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AN AVERAGE INTERSECTION ESTIMATE FOR FAMILIES OF
DIFFEOMORPHISMS

AXEL KODAT AND MICHAEL SHUB

ABSTRACT. We show that for any sufficiently rich compact family H of C' diffeomor-
phisms of a closed Riemannanian manifold M, the average geometric intersection number
over h € H between h(V') and W, for V, W any complementary dimensional submanifolds
of M, is approximately (i.e. up to a uniform multiplicative error depending only on H)
the product of their volumes. We also give a construction showing that such families
always exist.

1. INTRODUCTION

Let M be a closed Riemannian manifold of dimension n, and let Diff" (M) denote the
space of C" diffeomorphisms of M with the C" topology. For 0 < k < n, let Gryp(T M)
denote the k-Grassmannian bundle over M, i.e. the set of k-planes tangent to M.

In this note we study conditions on compact C' families in Diff*(M) sufficient to
guarantee a kind of “uniform mixing” on average of the (smooth) incidence geometry of
M. By a C" family of diffeomorphisms of M we will mean a pair (H,1), where H is
a smooth manifold, possibly with boundary, and ¢ : H — Diff" (M) is such that the
associated evaluation map evy : H x M — M is C". This implies in particular that the
parametrizing map 1 is continuous. When a family (#, ) is fixed we will usually suppress
the map 1, using the same letter h to denote both an element in H and its image under v;
by this mild abuse of notation we will often write, for instance, evy,(h, p) = ¥(h)(p) = h(p).

We will also assume that any such H comes equipped with a Riemannian metric, and
thus a Riemannian density which we denote by dH. Given these assumptions, our main
result is the following estimate:

Theorem 1.1. Suppose (H,1)) is compact C* family of diffeomorphisms of M such that
(Al) ev:H x M — M x M defined by ev(h,p) = (p, h(p)) is a submersion;

(A2) evy : H x Grg(TM) — Grp(TM) x Gri(T'M) defined by evi(h,o) = (0,dh(0)) is
surjective for all 0 < k < n.

Then there is a constant C' = C(H, ) > 1 such that

1
(1) c vol(V)vol(W) < #h(V)NW)dH < Cvol(V)vol(W).
heH
for all complementary dimensional submanifolds VW C M.
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Assumption (Al) says equivalently that for all p € M, the map evy, : H — M,
h +— 1 (h)(p) is a submersion, or (again equivalently) that for all (h,p) € H x M,

ah(e%)(h’p) ThH — Th(p)M

is surjective. Assumption (A2) says that for all 0 < k <n and o1, 09 € Gri(TM), there is

an h € # such that dh(o1) = o9; in other words, the interior of H “acts transitively” on
Gri(T'M) for every k.

Here #(h(V) N W) € Ng U {oo} simply means the number of points in h(V) N W, i.e.
the geometric intersection number between h(V') and W. Note that (Il implicitly includes
the claim that the function

H > h —— #MKV)NW) € NagU {oc}

is measurable, and integrable if both V and W have finite volume; in the latter case it
implies that #(h(V)NW) < oo for a.e. h € H.

By the volume of a submanifold S C M we will always mean its intrinsic volume
as a Riemannian manifold with metric inherited from M, ie. vol(S) = [4dS, where dS
denotes the density induced by the restricted metric. Alternatively, if dim(S) = k we have
vol(S) = Hausk,(9), the k-dimensional Hausdorff measure of S in M.

Theorem [[1]is actually a special case of a more general result, which applies whenever
dim(V') + dim(W') > dim(M) and correspondingly replaces the cardinality of the intersec-
tion with its appropriate-dimensional Hausdorff measure. We focus on the complementary
dimensional case for simplicity of exposition (and greater proximity to our original moti-
vations), but the proof of the general case works similarly. For the precise statement and
some remarks on its proof, see §l

By analogy with the (exact) kinematic formulas of integral geometry (see e.g. [Che66],
[Cal20], [San04]), we call ([Il) a kinematic inequality for the family (H, ). Taken alone,
Theorem [I1] is a relatively straightforward adaptation of these classical formulas—which
obtain when H = G is a compact Lie group acting isometrically on M and transitively
on every Gry(TM)—to a specific (a priori somewhat artificial and potentially rare) non-
homogeneous context. Its possible utility derives from the following existence result, which
we prove in §5t

Theorem 1.2. Fvery closed manifold M admits an H and ¢ : H — Diﬁl(M) satisfying
the hypotheses of Theorem [I1.

We emphasize that the H constructed here has non-empty boundary. This is the main
motivation for allowing OH # & in the definition of C” families, and in fact Theorem
fails in general if one requires OH = &. For details see §I.3]

1.1. Background and motivation. Formulas of the type considered here have a long
history in integral geometry and a well-developed theory in the setting of homogeneous
spaces of compact Lie groups. From this perspective the basic antecedent to our result is

Theorem 1.3 (Poincaré’s formula for homogeneous spaces). Let M™ be a closed Rie-
mannian manifold with G a compact Lie group acting smoothly and transitively on M by
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isometries. Suppose the action is also transitive on Grg(TM), for every 1 < k < mn — 1.
Then for every k,¢ > 0 satisfying k +{ > n, there is a constant Cy, > 0 such that for any
submanifolds VW C M with dim(V') = k and dim(W) = ¢, we have

(2) / GVOI(gV NW) dG = Cj, ¢ vol(V') vol(W),
g€

where dG denotes the Haar measure on G.

In the form given here this result is due to Howard [How93|. The basic idea behind
the proof is to view the left-hand side as a double integral over what we will later call the
intersection manifold associated to V and W, i.e. the space of all intersections between
g(V) and W for g € G. By changing the order of integration one then (essentially) equates
this integral with the average volume of the spaces G, = {g € G : gz = y} over all
(x,y) € V x W. (In other words, one replaces the average volume of intersections with the
average volume of the spaces of maps realizing each possible intersection.) Since all such
spaces are isometric for any bi-invariant metric on GG inducing the Haar measure, the result
follows. For details, see [How93|, §3] or [BC13l §A.4]. Our adaptation of this approach
below is particularly indebted to [BCSS98| §13] and [SS94, §4]. For a classic presentation
of the foundational material, see [San04].

Observe that any action G ~ M as in Theorem [[.3] can be viewed as a compact C*
family of diffeomorphisms of M, namely (G, 1) where ¢ : G 3 g — (z — gz) € Diff*°(M).
This family clearly satisfies (A1) and (A2), and thus Theorem [Tl yields (2)) up to a uniform
multiplicative error. The fact that this error can be eliminated in the setting of Theorem
[[3] depends on (among other things) the assumption that the family (G,1) consists of
isometries. For an analogous result applicable to general manifolds, however, this is too
much to ask: if (#,)) satisfies (A1) and im () C Isom(M) for some choice of Riemannian
metric on M, then the action of Isom(M) on M is automatically transitive and thus M is
homogeneous, i.e. M = G/H for G a compact Lie group and H < G closed. An inequality
incorporating some bounded multiplicative error therefore seems to be the most one could
expect from an extension of Poincaré’s formula to non-homogeneous manifolds.

Our primary motivation for formulating such an extension comes from smooth dynam-
ics[] Given a C! diffeomorphism f : M — M and a pair of complementary dimensional
submanifolds V, W C M, one would like to understand how the growth of vol(f™(V)) af-
fects the distribution of (a large compact piece of) the isotopy class of f™(V') with respect
to W. Our results here imply that we can fix a compact family of diffeomorphisms H of M
so that the average number of intersections between h(f™(V')) and W has the same order
of growth (in the sense of e.g. [CP23]) as vol(f™(V)). In future work we hope to show how
this could be a useful tool in a new approach to the second author’s C" entropy conjecture
for the open case(s) of r < 0.

For a similar generalization from a different direction, see the work of Fu in [Ful6|, and especially his
definition of an “admissible measured family” of diffeomorphisms in §6. We regret that we became aware
of this paper too late to explore the connection further.
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1.2. Assumptions. Theorem [[1]is a “backwards” theorem in the sense that we started
with the estimate (II) and looked for reasonable (and in particular abundantly realized)
assumptions that would make it true. Here we collect some comments on our eventual
selections (A1) and (A2).

First, we emphasize that the statement of Theorem [[.1] is not quite optimal, in two
main ways:

(i) The upper bound in (1)) actually follows from (A1) alone; the surjectivity assump-
tion (A2) is needed only for the lower bound. Note also that (Al), in contrast
to (A2), is a purely local property of (H,). Since the property (Al) is also eas-
ily seen to be invariant under (either left- or right-) translation of the family by
a diffeomorphism g, this implies that an upper bound as in (IJ) can be obtained
for finite-dimensional slices of Diff' (M) concentrated arbitrarily close to any given
diffeomorphism f.

(ii) In the other direction, it follows from the proof that (A2) is somewhat stronger
than necessary for our result. What we really need is the following:

(A2") For any o, € Gry(TM) and o, € Gr,,_1(T M), there is an h € 7 such
that h(p) = ¢ and dh(op) oy

For further discussion of this point see the remark after Claim We have opted
to use (A2) in the statement of Theorem [[I] nonetheless, primarily to emphasize
the analogy with the transitivity assumption in Theorem 3] and also because
it is no more difficult in practice to construct a family satisfying (A2) than one
satisfying the weaker condition (A2").

These qualifications in mind, the purpose of our assumptions is heuristically the fol-
lowing. The assumption that ev is a submersion implies that no particular intersection
h(p) = q between h(V) N W can be locally persistent (since one can move h(p) off itself
by a small change in h). In particular, any non-transversal intersection between h(V') and
W (near which the cardinality of h(V) N W could explode) can be destroyed by a small
perturbation of h. This ensures that almost all intersections are isolated, and moreover
that the total number of such points (summed over H) is never too large compared to
vol(V') - vol(W). This yields the upper bound in Theorem [[.T] using (A1) alone.

To get a lower bound, one needs to show that H can always produce intersections
between pairs of points in V' and W. Moreover, since the quantity we are trying to bound
is a sort of average of the number of intersections with respect to the volume measure on H,
these intersections should persist over open (thus positive measure) subsets of H. In other
words, H should be able to produce transverse intersections between any pair of points in
V and W. This will certainly hold if H can move any tangential k-plane to any other, as
guaranteed by (A2).

The following example cleanly illustrates the main ideas in the isometric case:

Example 1.4 (T? ~ T?). Let M = T? = R?/Z? be the standard flat 2—torus, and
H = T? with ¢ : T? — Diff(T?) the smooth action of T? on itself by translations;
explicitly, ¥ : a = (¢4 : © — x + a). Then the pair (H,1)) satisfies assumption (A1), but
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not (A2), since dh = id for all h € im(¢)) (using the canonical identifications T,T? = R?)
and thus

im(ev1) = {(o1,02) : o1 and o9 are parallel} # Gri(TT?) x Gry (TT?).

More strongly, the fact that every element of # maps any element of Gry(7T'T?) to a parallel
translate means that no element of Gry(TT?) can be made transverse to itself via H.

Theorem [Tl correspondingly fails. For instance, take I, J two parallel Euclidean line
segments in T2. Then it is easy to see that 1, (I) N J = @ for a.e. a € T?, so

#(1ha(I) N J) dT? = 0.
a€T?
This implies that the lower bound in Theorem [[.T] cannot hold for any positive C.
If the angle between I and J is 6 # 0, however, it is similarly straightforward to show
that
#(1o(I) N J) dT? = | sin 0| length(I) - length(.J).
a€T?
In particular, we have

#(1ha(I) N J) dT? < length([) - length(.J)
a€T?
for any Euclidean line segments I, .J C T?, and by a subdivision and approximation argu-

ment it is not difficult to see that this holds more generally for I, J C T? any embedded
C' curves. Thus the upper bound in Theorem [Tl holds here with C' = 1.

1.3. A digression on #H. One technical hurdle in proving Theorem [[1] stems from our
allowance of the possibility that the parameter space H has boundary. If one assumes
instead that OH = &, the availability of Ehresmann’s fibration theorem (applied to the
submersion ev) substantially streamlines the proof; see the remark concluding §2.41 How-
ever, here Ehresmann’s theorem cuts both ways, imposing strong topological constraints
on any boundaryless H satisfying (Al). These constraints imply in particular that for
general M, the condition 0H = @ is too much to ask:

Proposition 1.5. Suppose M is a closed manifold and (H,v) a compact, connected family
of Ct diffeomorphims of M with OH = &, such that ev, is a submersion for some p € M.
Then 71 (M) is a finite extension of a quotient of a subgroup of m1(Diffo(M)).

Proof. Let (H,1) be such a family. After translating and perturbing we may assume that
Y(H) C Diffg(M) the identity component of Diff*(M). Choose p € M such that ev, a
submersion.

By Ehresmann’s theorem, ev, : H — M is a locally trivial fibration, say with fiber F.
The end of the homotopy long exact sequence for this fibration reads

T (H) <2 (M) — 7o (F) — 1.
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Since ‘H and (therefore) F are compact we must have #mo(F) < oo, so this sequence implies
that (evp) is virtually onto. On the other hand, ev, = EV,01¢) where EV,, : Diff((M) — M,
f— f(p). Thus (evp). factors through m(Diffo(M)), and the result follows. O

Corollary 1.6. Suppose M is a closed hyperbolic manifold with dim(M) < 3. Then there
is no boundaryless compact family of diffeomorphisms of M satisfying (Al).

Proof. By work of Earle-Eells (in dimension 2) and Gabai (in dimension 3), Diffo(M) is
contractible ([EE69], [Gab01]). In particular, m(Diffq(M)) = 0. Since (by hyperbolicity
of M) m(M) is infinite, by Proposition we are done. O

The upshot here is that Theorem [[.2] fails if one requires that OH = @. More strongly,
these results (combined with the restrictions on higher homotopy groups obtained by con-
tinuing the above exact sequence) suggest that manifolds which admit a submersive com-
pact family of diffeomorphisms without boundary may be quite rare. Clearly homogeneous
spaces of compact Lie groups form the main class of examples. Are there others?

Question 1.7. Which closed manifolds M admit a compact smooth family of diffeomor-
phisms H — Diff (M) with OH = @, such that the associated evaluation map ev :
HXx M — M x M is a submersion?

We note that, on the question of existence, the choice of regularity is irrelevant. A
C" family of diffeomorphisms can be viewed as a map ® € C"(H x M, M) such that
®(h,-) € Diff"(M) for all h € H; with this notation, the submersion condition simply
means that ®(-,p) : H — M is a submersion for all p € M. When H and M are compact,
these properties are open in C'(H x M, M), so if one obtains a boundaryless C'! family
satisfying (A1), by perturbing one can obtain a C'*° family as well.

This intriguing diversion aside, the proof of Theorem [I1] in the general, possibly-
with-boundary setting turns out to work in much the same way as the Ehresmann-based
proof for the boundaryless case, modulo some basic lemmas concerning submersions from
compact manifolds with boundary which we relegate to Appendix AH The content of these
lemmas is to show that our required bounds (which follow trivially from compactness when
the fibers of ev move C'-continuously) still follow from our assumptions when we allow
boundary, provided that the surjectivity requirement in (A2) is phrased in terms of the
interior of H.

1.4. Acknowledgements. We would like to thank Bryce Gollobit, Charles Pugh, Enrique
Pujals, and Federico Rodriguez Hertz for many stimulating conversations and helpful sug-
gestions on the contents of this paper. The first author would also like to thank Ryan Utke
for pointing out the relevance of Ehresmann’s theorem to these results.

2Though these straightforward results are presumably well-known, we were unable to locate them in the
literature.
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2. PRELIMINARIES

Let (H,) satisfy the hypotheses of Theorem [[I] and write d := dim(H). We begin
by introducing the main objects used in our proof.

2.1. Normal Jacobians. Let E7, E5 be finite-dimensional real inner product spaces. Then
for any linear map A : E1 — F», one defines the normal Jacobian by the formula

NJ(A) := det(AA*)/? € Rx.
Note that NJ(A) > 0 iff A is surjective. One can check that
N‘](A) = ‘det(A’ker(A)J-)“

For a C' map f : M — N between Riemannian manifolds, we define the normal
Jacobian of f pointwise, by

NI(f)(z) := NI(df,) = det(df, - dfz)"/>.

Thus NJ(f) : M — R>g, and since f is C? it is easy to see that NJ(f) is continuous. By
the above, NJ(f)(x) > 0 iff = is a regular point of f.

2.2. The solution manifold V. The solution manifold % C H x M x M is the subspace
consisting of all triples of the form (h,p, h(p)). Equivalently, V = I'(evy,), where

evy t HXM— M
(h,p) — h(p).

Since evy, is ct, V is a neat C'! submanifold with boundary of H x M x M, diffeomorphic
toH x MH In particular, it inherits C'' projection maps 71, o:

Y
H M x M.

By (A1) and the k = 0 case of (A2), 7~T2’int(\7) 1int(V) — M x M is a surjective submersion.
For (p,q) € M x M we write

~ -1
Vyg =T (p,q) Nint(V) = (@Iim(g)) (psq)-
Then each V, , is an embedded (d —n)-dimensional submanifold of int(V) with Riemannian
metric inherited from H x M x M and induced Riemannian density which we will denote

by dVp 4.

3By neat we mean that 9V C O(H x M x M) = 0H x M x M.
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2.3. The intersection manifolds V. Now let VW C M be complementary dimensional
submanifolds of M, say dim(V) = k and dim(W) = n — k. We define the intersection
manifold V associated to H, V, and W by

V:={(h,p,q) EHXVXW : h(p) = q}
= (Faliy) (VX W) =7 (V x W) nint(D).

Since |, 5 int(lNJ) — M x M is a surjective submersion, V is a C'' submanifold of
int(V)

int(V') with codimg(V) = codimpsxp (V' x W) = n, so

dim(V) = dim(V) — n = dim(H) + n — n = dim(H).

Again note that V inherits a Riemannian metric from H x M x M; as usual we will write
dY for the induced Riemannian density.
For i = 1,2, define 7; := 7;|y. Then we have the diagram

of C! maps, with m again a surjective submersion.
In the first step of the proof we will apply the co-area formula to this diagram to
convert our main integral

#(V)NW) dH
heH

to an integral over V' x W involving the normal Jacobians of w1 and me. To estimate this
latter integral, we will need a description of the tangent spaces

Tihp,g)V CThH X T,V x T,W.
This is given easily by
Claim 2.1. For all (h,p,q) € V we have
TV = {h,,0) € TH X TV X TyW = S z,v.z,w(52d) = dlevp ()
where J mvr,wy 2 TV X TyW — Ty M s defined by
I, vr,w) (v, w) = w — dh(v).

Proof. Differentiating the defining equation h(p) = ¢ yields

G = d(evp)n(h) + dh(p).
The claim follows. (]
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Notice that, since d(evp)p : TyH — Ty )M is surjective for every (h,p) € H x M, the
projection map

d(ﬂ'l)(h,p,q) : T(h’p,q)V — TpH
(., ) — h
will be surjective if and only if Ji, 1, 7,w) is surjective, i.e. iff dh(T,,V)+T,W =T, M. We
summarize this observation in the following:

Proposition 2.2. The reqular points of the projection map m : YV — H are precisely those

(h,p,q) € V such that h(V') intersects W transversally at q. Thus h € H is a regqular value
of m iff (V) h W.

The restriction to the interior of H in the above statement is necessary because by
definition V € H x V x W, and thus every h € OH is trivially a regular value of 71, even
though V gives no (immediate) information about the intersections h(V) N W for such
h. However, since 0 has measure zero in H and dim(#) = dim(V), by applying Sard’s

theorem to the C' map 71 : V — H we get
Corollary 2.3. h(V) W for almost every h € H.

Remark. The argument given here essentially follows the usual proof of the classical
transversality theorem. In low regularity, however, its appeal to Sard’s theorem requires
constraints on the dimensions of V' and W. In particular, in the C' category Corollary 2.3]
fails when dim(V') + dim (W) > dim(M). This difficulty is the main reason for considering
Hausdorff measures instead of volumes of intersections in the generalization to Theorem

L1k see @ for details.

An immediate consequence of the formula above is that the tangent space T{y, )V
depends only on p, T,V and T;W. The same is therefore true of the linear maps (dm)(hm’q)
(themselves just restrictions of projections), and consequently their normal Jacobians.

We would like to show that more is true, namely that NJ(7;) and NJ(72) are continuous
when viewed as functions of h, T,V, and T,W. The next section introduces the objects
necessary to make this statement precise.

2.4. The bundles G;, — V. For each 0 <k <nlet

Grp(TM) = | | Grp(T, M)
peEM

denote the k-Grassmanian bundle over M. This is a smooth fiber bundle over M, associated
to the tangent bundle T'M in the sense that it can be obtained by gluing local trivializations
Uy % Grp(R™) according to the smooth clutching functions p, 5 : Uy N Ug — GL(n,R) for
TM. For each k we let py : Gri(TM) — M denote the standard (smooth) projection map.
For o € Gri(T M) we will typically write 0 = o, for x € M to mean that z = pi(0), i.e.
o € Grg(T,M). In words, o, € Grp(TM) simply denotes a k-plane tangent to M at the
point x.
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Now define
Gr :={(h,0p,04) € H x Gr(TM) x Gr,_x(TM) : h(p) =q}.
Clearly Gy, is a C! submanifold of H x Gry(TM) x Gr,_(TM), and indeed the map
id X pg X pp—y exhibits it as a Ct (Grg(R™) x Gr,,_x(R™))-bundle over V. (In particular,
Claim 2.4. The map 75 : Gx — Gr,(TM) x Grn K(TM), (h,o1,02) — (01,02) is a C!
submersion and surjective when restricted to gk
Proof. This follows from the observation that G can be obtained as the pullback of the

smooth fiber bundle Gry(TM) x Gr,,_(TM) — M x M via the C' submersion 75 : V —
M x M. More precisely, we have the following diagram:

7k
G ————— Grp(TM) x Gr,,_1(TM)

idXPkXPn—k Pk XPn—k

v - s M x M.

2

In local coordinates (i.e. above any chart U C V), #), has the form

T =2 Ty xid @ U X (Grg(R") x Grp_k(R")) — 2(U) x (Grg(R") x Gr,_r(R")),
which is clearly a submersion because 75 is. The surjectivity of 7| g follows immediately
oy i€ the k=0 case of (A2). O

Now for each (h, 0y, 04) € Gy we can define
Jihop,oq) t Op X g = TgM
(v,w) = w — dh(v),
and
Erx(h,0p,04) = {(h,v,w) € TyH x 0, X 0 : Jh,op,oq) (VW) = d(evp)n(h)}.
Finally, set

Iy (h,0p,0q) : Ex(h,0p,04) — Th’H
(hyv,w) —

Iy (h,0p,04) : Ex(h,op,04) —> 0p X 0y
(b, v, w) — (v,0),

and for ¢ = 1, 2, define
ni : G — Rxo
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by
772(}% Op, Jq) = NJ(HZ(h7 Op, Uq))-

The point of these objects, immediate from the definitions and Claim [2.1] is the following:

Lemma 2.5. Let V,WW C M be complementary dimensional submanifolds with dim(V') =
k, and V their associated intersection manifold. Then for all (h,p,q) €V and i = 1,2 we
have

T(h,p,q)v = Ey(h, T,V, T,W);

d(73) (hp,q) = L (R, TV, TyW);
NJ(ﬂ'i)(h,p,q) = T]i(h, TpV, TqW).

We will also need the following properties:
Claim 2.6. Fj is a continuous vector bundle over Gy of rank d.

Proof. Let Q; denote the tautological vector bundle over Gr;(T'M), i.e. the smooth rank-
J vector bundle Q; — Gr;(T'M) with fibers Q;(0) = o. Observe that, since each o €
Gr;(TM) is a subspace of some tangent space of M, §; carries a natural bundle metric
obtained by restricting the Riemannian metric on M.

Let & denote the restriction of the vector bundle TH x Qp x Q,,_ — H x Gri(T'M) x
Gr,,_(TM) to Gi. Again this carries a natural bundle metric, namely the product metric
induced from its factors.

We can now view J as a bundle map

J: & —~y'TM,

where v : Gy, — M is given by ~y(h,0p,04) = ¢q. Continuity of J follows from that of our
parametrization v : H — Diff!(M). Define

H: & — ’y*TM
by
H(hﬁpﬁq) TRH % Op X Og — TqM
(ilv U, ?,U) — d(evp)h(h)7
and note that H is a continuous bundle map because ev is C'. Finally set L :=.J — H. ‘
Since d(evp)y is surjective for all (h,p) € H x M and Jij, 4, 5,) does not depend on h,
Lo,,0,) 1s surjective for all (h,0p,04) € Gi. In particular, L is a constant rank vector

bundle map, so ker(L) is a continuous vector subbundle of & (see e.g. [Leel3l Theorem
10.34]), with

rank(ker(L)) = rank(&;) — rank(TM) = (d+n) —n =d.
Since clearly ker(L) = Ej, we are done. O

Claim 2.7. n; and n2 are continuous.
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Proof. 11; and Il5 can be viewed as continuous bundle maps between metric vector bundles,
namely

I, : B, — (RN TH;
1l : Ek — (%S)*(Qk X Qn—k)a

where %’f : G — H and %’2“ : Gk — Gri(TM) x Gry,_(T M) denote the natural projections.
Thus their normal Jacobians are continuous functions of the base. O

Claim 2.8. 12 > 0 everywhere on Gy,.
Proof. a(h,0p,04) has full rank for all (h,op,04) € Gg. O

Now define
N L 1 o
Fopoq = (W2’g°k> (0p,0q) = (T3)™ (0p,0¢) N G-
Since 75| g 1s a surjective C' submersion, ]?opﬁq is an embedded (d — n)-dimensional
k

submanifold of G, for all (op,04) € Gr(TM) x Grp,_(TM). As usual we let d]—A"Up,Uq

denote the Riemannian density induced by the restriction of the metric on Gy to o, o, -

Claim 2.9. For all (0p,04) € Gry(TM) x Grp_(T'M), m ts positive somewhere on the
fiber ]?o

P9q°
Proof. Let (0p,04) € Gri(TM) x Gr,_i(TM). Clearly it suffices to find h € # such that
h(p) = q and II; (h, 0p, 04) is surjective. Observe as in Proposition that II; (h, op, 0g) is

surjective iff dh(op) th 4. But by (A2) we can find h € 7 such that dh(op) = o4, so we
are done. N

Remark. Claim is in fact the only place where (A2) is used, and its proof makes clear
that this assumption is actually stronger than required for this result. What we really need
is the following:

(A2") For any 0, € Gry(TM) and o, € Gr,,_(T M), there is an h € 7 such that h(p) =q

and dh(op) th o.
So for instance (A2), which is equivalent to the claim that for all 0 € Gri(T'M) and ¢ € M
we have i
Gri(TyM) C {dh(c) : h e H},

could be replaced by the requirement that for all o € Gri(T'M) and ¢ € M, the set

Gri(TyM) N {dh(o) : heH}

has nonempty interior in Gry(1T,M )E We prefer (A2) here largely for simplicity, and
because, in the general setting we consider, it is no more difficult to construct a family

AThis latter property is satisfied, in particular, if we assume that €vg is surjective (i.e. the interior of H
acts transitively on points) and evy, is a submersion for all k.
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H satisfying this hypothesis than (A2"); see §5l The sufficiency of the weaker assumption
may, however, be useful in applications where (AQ*) is easy to verify for a given family H,
despite additional constraints which render (A2) unachievable.

The main result of this section is now an immediate consequence of the following
general fact. For details of the proof, see Appendix A.

Proposition 2.10 (Appendix A, Lemma [6.4). Let f : M™ — N™ be a C' submersion
between compact Riemannian manifolds, with OM # @ and ON = @, and ¢ € CO(M,Rxo).

Write o := f~1(q) N M. Then there exists Cg > 0 such that
/ ¢ dF, < C},
Fa

for allqge N.
Suppose in addition that f

N s surjective and ¢ is positive somewhere on each interior
fiber Fy. Then there also exists C}ij > 0 such that

Y < / ¢ dF,
Fy

forallqge N.

Sketch of proof. For the upper bound, it clearly suffices to show that vol,,_,(F;) < GU
for some uniform Cpy < 4o0; then one can set C = Cy - |¢]l.- By attaching a collar

to M and extending the metric we obtain an open Riemannian manifold M isometrically
containing M; by shrinking the collar we can assume that f extends to a submersion
F : M — N. Now choose a finite collection B of submersion charts for ' which cover M,
such that the plaques of elements of B have volumes bounded uniformly above by some

C1 < +00. Since every fiber F; intersects each submersion chart in at most one plaque,
we get vol(Fy) < C - #(B).
For the lower bound, one can use surjectivity of f |]\3[ and compactness of N to find

finitely many submersion charts By, ..., By C M for f ]]\3[ whose images cover IV, with fiber

plaque volumes bounded below by some éL > 0and ¢ > 6 > 0 on every B;. Then each
J, contains at least one plaque of some Bj, so

/ ¢pdF, > Crd > 0,
Fq

as desired. O

Corollary 2.11. Letn = m : G, — R>g. Then there exists Cj, > 1 such that

1
Cy

for all (o, 04) € Gri,(TM) x Gr,_(TM).

< / n d]?op,crq < Ck
F

9p,9q
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Proof. By Claims 2.4 2.7 28] and 2.9 this follows from Proposition 210 with f = 75 and
¢o=n. O

Remark. If we define
(I)k : Grk(TM) X Grn_k(TM) — RZO
by

Oy (0p,04) = /A i dFs, 040
Frproq 12

then Corollary 2.17] simply says that &, is bounded uniformly above and away from zero.
Since Gr;(T'M) is compact for all j and ®; > 0 by Claim 2.9 this would be obvious if
®;, were continuous, and indeed when OH = @ this is the case by an easy application of
Ehresmann’s fibration theorem. When OH # &, however, Ehresmann’s theorem fails, and
in fact ®; cannot be assumed continuous in general. We were led to Proposition 2.10] by
the need to fill this gap, since it shows in particular that the (non-)continuity of @y is
inessential for the desired boundsfi

As a final aside, we note that Poincaré’s formula (as stated in Theorem [L.3]) reduces
after the results of the next two sections to the claim that the functions @ (and all
the analogously defined functions @, for n < k4 ¢ < 2n, where &) =: &y ,,_;) are
constant in the homogeneous case, and moreover positive provided the induced action on
each Grp(T'M) is transitive. This is in turn a fairly straightforward (intuitively almost
obvious) consequence of some basic geometry of compact Lie groups.

3. PROOF OoF MAIN THEOREM

Let V,WW C M be complementary dimensional submanifolds of M, say dim(V) = k
and dim(W) = n — k. Our proof of Theorem [[T] now consists of two steps. First, we
convert the integral

/ S(h(V) A W) dH
H

to an integral over V' x W. We then apply the results of §2.4] to bound the new integrand
uniformly above and away from zero, proving the result

3.1. The co-area formula. The key tool in the first step is the co-area formula, which
we state here for convenience. Though we choose to give only the simplest form sufficient
for our needs, note that this is a special case of a more general result; see e.g. [Fed69, §3.2],
[Nic1d], [SimI14].

5An easy adaptation of the proof of the lower bound in Proposition [2.10] does, however, show that @ is
always lower semicontinuous.
OFor a related use of this “double fibration” method, see [ACSS22].
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Proposition 3.1 (The co-area formula, C" case). Let f : M™% — N™ be a C" map
between smooth Riemannian manifolds (without boundary), withr > k+1>1. Forq e N,
write F; = f~1(q). Then for any Borel measurable function h on M we have

/Mh-NJ(f) dM:/EN (/F hqu> dN,

with both sides finite if one is. In particular, if h is (essentially) bounded and NJ(f) €
LY(M), then

<<1> cq— | h qu> e LY(N),
Fy

and

/Mh-NJ(f) dM:/NcI> dN.

In the special case when f is a submersion, the above holds for all k > 0 assuming only
that f is C'.

Remark. Note that the function

D NB(]'—)/ hquERZQU{OO}
Fy

is well-defined only at regular values g of f, for which Fj, is an embedded k-dimensional
submanifold of M with induced Riemannian density dF,. But then by Sard’s theorem it
is defined a.e. on N, so (provided it is measurable) its integral over N makes sense. This
application of Sard’s is the main reason for the required relation between the regularity of
f and k = dim(M) — dim(N) and explains why this regularity assumption is unnecessary
when f is a submersion, since in that case every point of N is a regular value for f. Indeed,
in the submersive case the co-area formula is an easy consequence of Fubini’s theorem.

More general versions of the co-area formula avoid these issues entirely by replacing
dF, with the k-dimensional Hausdorff measure associated to the metric space structure on
M; see in particular Proposition 43l These measures agree when Fj is a k-dimensional
submanifold of M.

We now apply the co-area formula to prove the following, the main result of this section:

Proposition 3.2. For H,V, and W as in Theorem [I1] we have

N
L(R(V)NW) dH = / NJ(m) AV, | dvdw,
heH (p,q) eV XW Vp.q NJ(T"?)

with both sides finite if one is.

Proof. Recall the diagram
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of Riemannian manifolds and C'' maps. Since
dim(V) =dim(H) =d

and m; is O, we may apply Proposition B.Ilto 71 (with A = 1) to obtain

= o = .
(3) /V NI(m) dv_/heﬁ </ﬂ11(h)d . (h)) = [ ) nw) an

The second equality follows from the fact that 7, *(h) is a 0-dimensional submanifold of V
for a.e. h € H, i.e. a discrete set of points, in which case we have

/ Lodrth) = Y L= () = #(A(V) N W),
e ver (h)

Note in particular that the a.e. defined function

h —s drn (h) = #(h(V) N W)
w1t (h)

will be in L () = L'(H) provided NJ(m) € L} (V).
We now apply the co-area formula a second time, this time to the map mo with
_ NJ(m)
h = X5y
everywhere on V. We get

/VNJ(m) dV:/V (Eigg;)-NJ(m) %

_ / / NI gy ) avaw.
(p, @) EVXW Vp.,q NJ(T"?)

Putting this together with (3)) gives the desired result. O

Observe that this is well-defined because 79 is a submersion, so NJ(m3) > 0

3.2. Fiber integral bounds. By the preceding section, it now suffices to give uniform

bounds for the integrals
NJ(7m1)
— dVp -
/\)p,q NJ(T(2) p,q
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Most of the necessary work has been done in §2.41 First recall Lemma 2.5 which gives
Thpg)V = Ex(h, TV, T,W),
d(73) (hp,q) = ILi(R, T,V, T,W),

NJ(7T1)
NJ(TFQ)

WRQZ%MEM%thW%M%W)

Here i = 1,2 and E}, I1;, n; are as defined in §.41 As an immediate consequence we obtain

Lemma 3.3. For all (p,q) € V x W, the fiber V, 4 is isometric to ]?Tpv,TqW. Moreover,
we have
1)

~ NJ(m
_ ndJrTV,TW:/ dVp.q-
/]:TPV,TqW b / Vp.q NJ(T‘—Q) P

Proof. Fix (p,q) € V x W. Using the fact that the Riemannian metrics on Gy and V
are simply the restrictions of the product metrics on H X Gri(T'M) x Gr,_(TM) and
H x M x M, respectively, it is easy to see that the map

ﬁTvaTqW — Vp#l? (h7 TpV7 TqW) — (h7p7 Q)

is an isometryE The fact that

NJ(71) / A
h dVpq = h, T,V,T,W) dF
[t W= [ VW) dFn

FrpV,Tg W
then follows by change of variables. O

Corollary 3.4. If C, > 1 is the constant given by Corollary [2.11), then

1 NJ(m)
— < <
Ck = /Vp,q NJ(7T2) dvpﬂl = Ok

for allp,q eV x W.

Combining this with Proposition and setting C' = Jmax C), completes the proof of
SRS
Theorem [L.T]

Remark. Our use of the rather abstract results of §2.4] and Appendix A to obtain the
constants C}, leaves their geometric meaning somewhat opaque. The advantage of this
approach is that it generalizes easily to prove Theorem [£.]], but in the complementary-
dimensional case a more concrete picture is available, which may be useful in applications
where estimates of C' become desirable. We sketch this approach in Appendix B.

"Put more intuitively, both sides are just the set of h € # such that h(p) = q as a submanifold of H with
the induced Riemannian metric.
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4. GENERALIZATION

We now describe the generalization of Theorem [ Tlto the case when dim(V')+dim(W) >
dim(M), where #(h(V)NW) is replaced by the appropriate-dimensional Hausdorff measure
associated to the metric space structure on M.

For r > 0 and any Riemannian manifold X, let H% denote the r-dimensional Hausdorff
measure on X associated to its induced metric space structure. When r = dim(X), HY
agrees with the volume measure vx induced by the metric on X. More generally, if Y C X
is a k-dimensional submanifold with Riemannian metric inherited from X and induced
volume measure vy, we have

HY|, = Hy = vy.

In particular, the volume of a k-dimensional submanifold of X is equal to its k-dimensional
Hausdorff measure in X. In this sense, for £ € N one can think of H é“( as a generalization
of k-dimensional volume to non-smooth subsets of X.

We now consider a fixed closed Riemannian manifold M of dimension n. For simplicity
we write H" := Hj,.

Theorem 4.1. Suppose (H,1)) is compact C* family of diffeomorphisms of M such that
(Al) ev:H x M — M x M defined by ev(h,p) = (p, h(p)) is a submersion;

(A2) evy : H x Gri(TM) — Grp(TM) x Gri,(TM) defined by evi(h,o) = (o,dh(0)) is
surjective for all 0 < k <mn —1.

Then there is a constant C = C(H,) > 1 such that for any submanifolds V* Wt c M
with k + ¢ > n, we have

(4) %VOI(V) vol(W) < / HMM(VYNW) dH < Cvol(V) vol(W).
heH

The need to work with Hausdorff measures rather than volumes here derives from our
insistence on assuming only C! regularity. In this context, when dim(V) + dim(W) >
dim(M) we can no longer assume that h(V) h W for a.e. h € H; thus vol(h(V)NW) is not
necessarily a.e. well-defined. However, if we let h(V') Ny W denote the set of transversal
intersection points between h(V') and W (which when nonempty is always a (k + ¢ — n)-
dimensional submanifold of M), we will see below that indeed

HM (VYN W) = HH S (V) N W) = vol(h(V) Np W)

for a.e. h € H.

Note that, since H? is the counting measure on M, Theorem A1l does indeed include
Theorem [I.1] as a special case. Moreover, the proof method is essentially the same. Thus
in this section we will content ourselves with some remarks on the modifications needed to
adapt our proof of Theorem [I.] to the general setting.
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Let V¥ W* C M be submanifolds with k+¢ > n. The solution manifold V CHxMxM
remains defined as before, and again (A1) implies that

B -1
Viz (Rolys)) (VX W)
is a C' submanifold of V. Now, however, we have
dim(V) = (d+n) —codim(V x W) =(d+n)— 2n—k—¥0)=d+k+{—n.

The basic observation motivating these definitions and underlying our entire proof
strategy for Theorem [L.T] was that

#(h(V)NW) = #(x1 (b)),
or equivalently,
Hy (M(V)NW) = Hy(my ' (h)).
The reason was that there is an obvious bijection between these sets (given explicitly by
73 : V — M, defined below), and bijections between metric spaces preserve 0-dimensional
Hausdorff measure. Obviously this fails for higher dimensional Hausdorff measures, so for
the general case we must attend to how the maps 74 := 7T3’7r1—1(h) st (h) = (V)N

transform (k4 ¢ — n)-dimensional Hausdorff measures, where 73 : V — W is defined as one
would expect, by 73(h,p,q) = qﬁ

First suppose that h is a regular value of 7y; this is true iff A(V) h W. In this case,
7' (h) and h(V)NW are (k + £ — n)-dimensional submanifolds of V and M, respectively,
and 7% is a C! diffeomorphism. Their (k 4 ¢ — n)-Hausdorff measures then agree with the
volume measures induced by their Riemannian structures, and moreover we have

HEF=" (h(V) W) = vol (h(V) W) = vol (s (7 (1)

_ /ﬂ o | A | @it ()

_ / L | A | argre.
T

Note also that
drl (h,p,q) = 3| g, wt ) = T3lker(am (hp.a)):
and this last expression is well-defined even when (h,p,q) is not a regular point for 7.
Thus we can define
p:V— RZO
by

p(hapv Q) = H/\IH_Z_n dﬂ-s‘ker(dﬂ1 (h,0,9))

)
8In fact this issue is largely an artifact of our original choice of set-up: it can be avoided by replacing y
with H x M and 72 : V — M x M by the map H x M — M x M, (h,q) — (h™'(q),q), since for these

choices the resulting identification of 7 *(h) with h(V)NW is isometric. See [BCI3] for an example of this
approach.
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and the above equation becomes
(5) HE(W(V) W) = / L dHE",
1

So far, (Bl holds only when h is a regular value of 7r;. In the complementary dimensional
case this was enough, since when dim(#) = dim(V) Sard’s theorem applies and thus (5
holds for a.e. h € H. When dim(V) + dim(W) > dim(M), however, we have dim(V) >
dim(H), so Sard’s no longer applies (since m; can only be assumed C'). We appeal instead
to the following generalization:

Proposition 4.2 ([Sim14], Theorem 6.4). Let f : M™ — N" be a C' map between
Riemannian manifolds, and let C C M denote the set of critical points of f. Set r =
max{0,m —n}. Then

(6) Hy(f'(y)nC) =0
for Lebesgue a.e. y € N.

Remark. The interesting case (and the one relevant here) is when m > n. As Simon
notes in [Sim14], this proposition is itself a straightfoward consequence of Federer’s general
co-area formula; see [Fed69) §3.2] for details.

To apply this to the present setting, first write C' C V for the set of critical points of
71, and for h € H, let h(V) Ny W denote the set of transversal intersection points between
h(V) and W, and h(V) Ny W = (L(V) N W)\ (h(V) Ny W). Then we have

m3(m (W) \ C) = h(V) Nr W,
m3(n H(h) N C) = (V) Nnr W,

and
HYF (V) NW) = HEF M (B(V) N W) 4+ HEF (V) D W)

-/ e T L e () 0 ©))
™

By Proposition 2],

/1 p dH\’j—l—@—n _ /1 p dH\/i-l—@—n
m (R\C my (h)

for a.e. h € H. For the second term, observe that 73 = %3|7r;1(h)7 where 73 : 7, ' (h) — M

is a distance non-increasing diffeomorphism (indeed 7, Y(n) is canonically identified with
I'(h) € M x M, with T3 corresponding to projection onto the second coordinate), so that

Hi (a7t (R) N C)) < HEF™(a27 (h) N C).
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Since the right-hand side is zero for a.e. h € H by Proposition 4.2 so is the left. We
conclude that

HAH(W(V) A W) = / .
™

— / p dH{i—i—Z_n
1t (h)
for Lebesgue a.e. h € H.

To apply this formula, we need the following slightly more general form of the co-area
formula:

P dHH " + HYF T (g (n  (B) 0 O))

Proposition 4.3 (The co-area formula, C! case). Let f : M™ — N™ be a C* map between
Riemannian manifolds, m > n. For ¢ € N, write F;, = f~1(q). Then for any Borel
measurable function h on M we have

/Mh.NJ(f) dM:/qu </Fh dH}{}‘") dN,

with both sides finite if one is.

We can now proceed as before. First, apply Proposition [4.3] twice to deduce

HM((VYNW) dH = ( /
heH heH T

k+0—n
L ) dH
1

= / p-NI(m) dV
%

-N
_ / / P NIm) oy avaw,
wa)evxw \Jv,, NJ(m2)

where V, , = 75 1(p, q) as before. The proof now reduces to showing that the integrand

% can be viewed as a continuous function on the appropriate Grassmannian bundle

G ¢ over 17, which is positive somewhere on each fiber of the submersion QOM — Gri(TM) x
Gr(TM).

The space Gy ¢ C H x Gry(T'M) x Gre(T'M), the bundle Ej, ¢, and the functions 1,72,
and 7 are defined exactly as in §2.4] (so e.g. in our original notation, G = Gy, ). Again,
n : Gre — R>g is continuous, and positive at (h, oy, 04) iff dh(op) + 0 = T4M. To extend
p to a function on Gy ¢, simply define

3(h,0p,04) : Ege(h,0p,04) — TeM
(h, v, W) — w,

and ﬁ: QM — RZO by

ﬁ(hv Op, Jq) = H/\k-l-@—n H3(h7 Op,0q

) |k0r(H1(h,Up70q))
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Clearly we have

ﬁ(h7 TpV7 TqW) = p(h7p7 Q)
Moreover, p is continuous at all points where IT; has full rank, that is, away from the zeros
of 1. Since also 0 < p < 1, it follows that p- 7 is continuous on Gy ¢, with the same zero set
as 7, and satisfies

(p-n)(h, T,V, T, W) = <p- %) (h,p,q).

One can now apply the results of Appendix A as before to complete the proof.

5. CONSTRUCTION OF (H, %))

In this section we show that Theorems[L.Tland [4.T]are non-vacuous, by constructing, for
an arbitrary closed manifold M, a compact C! family of diffeomorphisms of M satisfying
hypotheses (A1) and (A2). This proves Theorem [[.21

Actually, since it is no more difficult (and arguably more natural) to work in the smooth
category here, the family we construct will be C°°. In addition, we will be unconcerned
with compactness until the end. Specifically, we first obtain a C>° family (R, %)) of the
form

¥ (RN, 0) — (Diff**(M),id)

which satisfies hypothesis (A1) and (A2), such that the surjectivity requirements of (A2)
are satisfied by (BY, 1/)|Bg) for all R sufficiently largeE The desired compact family is then

obtained by restricting v to Eg for some large R.

We begin with some general lemmas. Recall that for 1 < r < oo, a C" family of
diffeomorphisms of M is a pair (H,1), with H a smooth manifold, possibly with boundary,
and 1 : H — Diff" (M) such that the associated evaluation map evy, : H — M is C”; this
implies in particular that 1 is continuous. Any C" family of diffeomorphisms of M is, of
course, a C* family of diffeomorphisms for all s < r.

One motivation for interpreting smoothness in this way—instead of via the strictly
stronger requirement that ¢ € C"(#H, Diff"(M)) for the standard Banach/Fréchet manifold
structure on Diff"(M)—is the following elementary fact, which shows that the class of
C" families of diffeomorphisms in our weaker sense is in a natural sense closed under
composition

Lemma 5.1. Let (Hi,v1) and (Ha,12) be C" families of diffeomorphisms of M, with
OH1 = 0Ho = &. Define
W Hy x Hy — Diff" (M)

9Here and below we write BY ,Eg C RY for the open and closed balls, respectively, centered at 0 of radius
R, with the subscript occasionally omitted in the special case R = 1, i.e. BY := By,

10That this fails for the stronger notion is a consequence of the well-known fact that the composition map
[Diff" (M)]* — Diff" (M) is only C° when r < oco.
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by (hi, ha) = a(hs) o ¥1(hy), i.e. ¥ = compo(thy x o) Then (Hy x Ha, ) is a C”
family of diffeomorphisms of M.

Proof. 1t suffices to check that the evaluation map
evy : (H1 x Ho) x M —— M
(h1, h2,p) —— ¥(h1, h2)(p)
is C". We have
evy (b, ha, p) = (i, ho)(p)

= 1 (h1) (Y2 (h2)(p))
= evy, (h1, ¥2(h2)(p)) = evy, (ha, vy, (ha, p)).
Since evy, and evy, are both C” by assumption, so is evy. O

This lemma means that we can assemble our C'*° family in the obvious way, namely by
composing a finite collection of smaller C*° families supported in (and defined via) charts.
Moreover, working within charts it is easy to produce families which locally satisfy the
desired properties (A1) and (A2); see Proposition [5.3] below. The next lemma gives us a
criterion for ensuring that a composition of such families satisfies (A1) globally.

Lemma 5.2. Let (Hi,v1),...,(Hi,¥r) be C" families of diffeomorphisms of M, with
OH; = D for all 1 < i < k. Suppose that for alli =1,...,k, h; € H;, and p € M, we have
Yi(hi)(p) #p == d(evy, p)n, is surjective,

where evy, , = evy, (+,p) : H; = M. Finally, suppose that for all p € M, there exists j
such that evy, , is a submersion, i.e. such that d(evy, ,)n; is surjective for all h; € H;.
Then letting H := H1 X --- Hy, the map

Y H — Diff" (M)
(h17 s 7hk2) — Q)Z)k(h‘k‘) O O¢1(h1)
defines a C" family of diffeomorphisms of M, and evy,,, := evy(-,p) : H — M is a submer-
ston for all p € M.

Proof. The fact that (H,1) is a C" family of diffeomorphisms of M follows inductively
from Lemma 5.1l Now let p € M and h = (hy,...,h;) € H. We claim that

d(evwm)h : ThH — TqM

is surjective, where ¢ = evy, ,(h) = ¥(h)(p) = ¥x(hg) o - - - 0p1(h1)(p). Clearly it suffices to
show that

8hj (evw,p)h : Thj'Hj — TqM
is surjective for some 1 < j < k.

HFor notational convenience we adopt the convention which defines the composition map [Diff" (M )]k —

Diff" (M) by comp(fi,..., fx) = fko--- o fi.
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To compute these derivatives, write py := p and p; = ¥;(h;) o --- o 1(h1)(p) for i > 1;
in particular py, = ¢. Setting F; = ¢y (hy) o --- 0 ¥j41(hj+1), we then have

ahj (evdf,p)h = (dFj)pj ° d(eviﬁj,pg‘ﬂ)h]"
Now set £ = min {1 < i < k | d(evy, p)n, is surjective}. Then by our assumption we

must have 1;(h;)(p) = p, and thus inductively p; = p, for all i < . Applying the above
formula gives

3hz(€% p)h = (de)m 0 d(evw,m 1) (de)m 0 d(evw p)hz

By the definition of ¢, d(evy, p)n, is surjective; since Fy is a diffeomorphism, it follows that
On,(evyp)n + Th,He — Tp, M is surjective as well, so we are done. O

We can now proceed with the construction of H. Our approach is the “obvious”
one, beginning with the observation that Isom™(R™) & SO(n,R) x R™ acts smoothly and
transitively on Grg(TR™) = Grg(R") x R™ for all 0 < k < n — 1. In particular, for
every o € Gri(TR"), ev, : SO(n,R) x R" — Gri(TR") is a surjective submersion. To
realize these properties inside an arbitrary manifold M, we first “cut off” this action to a
smooth family of (uniformly) compactly supported diffeomorphisms of R™, which satisfies
the submersion property (Al) on the interior of its support, and “acts transitively” on
the restrictions of the Grassmann bundles to some slightly smaller ball. Using charts this
family can be be realized inside any coordinate ball in M by a locally supported family of
diffeomorphisms. The lemmas above then allow us to obtain the desired “action” of RY
on M by composing sufficiently many such families.

5.1. Step 1: Local construction. Choose § € C*°(Rxq, [0, 1]) such that

‘ﬁ\ [0,2] =
i 5| (3,400
o O(x )<0f0rall:1:6(2,3).

Define
L : so,, — Diff2°(R",0)
by
L(v)(p) = exp(B(|pl)v)(p),

where exp : s0, — SO(n,R) denotes the Lie exponential. Thus L(v) preserves each sphere
St=ti:={z € R® : |z| =r}, and acts on S?~! by exp(8(r)v) € SO(n,R). In particular,
L(v)|pp = exp(v), and supp(L(v)) = B for all nonzero v € so,,.

Define smooth vector fields Vi,...,V,, € I'®(R"™) = C°(R™,R™) by

Vilp) = B(Ipl)ei; 1 <i<n.

For each ¢ let h! denote the flow associated to V;. By composing these flows, we obtain a
map

7 : R" — Diff2°(R")

(t1,. .. ty) —> hin o o hlt,



AN AVERAGE INTERSECTION ESTIMATE FOR FAMILIES OF DIFFEOMORPHISMS 25

Finally, we define
¥ : R" x so,, — Diff2°(R")
by
P(t,v) = 7(t) o L(v).
Proposition 5.3. The map

evy : (R" x s0,) x R" — R"
(t,v,p) — (£, v)(p)

is C°, and for all p € BY, the map evy, = evy(-,p) is a submersion. Moreover, for all
0<k<n-—1 andop,o4 € Gri(TB"), we have

d((t, v))(op) = 0oy
for some (t,v) € BY X Bs, (0, R), where R > 0 is such that exp(Bs,, (0, R)) = SO(n,R).
Proof. To see that ev, is smooth, first observe that smoothness of

evy, : 50, x R* — R"
(v,p) — L(v)(p) = exp(B(|p|)v)(p)

follows from that of the Lie exponential exp and S. Also, since each V; is smooth,

ev; : R x R*" — R"
(t,p) — hi(p)

is smooth for all 1 < ¢ < n. Smoothness of evy, then follows inductively from Lemma [5.11
Now let p € B} and (t,v) € R" x s0,,. Writing ¢ = (¢1,...,ty), we set go = L(v)(p) and

a; = (b o---o h{')(q)

for 1 < j < n; in particular, ¢, = ¥(¢t,v)(p). Observe that since every L(v) and h§j
preserves B, ¢; € BY for all 1.
We would like to show that that
d(evyp)tv) : TeR™ x Tys0, — Ty, R™

is surjective. Clearly it suffices to show that this is true for

at(ev¢7p)(t7v) : TtRn — anRn.



26 A. KODAT AND M. SHUB

Fix 1 < 7 < n. We compute

Oy, ((t,0)(p)) = By, (7()(a0)) = O, (hy o -+~ o b (ao))

=0y, (hly o+ 0 h (gj-1))
= d(hy oo hiﬁf) (0, (5 (a-1)))
t
= d(h;y o+~ o h /1) (Vi(gj))
= d(hly oo h711) (B(lgj)es)
= Blg;|) - d(hly o0 h7H) (e )
= B(lg;1) (ej + ajy1 €41 + - + anjen)
for some «;; € R. In particular, 8t(ev¢p)( tw) 18 lower triangular, with diagonal entries

B(q1l),---,B(gnl). Since |¢;| < 3 and thus B(|g;|) > 0 for all 1 < j < n, it follows that
Or(evy p)(t,v) is surjective.
For the final statement, let 0,0, € Gry(TB") = B" x Gri(R"), say o, = (p,01),04 =
(g,02). Pick A € SO(n,R) such that Aoy = 03 and v € By, (0, R) such that exp(v) = A.
Since L(v)|g» = A we have

d(L(v))(op) = (Ap, Ao1) = (Ap, 02).
Observe that, for all 1 < j < n, if b and h;j (b) € By, then h;j x = x+tje; in a
neighborhood of b, so that d(h;j)b = id. Writing ¢ = (q1,--.,qn), ¥ = (r1,...,m,) = Ap,
and t = (t1,...,t,) = q¢—1r € BY, for all 0 < j < n we have
h;.j ou'oh’il(r) = (q1s-- 1> Tjt1s -+, Tn)-

Thus |h§-j o---ohl'(Ap)| < |g| + |r| < 2. By the comment above, we inductively conclude
that

d(hlr oo hft) 4, =1id.
It follows that
d(¥(t,v))(op) = d(hiy o--- o0 hi') o d(L(v))(op)
= d(hjy o--- o hY")(Ap, o)
= (Q7U2) = 0gq,

so we are done. O

5.2. Step 2: Patching together. Choose a finite collection {(U;, #;)}~_, of smooth charts
oi : U; =5 B} for M such that
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Set W; = ¢, 1(18%?), and let D denote the diameter of the Cech 1-complex associated to the
cover {W;}£ | of M "] Since M is connected clearly we have D < L — 1 < oo.
Now for each i = 1,..., L we can define

i : R™ x s0,, — Diff*°(M)

¢l otp(t,v) 0 ¢ onU;

vilt,v) = {1d on M\ Uj.

Then define
¥ (R™ x s0,)% —> Diff>° (M)

by ¢ = compo(1y X -+ X ), ie.

Y((t1,v1),..., (tr,vp)) =r(tp,vp) o+ oty (ty,v1).
Finally, define
T : ((R" x s0,)L)PH — Diff>° (M)
by
U(q1, .- qp+1) = ¥(aps1) © - o (qu).

For convenience, let N = (2n+ (3)) (D + 1)L, and fix some isomorphism ((R?*" x
50,)1)PT1 =2 RN, Then we have

Proposition 5.4. The evaluation map
evy :RY x M — M x M
associated to ¥ is a C*° submersion. Moreover, if for all 0 < k < n we define

evk, : R™ x Grj,(TM) — Gr(TM) x Gry(TM)
(w,0) — (0, d(¥(w))(0)),

then &1@|Bg 1s surjective for all R sufficiently large.

xGry, (T M)

Proof. The fact that evyg is a smooth submersion follows immediately from Lemma and
Proposition (.3l The surjectivity of (37)]&,|BNXQrk (TM) for R > 0 follows from the second
R

half of Proposition B3] and the definition of D. O

Corollary 5.5. The hypotheses of Theorem [1.1 are satisfied by the family (Eg, U).

12Explicitly7 D is the smallest number such that for all 1 < k,¢ < L, there exist io,%1,...,ip—1,iD €
{1,..., L} such that io = k, ip = £, and W;, " W;, , # @ forall 0 <j < D — 1.

341
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6. APPENDIX A: SUBMERSIONS FROM MANIFOLDS WITH BOUNDARY

Our inclusion of the case 0H # @ necessitates a discussion of some basic properties of
submersions from compact Riemannian manifolds with boundary. These maps are messier
than submersions from compact manifolds without boundary, essentially because their
fibers can intersect the boundary badly. Most dramatically, the fibers need not be manifolds
(even with boundary) in general. For similar reasons, submersions from manifolds with
boundary need not be open maps at boundary points, and (most relevant for our purposes)
the locally trivial fibration property enjoyed by proper submersions between manifolds
without boundary (known as Ehresmann’s theorem) fails completely in this setting

Here we circumvent these issues rather naively, by restricting our maps to the interiors
of the manifolds in question. An obvious drawback of this approach is the loss of com-
pactness. Nevertheless, this trick turns out to be sufficient for our purposes because the
geometry of such maps is still tamer than that of submersions from general open manifolds.
The purpose of this section is to state and prove the needed constraints.

Let f: M™ — N" be a C' map between smooth manifolds without boundary. Recall
that a box chart (or submersion chart) adapted to f on M is a triple (B, ¢,1)) consisting
of an open set B C M and a pair of C' diffeomorphisms ¢ : B — (—r,7)™ and v : f(B) —
(—r,7)" such that 1o fo¢~!: (—r,r)™ — (—r,r)" is given by projection onto the first n
coordinates. For convenience we will use the following nominal refinement of this notion:

Definition 6.1. We say that a box chart (B,QB, Yp) is nice if B is precompact, and there
is another box chart (B',¢p:,p:) such that B C B', ¢p = ¢p/|B, and Yp = ¢p/| ). In
this case we say that the box chart B’ cocoons B.

The fundamental fact about submersions from manifolds without boundary is that
their domains can be covered by box charts. Observe that nothing is lost in this statement
by restricting our attention to nice box charts, since for f : M — N a smooth map with
OM = @ it is immediate that

f is a submersion <= f can be covered by box charts

<= f can be covered by nice box charts.

On the other hand, we have the following straightforward fact:

Lemma 6.2. Let f : M™ — N" be a C' submersion between smooth Riemannian man-
ifolds without boundary and (B,¢p,v¥pB) a nice box chart adapted to f. Then there are
constants 0 < CLB < Cg such that

CP <voly n(f'(¢)nB) < Cf
for all g € f(B).

I3A1 these pathologies are easily illustrated by maps of the form 7 : D — R where D C R? is a compact
planar domain with smooth boundary curves and 7 denotes (the restriction of) projection onto some one-
dimensional subspace. One can of course also obtain examples with closed codomain by post-composing 7
with a smooth covering map R — S*.
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Proof. Such an inequality holds trivially for the standard projection m, : R™ — R™ and
any (precompact) box (—r,r)™ C R™, with C, = Cyy = r™~". For the general case, let B
be a nice box chart for f and (B, ¢p/,¥p:) a box chart cocooning B. By definition B C B’
is compact and ¢y is C 1. it follows that ¢p/ | g o B — R™ distorts Riemannian metrics by

a uniformly bounded amount, i.e. for some C' > 1 we have C~!g < (¢p/)*n < Cg on B,
where g denotes the metric on M and 7 the (Euclidean) metric on R™. Moreover, for all
q € f(B) we have

)N B =65 (m, (¥ (q) N s (B)).

The general result then follows trivially from the Euclidean case. O

Lemma 6.3. Let f: M™ — N" be a C! submersion between compact Riemannian mani-
folds, with OM # @ and ON = @. Then vol,_n(f1(g) N ]\OJ) is finite for all g € N, and
in fact uniformly bounded above. If f
bounded away from zero.

g s also surjective, then Vol —n (f71(q) N ]\04) is

Proof. Let Fy:= f~(g) N M = (f\l&)_l(q), and note that, since M is a manifold without
boundary and f

I, is a submersion, each F; is either empty or an embedded (m — n)-

dimensional submanifold of ]\04 . Now define
v(q) == voly_n(Fy) = / dF,.
Fq

A priori we have v : N — [0, +00]. We first show that in fact suprv < +oo.

Upper bound: By attaching a collar C. = OM x [0,€) to M and extending the
metric, we obtain an open Riemannian manifold without boundary M containing M as
an isometrically embedded compact submanifold. Choose an extension of f to a C' map
F : M — N; since the set {p € M : dF), is surjective} is an open set containing M, by
shrinking the collar width € _we may assume that F' is a submersion as well.

Now pick a cover B of M by nice box charts adapted to F'; by compactness of M we
can find a finite subset {By,..., B} C B such that M C By U---U Bg. By Lemma
there are Cf; < +oo, 1 < i < k, such that vol(F~'(¢q) N B;) < Cj; for all ¢ € N. Since
clearly every fiber F~!(q) intersects each Bj in at most one plaque, for all ¢ we have

k

v(q) = vol(f M (q) N M) < vol [ F(g)n | | B;
j=1

vol (F~(q) N By)

M=

1

<.
Il

< k- max C{J<+oo.
1<5<k

Lower bound: It remains to show that inf v > 0 if j? =f ]]\3[ is surjective. This assumption

implies that for all ¢ € N, there is a nice box chart F, C M adapted to j? such that



30 A. KODAT AND M. SHUB

E,N fo_l(q) # @. For each such £, f(Eq) = f(E,) C N is an open neighborhood of g,
and

N = f(E,).
geEN
Since N is compact we may extract a finite subcover {f(E1),..., f(E,)}; in particular,

every fiber F, = f ~1(g) intersects and thus contains a fiber plaque in some Ej, 1 < j < /.
On the other hand, the lower bound in Lemma [6.2] implies that every plaque in any E; has

volume at least Cf, := min{C’LEl, . ,C’LE‘} >0, so

v(g) =vol(f ' (¢)) = Cp. >0
for all ¢ € N, as desired. O

Lemma 6.4. Let f,M,N be as in Lemmal63. Suppose ¢ € C°(M,R>q) is such that for
all ¢ € N, we have ¢(p) > 0 for some p € F, = f~1(qg) N M. Then there exists Cy > 1
such that

< ¢ d]:q < C¢

Cy Fa
forallqge N.

Proof. Let C7 = sup ¢ < +o00. Then for all ¢ € N we have
peEM

T,(q) = /F 6 dF, < Cyvol(F,) < CCh,

where C' is the upper bound on fiber volumes guaranteed by Lemma [6.3]

Thus it remains only to show that Zy(q) is uniformly bounded away from 0. This
follows from an easy adaptation of the proof of the fiber volume lower bound. Consider
the set B of all nice box charts B; for f |1\°4 such that

inf .
Jnf o(p) >0

Since ¢ is continuous and positive somewhere on each fiber of f| e the image of B under

f forms an open cover of N. Extract a finite subcover {f(Bi),..., f(Br)} C f(B). Then
for some § > 0 we have ¢(p) > 0 for all p € By U--- U By, and by Lemma there exists
C5 > 0 such that the volumes of the plaques of each B; are uniformly bounded below by
Cy. Since {f(B;)}¥_; covers N, each F, contains at least one full plaque in some B;; thus

¢ dFy > 6C
Fq
for all ¢ € N. Setting

1
Cyp = maX{C’C’l, 5—02}

we are done. O
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7. APPENDIX B: NORMAL JACOBIANS FORMULA

Recall that our proof of Theorem 1.1 hinges on the existence of uniform bounds for

the fiber integrals
NJ(m1)
—dV, .
/Vp,q NJ(T('Q) b,q

The key point is that these integrals can be identified with fiber integrals of a universally
defined function 7 on a slightly larger compact manifold with boundary which submerses
onto Grg(TM) x Gr,_(TM). By the results of Appendix A, it then suffices to show that
n is (i) continuous, and (ii) positive somewhere on the interior of each fiber.

There are two main benefits to this approach. First, by using only what is required to
apply Lemma [6.4] it avoids obscuring the logic of the argument. Second, and largely as a
consequence, it generalizes easily to the case when dim(V') + dim(W) > M.

The downside is that the constant C remains somewhat opaque. In particular, this
method gives no further analysis of the function n, on which C' depends, or equivalently of
the function(s)

NJ (ﬂ' 1) .

m Y — RZO‘
This is unsatisfying, especially given the fairly straightforward geometric intuition moti-
vating the bounds. In addition, the mere existence of some constant is clearly insufficient

for applications where more precise control over the constant is needed.

NJ(m1)
NJ(m2)
available, which in particular allows us to decompose C' into more tractable factors:

In the complementary dimensional case, a more transparent expression for is

Proposition 7.1. For (H,v) satisfying the hypotheses of Theorem [I1l and any comple-
mentary dimensional submanifolds VW C M, we have

NJ(m1) _ldet(Jprvr,w))l
NT(m) P9 = R (d(ewp)n)

for all (h,p,q) € V. Here J is defined as in Claim[21], and ev, as usual denotes the map

evp = evy(,p) : H — M
given by evp(h) = h(p).
The purpose of this section is to prove this statement. We begin with

Lemma 7.2. Let V, W be finite dimensional inner product spaces and suppose S C V xW
is a linear subspace such that m1|s is an isomorphism. Then if

G:=myo(m|g) ™ :V =W,

we have S = T'(GQ). If in addition ma|s is surjective and S is endowed with the inner product
inherited from the product structure on V- x W, then

o *\—1/2 _ ’det(ﬂl‘S)’
(7) A (G = FetTmals) - (rals) V2
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Proof. The first statement is obvious. The second follows from some elementary linear
algebra computations; see [BCSS98, pp. 241-243] for details. O

Remark. In terms of normal Jacobians, this result specifies a context in which the
innocent-looking formula
(8) 1 ~ NJ(B)

NJ(AB-1)  NJ(A)

holds. Note however that this formula fails in general: normal Jacobians of general (not
necessarily invertible) linear maps between inner product spaces are not typically multi-
plicative under composition. In particular, the fact that (8) holds in the setting of Lemma
depends on the assumption that the metric on V' x W (and thus the metric on S) is
the product metric induced by the metrics on V and W.

Proof of Proposition [7.1l As in the discussion following Claim [2.1] observe that
NJ(m1)(h,p,q) = |det((dm1)(npq)| =0 <= det(Jp 1,v,1,w)) = 0.

Thus it suffices to consider the case when both dm; and J are invertible. Let (h,p,q) be a
regular point for ;. Then we can define

G = (dm2)(hp,q) © (d7T1)(hpq) TWwH — T,V x T,W.

Since F(G) Tihp,q) V> with metric induced by the product metric on T, H x T,V x T, W,
Lemma [T.2] applies to give
NJ(m)
h .
NJ(WQ)( D, q)

(9) det(GG*) ™12 =

Moreover, the description of T, )V given in Claim 2.1l immediately implies that the
following diagram commutes:

Tihp.a)V
/ r
Ty < T,V x T,W

w J(h, Tpv, W)

T,M
In particular,
~1
G = J mvr,w) © devp)n,
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so by (@) we compute

Eigg(h p,q) = det(GG*)~1/2
— det((J ™" o d(evy)n) - (4 o d(ev,)n))
(10) = det(J " - d(evp)y, - d(evyp)y, - (J71)*) 2
= [det(J 1) - det(d(evy)n - d(evy);) - det((J71)")] 2
= [det(J")? - det(d(evy)n) - d(evy);)] "/

_ | det(J)]

~ det(d(evp)n) - d(evy);)'/?
Remark. Up to a uniformly bounded factor, we have

| det (J(h,appq)) | ~ sin £(dh(op), 0q).

O

The multiplicative error involved is at most ¥, where 7 is the supremum of max {Hdhq I, Hdhq_1 H }
over all h € H and ¢ € M.
Similarly, the fact that ev is a C'' submersion implies that det(d(ev,)s) - d(ev,)})Y/? is
uniformly bounded above and away from 0, i.e. constant up to a uniform factor.
Combining both errors we conclude that
NJ(m1)
NJ(m2)
up to a bounded multiplicative constant (which is itself a function of the constants bounding
NJ(evp)n, ||dhy]|, and Hdh;lH for all (h,p) € H x M).
This means that one can view Theorem [I[.1] as reducing to the following claim:

(h7 b, q) A sin K(dh(o'p% Uq)

Proposition 7.3. For all 0 < k < n there is a constant Cy, > 1 such that for all (0}, 04) €
Grk (TM) X Grn_k(TM),

1
1 / sin £(dh(0,),04) |dHy| < Ch.
Ck = Jhety,

Here H,, = {h € H h(p) = q¢}; this is a submanifold of 7:3[, with Riemannian metric
induced from #, which can be canonically (and isometrically) identified with V, , (indeed
Vog = Hp,q x {p} x{a}).

Using the results above, our original constant C' can be estimated as a function of the
constants Cj, and the bounds on NJ(evy ), ||dhyl|, and ||dh, |-
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