: Y* — (X" g) be an immersion with 1 < k < n and
n > 3. Then

ICl = va (iﬁ’ya,Waﬁa”}’) + (k - 4)iaﬁalcaa’ﬁa

f——107%

Ko =V (Eaﬁa,WB'ya/’y) + (k - 4)DaalWa6a’5a

are conformally invariant of weight —4.
Remark 5.3. Remark [4.2] implies that if k = 1, then Ky = 0 and Ko = 0.
Remark 5.4. Equations (4.8d)) and ([£8d) imply that
K1 = LNV " Wapary + %WQMWW"MW + D Weaga? + (k — 4) LY Cour s,
Ky = LoV Wayar? = 3D Wogar?® — Wapa "W .

Note that Ko = 0 on hypersurfaces. Also, K1 = iﬁ'yo‘lvaWa@aw—i— %Wagaleo‘ﬁo‘/'y
when k = 4 and n = 5; hence J v Wagar~ is conformally invariant in this case.

Proof. Recall that ia Bar and Wa g~ are conformal submanifold invariants of weight
2. We deduce from Equations (A12]) that

(5.6) (VP Wagar)) = (k= )T L Wegars,
(5.7) (V" (L W) = (k= 90 Lo W,
The conclusion now follows from Lemma [£.11 O

Our third scalar conformal submanifold invariant is the following:

Proposition 5.5. Let i: Y* — (X", g) be an immersion with 1 < k < n and
n >3, with n # 4. Then

(5.8) T:=(k—1)(—AG+2GPy*) + (k —6) [(iiﬂ ~ Wang" )P

4V (Co — D Loper) + F

aa_k_ D2
"By — (k= 3)[D]

is conformally invariant of weight —4.

Remark 5.6. If k = 1, then Z = —10|D|? + 1% B, is conformally invariant by
Remark (2]

Remark 5.7. If k = 6, then the operator —A + 2P, is conformally invariant on
densities of weight —2. This explains the invariance of Z in this dimension. A
similar phenomenon occurs for other conformal invariants below.

Remark 5.8. Interpreting (k — 3)/(n —4) = 1 when k = 3 and n = 4 extends the
definition of Z to these dimensions. A straightforward modification of the proof of
Proposition shows that Z remains conformally invariant of weight —4.

Remark 5.9. Since the Bach tensor is conformally invariant in dimension four,
the residue of Z at n = 4 is conformally invariant. In other words, (n — 4)Z is
conformally invariant and defined in all dimensions 1 < k < n and n > 3. Again, a
similar phenomenon occurs for other conformal invariants below.
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Remark 5.10. If i: Y* — (X™, g) is a minimal immersion into an Einstein manifold
with Ric(g) = A(n — 1)g, then

Z=(k—1)(-AG+2A(k —3)G).

On minimal four-dimensional hypersurfaces in Poincaré-Einstein manifolds, this
realizes the last integrand in Tyrrell’s formula [Tyr23, Equation (1.4)] for the renor-
malized area as a constant multiple of Z. In particular, the conformal invariance of
7 explains the finiteness of that integral.

Proof. Remark [5.0] implies that we can assume k > 2.
First, set

(5.9) I = (k—1) (-AG+ (k — 4)GP,") .

Since G is a conformal submanifold invariant of weight —2, we conclude from Equa-
tions (£12) and Lemma (] that

(5.10) It =—(k—1)(k —6) (v%cova) Y.
Second, set
— s k—4 k—4
11 I = o — DPY Logar L — D|?

Combining Equation (£12]) and Lemma [41] yields

(5.12) I3 = (v‘“ o (£25 = Wans?) ovﬁ) T.
Third, set
) k—2 k-2
13)  Ig:= (L35 — Wars? ) PP — (k — 1)GP.® o — D|?.
(513) Iyi= (L25 = Wang?) P = (k — 1)GP, 5’ —ID|

Lemma [£.T] implies that
I3 = = (125 = War? ) V9T + (k — 1)GAY
— (k= 2)CaX* + (k — 2)YPD* Lo gar.
Combining this with Lemma 5.1l yields
(5.14) I =— (v“ 0 (L2 5 — Ways” — (k —1)Ggag) © vﬁ) T.
Finally, observe that
(515) Izjl+(k—6)(12+13).

We conclude from Equations (&10), (512), and (5I4) that Z is conformally invari-
ant of weight —4. (|

Unlike Z, our fourth scalar conformal submanifold invariant is trivial for codi-
mension one submanifolds.



GAUSS-BONNET FORMULA FOR RENORMALIZED AREA 23

Proposition 5.11. Let i: Y* — (X", g) be an immersion with 1 < k < n and
n >3, withn # 4. Then

(5.16) T 1= —AWap*? + 2W,5°%P,Y — 2(k — 6)|V"Co — PP W, 5"

/ o / k—3
+ D Wa,@a’B + LoP Caarp + 4Baa
n—

is conformally invariant of weight —4.

Remark 5.12. The definition (L) of the second fundamental form and the defini-
tions (LI3)-(@I6) of Pug, Ca, and Bag imply that J = 0 on hypersurfaces. The
key observation is that, on hypersurfaces,

VC0 = —VCop? — L% Coorp = —Bo® + Wy g PP — LY C s,

This remark includes the case k = 3 and n = 4 upon replacing (k —3)/(n—4) by 1
in the last term of Equation (G16]).

Remark 5.13. Note that
2T + J = —A|LI* + 2|L*Pa® + 2(k — 6) | L2 3P** — V" (D" Lopar)
_ (k _ 3)|D|2 _ Daa,Waﬁa/ﬁ _ iaﬁalcaa/ﬁ

is defined when n = 4. It is straightforward to adapt the proofs of Propositions[5.5]
and [5.17] to conclude that it is conformally invariant for 1 < k¥ < n and n > 3.

Remark 5.14. If k = 1, then J = — 22 B, is conformally invariant by Remark @2
Remark 5.15. Analogous to Remark .10, if : Y* — (X", g) is a minimal immer-
sion into an Einstein manifold with Ric(g) = A(n — 1)g, then
T = AW, 4 2X\(k — 3)Wo5°P.
Proof. First, set -
Ji = =AW, 4 (k — 4) W57 P,

Since W,5*? is conformally invariant of weight —2, we deduce from Equation (Z12)
and Lemma [L] that

(5.17) Jt = —(k—6) (v“ o W5, o Va) Y.

Second, set

=a k—4
Jo: =V Co+ — B,
2 T om—a)

Equation (412) and Lemma [T imply that
(5.18) Jg=— (v“ 0 Wang? ovﬁ) T.

Third, set
J3 — Wa B’Y _ 1 676,9&6 «Paﬁ _ iaﬁa’caalﬁ _ Daa,Waﬁa/ﬁ _ k—2 Baa.

K 2 7 2(n — 4)

Combining Lemmas .1 and [B.1] yields

. 1 _
(5.19) Js = <v o (Wwﬂ -5 7575%5) o v6> T.
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The conclusion now follows from Equations (517), (518), and (&I9) and the
observation
J =J1—2(k—6)(J2 — J3). O

5.2. The fourth-order extrinsic Q-curvature. Our main goal in this subsection
is to derive a decomposition of the form (3] for the critical extrinsic Q-curvature
for submanifolds of dimension k& = 4. This is easily accomplished using a repre-
sentation of @ derived in [CGK23] together with our knowledge of the invariant
7 identified in Proposition Our analysis applies more generally in dimensions
3 <k < n with n # 4 to the extrinsic scalar Q4 of order 4 derived in [CGK23] and
given by Equation (523) below, for which Q4 = @ in the critical case k = 4.
Recall the formula

_ __ _ k_
(5.20) Q,=-AJT-2[F+ §J2
for the intrinsic Q-curvature of order 4 in general dimension k. Define
(5.21) Qj = (k —2)AG — (k — 6)V" (Ca — D Logar) — 2(k — 4)GP,"
k—4)(k —b5)
— (k — 4)?F 3PP — (7
(k —4)°FagP —

Observe that Q4 is a divergence in the critical case k = 4.

Bo® + (k —4)(k — 5)|D|?.

Proposition 5.16. Let i: Y* — (X", g) be an immersion with 3 < k < n and
n# 4. Then

_ k
(5.22) Qi=Qu+Qt +T+2[F - 3G

Remark 5.17. Since Q4 depends only on a background conformal class [g] on X
and a representative h € i*[g] on Y, we deduce from Equation (5.22]) that the same
is true of Q1.

Remark 5.18. The conformal transformation law of Q4+ can be written in terms of
the operator

— k-4 k
Ppi= Py = Ps——— (I+2|F|2—§G2>,

where P is the extrinsic Paneitz operator defined in [CGK23] and P, is the in-
trinsic Paneitz operator. Indeed, Equation (5.22]) and the formula [CGK23, Equa-
tion (5.12)] for Py — P4 imply that P; is equivalently written
—a = k—4
Py = V"o (4Fas — (k= 2)Ggap) o V' + “_=Q1,

and in particular is second-order. Since Z + 2|F|> — £G? is conformally invariant of

Xveight —4, it follows from the conformal transformation laws of Py and P, that if
h = ¢?Th, then

PP = (TH/22)T o pl o (k22T for all k > 3,
QY = QY + P, if k= 4.
Proof. Case, Graham, and Kuo showed [CGK23| Theorem 5.3] that
(5.23) Qs = Qy+ Qu,
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where
A x 2 koo PP T 2 o 2
Qu=—AG 2 + G — 4FosP"" + kG — —— B, +2|D|*
n—
Adding Equations (5.8) and (E21) gives
T+ Qi = —BG+6GPs" + (b —6) (E25 = Wars?) P
2
— (k — 4)*F o3P — ——B,~ +2|D*.
(k — 47FuP*? — 2B, 4 2(D)
We deduce that

~ k . _
Qi = (T+ Q) = —2[F[* + 5G* — 4Fo4P L kGT - 6GP,*

— (k—6) (iiﬁ - WMBW) PB4 (k — 4)2F g PP,

This reduces to 2|F|?> — £G? upon using Equations (£8B), (&9), and I3) to
substitute

P = _Fef T=P" =G, L2 Ways" = (k- 2)Fas + Ggas. [

The desired decomposition of Q when k = 4 is an immediate consequence:

Proposition 5.19. Leti: Y* — (X", g) be an immersion with n > 4. Then
(5.24)  Q=2PT+Wo - V" (VaJ = 2VaG — 20 +2D° Luga )
with Wg = —3|W|? + T + 2|F|? — 2G> .

Proof. Recall that 2PF = L[T7|2 — 2[P2 4+ 2J° when k = 4. Substituting Equa-
tions (5:20) and (52I) into Equation (5:22)) gives Equation (5.24]). O

Our formula for the renormalized area of a minimal four-manifold in a Poincaré—
Einstein manifold immediately follows.

Proof of Corollary[L:3. Apply Theorem and Proposition O

5.3. Comparison to other conformal submanifold invariants. Our deriva-
tion of the invariants of Subsection [5.1] allows us to generalize to general dimension
and codimension scalar conformal submanifold invariants discovered previously in
special cases. In this subsection we identify these generalizations and defer to the
appendix the proofs, which are long but straightforward computations using the
formulas developed in Subsection .11

Blitz, Gover, and Waldron derived [BGW21| Theorem 1.2] a conformal invariant
Wm for four-dimensional hypersurfaces which involves second derivatives of iaﬁa/.
We extend their invariant to higher dimensions and higher codimensions.
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Proposition 5.20. Let i: Y* — (X", g) be an immersion with 3 < k < n and
k # 6. Define the weight —4 scalar conformal submanifold invariant

_k(k=1) k—3 k2 —2k+3 k-3 ,
W 2T K1 — Ko — Waga PWOTe
T 4k —6) RI+I)+ =K 200k —1) 27 g ep g
k—3 W k=3 c k—3 e e
- TWaﬁa/,YWaBa v —2 aﬁ»ﬂ;La’Ya LB(sa/ — —2 aﬁa,ﬁ,LVO‘a L,YB’Q
k2 —3k+6 ., k(k 1) k—3. ... s e
_r wemre FaB _ L 2 _ La,@a La ,L'yéB L o
k—3

_ _|L2|2 (k_3)za5a’i76a/i(yyﬁ/i565’
If k=4 and n =5, then
1o o r—o A—w o v o 3__ . T_ .
Wm = —Laﬂa ALapar + 3V (Laﬂa V' Lygar) + 5A|L|2 - 5J|L|2
— 6L Cporp + AL2 BP —6HY tr L3, + 12HY L*F ,/F o

equals the invariant of the same name derived in [BGW21l, Theorem 1.2], where we
recall the conventions (&.1)).

Remark 5.21. One can add any multiple of J and K2 to Wm without losing the
fact that Wm equals the invariant derived in [BGW21] when evaluated at four-
dimensional hypersurfaces. By Remark[5.13] our choice of multiple of 7 removes the
pole at n = 4. Our choice of multiple of s arises from our proof of Proposition (.20
in the appendix.

Juhl derived [Juh23, Proposition 8.1] two conformal invariants J; and Jo for
hypersurfaces which involve a transverse derivative of Rgpeq. On compact four-
dimensional hypersurfaces, [ J; equals the global conformal invariant identified by
Astaneh and Solodukhin [AS21] Equation (29)]. We extend Juhl’s invariants to
higher codimension.

Proposition 5.22. Let i: Y* — (X", g) be an immersion with 4 < k < n and
k # 6. Define the weight —4 scalar conformal submanifold invariant

k—2 k— . . .
= s e E DT 3(161 Ky + L2 F8) 4 L2 wens
Fo2 o
+mG|L|2—|—L v L'Béa’Waﬁ'yé—L B LaﬁB Wa”yﬁ”y

1 , ,
“Wapar WYY 4 W0 PW T

4 [yae L’Yﬁﬁ (2Waa/ﬁ5/ — Waﬁa/ﬁl) -3

If n=k+1, then

k—4 k
=" 7 (A2 - JL2 ——VVL2 LBy W,
5= g (Bl 17) - 2 ¥ "
k—2 —p- e k=2 .
— = (V' Lgge (V- L7 ——L2 P’ _om, LB W,

equals the invariant derived in [Juh23, Equation (8.1)].
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Proposition 5.23. Let i: Y* — (X", g) be an immersion with 4 < k < n and
k # 6. Define the weight —4 scalar conformal submanifold invariant

1 1
R T G R e (SRS
k—4-. 1 o
_ af3 2
L2 4 L

If n=k+1, then
To = =LV 0 Pog — L Lo Poygr + LN N Ho + HY L 1P
k-5 1

- L iz, t s an g A - g L

k—3 2(k — 3)(k — 6) £ (k—3)(k —6) IZ]

k—4- k—3 _ k=1 :ap 2219

+ 3LaﬁP T HY L — Kol pe fos w0 - |H| L]
k =8¢ — e

—— (V Lgaa ) (VL7

+(/€—1)2( B )( Y )

equals the invariant in [Juh23| Equation (8.2)].

Remark 5.24. As in Remark B.2T] one can add multiples of J or Ko to these
invariants without losing the fact that our invariants generalize Juhl’s invariants.
With our choices, we see that J1 = (k — 2)J2 modulo polynomials in the Weyl
tensor and the trace-free second fundamental form, as was observed already by
Juhl [Juh23] Equation (1.19)] in the case of hypersurfaces.

Chalabi et al. derived [CHO™22, Equations (3.2) and (3.3)] natural submanifold
scalars whose integrals are conformal invariants of compact four-dimensional sub-
manifolds in arbitrary codimension. We find two pointwise conformal invariants for
general dimensional submanifolds that, when restricted to dimension four, equal
their scalars modulo divergences, and hence explain the conformal invariance of
their integrals.

Proposition 5.25. Leti: Y* — (X", g) be an immersion with 2 < k < n. Define
the weight —4 scalar conformal submanifold invariant
6

| k-6 =6 (¢ nas o
M= 5L +7) = == (Ka + K2) + == (L7 L7 Wapars:

’ 1 ’ o
aﬂa/ﬁwam v+ EWaﬂva’ wese — Liﬁwa’mv

- za’yaliﬁéa/waﬁ»yé + iaﬁaliaﬁﬁ,wa/,yﬁl’y — 2j)7a°‘,j)7ﬁ5lWaa/5ﬁ/) .

If k =4, then
1— ° — )
M= -3BILP + 9V (D% Logar) + JEHOT,
where
JCHOT .= 9|D|? + L'V Woays? + —R|L|2 |L| Ro®

zLiﬁRaﬁ + |HP?|L]? — 2H® tr Lg, —2H L W "

n—
equals the scalar in [CHOT22, Equation (3.2)].
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Proposition 5.26. Leti: Y* —
—4 scalar conformal submanifold invariant

k & {3,6}. Define the weight
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(X™, g) be an immersion with 2 < k < n and

n—4 2

No = gy )Y~ g Wased W7 = WacaaW P 4+ Weaa W)
B 2(n—k—1) 3 2(n — 5k +11) B 2(n—3k+5)W Byyrava’
G-DE=-3)""" G-Dk-3) ° G-1nkE-3 !
n—k—1 / 2n—k—-1) - /o
afa’y _ B S S T LB‘s ,
+ (k: Dk —3) " peaW (k—1)(k—3) ' Wagys
R S WO"Y —L’yozot L Wa o' B’
(k e g L b Wasers
(n—3k—|—5) B 5/ 4(TL—2I€+2)0 ) ’
7L°‘ Lo Weargp? — 2 DL [r00 [ BBy s
(k= 1)k —3) e Tk =1)(k - 3) ’ o
If k=4, then
3n — 10— 4
No = " "AW, 500 — ("T)v Co + JLHOT,
where
1 ’ 10 / —4
L7CHO+ . _va VQIWQBQB + n H® va’WOzBaﬂ _ n 1RWaﬂaﬂ
n—
+ R W MRM;WQ ﬂ'v_4 Wasar BT g’
(5.25) n-2 JECED s
2(n_5)°a o 8(7’L—5) o Ta
— TIJ B VQ/WO"Yﬁ’Y + TH L 50/Wa75’¥
4(TL+ 1) aa’ 5(TL—4) o
_ 73 D Waﬂa/ﬁ — T|H|2Waﬂ B

equals the scalar in [CHOT22, Equation (3.3)].
Remark 5.27. Equation (5.25) corrects two typos in [CHOT22, Equation (3.3)].

6. PROOF OF CONJECTURE [[.1] IN DIMENSIONS TWO AND FOUR

We conclude this paper by proving Conjecture [[.1] in dimensions two and four.
First we identify spanning sets for the spaces of natural submanifold scalars of
weight —2 and —4 modulo tangential divergences and scalar conformal submanifold
invariants. Then we compute the conformal linearization of the integral of an
arbitrary linear combination of elements of our spanning sets in order to prove
Conjecture [T}

We begin with some terminology. Let r,s,t,u € Ny and let I be a natural
submanifold tensor of weight w taking values in (T*Y)®" @ (TY)®* @ (N*Y)®* @
(NY)®%. The tensor weight of I is defined to be w —r — ¢ + s +u. In particular,

(1) the tensor weight and the weight coincide for scalars;

(2) contraction between an upper and a lower index preserves the tensor weight;

(3) each of gag, g°P, o' g, and go‘/'@/ has tensor weight 0, so we can raise and
lower indices without changing the tensor weight;

(4) Lopor and Hy have tensor weight —1;

(5) the various projections of Rgpeq have tensor weight —2; and

(6) if T has tensor weight w, then VT has tensor weight w — 1.
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6.1. The two-dimensional case. The proof of the two-dimensional case of Con-
jecture [[T] is straightforward.

Proof of Theorem when k = 2. Let I be a natural scalar on 2-dimensional sub-
manifolds Y of n-dimensional Riemannian manifolds (X, g) whose integral over
compact Y is invariant under conformal rescaling of g. Then I has weight —2.
Evaluation of the tensor weight of tensors of the form (2.1 shows that I is a linear
combination of complete contractions of L ® L, VL, and projections of Rm. The
tensor VL has exactly one normal index, and hence cannot be completely con-
tracted, while a projection of Rm can only be completely contracted if it has an
even number of tangential indices. Since the Weyl tensor is trace-free, we see that
(61) Waa’ba = - aabav

and thus Waﬁo‘ﬁ = —Woe®® = Wa,ﬁ,ﬂc/ﬁ/_ Equation ([£.8d) now implies that

I € span{W,z*? P T, |H|?, |L|*}.

Clearly W,5*? and |L|2 are conformally invariant of weight —2. In dimension
two, Pf = J. Therefore it suffices to show that if I = ay|H|? + CLQPQ/Q,, then
a1 = az = 0. The assumption of conformal invariance implies that

0= / (TdA)® = —/ (2a1Ha’va,T + GQVQ/VO/T) dA
Y Y

for all T € C*(Y). Choosing first T such that VT = 0 along Y implies that
as = 0; then taking a non-minimal immersion implies that a; = 0. (I

6.2. The four-dimensional case. We begin by finding a spanning set for the
space of natural submanifold scalars of weight —4 modulo tangential divergences
and scalar conformal submanifold invariants. As a means to organize this set, we
say that I®* depends only on the transverse j-jet of the conformal factor if it
vanishes for all T € C°°(Y’) such that V4 --- Vo, T = 0 along Y for all nonnegative
integers k < j.

Lemma 6.1. Let n > 4. Denote by 4 the space of natural submanifold scalars
of weight —4 for immersions i: Yt > (X™,9). Let Iyaiv C Fy be the subspace
of natural tangential divergences and let Fy . C Sy be the subspace of conformal
submanifold invariants. Set

0 = {(F,P), Wapa "D | |L|2T, (L2, P),T°, P2, GJ, DI},

f41 = {HQlZHo/a HalvaDozo/a HalvaWaBo/ﬁa |H|47 |H|2|i/|27
H Lopor L% Hpgr, |H|?T, GIH|?, H* tr L3, H* LopaF*P,
HO/ zaﬁa,ﬁaﬁv HO/HB/WO/OLL‘VQ) Ha/iaﬁﬂlwaa’ﬁﬁlv Halca’}v

ff = {GPa’O/u Pa/B/Wa’a,@’au |H|2Po¢’a/7 |i|2pa,o/7 Ha/HB/Pa’,@’u
Las® L8 P, TPar®  Par® P PorgPYBY,

I} = {H Vo d},

T ={Al},
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where we recall our conventions (BI)). Then

4
Iy = Iy aqiv + Fu,c + span U 7.
j=0
Moreover, for each integer 0 < j < 4, the conformal linearizations of the elements
of F] depend only on the transverse j-jet of the conformal factor.

Proof. Tt is clear from the discussion of Subsection B3 that if I € .#J, then I®
depends only on the transverse j-jet of the conformal factor.

Evaluation of the tensor weight of tensors of the form (2] shows that if T is a
natural submanifold scalar of weight —4, then

I € Contr(V2Rm, LoV L,VL®VL, LoV Rm, VL®Rm, L%, L®?@Rm, Rm®?),

where Contr(---) denotes the space of linear combinations of complete contrac-
tions of the various projections of its arguments. We consider such contractions in
decreasing order of the total number of derivatives of L and Rm taken.

Step 1: Analyze Contr(V?Rm, L ® vQL, VL ® VL). Given two natural subman-
ifold scalars A and B of weight —4, write A ~ B if

A— B € Iy gy + Fuc+ Contr(L ® VRm, VL ® Rm, L%, L®? @ Rm, Rm®?).

We first consider Contr(V? Rm). The definition ([35]) of the second fundamental
form implies that if V,, is a partial contraction of a projection of V Rm with values
in T*Y, then V*V,, ~ V'V, ~ 0. By combining this with the Ricci identity, we
see that if I is a complete contraction of a projection of V2 Rm with at least one
tangential index on a covariant derivative, then I ~ 0. Therefore

Contr(V2Rm) C Contr(Va Vg Raped) + Fa.div + Fa.c
+ Contr(L ® VRm, VL ® Rm, L®*, L®? @ Rm, Rm®?).
Proposition 5.5 implies that B,* ~ (n — 4)|D|?. Therefore
©2) v,a’va,J ~ AJ,
VY Cora® ~ By® ~ (n— 4)|D|%.
Equations ([6.2) and direct computation yield
VYV Po® = V¥ Cara® + V¥ VoP% ~ (n— 4)|D|?,
VYV Ps? =V V0) = V¥ V0 Po® ~ Al — (n—4)|DJ?,
VOV Poig = V' Vo J = V¥ VP ~ A
Similarly, Equations (3], ([@4)), and ([G.2)) yield
V' Vo Wapg® = 2V Vo Wa 5% 4+ 6V Cpor® ~ —6(n — 4)|D?,
VYV Warap® ~ (n—3)V Cara® ~ (n — 3)(n — 4)|D|%.
We conclude from Equation (G1) that
(6.3)  Contr(V?Rm) C span{AJ,|D|*} + F1.aiv + Fa.c
+ Contr(L ® VRm, VL ® Rm, L%*, L®? @ Rm, Rm®?).
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We now consider Contr(L ®V2L, VL®VL). Since Contr(V(L® VL)) C Iy giv,
we see that

Contr(L ® V'L, VL ® VL) C Contr(L ® VL) + F4.aiv-

The Ricci identity and Gauss equation imply that any element of Contr(L ® V2L)
is a linear combination of
HYRHor, L% Blagor, HV V' Lagar, L% VoV g Har, LN, Ly,
and elements of Contr(L®4, L®? ® Rm). Equations ([@7) and ([#Zd) imply that
. 108 Vs Hyr ~ HY VOV Lopar ~ —3HY V' Door ~ 3H* AH,,
LN NV Ly por ~ 3LPN N gHoy ~ 9HY AH,.

Therefore

Contr(L ® V2L, VL®VL) C span{H* AH,/, EO‘BO‘/ZIOJQI(;Q,}

+ Fa.div + Fae + Contr(L ® VRm, VL ® Rm, L, L®? @ Rm, Rm®?).
Similarly, Equation @7 implies that |D|? ~ —H*AH,:, and Equations @),
(48d), and ([6.4) imply that

Lo NLoper = LN (VaLogar + 2V Lajpar)
~ LY (VN Loypar — VoV sHar)
~6HY NH, .
We conclude from Statement (6.3) that
(6.5) Contr(V?*Rm, L ® V2L, VL®VL) C span{AJ, H* AH,} + F4 div
+ 4+ Contr(L ® VRm, VL ® Rm, L®*, L®? @ Rm, Rm®?).

Step 2: Analyze Contr(L ® VRm, VL ® Rm). Given two natural submanifold
scalars A and B of weight —4, write A =~ B if

A—-Be Iygiv+ Fac+ Contr(L®4, L®? ® Rm, Rm®2).

Since Contr(V(L ® Rm)) C .74 qiv, we deduce from Equation ([45]) that
Contr(L ® VRm, VL ® Rm) C Contr(L ® VRm) + .#4 giy + Contr(L®? ® Rm).

In particular, it suffices to analyze Contr(L ® V Rm).
First, Equations (43]) and (£3)-@1) imply that

VaPsar = VaVsHy + VaDgar,
VaPas = —Coap + VaVsHa + VaDgar,
V' Warsar =V Wangar,
Vo Wars? =VaWarng? + VaWaag? + 2Caag + Car gass

where = denotes equivalence modulo partial contractions of L ® Rm ® g. Recall-
ing Equation ([@38¢), we deduce that any complete contraction of a projection of
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Laga/Vo‘,Rabcd is a linear combination of
H V),
HYV Py = —H® Cor + H* AHp + H* VDo
HY'V W ~ 2HYV Weopa® +6HY Coy,
LOPYN i Pop = =LY Corg + 3D + D Wagar’
—3HV " Do — H* V' Wapa'?,

LYY (W5 2 3D Wogar® + LN Wanrgy + 2L Coprp.
Similarly, any complete contraction of a projection of Laga/VaRbcdo‘, is a linear
combination of

HYVWeopa ~ H'V* W’
HY VP ~ HY AHy + H”VDour,
LN 4P s 2 3D + D Wopa? — 3HYV Do — H* V' Wapa”,
LY \Wiyar? = 3D Wogar?,
LN W gar = LN W,
and
HYV Warap® ~ —(n = 3)H Cor — H¥ VO Wapa,
HYVP'Pog = HY Vo) — HY VOP o,
LOPY T Woargg ~ —(n — 3) LY Copr g — LP N W g

Combining these computations with Remark [5.4] Propositions and B.10] and
Statement (G.H) yields

Contr(V2Rm, L ® V-L,VL ® VL, L ® VRm, VL @ Rm)
C span{AJ, H* AHp , H* Vo J, H* V" Daar, |D|?,
H Cor, HNV " Wegar?, D Wopor 7 }
+ Iy div+ Jac+ Contr(L®*, L®? ® Rm, Rm®2).

(6.6)

Step 3: Analyze Contr(L®*, L®? @ Rm, Rm®?). It is clear that

(6.7) Contr(L®*, L®? @ W,W%?) C .7, .
Denote by

4
Hoy := Contr(L¥*, L*? ® Rm, Rm®?) N U g7
j=0

the set of undifferentiated scalars in | J.#7. We will show that
(6.8) Contr(L®4, L®? @ Rm, Rm®2) C S4div + Fa,c +span Hg).

This together with Statement (6.6]) then completes the proof.
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We first show that
Contr(Rm®?) C span{Wa/a@/aPo‘/B/, Po® Pyl PSP GPw®  TPw
(6.9) D Wpa?, H* V' Wasa?, IDI?, HV " Daor, H* AH,/,
T, IPI2,GT, (F,P)} + Contr(L®!, L2 @ Rm) + Fiaiy + S
To that end, for each nonnegative integer j, let Contr; (Rm®?) be the set of elements
of Contr(Rm®?) that can be expressed as a linear combination of complete con-

tractions of projections of W @ P and P®? with at least j tangential contractions.
Statement ([G.7)) and the decomposition (£2)) of Rm imply that

(6.10) Contr(Rm®?) C Contro(Rm®?) + .7, .,

while an index count implies that Contr;(Rm®?) = {0} for all j > 3.
Using Equation (G.1)) yields

Contro(Rm®?) C Contr(P g Pys) + Contry (Rm®?).
Therefore
(6.11) Contrg(Rm®?) C span{Pa/O‘/Pglﬁ/, PalﬁlPalgl} + Contr; (Rm®?).
Using Equation (6.1]) again yields
Contrl(Rm®2) C Contr(Waagp'Pys/s PapParp s PaaPagr) + Contrz(Rm®2).

Equation (£3) implies that the Fialkow tensor F can be written as a linear combi-
nation of partial contractions of Li 396 and W, g+s5gec. Combining this observation

with Equations (4.1), (4.8h), and (6.1)) yields
(6.12)  Contr; (Rm®?) C Contry(Rm®?) + Contr(L®? @ Rm) + 74 aiv
+ span{Warap “P?  TP0 ', ID?, H*' V" Daar, H* AH, ).
Applying Equation (6] yet again yields
Contry(Rm®?) C Contr(WagyaPsgr, WapysPargr, PasPys) + Contrs (Rm®?).
Similar to the previous paragraph, Equations (@1), (£8b), and ([@3) yield

(6.13)  Contra(Rm®2) C span{D® Waga ®, H* VWaga?, GPo® T, [P|2}
+ Contrs (Rm®2) + Contr(L®4, L®% g Rm) + A4 qiv + Fac.
An index count and Equation (@3] imply that
Contrs(Rm®?) C Contr(WagysPec) € Contr(FagPqs) + Contr(L®? ® Rm).
Combining this with Equations (4.8b) and ([£9) yields
(6.14) Contrz(Rm®?) C span{GJ, (F,P)} 4+ Contr(L®* L®? @ Rm) + . ..

Statements (6I0)—(@I4) together yield Statement (G.9]).
We now show that

Contr(L®? ® Rm) C span{|H|2j, |l°/|2j, <i27§>7 HO‘lH'BlWa,a,@IO‘,
(6.15) GH|?, H Lapar F*P, HY LagorP™, HY L W, HY HP Py,
|,I:I|2PO/O/7 |.i'/|2PO/O/7 _z/a,@a/i/aﬂﬁ,Pa/ﬂ/} + COIItI'(L®4) + f47c-
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Equations ([@2)) and (€I imply that
Contr(L®? ® Rm) C Contr(L®? @ Wagarg', L% @ Waarggs L% @ Wagys,
L¥ @ Pyg, L9 ®@Pug).
On the one hand, combining Equations (£9) and (@) with Statement ([E71) yields
Contr(L®* ® Wapsarp') C Huc,
Contr(L®? @ Weargs) C span{H® H W ap®, H* L% Wonr 55}
+ Contr(L®? ® Wapys) + Faes
Contr(L®? @ Wagys) C Contr(L®? @ F) + Contr(L®?*) + .7 .
On the other hand, Equation (£8B]) implies that
Contr(L®? @ Pog) C Contr(L*? @ P, L®? @ F, L®%),
while direct computation yields
Contr(L®? @ Pyg/) C span{|H[>Po® , |L1?Por® , H* H? Poigr, Log® L7 Poip},
Contr(L®? © P) C span{|H|*T, | LT, H* Lapa P, (L2, P)},
Contr(L®? ® F) C span{G|H|?, Half/aga/Fo‘B} + Fy e

Combining these observations yields Statement (G.15]).
Finally, one directly checks using Equation (6.7]) that

(6.16) Contr(L®*) C span{|H|*, |H|*|L|?, H* Lape L*?% Hy, H* tr L2} + S
Combining Statements (6.9), (6.15), and (6.16]) yields Statement (E.5]). O

Lemma reduces the verification of Conjecture [[.1] for four-dimensional sub-
manifolds to an analysis of the conformal linearization of the integral of linear
combinations of elements of Uj:o g

Proof of Theorem when k = 4. Let I be a natural scalar on 4-dimensional sub-
manifolds Y of n-dimensional Riemannian manifolds (X, g) whose integral over
compact Y is invariant under conformal rescaling of g. Then I has weight —4.
By Lemma [l we may assume that I € span U?:o Z]. We will show that

I = a(j2 — |P|?) for some constant a € R. The final conclusion then follows from
the fact that

1 _ _
Pf= < [WP + 7 - PP
in dimension four.
Step 1: Show no dependence on .#. By definition, there is a constant a € R

such that 7 = aAJ mod span U?:o 7). Let T € C®(X). Suppose that T, Yo,
Yog, and Yo g4 all vanish along Y. Then

O:/(IdA)‘ = —a/ Yo 5% dA.
Y Y

Since T is otherwise arbitrary, we conclude that a = 0. Therefore I € span U?:o ff .
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Step 2: Show no dependence on .#2. Step 1 implies that there is a constant

a € R such that I = aH* V4 J mod span U?:o 7. Suppose that T € C*°(X) is
such that YT, T,/, and T,g all vanish along Y. Then

O:/(IdA)' = —a/ HY Y3 v dA .
Y Y

Since Y is otherwise arbitrary, we conclude that a = 0. Therefore I € span U?:o ﬂ4j .
Step 3: Show no dependence on .#2. Step 2 implies that there are constants
ai,...,a9 € R such that

I=a|HP*Po® +ayH* H? Py g + azGPy
(617) + G4Wa/aﬁ/apa/’3/ + a5|i|2 Pa’a/ + aﬁiaﬁa’iaﬁﬂlpa/ﬂ/
+a7JP ™ + agPa® Py + agPurgP¥? mod span .0 U .7}

Suppose that T € C°°(X) is such that T and Y, vanish along Y. Then

0:/(IdA)‘

Y

(618) = —/ ((a1|H|2 + agG + a5|l°/|2 + a7j + 2a8P7’7,)ga’B/ + G/QHO/HB/
Y

+ asWarap® + agLP o Logg + 2a9Pa/6') TP dA
Since T is otherwise arbitrary, we deduce that

0 = (a1|H|? + asG + as|L|> + a7J + 2asP+ " )garpr
+asHy Hg + a4Wa/a3/o‘ + agiaﬁa/iaﬁlg/ + 2a9P g

Contracting this with P®'#" and comparing with Equation 6110 yields
— o B’ o' B’ 0 1
= —agPy“ Pg” —agPypP mod span.Zy U %, .

Repeating the variational computation (G.I8]) yields CLgP»Y/’Ylga/ﬁl + agPog = 0.
Therefore I € span.Z U .7/}

Step 4: Show no dependence on .#}. Step 3 implies that there are constants
ai,...,a14 € R such that

I=aH" AHy + a3 HY' V' Door + asHY V Woapa? + ag|H|*
+ a5|H|2|l°/|2 + aﬁHQ,iaBo/i/aﬁﬁlHB/ i a7|H|23 + a8G|H|2
+ CLQHQ, tr ii/ —+ aloHQ,iaﬁﬁlWaa/ﬁﬁ/ “+ allHa,iaﬁa/ Faﬁ

+ alea/zaga/ﬁaﬁ + algHa/Hﬂ/Wa/agla + a14HO‘/Ca/ mod Span f40.
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Suppose that T € C°°(X) is such that T vanishes along Y. Then

0= / (IdA)®
Y
=_ /Y (2@1ZHO/ + a9V Daar + a3V Wapa? + das|H|? Hy + 2as|L|> Hy
+ 2a6H? Lops L o + 207Hy + 2a5GHoyr + ag tr L2,
+ aloi/aﬂB/Waa,ﬂB, + allFo"@iaBa/ + algﬁaﬁlo/a,@a,
+ 2a13H? Woarap® + a14Ca/) o' dA.

Since T is otherwise arbitrary, we deduce that

0=2a1AHy + a2V Daws + a3V Waga:® + 4as|H|? Hor + 2as|LI* Hy
+ 2046H'6/iaﬁ5/ia’8a/ + 2a7jHo/ + 2&8GH0/ + ag tr ii/ + aloiaﬂB/Waa/ﬁﬁz

+an Faﬂ-i/aﬁo/ + (l125a6[°/a/3a/ + 20/13H6/Wa’a6’a + a14Cq .
Contracting with H " and comparing this with our initial formula for I implies that

= _alHalZHa' - 3a'4|17|4 - a’5|H|2|i|2 - QGHQ,jjaﬁa/iQﬁﬁlHﬁ/
—ar|H|*J — asG|H|* — algHo‘/HﬁlWa/aglﬁ mod span .7

Repeating this argument twice more yields I € span .#).

Step 5: Show [ is proportional to 7o |P|2. Step 4 implies that there are con-
stants ai,...,as € R such that

(6.19) I=a1(3° = [P2) + axJ" + as(F,P) + as|D|?
+ a5Wapa "D + ag|L|?T + a7(L?,P) + asGJ.

Let T € C*°(X). By computing the conformal variation and integrating by parts,
we deduce that

0= / (IdA)*
Y
= —/ (2GQE + agvaVﬁFaﬂ - 2a4va(1ia3a/ D'@a/) - a5va(l°/a'8a/Wﬂva/V)
Y
+ a6Z|l°/|2 + mvavﬁiiﬁ + GSZG> TdA.
Since T is arbitrary, we deduce from this and Equation (53) that

(6.20) 0= 2asAJ+ aﬁavﬂ Fop — 2(as + a7)V" (LaparD?®) + asAG
ar\ — ¢ =0 : go a2 ga
+ (as + DY BILP — (a5 + 00T (Ea Wirar?) — arV (L7 W),
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In dimension four, the conformal linearizations of the terms in this expression are
(R))* = AT — 2V (ITa),
(v v’ Fog)' =V" 2Fa5T5 GY.),
(V¥ (Lapar D))" = (L2677,
(BILP)* = -2V (LY.a),
(56)" = 27" (6T,
(VL7 Wharar)* =

(V* (Lapa W')" =

Since only (AJ)® depends on the full tangential four-jet of T, we see that as = 0.
Taking arbitrary T and applying Lemma below yields

a3 =0, ay = —ar, ag =0, aﬁz—%, if n > 5,
az =0, ay = —ar, agz—%—a—g, if n = 5.
Applying Lemma below to Equation (620) yields
ar =0, as =0, if n > 5,
a7 =0, if n=>5.
Inserting these back into Equation ([GI9) yields I = al(j2 — |P?). O

We conclude with a technical lemma used above which establishes the linear
independence of certain sets of natural submanifold tensors.

Lemma 6.2. FEach of the sets
{Fag,lo/iﬁ, |l°/|2ga/3} and {va(lo/BWO‘/Waﬁw,)}

of natural tensors on 4-dimensional submanifolds of 5-dimensional Riemannian
manifolds is linearly independent.
If n > 6, then each of the sets

{Faﬂ,iiﬁ,|i|29a3,Ggalg} and {Va(iﬂva/WaﬂW(),va(iaﬁalWﬁwﬂ)}

of natural tensors on 4-dimensional submanifolds of n-dimensional Riemannian
manifolds is linearly independent.

Proof. First observe that the embedding R x S x {0} — R xR*xR"~® of a cylinder
into flat Euclidean space is such that L? 5 is not proportional to the induced metric.
Hence, by Equation (£9), it suffices to prove the following claim: If n =5, then

Woﬂﬂ'y and v‘l (i’ﬁ’m,Wa,@Va’)
are nonzero natural submanifold tensors, and if n > 6, then each of the sets
{Wans", Was"’gas}  and {Va(fﬁ " Wapra), V' (Lo alWBva”y)}

is linearly independent. We prove this claim by computing some local examples.
To that end, we do not use Einstein summation notation in the rest of this proof.



38 J. S. CASE, C R. GRAHAM, T.-M. KUO, A. J. TYRRELL, AND A. WALDRON

Set Y := {(,0) € R* x R*~*} C R" and denote p := (0,0) € Y. Equip R" with

the metric
g= e2fa (dz®)?
a=1

for fo: R™ — R functions satisfying f,(p) = 0 and df,(p) = 0. Mirroring our ab-
stract index notation, we let @ € {1,...,n} and a € {1,...,4} and &/ € {5,...,n}.
Unless otherwise indicated, we use the convention that distinct characters are not
equal; e.g. P, denotes a component with a, 8 € {1,...,4} and a # 3.

The nonvanishing Christoffel symbols of g are

Fga = aafau ng = abfaa Fga = —e2(fa_fb)6bfa.

n

Thus the only nonvanishing components of the second fundamental form are
Loogar = _lea ao/fa'

In particular, L = 0 at p. Since the Christoffel symbols all vanish at p, we compute
that

Rabcd == aal—‘gd - abrgd
at p, where distinct indices can be equal in the above display. Thus the only
nonvanishing components of Rm at p are

Rabab = _asafb - 8gbfaa Racbc = —befc,
and those that can be obtained from the symmetries of Rm. Therefore
Wabab = —(ﬁafb - 8§bfa - Paa - Pbb;
Wacbc = _agbfc - Pab7

and
Paa = —— S @2 o+ OB fa) + 0 S R
n—lb;ﬁa aa (n—l)(n—2)byc¢a ’
b#c
1 2
Pap=——— > e,
c¢{a,b}

at p. Additionally, the only nonvanishing components of VL at p are
vaLaaa’ = _aia/fa; vﬁLaaa/ = _agio/fa-

We now simplify our computation by taking f, = 0 and assuming at p that

4 n
(621) Z aia/fﬁ =0 and Z 3§/ﬂ/fa =0
B=1 B'=5
for each o € {1,...,4} and o € {5,...,n}. This assumption and our formula for
P.p yield
1

Paa/ - —82 rJas
n — 9 o« f

vaiaaa’ = _82a’fa7

vﬁiaaa’ - _8§3a’fa7
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at p. It follows that, at p,

4
ZWawﬁ'y - Z 8§3f'vv
=1 v¢{a,B}
4
2(n —4)(n —5)
Wa aB _ _ 82
QBZ:1 ﬂ (n—l)(n—Z) (;B Otosz’
and
> VI Wapa) = =3 3 (Bharfa) + =5 ZZ Oner fa)?,
a,B,y,a! a#B o
—a, e o n—>5
S =) DO
a,B,y,a’
Taking
fi = s(@®)? + ta*a® + ux'a®, fo = vala®,
fz3 = —(u+v)z'z®, fa=0,
with s,%,u,v € R yields our claim. [l

APPENDIX A. COMPUTATIONS OF CONFORMAL SUBMANIFOLD INVARIANTS

In this appendix we prove the five propositions in Subsection [£.3] relating our
scalar conformal submanifold invariants of Subsection [5.1] to previously-known in-
variants. To that end, we first establish a useful formula for the inner product
(L,AL) which is closely related to Simons’ formula [Sim68, Theorem 4.2.1] for the
Laplacian of the second fundamental form of a minimal submanifold.

Lemma A.1. Leti: Y* — (X", g) be an immersion with 3 < k < n. Then
1P AL qpar = LB (_moﬁa, — VaWiya' + ¥ Wsaars + ILapar
(A.1) + kPY Lygar = W 50 Lsar — W Vo Lygpr + 2F 0 Loy
— Lapp L7 Loysor — Lasar L7 Loyggr + Qi”‘sa,im;@i@f').
Proof. Using Equations (£.8d) and (£38e€), we compute that
L5 Rl apar = L%V (Valipar + Waaars = 926Daar )
= L9 (Va¥ Lygar + (k= 2)Pa” Eypar + Toapar = B Loysar
~ R Ly + ¥ Waaars = VsDawr )
= foBe’ (—Wﬁ Daa’ — VaWsyar' + V' Wyaars
—Wa" 5 Lyser + kPoY Lygar + Thapar — R o EW,).
Combining this with Equations (&38a)) and (4381)) yields Equation (AJ]). O

We now prove the results in Subsection [5.3]
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Proof of Proposition[5.200 The definitions [@3) and @I4) of Fo3 and Cua/p, re-
spectively, imply that

(A2) LPCppp = L Corp+ HY tr L3, — (k — 2)H* L y/Fop
— HY L Wopp — HY L 0 Win".
First set
(A3) Ty = —AL2 + 23|11 + 2(k — 6) [L2,P"7 — V(D" Lapa)
— (k — 3)|DJ? — D Wopa? — Eaﬂa/cw,ﬂ]
Equation (4.8h) and Remark 5.3 imply that
(A.4) I = 2T+ J — 2G|L|* — 2(k — 6)L2 4F*°.
Second set
Ty := L% ALopar + kV (D Logar) + k(k — 1)|D|?
+ (k+ 4D Wogar? — kL2 B —J|LI? + (k — 4) L% Cprp.
Combining the formulas in Remark 5.4l with Lemma[A Tl and Equation (&8¢ yields

~ / 1 / o /o
Ty =K1 — Ko — Wapga W — 3 0By WOPYY WY GO LOPY L, s

(AB) WP 0w Ly 202 FP — 5L T
VPP 4 2L 8 Lo s
Third set
~ — /o 1 —5, - Sy o k—4 /
T3 = V(D Lopar) + ——V (L V Lyaar) — ——— D W parP.
k-1 E—1
Equation (48d) implies that
. 1
A6 I3 = ——Ko.
(A.6) BT TR
Equations (A4)-(AL6) imply that
k(k—1)= k-3~  ~
Wm = T Io + kZs.
m 4(k—6)1+ 5 2 + K13

Applying the definitions of fl, fg, and T yields

k - 3 ° el k —_—x, 2 )—"ry o
Wm = TL“M ALapar + 37—V (Lo"*V Lypar)

1 E(k—1)— - 17 [ oBa’ 12 P”

=% (_ : 1 )AILI2 + (4k _9)J|LI2> —3(k = 2)L% Coep + kL2 5P
k—2 ’ L F ']

_ _3(k 1 ) pea Waga” —3(k —2)H* tr L3, + 3(k — 2)?H* L% o Fug

+3(k — 2)HY L Waargs + 3(k — 2)HY L 0 W,

Specializing to the case £ = 4 and n = 5 yields the final conclusion. O
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Proof of Proposition[5.22. Set
Ji = LN o Waryg? = 20 Woapar? — 2HY L 0 Woys” — 209 Cr,
~ —a—R e 1_ o —a /o
Jo =V V2, - SBILP + (k = 27" (D7 Laga)
— (k= 4)L* Coarp — (k — 4)D* WP,
On the one hand, combining Equations (£3), (@A), and ([6]) yields
LB o Wnyg? = LB (VQWQ,WV + YV Waars” + (k= 2)Caurs
+ iaéa’Wév,Bv + -i'/'y[sa’Wa(;BV - iaBB/Wo/v,B”Y
+ Lo Wiaggr + L™ Waaryy + 2Har Wan).
Combining this with the formulas in Remark 5.4 yields
=~ ’ 1 ’ o
T =K1+ Ko + Waga "W, — 3 aBary WP + L2 Werh
(A7) “+ ia'yaliﬁéa/waﬁ'yé - iaﬁaliaﬁﬁlwa/,ﬂ;/’y
+ 207 L PP W orgpr — LY LR Wogar g

On the other hand, taking the tangential divergence of Equation (B.3)) yields

(A'S) j2 = —K:l — /Cg.
Equations (A4), (A7), and (A8) imply that
k-2 -~ o~ 1 =
= ""° 7 - .
N 2k —3)(k —6) 1+ 5 k—3j2

Applying the definitions of fl, jl, and ‘72 yields

k—4 — 1 —a=p: o ,
- " " AP — VWV, L LYY W5
N = BT I -1= ot 78
k—2 _. k—2:, —ap o o
E—DP?P—- ——= JLPP— 2212 P —2H, LW, 5.
+( )l | (k—3)(k—6) || L—3 af B

Specializing to the case n = k + 1 and using Equation (£8d) yields the final con-
clusion. (]

Proof of Proposition[5.23. Set

x% = iaﬁa,vo/Paﬁ + lo;aﬁa,zaﬁﬁlpa’ﬁ’ - iaﬁalvavﬁHa’ - vﬁ(Daa,i(xﬁa’)
’ o —a k — 3 ’ o
— (k= 1)|D|? = D' Wop0® — 12,5 + —H L,

/o — /o o / 1 o o ,
— HY LY Pos + H® Lopo LPP Hg + 5|H|2|L|2 + LB Cornrg

7 o ’ 1 7 o
+ HY L*P W ppr + —H" L W
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Using Equations (@8], (@), 1), and (48b), we first compute that
LYY i Pop = L (VyParg — Conrg)
= LY (VoParg + L 0o Py — Lap® Parpr + HarPop — Cowrp)
= [P (Vo VsHa +VaDpar + PoLopar — HY L7 op Loygar
+ HoPop — HoHpr Log® + HorFop — %|H|2Eaﬂa,
4 Fo Lysar — Lag® Pargr — Caarp — H? Waargp).-
Combining this with Equation (£8€]) and the definition [£9) of F.s yields

(A.9) Ty = L2 5P
Equations (A4), (A7), and (A9) imply that
1 - 1~ =
. 7 - ~ 7.
T2 20k = 3)(k —6)" k—3j2 T3

Combining Equation (53) with the definitions of fl, jz, and J3 yields
Jo = —iﬂﬁa’v aPap — L Lo Pog + LPYN NV gHp + HY L /P o

k — 5 —_ 1 — °
VVL2 —ALz—iJL2
k: 3 2(k —3)(k —6) I (k—3)(k—16) 12
k—4- k-3 o 3 o Fapp’
+ k—LaﬁP — ﬁH tI‘L — H* L B Waa/ﬁﬁl
o Fap o 7 raBp’ 1 21712
— —H L aWayg? — H* Lagar L Hg — - |H|?|L|
k—2 2
+ k|DJ? + 2D W0 °.
Specializing to the case n = k + 1 yields the final conclusion.
Proof of Proposition [5.25. Equation (A1) implies that
1 k—6 ~
Ni=I+ §j ) J1-
The definition (£13]) of P.s yields
(k — 6)L2 5% + |LPPPo® — (k — 3)|H|*|L|* — (k — 6)H tr L3,
k+2 r k=6
— —| L>R — —|L|2Ra, + —L2 R,
(n—1)(n—-2) o
Combining this with the definitions of fl and jl yields
1 . — /o k 6 -
Ny = —5BILP - (k - 6)V" (D Lopar) — —— LoV o Wins”
n—k+?2 2 2p o k 650 nap 21712
— "% |LPR- —L Ry —L s R k—3)|H|*|L
+ g LR + + (k= 3) L

+ (k—6)H* tr L2, + (k — 6)Hor L*P% W37 — (k — 3)(k — 6)|D|2.

Specializing to the case k = 4 yields the final conclusion.
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Proof of Proposition [5.20. Set
N =V Vo Wag® + (n—k — 6)HY Vo Wag® +2(n — 2)V Co + AlWap™”
— 8V (L Wapar®) +2(n = 2) LY Coerg + 2(k — 1)Bo® — 2JW, 327
—2(n — 2)P P Wi s? — AWopo "V HY = 2(n — 4)| H|*Wop*°
+ AWapa PV, L7 = 2(n — 2)HY L Wers? — 2(n — 2)D Wapa .
Observe that the Weyl-Bianchi identity #3) and the definitions (@A) and (@I4)
of Logar and Cgpe, respectively, imply that
(A10) HYVoWaps® = 2HYV Weapa® +2(k — 1)H® Cor + 2| H|*Wo5°"
+2HY L Wonrppr + 2HY LOP 0 Warys”.
The Weyl-Bianchi identity also implies that
AWapea = 2(n = 3)V(aCcapp) + 2V cClavja) — 2Baeapp + 2Bb[cYd)a
(A.11) ~ W Wetea — 2Waee fWiCa? 4+ 2Waear Wil + 2JWapea
—2(n = 3)PaWhjeea — 2P [cWijeas,

where indices enclosed in vertical bars are not included in the skew symmetrization;
e.g.
2v[aC'\cd|b] = VaCeay — VpCoeda-

On the one hand, taking the complete tangential trace of Equation (AT yields
AW,5%P = —2(n — 2)VCpo” — 2(k — 1) B,* + 2JW,5%°
+2(n — 2)P*Wega” — 2 (WapedW* + Wead WP — WaegaWP4) .

Using the definitions (6), @7), @Id), and @I6) of Loga’, Daa’s Cabe, and Bag,
respectively, yields

AW = =2(n = V" (Ca + H Wapa®) = 2(n = 2)L25Curg
—2(k — 1)Ba® — 2(n — 2)H L% W s + 2(n — 2)P*P W 57
—2(k —1)(n — 6)H Cor 4+ 4(k — 1) H® HP Weop® + 2IWo5°°
(n 2) Daa a,@a’ + 2(n _ 2)Wa6a’ﬂvaHa/
-2 (WaﬂchaﬂCd + Weaa® WP 5 — Wac,@dWach) .
Using Equation (AI0) to eliminate H o' ¢ yields
AW,3% = —2(n — 2)V " Co — 8V (H* Wepar?) — 2(n — 2) L% Cpos
—(n—6)HY Voy Wap® = 2(k — 1)Bo® + 8Wapa "V H*
+2(n— 6)|H*Wap® +4(k — 1)H* H* Worap®
- SHQ/EaﬂB/Waa/Bﬂ/ + 2(’]’L - 6)Ha/lo/a'6a/Wa’YBV
+ 2Wo5®? 4+ 2(n = 2)PP W 5" + 2(n — 2)D W’
— 2 (WapeaW Pl 4 Weaq* W5 — Wac,@dWacﬁd) .

(A.12)
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On the other hand, the definition ([@6]) of the second fundamental form yields
VIV Was® = AWap® + 4Wapor PV L7 4 AW o 50 "V H
— kH® Vo W — 4L2 ;WP 4 8LV L PO W50
(A.13) + ALY Lo g W3 — ALY L PP Wi 50
—8H L W — 8H LY Wongs — 8V (HY Weapa”)
— A HPPWos + 4k — )HY H Warap® — 8V (L, Waga?).

Recall that VO‘/VO/WQBO‘B = AWQBO"B - V"YVVWQBO"@. Combining this with Equa-
tions (A.12) and (A.13]) yields

(A14) N = =2 (WapeaW Pl 4 Weaq W5 — WoesaW o) + 4L2 ;WP
— 8L L P Wogargr — AL L™ Wy gV 4+ ALY L2 Wonr a0

Combining Equations (A7) and (A14) yields

1 n—4 2n—k—-1) =~
M= 3V w007 " Goneo
8 4 ,
/'8 aya
popie g Wasa "W,
Now observe that
dn—k—-1) 2 2(n —4)
v 7 paB g — —— aaﬂ =" = p.> By
G-nh=g) Ve =g Wes™ + gy =g e Vo
2(n—4)(n —k+2)
= RW,, ap
k-3)k—6)(n—1)(n—2) """
2(n—4 / 4n—k—1
_ (n ) Ra’a Waﬁaﬁ + (n ) Raﬁwa’yﬁ’y-

(k= 3)(k = 6)(n—2) (k=1)(k=3)(n-2)

CombNining this with the formula for Ko in Remark [(.4] the definitions of N , J,
and J1, and Equations ([@8€d) and [{@I3) yields
1 ,
= — @ ’ aB _—
Na k_lv Vo Wag® + -
An—k-1) —a 2 — (k-
B (n—k 1>VCa+k S5k+14—(k—1)n
(k—1)(k—3) (k—1)(k—3)(k—06)
N 2(n—4)(n —k+2) 2(n —4)
(k—=3)(k—6)(n—1)(n—2) (k—=3)(k—6)(n—2)
dn—k—-1) 2(n—k—1)
RaﬂWa LA S
(k—1)(k—3)(n—2) T k—1)(k - 3)
4 —a, . Sn—k-—1)
- Ay g o 2
afa \Y% +(/€—1)(/€—3)

kE—1
4(n—k+5) 10(n — 4)
- (k—1)(k —6)

k-1

AW, 5P

RWaﬁaﬁ _ Ra/a/ Waﬁaﬁ

iaﬁa'va,WaVﬂW
Ha’iaﬁa/ Wa’)/ﬁ’y
D Wopa® + |H|?Wop™?.

Specializing to the case k = 4 yields the final conclusion. O
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