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Abstract

The present article aims to design and analyze efficient first-order strong schemes for
a generalized Ait-Sahalia type model arising in mathematical finance and evolving in a
positive domain (0, 00), which possesses a diffusion term with superlinear growth and a
highly nonlinear drift that blows up at the origin. Such a complicated structure of the
model unavoidably causes essential difficulties in the construction and convergence analysis
of time discretizations. By incorporating implicitness in the term a_;2z~! and a corrective
mapping @ in the recursion, we develop a novel class of explicit and unconditionally
positivity-preserving (i.e., for any step-size h > 0) Milstein-type schemes for the underlying
model. In both non-critical and general critical cases, we introduce a novel approach to
analyze mean-square error bounds of the novel schemes, without relying on a priori high-
order moment bounds of the numerical approximations. The expected order-one mean-
square convergence is attained for the proposed scheme. The above theoretical guarantee
can be used to justify the optimal complexity of the Multilevel Monte Carlo method.
Numerical experiments are finally provided to verify the theoretical findings.

AMS subject classification: 60H35, 60H15, 65C30.

Keywords: Ait-Sahalia type model; Unconditionally positivity-preserving; Explicit
Milstein-type scheme; Order-one mean-square convergence.

1 Introduction

Stochastic differential equations (SDEs) have found extensive applications in various disci-
plines such as finance, biology, chemistry, physics and engineering. Since analytical solutions
for most nonlinear SDEs are typically not accessible, there has been a growing interest in ex-
amining their numerical counterparts. The past few decades have witnessed a lot of progress in
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this area, where the traditional setting imposed the global Lipschitz condition on the coefficient
functions of SDEs [21}23]. A natural question then arises: what if the restrictive global Lips-
chitz condition was violated? In 2011, Hutzenthaler, Jentzen and Kloeden |14] gave a negative
answer to the question in the sense that the popularly used Euler-Maruyama method produces
divergent numerical approximations when used to solve a large class of SDEs with super-linearly
growing coefficients. Therefore, it is highly non-trivial to design and analyze numerical SDEs
in the absence of the Lipschitz regularity of coefficients. Indeed, most nonlinear SDE models
from computational finance not only have non-globally Lipschitz coefficients, but also have pos-
itive solutions, which motivates the positivity-preserving numerical approximations. Following
this direction, many researchers recently proposed and analyzed various positivity-preserving
schemes for nonlinear SDEs with non-globally Lipschitz coefficients [2,[5H13|/15-20,22}25-29],
to just mention a few.

As one of typical nonlinear SDEs with non-globally Lipschitz coefficients, the Ait-Sahalia
interest rate model was widespreadly used in finance and economics, which was initially intro-
duced by Ait Sahalia [1] and later expanded by [24] to a general version, given by

dX; = (Oéletil — g + a1 Xy — OZQXZ")dt + O'deWt, t> 0, X() =1x9 > 0. (11)

Here a_y, a9, 0,00 > 0, 7, p > 1 such that r +1 > 2p, and {W; }cj0,17 is a standard Brownian
motion. As asserted by [24], the considered model is well-posed in the domain (0, 00) and
admits a unique positive solution. Clearly, the model has a polynomially growing drift that
blows up at the origin and a diffusion term with superlinear growth. These facts cause essential
difficulties for the analysis of numerical approximations (see [24] for more comments). Due to
the polynomially growing coefficients, the widely used Euler-Maruyama method, also known
to be not positivity preserving, is apparently not a good candidate scheme for the model .

In [24], the authors discretized by using the backward Euler (BE) method and obtained
positivity-preserving approximations. A strong convergence analysis was conducted there for
the BE scheme applied to the model with » +1 > 2p, but without any convergence rate
disclosed. This gap was filled by [26], where the authors achieved the mean-square convergence
rate of order 1/2 for stochastic theta methods applied to the Ait-Sahalia type model under
the condition r + 1 > 2p, also covering the general critical case r + 1 = 2p. Recently, a
kind of implicit Milstein method was proposed for the Ait-Sahalia type model in [25], where a
mean-square convergence rate of order 1 was successfully recovered.

Nevertheless, the implementation of implicit methods is computationally expensive as one
needs to solve an implicit algebraic equation in each step. In order to reduce computational
costs, some researchers attempt to find explicit positivity-preserving schemes. Based on a
Lamperti-type transformation, the authors of |11] proposed an explicit, positivity-preserving
scheme with first-order strong convergence, for in the special critical case r = 2, p = %,
which, however, only works for the special case. The recent publication [8] offered a positivity-
preserving truncated Euler method for the non-critical case r +1 > 2p, with a mean-square
convergence rate of nearly 1/4. More recently, the authors of [17] constructed an explicit,
unconditionally positivity-preserving Euler-type method, which was proved to achieve a mean-
square convergence of order 1/2 for the general case r +1 > 2p.

In this paper, we aim to introduce a novel class of explicit Milstein-type schemes, which is
easily implementable, unconditionally positivity-preserving and strongly convergent with order



one. On a uniform mesh within the interval [0,T] with a time step-size h = %,N e N, we
propose the following time stepping scheme:

Vo1 = @u(Ya) + (ao1Y, ) — a0 + an®u(Y) + F(Pn(Yn))h + 9(Pn(Yr)) AW,
1

+3 (1AW = h)g(@n(Ya)), n€{0,1,2,.. . N =1}, (1.2)

Yb = o,
where we denote f(z) := —auz”, g(z) := oa”, §(x) = ¢'(z)g(x) = po?z*~ 1 z € (0,+00) and
AW, =W, ., — W,,. Here, the crucial term @), is a kind of corrective mapping depending on

the time step-size h and satisfying Assumption [3.1] which is incorporated to tackle the tough
issue caused by the polynomially growing coefficients. A typical choice of such operator could
be a projection operator &, defined by . In addition, the introduction of the implicit term
Ynjrll is used to preserve the positivity of the original model. Such a partial implicitness is,
however, explicitly solved, by finding a positive root of a quadratic equation (see below).

It is worthwhile to mention that, identifying a convergence rate of the proposed scheme for
the considered model is highly non-trivial, due to a highly nonlinear drift that blows up at the
origin, superlinearly growing diffusion coefficients and a mixture of implicitness and explicitness
in the drift part of the scheme. Based on the globally monotone condition of f and g in (0, c0)

(Lemma [2.1)):
(z —y)(f(x) = f(y) + Fg(x) — g(y)|* < Lz —yf*, forsome v >2, z,y>0, (13)

we introduce a novel approach to analyze mean-square error bounds of the new schemes, which
does not rely on a priori high-order moment bounds of the numerical approximations. In both
non-critical (r +1 > 2p) and general critical (r + 1 = 2p) cases, the expected order-one mean-
square convergence is successfully attained for the proposed scheme. More accurately, for the
non-critical case 7+1 > 2p or the general critical case r+1 = 2p with 23 > 4r+ %, the proposed
scheme is proved to achieve first-order convergence in the following sense (see Theorem 4.3)):

E[|X;, —Y.'] <CR*, Vh=L>0,T>0 NeN (1.4)

As far as we know, this is the first article to propose and analyze an explicit, unconditionally
positivity-preserving method of first-order convergence for the Ait-Sahalia type model in
both the non-critical and the general critical cases.

The remainder of this article is organized as follows. The next section presents some prelim-
inaries. In Section [3] the numerical scheme and its properties are presented. The mean-square
convergence is analyzed in Section [, with the convergence rate obtained. Numerical experi-
ments are provided to verify the previous theoretical findings in Section [5

2 Preliminaries

Let N be the set of all positive integers and C' be a positive constant that is independent
of the time step-size and may vary at different appearance. Denote the Euclidean norm in R
by |- | and set T' € (0, 00). Given a filtered probability space (€2, F, {F:}ico,1], P), we use E to
represent the expectation and LP(€;R),p > 0 to represent the space of all R-valued random
variables 7 satisfing E[|n|?] < oo, equipped with the norm || - || zr(r) defined by:

0l rry := (E[|n|P])», V7 e LP(;R), p> 0. (2.1)
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Let us consider the Ait-Sahalia type model of the following form:
dX; = (a1 X; ' —ap + o Xy + f(Xp))dt + g(X)dWy, t >0, Xg =m0 >0, (2.2)
where for short we denote
f(z) == —agx", g(x):=o02", x€D:=(0,00), (2.3)

with a1, ag, aq, 9,0 > 0 and r, p > 1. The monotonicity condition for f and g is presented in
the following lemma, whose proof can be found in [25, Lemma 5.9, Lemma 5.12].

Lemma 2.1. Let f and g be defined by (2.3). If the parameters in the model (2.2)) satisfy one

of the following conditions:
(1) r+1>2p,

(2) r+1=2p, % >L(r+2+1),

o2

then for all x,y € D, there exist constants v > 2 and L > 0 such that

(z—y)(f(x) = f(y) + Fg(z) — g(y)|* < Llz —y|*. (2.4)

The well-posedness of the Ait-Sahalia type model (2.2)) has been established in [24, Theorem
2.1], also quoted as follows.

Lemma 2.2. For any given initial data X, = xo > 0, there exists a unique positive {F; }rejo.r]-
adapted global solution with continuous sample paths { X} >0 to (2.2)).

Next we revisit some lemmas that give moment bounds for the exact solutions of the Ait-
Sahalia type model ([2.2)). For the non-critical case, the next lemma is quoted from |24, Lemma
2.1].

Lemma 2.3. Let r +1 > 2p. Let {X;}icp1) be the solution of , then for any py > 2 it
holds that

sup E[|X¢|P°] < oo, sup E[X;] 7] < 0. (2.5)
te[0,00) te€[0,00)

For the general critical case, we quote from [26, Lemma 4.6] the following lemma.

Lemma 2.4. Let v+ 1 = 2p. Let {Xi}iepor) be the solution of (2.2), then for any 2 < p; <
4202 and for any ps > 2, it holds that

o2

sup E[|X¢"'] < oo, sup E[X;] 7] < 0. (2.6)
te[0,00) t€[0,00)

Equipped with these moment bounds, the Hélder continuity of the solutions can also be
derived, as stated in the following lemmas, quoted directly from [26].

Lemma 2.5. (26, Lemma 4.4] Let r+1 > 2p. Then it holds that, for anyp > 1 andt,s € [0,T],

1, — Xl < Clt s, (27)
1
IX; ' = X ormy < CJt — s]2. (2.8)
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Lemma 2.6. /20, Lemma 4.7] Let r + 1 = 2p. Then for any t,s € [0,T] it holds that

1X: = Xallpoom < Clt—sl2, 2<q < 2(2%+1), (2.9)
1X,7 = X poem < ClE—sl2, 2<g < 1(2%+1). (2.10)

The aforementioned lemmas help deduce the following lemma (cf. [26, (4.21), (4.24)]).
Lemma 2.7. Let r+1 > 2p. If one of the following conditions holds:
(1) r+1 > 2p,
(2) r+1=2p, % >2r—3,
then for any t,s € [0, T] we have
1£(X0) = F(X) 2 < Clt = 5%,

19(X) — 9(X)|l r2iam) < Clt — ]2, (2.11)
19(Xe) — §(X)|lL2my < CJt — s]2,

where f,g are defined as (2.3) and

§(z) == ¢'(v)g(x) = pa*z*~t, 2z e D. (2.12)

3 The proposed explicit Milstein-type scheme

To numerically approximate the model (2.2)), we do a temperal discretization on a uniform
mesh within the interval [0, 7], with a uniform step-size h = %, N € N and grid points t :=
kh,k € {0,1,..., N}. We propose a numerical scheme as follows:

Yopr = @n(Yn) + (@Y, +1—a0+a1<1>h( n) + f(@u(Yn)h + g(n(Yn)) AW,

+ (AW, = h)§(@n(Yy,)), ne€{0,1,2,...,N —1}, (3:1)

with Yy = x9, where AW,, :== W, — W, is the increment of the Brownian motion and f, g,
g are defined by (2.3), (2.12). Furthermore, ®, : D — D is a kind of corrective mapping
depending on the time step-size h, required to satisfy the following assumptions.

Assumption 3.1. Let f, g, § be defined as (2.3), (2.12)). For allz,y € D and h = % > 0, there
exist constants Ly, Lo, L3 > 0 such that the operator ®, : D — D obeys

[P ()] <[], (3:2)

|z — <I>h(fr)| < Lih(1+ |2 (LA R+ ™)), (3.3)

|[Pn(z) = Pu(y)] < (1+ Lah)|z = yl, (3-4)

[f(@n(@)) = F(@u())*+15(Pn(2)) — §(Pr(y)|* < Lsh™ o —yI”. (3:5)



The well-posedness and preservation of positivity are obvious, by noting that solving (3.1
is nothing but finding a unique positive root of a quadratic equation, explicitly given by

1
Yn+1 =3

5 | 2n(Y0) + Onlt + g(@n (Vo)) AW, + 5 (JAW,L [ — B)3(2n(Ya))

+ \/(@h(Yn) + Iph 4 g(Pn (Vo)) AW, + 3(|AW, |2 — 1) §(Pp (Vs )))2 + 4a1h] > 0,
(3.6)
where for short we denote
U = —ag + an@p(Yy) + f(Pn(Y2)).
As a consequence, we have the following lemma.

Lemma 3.2. For any step-size h = % > 0, the numerical scheme 1s well-defined and
positivity preserving, i.e., it admits a unique positive {F;, }N_,-adapted solutzon {Y,}V.,,NeN
for the scheme ( . given a positive tnitial data.

In what follows we provide an exemple operator ®, : D — D fulfilling Assumption [3.1]

Example 3.3. Let f, j be denoted by (2.3), (2.12)) and let r+1 > 2p. For any given q € (5, 52
we define &, D — D by

Py, (z) = min{1, h~ x| }a. (3.7)

Such a projection operator was introduced by [3,4] to construct a projection Euler/Milstein
schemes for SDEs in non-globally Lipschitz setting. Next we show that ®;, = &7, obeys all
conditions in Assumption [3.1] Firstly, one can easily confirm (3.2) and (3.4) with L, = 0 by

observing

|Pn()| < [zl [Pn(x) = Puy)| < |z —yl, Va,yeD. (3.8)
Secondly, for all x > h™% one has & (z) < h™9 < z. Thus for any m > 0 it holds that
|z — Pp(x)| < Lpgsn-ay 2l < 20™[z|a ™ < 20™(1 + |z*™*Y), V2 € D, (3.9)
which confirms (3.3)) by taking L; = 2 and m = 1 or m = 2. Lastly, since &,(x) < h™? for all
x € D, it is easy to obtain that for all z,y € D,

2

[[(Zu(@) = [(Za)] = | [ [(0Pn(a) + (1= 0)Pu(y)d6 - (Pi(x) — Pi(y))

<oy | 620 (2) + (1 — 0)2u(y)|[* 28 - | P () — Pi(y)|”

< a5 7"2h q(2r—2) ’ _ y’2
<Oé7"2h1 q(2r— 2)_ fllx_yIQ
< % 7’2T1 q(2r-2) | 71|l‘ _ y|27

(3.10)



where we used the fact that 1 — ¢(2r — 2) > 0. Similarly, we derive that for all z,y € D,

W Pn(@) = §( P W))]” < /0 902, (x) + (1= 0)Pu())*d0 - | Z1(x) — Pu(y)|*

<o'p*(2p - 1)2/0 0 Pn(x) + (1 = 0) Pu(y)|*~db - | Py(2) — Pu(y)|?

< 0_4p2<2p o 1)2T1—q(2r—2) . h_llfL‘ o y|27
(3.11)

where we used the fact that 4p —4 < 2r — 2 in the last inequality. A combination of and
(3.11)) confirms with Lz = (a3r? vV o*p?(2p — 1)?) T -2r=2),

In light of the aforementioned evidence, the projection operator &7, satisfies all condtions
in Assumption [3.1}

Armed with the above properties, we can now embark on the error analysis for the proposed
scheme in the next section.

4 Order one mean-square convergence

In this section, we focus on the analysis of the mean-square convergence rate of the numerical
scheme (3.1)). To begin with, we present the subsequent lemma regarding the error caused by
the introduce of the corrective mapping ®;, in f, g and g.

Lemma 4.1. Let f, g and g be defined by (2.3)) and (2.12)) satisfying r+1 > 2p. Let Assumption
hold. For all x € D, there exists a constant C' independent of h such that

[f(x) = f(@n(@)] V lg(z) — 9(Pn(@)) V |9(z) — §(Pa(@))] < Ch(1 + |2]™). (4.1)

Proof. By utilizing and , it can be derived that
1
[f (@) = f(®n(2))] = ‘ /0 f'(bx + (1= 0)@u(x))do - (x — P ()

< 0427“/0 02 4+ (1 — 0)®p, ()" 'db - |2 — ®p(z)] (4.2)

< agrfa| T |z — @y (2))|
< Ch(1+ |z*).

Noting that » > 2p — 1 > p, one can similarly deduce that

l9(x) = g(@n(2))| < pola|™" - |z = Pp()] < Ch(L+ |2[***) < Ch(1 + |2|*), (4.3)

and
19(2) = §(@n(2))] < p(2p = 1)o®[x*7* - & — Py(x)| < Ch(L+ [2). (4.4)
The desired assertion can be achieved by combining (4.2)), (4.3) with (4.4)). ]



Noting that
tnt1 s
/ / AW dW, = L(|AW, > = h), ne€{0,1,2,..,N —1},
tn tn

one can rewrite as:
thJrl = (I)h(th> -+ (Oé_lXil — -+ ()él(I)h(th) + f(q)h(th)))h + g(CI)h(th))AWn

tn+1

1 2 . (4.5)
+ §(|AW"7«| - h).g(q)h(th)) + Rn+17 Vne {07 17 sy N — 1}7

where we denote
tn+1
Ry = / 0 X = a X7L 4 on Xy — an®u(X,,) + F(X.) — F(@1(X,,))]ds
tn

) /ttn+1[g(Xs) — g(Pp(Xs,)) — 9(Pp(Xy,)) (W — W )]|dWs + Xy, — Pr(Xy,,).
: (4.6)

We would like to highlight that the introduction of the remainder term R, plays a crucial
role in obtaining the expected convergence rate. First, we need to estimate ||R;||2(qr) and
IR Feo )l 2@mys i € {1, 2, N}

Lemma 4.2. Let {X; e and {Y,}2 be the solutions of ([2.2) and (3.1)), respectively. Let
Assumption [3.1) hold. If one of the following conditions stands:

(1) 1+ 1> 2p,
(2) r+1=2p, % >4r+1

then there exists a uniform constant C' independent of h, such that for alln € {0,1,..., N — 1},
N e N,

1Rnllz2my < Ch2, B[Ryt |F ]l 2z < CR2. (4.7)

Proof. By the Minkowski inequality, we split || R;||r2(;r), ¢ € {1,2, ..., N} into three terms as

t;
| Rill 2 r) < ’ / lan X7 — a1 X+ an Xy — an®(Xy, ) + f(XS) — f(PR(Xe,,))]ds
Wt L2(4R)
-1
t;
n H 1000 = g@u0X0) — XDV — Wi,
ti—1 LQ(Q;R)J
~-
+ HXtifl - (I)h<Xti71)”L2(Q;R) :
~
(4.8)



For the term [, utilizing (3.3)) and Lemma we derive that

ti t;
L < / ||Oé_1X;1 — Of—le;l”L%Q;R)dS + / ||041Xs — OélXti_l ||L2(Q;R)ds
ti—1 ti—1

T hllanX, , — aa®y(Xo, ) oz + / 1F(X0) = F(Xo ) zz@mds

+ h”f(thfl) - f(q)h(Xtifl))HLZ(Q;R)

e b (4.9)
<oy [ - X s an [ X = X s
ti—1 ti—1
t;
b — G s + CH (L4 s X0l
ti_ te[0,7
<O (142 sup [ XillYn gz ).
te[0,T7]
where we used Lemmas [2.5] [2.6] and [2.7] in the last inequality.
For the term 5, to simplify the denotation, we denote
F(z) =a_ 27" —ag+ oz —axz”, z € D. (4.10)

Applying the It6 formula to g(z) = oa” and using both the Holder inequality and the Itd
isometry we get

t;
L <2 / 190X = 9(X0, ) — G0 )We = War )| agaum s
ti—1

+zlfHﬂXmJ—g@uXmJ%MmXWJ—g@dxmgnm@_m@Am;@m@

t; S 1 S . . 2
—2 [ | [ (sxrea) + o) [ (00 - 06 ))aw| s
ti—1 li—1 ti—1 L2(4R)
t;
+ 2/ ||g(Xti—1) - g(th(Xti—J) + (g(Xti—l) - g(th(th—J))(WS - VVti—l)H%Q(Q;]R)dS
ti—1
t; s 1
<an [ [ IGO0 + 30 (X000 gyl
ti—1 ti—
+4/ /’ §(X1 )P dids
ti—1 Jti—
+ 4h|lg(Xe,, )__g(®h<jar4>>H%2K}R)+_4h2Hg(X}F1)__Q(Qh(xgrﬂ>)H%%Qﬂ@
2(r —1 'd
<Ch3(1+]1{p<2} SUP X, 1”1425;3 (;r) T SUp ||Xt”L(2(:_+pP*1))(Q~R)+ sup ”XtHGLﬁT(Q;R))’
te[0,T] el
(4.11)

where we used Lemmas[2.7] [£.1]in the last inequality. Observing that 4—2p < 2 and 2(r+p—1) <
6r and using the Lyapunov inequality imply that

Ly 1 X a2y < IX7 Hzzamys 1 Xl 2osrv@ry < 1 Xellzormry, V£ € [0,T].
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As a result, one can deduce from (4.11)) that
P < OB (14 X ragam + sup (X0l ) (4.12)
t€[0,T
In view of (3.3)), one infers

Iy < Ch2<1 +osup | X)L QR)) (4.13)
t€[0,T

The Lyapunov inequality together with the fact that 6r < 8r + 2 helps us obtain
| Xl Loromy < || Xl zort2r), VT €[0,T].
A combination of (4.9)), (4.12]) with (4.13]) yields

3 — T
| Rill 2wy < Ch2 (1 + X 2y + SElP] 1 XelI 758 o R)> (4.14)
tel0,T

Since % > 4r + % implies 8 4+ 2 < %, by Lemma and Lemma H we arrive at
| Rns1ll 2y < Ch?, ¥ ne{01,.,N—1}, NeN, (4.15)

for the non-critical case r + 1 > 2p and the general critical case r + 1 = 2p with 23 > 4r + %
Now we turn to the estimations for |E(R;|Fi—1)| r2@r), ¢ € {1,2,..., N}. Using basic prop-
erties of the conditional expectation, one has

1[-«:( /t [9(X.) — g(@n(X,, ) — §(@n(Xe, ) (We — Wi )] dWL| 7,y ) —0 (416)

Therefore, using the Ito formula twice to a_1x™ and ayx + f(x),z € D, the Holder inequality
and the fact that the It6 integrals vanish under the conditional expectation, one can show that

t;
HE<R1'“E*1)HL2(Q;R) < ”Xtifl - cbh(th‘A)HLQ(Q;R) +/ E(Oélegl - Oélet:lLFtifl) ds
i—1 LQ(Q,R)
t;
[ (e 100 — X, - FOGIFL) | ds
ti—1 L2(%R)
t;
+ /t ||a1Xti71 - al@h(Xtifl) + f(Xtifl) - f(q)h(Xtiq))HLz(Q;R)dS
< (L +anh)|[ Xy = Pu( X)) 22 0im)
/ / a1 X2 F(X0) — ar X7 (X0) || 1o g dlds
+ / / [ + f/(X) F(X0) + 5.f"(X0)g* (X0 || o ) Al
ti—1 Jti—1
+ h} f(Xti—1) - f(q)h(Xti—l))HL2(Q.R)
2 4r+1
<Ch ( +tSBpT] [Den ||L2 @r) T SUP ||Xt||L8’"+2 QR))
(4.17)
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where we also used and Lemma in the last inequality. Similar to , employing
Lemmafor the non-critical case and Lemmafor the general critical case with 23 > 47“—}—%
leads to

|E[Rys1|Falllz20ry < CR®, ¥ ne{0,1,..,N—1},N e N. (4.18)

The proof is thus completed. n

At the moment, we are well prepared to identify the expected order-one mean-square con-
vergence of the novel schemes.

Theorem 4.3. Let {X;}iejor) and {Yo})_ be the solutions of ([2.2) and (3.1]), respectively.
Let Assumption[3.1] hold. If one of the following conditions stands:

(1) r+1>2p,
(2) r+1=2p, % >dr+4,

then there exists a uniform constant C' independent of h, such that for all n € {1,2,..., N},
N e N,
1 Xt — Yallz2om) < Ch. (4.19)

Proof. For brevity, for all £ € {0,1,2,..., N} we denote

ep =Xy, — Vi, AN = ®p(X,) — Bu(Ye), ALY = f(@4(X,)) — F(@(VR)),

Ag ™Y = g(On(X)) = 9(@a(YR)), AGETY = §(P(Xe) = 9(@a(Y)).
(4.20)

Bearing (4.5) and (4.20) in mind and subtracting (3.1) from (4.5) infer that for all n €
0,1,2,.., N — 1},
eni1 — h-a_1(Xp L = Yh) = (14 hay)AD Y + hAfY + Agi XY AW,

tn+1
4.21
+ %(’AWnP - h)Aﬁgh’X’Y + Rogr. ( )

Squaring both sides of (4.21)) yields that

lens1— b Oéfl(Xt::H - Yn_—i-ll) ?

= (1+ han*[A, |+ WA P 4 |Agam Y AW, P 4 (AW, [P = B)Agrn Y|
+ | Ryt [* + 20(1 + hay) ADY A fEY 4 2(1 4 han) ADy T Agen XY AW,
+ (1 + hay) A (JAW,[> — h)AGE Y +2(1 + hay ) A®, ) Ry
+ 2hA fEAY AP XY AW, + BAfESY (|AW, 12 — h)AGE XY 4 2hAfIXY R
+ AgPm XY AW, (JAW, 2 — h)AGE XY + 2A g2 XY AW, R, 11

+ (|AW, 2 = h) A2 Y R, 4.
(4.22)
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Before proceeding further, one first notes that

lenn — oy (X L, = Y

tni1
= |6n+1|2 — 2ho_ len—l—l(Xt }rl — Y_11> + h2062_1|Xt;}rl - Yn_+11|2

= lens1]® — 2ha_i|ensa|? / ) Vo1 +0(Xe,,, — Vo) 2d0 4+ 1%0? || X, L =YL
> |ensal”.
(4.23)
In addition, the facts
E[|[AW,[*] =h, E[(AW,)’] =0, E[|AW,|!] = 3r%, (4.24)
help us deduce
E|[Agh Y AW, [!| = E|[Agh Y [*] -E[|AW, [ = hE[|agh- X7,
E[|(1aWa[2 = mag>Y P =E[|(awal? - ] - E[|agh>Y "] = 2n2[| age> ),
and
E[A0)) Agtt XY AW, | =0, E[A®Y (|AW, 2~ n)Agh*Y] <o,

EAJC@hXYAg@hXYAW]_O E[AffthYﬂAWF ) A@hxy]:(x

E|AghY AW, (JAW,[2 = ) Ag=*] o,

where we noted the terms Af&XY  Ag®nXY  AgPnXY and A®Y are ]-"t -measurable by

construction. The Young inequality also 1mphes that for all n € {0, 1, 2,. — 1},
2h2a1]E[Aq>fj;f AfEXY] < p202E [|Ac1>,§f;f ﬂ +R2E [|A ffh’X’Yﬂ, (4.25)
2NE | A2 Ry | < PE[|ASY | 4 E[|Roi ), (4.26)
E|(IAW, 2 = B)AG Y Rupa| < IRE[[AG2YP| + B[ Rui ], (4.27)
O [Agfh’X’YAWanH_ < h(v —2)E [\qu’h Xyﬂ v U—;EDR”HF], (4.28)

with v > 2 coming from Lemma Accordingly, by taking expectations on both sizes of

12



and utilizing the above estimates, one immediately arrives at
Ellens|?] < (1+ h&l)QE“A(I)X’Yﬂ + hQEUAfSMY\ } n hE[]Ag% XY|2]
s[5 ] 3] 20 e[ s
21+ han B[ AGY) Ry | + 20E[AFEY Ry |+ 2B [AgE XY AW, 1]
FE| (AW = R)AGESY Ry |
< [(1+ han)® + h%ﬂlﬁ:[\mfj;f 2] +307E[|A L2 ] 4 b — DE[[Agh 7]
+ 0 [|Ag2 X ) 4 (34 TS B[ [Run ] + 20E[ A0 A fxY ]
+2(1 4 hay)E [Acbff;}’RnH]
= [(1+ har)? + 23] [|A@)Y [*] + (3 + S5 E | Roa ]

+2h (leE [|Agg’h’X’Y ﬂ +E [A@X YA fEn Y] )

+ h2< [|age<r 7] + SEUAJ“?’X’YH)
+2(1 + hay)E [A@,{;}”RHH] .
(4.29)
Furthermore, we note that all conditions required by Lemma are fulfilled, as
Bo>4r+ L=+ -1 +8>L(r+35)>f(r+2+1). (4.30)
Therefore, using Lemma and (3.5 shows
E[lens1?] < [(1+ har)? + h%a? + 20h + 3LA|E[|ASXY [P] + 3+ 5)E || R’

+2(1 + hay)E[ ADYY Rn+1]
: (4.31)

— [(1 + har)? + h2%a2 + 2Lh + 3L B[ |ASXY [P + (3 + 25)E[[Rus|”]

+2(1 + hay)E Acb,if;f : E[Rnﬂlﬂnﬂ ,

where we also used the property of the conditional expectation in the last equality. Further,
utilizing the Young inequality gives

EfJensi?] < [(1+han)? + h2a3 +2Lh + 3LAE|[A0)) P + 3+ 75)E| R ]

+h(1+ b )E[| A0 Y] + LoiE[|E[ R, |7, ] )

4.32

Sy ha1)2 + ha} + 2Lh + 3Lgh + h(1 + hay)|E[[a0)) ]
+ B+ 5 “Rn+1‘ } HZMEUE[RMH}—%] H

13



In view of Lemma and (3.4)), we obtain

Ellent1]?] < [(1+ har)? + h*af + 2Lk + 3Lsh + h(1 + hay) | E[le,|?]
+ (3+ 55)On® + B opt (4.33)
< (1+ Ch)E[|e,|*] + CR?.

By iteration and the observation of ey = 0, we finally arrive at

E(len1|’] < (14 Ch)"E[leol’] + Ch*> (14 Ch)’
=0
< e“TE[leo|?] + CR*Te“" < CR?.

(4.34)

The proof is thus completed.

5 Numerical experiments

In this section, some numerical experiments are presented to verify the previous theoretical
findings, for the approximation of the Ait-Sahalia type model

{ dX, = (a1 X; ' —ap + o Xy — ap X])dt + o XPdW,, t€[0,T], T =1,

X, =0.5. (5-1)

To be more specific, we conduct numerical experiments by implementing the following semi-
implicit projected Milstein method (SIPMM):

Yipr = @n(Yo) + (a1} w1 0 ¥ a1 ®y(Y5) = g (P (Yn))")h + 0 (Pn(Y)) AW,

Lo (@ (V)P (AW — b, me {0,012, N —1}, P

where we take ®,(x) = min{l h_ﬁ|x|_1}x x € D, so that the mapping coincides with
Example with ¢ = . Three sets of parameters are carefully chosen to meet the required
conditions requlred by Theorem

Example 1 (non-critical case r +1 > 2p): a_; = %,ao =201 =1,a0 =13,0 = 1,7 =
4,p=2;

Example 2 (critical case r = 3,p =2): a_; =

l\JIC»J
o)
=)
Il
\.M
Q
iy
Il
-
=
o
Il
—_
\.OO
)
Il
-
<
Il
w
e}
Il

2;

Example 3 (critical case r = 2,p = 1.5): a_; = %,Oé() =20 =1,ay =13,0 = 1,r =
2,p=L5.

The backward Euler method (BEM) investigated in [26] and the semi-implicit tamed Euler

method (SITEM) proposed in [17] for the model (1.1)), proved to be strongly convergent with
order 0.5, are also implemented for comparison. Numerical approximations produced by BEM

14
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k=)
=l
ihEL - —%—BEM
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SITEM

— — —Reference line of slope 0.5
Reference line of slope 1

102

log h

Fig. 1: Mean-square convergence rates for Example 1

log(error)
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Reference line of slope 1

1072

log h

Fig. 2: Mean-square convergence rates for Example 2
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log{error)

—+—BEM
—4+— SIPMM
SITEM

— — —Reference line of slope 0.5

Reference line of slope 1

with a fine step-size hexact = 27+ are identified with “exact” solutions, while various step-sizes
h =27%"4i=5,6,7,8,9 are used for numerical approximations. These two schemes together
with our method are tested for the above three examples. The expectation appearing in the
mean-square error is approximated by calculating averages over 10000 paths in the following

numerical tests.

In Fig., Fig and Fig., the mean-square convergence rates of three methods (i.e., BEM,
SITEM and SIPMM) are depicted on a log-log scale. There one can easily see that the mean-
square convergence rates of both BEM and SITEM are close to 0.5, as opposed to a convergence
rate close to 1 for SIPMM. This can be detected more transparently from Table (1| which

1072

log h

confirms the theoretical results of Theorem 4.3l

Fig. 3: Mean-square convergence rates for Example 3

Table 1: A least square fit for the convergence rate ¢

BEM SIPMM SITEM
g = 0.6248, q = 0.9882, q = 0.5938,
Example 1 resid = 0.0615 resid = 0.1127 resid = 0.0723
q = 0.6681, q = 0.9628, g = 0.5994,
Example 2 resid = 0.0696 resid = 0.0685 resid = 0.0749
Bxsmple 3 g =0.7184, q = 0.9651, q = 0.6163,

resid = 0.0602

resid = 0.0438

resid = 0.0810
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