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We conjecture a relation between the local dimension d of a local nearest-neighbor critical Hamil-
tonian in one spatial dimension and the maximum central charge, cmax, that it can yield. Specifically,
we propose that cmax ≤ d− 1, establishing a link between the short-distance lattice realization of a
model and its emerging long-distance entanglement properties. This inequality can be viewed as a
general form of a c-theorem establishing the reduction of effective degrees of freedom between the
UV lattice and the IR conformal field theory. We support this conjecture with numerous examples.

Introduction

Quantum systems defined on a lattice can develop
long-distance correlations that decay as a power law at
zero temperature, depending on the parameters of the
Hamiltonian of the system. This phenomenon corre-
sponds to a quantum phase transition which is controlled
by the properties of the conformal group.

The emergence of quantum correlations that decay al-
gebraically from the very detailed structure of local inter-
actions remains a subtle issue, where few solid theorems
are available. Indeed, it is not fully understood how local
interactions keep extending entanglement in a structured
way so that correlators decay smoothly and the entangle-
ment entropy obeys scaling laws.

Here, we shall present a conjecture that relates the lo-
cal dimension of a one-dimensional lattice Hamiltonian to
the central charge of the conformal theory that emerges
at long distances. It is, thus, a relation of ultraviolet
(UV) physics with its infrared (IR) realization. To be
precise, we conjecture that a nearest-neighbor critical
Hamiltonian, that is translational invariant, where the
local degrees of freedom span d dimensions, can only give
rise to a conformal theory central charge limited by

cmax ≤ d− 1. (1)

That is, no arbitrarily large central charge can be ob-
tained from a nearest-neighbor Hamiltonian of finite lo-
cal dimension. We shall named this proposal as the c−d
conjecture.

Although the c − d conjecture seems physically plau-
sible, its validity isn’t immediately evident. The dimen-
sion d is related to the dimensionality of the local Hilbert
space and shows up in the original lattice Hamiltonian,
which is a dimensionful operator. On the other side, the
central charge c can be determined from various sources.
These include extracting it from the ground state via
the von Neumann entropy of the reduced density matrix
[1–5], identifying it through finite size corrections of the
ground state energy or free energy [6, 7], or through corre-
lators associated with the energy momentum tensor [8].

These options require having solved the system. They
appear as an emergent property of the theory. Alterna-
tively the central charge is a key element in the algebra of
operators dictated by the conformal group. The relation
between operators in the lattice and conformal operators
in the long-distance regime is non-trivial [9, 10]. This
avenue is definitely relevant to have a complete proof of
the c − d conjecture, if true. Appendix B outlines some
components of this effort.

A different way to see the non-trivial nature of the
c − d conjecture arises from the existence of local,
translational-invariant Hamiltonians that deliver ground
states that are maximally entangled, representing super-
positions of Motzkin paths [11, 12]. The ground state
of the model displays volume law entanglement, showing
that this property can be achieved through local Hamil-
tonians of dimension d ≥ 3. Yet, the model is no longer
conformal and escapes the conjecture. The lesson to be
taken from this example is that the dimension d has the
potential to distribute significantly larger entanglement
than that found in a conformal field theory. Any proof
of the c − d conjecture should then make explicit use of
the properties of conformal field theories.

The c− d conjecture

There is a simple heuristic argument to understand
that no arbitrary large central charge can emerge from
finite local dimensions. We may argue this fact using the
scaling of entanglement entropy. It is known that the
ground state of a critical Hamiltonian carries a von Neu-
mann entropy for a reduced density matrix to L sites that
scales as S ∼ c

3 logL [3, 4]. On the other hand, if the sys-
tem is made of a chain of degrees of freedom of dimension
d, the maximum entropy of a set of L sites is bounded
by S ≤ L log d. Necessarily S ∼ c

3 logL < L log d. It
is then clear that for any large size, it is impossible to
accommodate an arbitrary large central charge with a fi-
nite d. This argument is yet too coarse to bring further
insight into the way that a finite value of d limits the
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amount of long distance conformal correlations that can
be achieved.

The c− d conjecture is, in its present form, limited to
nearest-neighbor interactions. It is easy to see that non
nearest-neighbor interactions can be handled as nearest-
neighbor ones on a larger local Hilbert space.

It is important to again emphasize the requirement
of conformal symmetry. As mentioned before, local in-
teractions can deliver volume law entanglement, which
is far stronger than the area law observed in confor-
mal field theory. In particular, it is known that for spin
j ≥ 3/2 there are local interactions whose ground state
is described by large superpositions of Motskin paths
[11, 12]. These hamiltonians are not conformal theories
and have ground states that display volume law entangle-
ment. The role of conformal invariance is then seen as a
complex combination of constraints that have to be pro-
vided by d locals degrees of freedom, hence the limitation
that cmax ≤ d− 1.
Let us now establish the c − d conjecture with some

more detail. Let us consider a one-dimensional quantum
lattice system, with a local Hilbert space of dimension d,
that is H1 = C⊗d, and L > 2 sites. The total Hilbert
space is HL = H⊗L

1 . We define a Hamiltonian acting on
HL

HL =

L∑
i=1

hi,i+1, hL,L+1 = hL,1 , (2)

hi,i+1 = 1⊗ i−1. . . ⊗ h ⊗ L−i−1. . . ⊗1, i = 1, . . . , L− 1 ,

where h is an hermitean d2×d2 matrix. We have assumed
periodic boundary conditions, expressed as hL,L+1 =
hL,1, ensuring that HL remains unchanged under the
translation of the lattice by one site.

Conjecture: If the low energy spectrum of the Hamil-
tonian (2) is described by a collection of unitary CFTs
with central charges ca, then

cT ≤ d− 1, where cT =
∑
a

ca . (3)

The case d = 1 is evidently fulfilled since there is only
a single state in HL in a unitary CFT with c = 0 that
corresponds to the vacuum. Another consistency check of
Eq.(3) is to consider the tensor product of two quantum
models with local dimensions d1 and d2, each of them
satisfying Eq.(3), that is

∑
a c1,a ≤ d1 − 1 and

∑
b c2,b ≤

d2−1. Compounding the two theories as a direct product
gives ∑

a

c1,a +
∑
b

c2,b ≤ d1 + d2 − 2 < d1d2 − 1, (4)

since the direct product Hilbert space has dimension
d1d2.

Let us note here the apparent similarity of the c−d con-
jecture in Eq.(3) with the c-theorem [13]. The statement
of irreversibility of renormalization group flows [13] states
that in two space-time dimensions the UV fixed point
carries a central charge cUV which is an upper bound
for the one in the IR cIR, that is cIR ≤ cUV . The c-
theorem is formulated for relativistic QFTs, so it cannot
be straightforwardly applied to our problem. We may
however interpret Eq.(3) as an expanded version of the
c-theorem where cUV is replaced by d− 1. An additional
difficulty to use QFT techniques in trying to prove Eq.(3)
is that the low energy physics of the Hamiltonian (2) may
correspond to CFTs with different speeds of propagation,
say va, as in the case of the Hubbard model, away from
half filling, where the spin wave velocity vs and charge
velocity vc can be different [14].

Let us make the observation that the c−d conjecture is
limited by some bounds. This can be argued by analyzing
how the combination of two theories works. Let us accept
that cmax = f(d). Two independent theories can be
compounded onto a single theory of larger dimension.
That is, if cmax,1 = f(d1) and cmax,2 = f(d2), it follows
that

f(d1) + f(d2) ≤ f(d1 × d2) , (5)

as the dimension of the total Hilbert space is the product
of the dimensions of the two separate ones. Let us further
assume that the asymptotic scaling of f(d) is a power law
with exponent α. Form Eq.(5), it follows that

f(d) ∼ dα −→ α ≥ log 2/ log d. (6)

For d = 2, the case of spin 1/2 chains, the bound becomes
α ≥ 1. This bound becomes weaker as the dimension d
grows. As a matter of fact, in the limit of very large d,
the functionality f(d) = log d saturates Eq.(6). We shall
show later on that some families of models do follow this
log relation.

Evidence supporting the c− d conjecture

The c − d conjecture can be tested on a large series
of known models. Some non-trivial examples of Eq.(3)
are shown in the following table, which strongly suggests
that it must hold in general.
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d c Model CFT Sym

2 1
2 Ising M3,4 Z2

3 4
5 3 state Potts M5,6 Z3

4 1 4 state Potts M∞,∞ Z4

2 1 XXZ1/2 U(1) U(1)

4 1 Ashkin− Teller U(1) orbifold Z2 ⊗ Z2

Q 2(Q−1)
Q+2 Parafermion Parafermion ZQ

3 3
2 , 1 FZ U(1) U(1)

2s+ 1 3s
s+1 XXXs SU(2)2s SU(2)

3 1
2 ,

7
10 Blume− Capel M3,4,M4,5 Z2

3
3/2

2

spin 1 bilinear

−biquadratic

SU(2)2
SU(3)1

SO(3)

N N − 1 SU(N) SU(N)1 SU(N)

Table: Quantum lattice models with nearest-
neighbour interations with local dimension d, central
charge c, associated CFT and symmetries of the Hamilto-
nian. Mm,m+1 denotes the minimal model with central
charge c = 1 − 6

m(m+1) , and Gk a Wess-Zumino-Witten

model associated to a Lie algebra G and level k.

The details of each model, including Hamiltonian, cen-
tral charges and related symmetries are presented in the
Supplementary Material section.

It is interesting to notice that the c − d conjecture is
saturated in some cases. For instance, for d = 2, the
spin 1/2 antiferromagnetic Heisenberg model has central
charge c = 1, thus obeying c = d − 1. According to the
conjecture there is no other model made with spins that
can provide a larger central charge.

The saturation of the c − d conjecture bound is also
reached by the critical SU(N) spin chain where d = N
and c = N − 1. When N = 2 it coincides with the result
previously discussed.

Discussion

The c−d conjecture provides a relation between the UV
and IR realizations of a theory. The building blocks of a
model may display some symmetry among UV degrees of
freedom. At long distances, the effective IR realization
of the theory may describe some extra symmetry such
as conformal invariance. The c − d conjecture proposes
a strict bound on the amount of entanglement which is
present in the IR conformal realization of a theory.

The c−d conjecture bares some relation to other efforts
to relate UV with IR realizations of a theory. Let us men-
tion here the ideas around anomaly matching, used for
exploration of model building, as well as the c-theorem.

Some theories display symmetries that may be bro-
ken by an anomaly in the algebra of its operators, yet

these anomalous terms are protected against renormal-
ization. In this situation, the UV and IR realizations of
the anomaly are strictly related, the anomaly central ex-
tension is identical. This feature serves the purpose of
exploring possible UV completions of theories from their
known IR realization. This scenario is different in spirit
to the c− d conjecture, as the latter is not related to the
possible presence of some symmetry algebra.
The c-theorem states the irreversibility of renormal-

ization group flows. In one dimension, it was originally
proven that the central charge of an ultraviolet fixed
point cUV is larger than the corresponding infrared one
cIR, that is cIR ≤ cUV . This theorem is rooted in uni-
tarity [13, 15]. The extension of this theorem to higher
dimensions is based on the conformal anomaly terms re-
lated to the stress tensor [16–18]. As mentioned before,
the c − d conjecture acts as a sort of c-theorem acting
from a lattice representation to a conformal field theory
one.
Let us elaborate on a particular case of a renormaliza-

tion group flow. Consider a local interaction such that
some local high energy levels are not populated, that is,
some local degrees of freedom decouple and play no role
in the long-distance description of correlations. Then, it
is possible to integrate these modes out, by just dropping
them, and produce an effective description of the model
in terms of the rest of modes. This description remains
faithful at long distances. As a matter of fact the ini-
tial local dimension dUV is larger than the final one dIR.
Then along this RG flow

dUV ≥ dIR =⇒ cmax,UV ≥ cmax,IR . (7)

This idea is aligned with the c− d conjecture.
The conjecture we have formulated has been applied

to Hamiltonians with periodic boundary conditions. We
anticipate that a comparable assertion remains valid for
open boundary conditions. An intriguing question arises
regarding the behavior under non-unitary Hamiltonians,
where the central charge is substituted with the effective
central charge. These topics will be addressed in other
work.
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SUPPLEMENTARY MATERIAL

Evidence for the c− d conjecture

We present below a collection of Hamiltonians of the
form (2) that are critical and described by a unitary CFT.
The values of the local dimension of the Hilbert space,
d, the central charge c, the corresponding CFT and sym-
metry are collected in Table 1 in the main text.

• Ising Model [19, 20]

HIsing = −
L∑

i=1

(σx
i σ

x
i+1 + σz

i ) , (8)

where σx,z
i are Pauli matrices. The associated CFT

is the minimal model M3,4 [8] with central charge
c = 1

2 .

• Q-state Potts model [21, 22]

HQ = −
L∑

i=1

Q−1∑
n=1

(
(XiX

†
i+1)

n + Zn
i

)
, (9)

where X and Z are Q × Q matrices satisfying the
relations XQ = ZQ = 1, XZ = e2πi/QZX. The
case Q = 2 coincides with the Ising model. This
model is critical for Q = 2, 3, 4 with central charge
cm = 1 − 6

m(m+1) , where
√
Q = 2 cos( π

m+1 ). The

cases Q = 3 and Q = 4 correspond to c5 = 4
5 [23]

and c∞ = 1 [24].

• XXZ1/2 model [22]

HXXZ =

L∑
i=1

(
σx
i σ

x
i+1 + σy

i σ
y
i+1 +∆σz

i σ
z
i+1

)
, (10)

http://arxiv.org/abs/1408.1657
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where σa
i are the Pauli matrices. For any ∆ there

is a U(1) symmetry σz → σz, σ± → e±iθσ± that
is enlarged to SU(2) at ∆ = 1. This model is
conformal invariant for −1 < ∆ ≤ 1 with c = 1.
It is described by a compact boson with radius

R =
√

2
π arccos(−∆) [25, 26]. For ∆ = 0 the

Hamiltonian (10) can be mapped, via a Jordan-
Wigner transformation, into a hopping Hamilto-
nian of a spinless fermion. At ∆ = 1, the CFT
is described by the WZW model SU(2)k at level
k = 1 [27].

• Ashkin-Teller model [28]

HAT = −
L∑

i=1

(σz
i + τzi +∆σz

i τ
z
i (11)

+ σx
i σ

x
i+1 + τxi τ

x
i+1 +∆σx

i σ
x
i+1τ

x
i τ

x
i+1

)
,

where σa
i and τai are two sets of commuting Pauli

matrices. This model describes the coupling of two
critical Ising models via the four spin term. It has
Z2×Z2 symmetry. The model is critical in the line
−1/

√
2 < ∆ ≤ 1 corresponding to a Z2-orbifold

boson with radius R0 =
√

π/(2 arccos(−∆)) [29–
32]

• Parafermionic ZQ [33]

HQ = −
L∑

i=1

Q−1∑
n=1

1

sin(πn/Q)

(
(XiX

†
i+1)

n + Zn
i

)
(12)

where X and Z denote identical matrices as those
used in the Q-state Potts model. This model is
conformal invariant for any Q ≥ 2 with cQ = 2(Q−
1)/(Q + 2). For Q = 2 and 3 one recovers the
Ising and the 3-state Potts models, while for Q = 4
one finds the Ashkin-Teller model with ∆ = 1/

√
2

[34, 35].

• Fateev-Zamolodchikov model [36]

HFZ = ε

L∑
i=1

[
σi − (σz

i )
2 − 2(cos γ − 1)(σ⊥

i σ
z
i + σz

i σ
⊥
i )

− 2 sinγ(σz
i − (σz

i )
2 + 2(Sz

i )
2
]
, (13)

where S⃗ = (Sx, Sy, Sz) are the spin 1 SU(2) ma-

trices, σz
i = Sz

i S
z
i+1 and σi = S⃗i · S⃗i+1 = σz

i + σ⊥
i .

The model is critical for 0 ≤ γ ≤ π
2 , with c = 3

2
for ε = +1 [37, 38] (antiferromagnetic model) and
c = 1 for ε = −1 [39](ferromagnetic model) .

• Higher spin XXXs model [40]

HXXXs
=

L∑
i=1

2s∑
k=1

akPk(S⃗i + S⃗i+1) , (14)

where Pk are projectors out spin k and the con-
stants are given by

ak =

k∑
ℓ=1

1

ℓ
.

The case s = 1/2 coincides with the Heisenberg
Hamiltonian ∆ = 1 (13). The spin 1 and 3/2
Hamiltonians are given, up to an additive constant,
by

HXXX1
=

1

4

L∑
i=1

[
S⃗i · S⃗i+1 − (S⃗i · S⃗i+1)

2
]
,

HXXX3/2
=

L∑
i=1

[
− 1

16
S⃗i · S⃗i+1 +

1

54
(S⃗i · S⃗i+1)

2

+
1

27
(S⃗i · S⃗i+1)

3

]
.

The underlying CFT is given by the WZW model
SU(2)k with k = 2s [27, 41, 42]

• Spin 1 bilinear-biquadratic Heisenberg model

H =
N∑
i=1

[
cos θ (Si · Si+1) + sin θ (Si · Si+1)

2
]
, (15)

where Si are spin 1 matrices. As a function of the
angle θ, this model exhibits several critical phases.
At θ = −π

4 it coincides with the spin 1 XXX model
considered above that has c = 3

2 , while at θ = π
4

it is described by the SU(3)1 model with c = 2
[43]. The entire region λ ∈

[
π
4 ,

π
2

)
is critical with

c = 2. Further extensions to SO(N) can be found
in [44, 45].

• SU(N) model [46]

H =

L∑
i=1

Pi,i+1 , (16)

where Pi,i+1 is the permutation operator acting on
N values of spins (colors) that corresponds to the
fundamental representation of SU(N). For N = 2
this Hamiltonian reduces to Heisenberg spin 1/2.
The low energy physics of this model is described by
the WZW model SU(N)1 which has central charge
c = N − 1 [47–49].

• Blume-Capel model [50, 51]

HBC = −
L∑

i=1

(
Sz
i S

z
i+1 − δ(Sz

i )
2 − γSx

i

)
(17)

where Sx, Sz are spin-1 SU(2) matrices. For γ >
γtr ≃ 0.41653 the model has a critical line δc(γ)
in the Ising universality class, c = 1/2. At δtr ≃
0.91024 there is a tricritical point described by the
tricritical Ising model with c = 7/10.
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A variation of the Koo and Saleur formula

In this appendix we present a potential approach to
prove the c− d conjecture. Our method draws upon the
Koo and Saleur lattice representation of the Virasoro op-
erators [9]. This representation was previously employed
in Ref. [10] to extract the central charge and additional
conformal data of critical Hamiltonians through numer-
ical techniques. Koo and Saleur introduced the Fourier
modes Hn of the lattice Hamiltonian density hj ,

Hn =
N

2π

N∑
j=1

eijn
2π
N hj , H0 =

N

2π
H . (18)

In the case of a critical Hamiltonian, these modes will
have the continuum counterparts

HCFT
n =

L

2π

∫ L

0

dxeinx
2π
L hCFT (x) (19)

= Ln + L̄n − c

12
δn,0, n ∈ Z ,

where Ln and L̄n are the chiral and antichiral Virasoro
operators that satisfy the algebra

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δn+m,0 ,

[L̄n, L̄m] = (n−m)L̄n+m +
c

12
n(n2 − 1)δn+m,0 ,

[Ln, L̄m] = 0 , (20)

where c is the central charge.
In general, the Hamiltonian H may not satisfy the nor-

malization standards of Conformal Field Theory. To ad-
dress this, let’s temporarily labelH as H̃ and similarly h̃j

as hj , then introduce the normalized operators as defined
in [10].

H = aH̃ + bN, hj = ah̃j + b . (21)

We now introduce the states |I⟩ and |T ⟩, defined as fol-
lows

H̃|I⟩ = ẼI |I⟩, H̃|T ⟩ = ẼT |T ⟩ , (22)

where |I⟩ represents the unique ground state of H̃, and
|T ⟩ denotes the eigenstate with momentum PT = 2× 2π

N ,

having the maximum overlap with H̃−2|I⟩. The normal-
ized energies of these states must fulfill ECFT

T −ECFT
I =

∆T
2π
N = 2 × 2π

N , given that ∆T = 2. This condi-
tion determines the value of the parameter a, where
a = 4π

N /(ẼT − ẼI), ensuring that the lattice energies
satisfy ET − EI = 2 × 2π

N . Finally, by recognizing the
relationship in CFT given by√

c

2
|T ⟩ = HCFT

−2 |I⟩,
√

c

2
|T̄ ⟩ = HCFT

2 |I⟩ , (23)
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FIG. 1: The bound to the IR central charge of the Heisenberg
model (XXX) using Eq. (25) is shown as a function of the
number of qubits N . A fit to an expression of the form c +
a/N2 + b/N4 provides an estimate for the central charge c ∼
1.0175.

one arrives at the fundamental equation for determining
the central charge c [9]:

c ∼ 2⟨I|H2H−2|I⟩ . (24)

This formula, employed in [10] to ascertain the value of
c in the regime of large N , relies on solving Eqs. (22)
to normalize the Hamiltonian, as discussed earlier. Here,
we propose an alternative formula that solely necessitates
knowledge of the ground state. It is expressed as:

c2(N) =
(2⟨I|H2H−2|I⟩)3

⟨I|H2[H,H−2]|I⟩2
. (25)

To justify this equation, we first note that under an over-
all scaling, where H → λH and H±2 → λH±2, the quan-
tity c2(N) remains unchanged. Additionally, if the model
approaches a critical theory, we can substitute the state
|I⟩ with the CFT vacuum |0⟩, replace the Hamiltonian
with its expression in terms of the Virasoro operators
H → L0 + L̄0 − c

12 , and H±2 with L±2. This leads us to:

lim
N→∞

c2(N) =
(0|L2L−2|0⟩)3

⟨0|L2[L0 + L̄0, L−2]|0⟩2
. (26)

Ultimately, the right-hand side of this equation simplifies
to the central charge c of the CFT, utilizing the Virasoro
algebra and the conditions Ln|0⟩ = 0 (n = 0, 2) and
L̄0|0⟩ = 0.

The preceding arguments are undoubtedly heuristic,
and a more comprehensive investigation is required to
substantiate them. An indication supporting the correct-
ness of eq. (25) is provided by Fig. 1, which illustrates
how c2(N) approaches the central charge of the XXX
Heisenberg model, cHeisenberg = 1, as N increases. This
shows that the techniques related to mapping lattice op-
erators to CFT ones, in the weak sense, are a useful tool
to investigate the universality class of a model.
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