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Abstract

In this paper, we define the spectral Einstein functional associated with the sub-Dirac operator for mani-
folds with boundary. A proof of the Dabrowski-Sitarz-Zalecki type theorem for spectral Einstein functions
associated with the sub-Dirac operator on four-dimensional manifolds with boundary is also given.
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1. Introduction

The noncommutative residue which is found in |1, 2] by M. Wodzicki and V. W. Guillemin plays a
prominent role in noncommutative geometry. Recently Dabrowski etc. |3] obtained the metric and Einstein
functionals by two vector fields and Laplace-type operators over vector bundles, giving an interesting example
of the spinor connection and square of the Dirac operator. An eminent spectral scheme is the small-time
asymptotic expansion of the (localised) trace of heat kernel [4, [5] that generates geometric objects on
manifolds such as residue, scalar curvature, and other scalar combinations of curvature tensors. The theory
has very rich structures both in physics and mathematics.

In [6], Connes used the noncommutative residue to derive a conformal 4-dimensional Polyakov action
analogy. Connes proved that the noncommutative residue on a compact manifold M coincided with Dixmier’s
trace on pseudodifferential operators of order —dimM [7]. Furthermore, Connes claimed the noncommu-
tative residue of the square of the inverse of the Dirac operator was proportioned to the Einstein-Hilbert
action in|7, |8]. Kastler provided a brute-force proof of this theorem in [9], while Kalau and Walze proved it
in the normal coordinates system simultaneously in [10], which is called the Kastler-Kalau-Walze theorem
now. Building upon the theory of the noncommutative reside introduced by Wodzicki, Fedosov etc. [11]
constructed a noncommutative residue on the algebra of classical elements in Boutet de Monvel’s calcu-
lus on a compact manifold with boundary of dimension n > 2. With elliptic pseudodifferential operators
and noncommutative residue, it is natural way for investigating the Kastler-Kalau-Walze type theorem
and operator-theoretic explanation of the gravitational action on manifolds with boundary. Concerning
Dirac operators and signature operators, Wang performed computations of the noncommutative residue and
successfully demonstrated the Kastler-Kalau-Walze type theorem for manifolds with boundaries [12-14].

Earlier Jean-Michel Bismut [15] proved a local index theorem for Dirac operators on a Riemannian
manifold M associated with connections on T'M which have non zero torsion. In [16], Ackermann and
Tolksdorf proved a generalized version of the well-known Lichnerowicz formula for the square of the most
general Dirac operator with torsion Dy on an even-dimensional spin manifold associated to a metric connec-
tion with torsion. Pfiffle and Stephan considered compact Riemannian spin manifolds without boundary
equipped with orthogonal connections, and investigated the induced Dirac operators in |[17]. Wang, Wang
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and Wu computed wres[n ™V xVy (D5Dr)~ " ont (D5 Dr) '] and wres[ntVxVy Dyt o nt (D4 Dy D3] in
[20], and provided an important reference for our paper calculation. In [25], in order to prove the Connes
vanshing theorem, Liu and Zhang introduced the sub-Dirac operator. In [19] Wang and Wang defined lower
dimensional volumes associated to sub-Dirac operators for foliations and compute these lower dimensional
volumes. They also prove the Kastler-Kalau-Walze type theorems for foliations with or without boundary.

The purpose of this paper is to generalize the results in [3], [19], [20], and get spectral functionals
associated with sub-Dirac operators on compact manifolds with boundary. For lower d1mens1onal com-
pact Riemannian manifolds with boundary, we compute the 4-dimensional residue of VxVyD7 7 4 and get
Dabrowski-Sitarz-Zalecki theorems.

2. Spectral functionals for the sub-Dirac operator

In this section, we shall restrict our attention to the sub-Dirac operators for foliations. Let (M, F') be a
closed foliation and M has spin leave, g¥ be a metric on F. Let ¢”™ be a metric on TM which restricted
to g on F. Let F* be the orthogonal complement of F in T'M with respect to g7™. Then we have the
following orthogonal splitting

TM =F & F+, (2.1)
y €L
g ™M=g"®g", (2.2)

where g is the restriction of g7M to FL .

Let P, P be the orthogonal projection from TM to F, F* respectively. Let VI™ be the Levi-Civita
connection of ¢™™ and VF(resp.VFL )be the restriction of V'™ to F(resp.F*). Without loss of generality,
we assume F is oriented, spin and carries a fixed spin structure. Furthermore, we assume F is oriented
and we do not assume that dim ' and dim F* are even. By assumption, we may write

v =pviMp, (2.3)
v = plyT™™pL, (2.4)

Moreover, the connections V¥ (VFL) lift to S(F) (/\ (FL**)) naturally denoted by V() (VA(FL'*)).

Then S(F) ® A (F+*) carries the induced tensor product connection
VSEEAF) — 7SI @ 1d, gy + Tdg(my @VNEF ). (2.5)
Then we can define S € Q(T*M) @ I'(End(TM)),
VM = vF 4V 4 8 (2.6)

For any X € I'(T M), S(X) exchanges I'(F) and T’ (Fl) and is skew-adjoint with respect to g7 . Let
{fi}'_, be an oriented orthonormal basis of F', {hs}?_, be an oriented orthonormal basis of F | we deﬁne

VE = S@en(Ft) 4 % zpj ij < S()fishs > c(f;) e (hy) (2.7)

where the vector bundle F+ might well be non-spin.

Definition 2.1. [19] Let Dy be the operator mapping from I' (S(F) ® A (F**)) to itself defined by

Z (f:) VE +Z (2.8)
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From (2.19) in [24], we shall make use of the Bochner Laplacian AY stating that
P2 Lo N2 o ~
NF .— Z (Vfi) _ Z (vhs) + VZLV%MJC% + VEZ:1 vzb‘SMhs. (29)
i=1 s=1

Let rjp; be the scalar curvature of the metric ¢”™ . Let RF " be the curvature tensor of F- . From
theorem 2.3 in [25], we have the following Lichnerowicz formula for Dp.

Lemma 2.2. [24] The following identity holds

+_MZ Z (R (fishy) husho ) e (fi) ¢ (hr) € (h) € ()

+§Z Z (BT (fis f5) b s Y € (fi) € (£) 2 (h) € ()
Jr% Z <RFL (hr,hz)ht,h5>c(hr)c(hu)g(hs)a(ht), (2.10)

Let us now turn to compute the specification of D%..

Z g (x) 9 0;0;0, + Z g (x)e (at)] {Z (0197) 0:0; =4 97030105 @ Tdp vy

ij ij

—Idsr) ®4Zg 70,04 7429”5 ) 010; +2Zg”21“”818k

ij ij

TS (i) e+ 1 Y <vgjm,ha>[c<hl>c<ha>—a(m)ahu)}] ngaiaj}

s,t=1 l,a=1

+ thl(w)c(at)l {—2 > (0197) 0:0; @ Idp(prey — 2> g7 (9103) 05 @ Idy(pi
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— Ids(py2 (097) 6:0; — Ids(py @2 9" (016:)0; — 2 (9ug™) S (9;) O
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In order to get a Kastler-Kalau-Walze type theorem for foliations, Liu and Wang [26] considered the
noncommutative residue of the —n + 2 power of the sub-Dirac operator, and got the following Kastler-
Kalau-Walze type theorem for foliations.

The following lemma of Dabrowski etc.’s Einstein functional play a key role in our proof of the Einstein
functional . Let V, W be a pair of vector fields on a compact Riemannian manifold M, of dimension n = 2m.
Using the Laplace operator A = (ZJ 1 Vej Ve] - VVL e;) + E acting on sections of a vector bundle E

where V is a connetion on E, which may contain both some nontrivial connections and torsion, the spectral
functionals over vector fields defined by

Lemma 2.3. [3] The Finstein functional equal to

-~ . 1
Wres(VyVwA™™) = ‘ 5 —Lgm /M GV, W) F(V,W)volg + B /M(TrE)g(V, Wvol,, (2.12)

M

where G(V, W) denotes the Finstein tensor evaluated on the two vector fields, F(V,W) = Tr(VoWyFgp) and
F,p is the curvature tensor of the connection T, TrE denotes the trace of E and v,_1 = -

T'(m)"

The aim of this section is to prove the following.

Theorem 2.4. For the Laplace (type) operator Ap = D%, the Einstein functional equal to

~ o~ 25T+l 5 »
Wres(VEVE (DF)=2m) :%/ G(V,W)dvozg+2a+q*3/ sg(V, W)dvolyr, (2.13)
GF(T) M M

where s is the scalar curvature.

Proof. By the definition of connection VT we have

p q
SF o S(FP)@ELs 1
Vi =V + 520 D ASX)F ha)elfi)e(hs)

j=1s=1
1< 1<
+1]—IZ_1 K5 e +Zs; VX hashe) (e(hs)e(he) = e(hs)é(hs))
1 P 4q
+ 522 X)fj, hs)e(fj)e(hs)

1 s=
(X). (2.14)
Let V = 22:1 Veeq,, W = Z;f:l Whey, in view of that

1

'

J

D>|

F(V,W) = Tr(VoaWyFa) = i VW, TrSPeE D (F, (2.15)
a,b=1
we obtain
F., e, = €a(Alen)) — ep(A(eq)) + Alea)Aler) — Aler) Alea) — A(lea, €))- (2.16)

Also, straightforward computations yield

q

Tr(eal@en))) =Te[ealy S AVEL R + 1 D0 VK hosha)(elho)ethe) = lho)ého))
Ji=1 s,t=1
+ %ZZ< (X)f]7h5>c(f])c(h5))]
. (2.17)



in the same vein
TrA([eq, ep)) = 0, (2.18)
SO
F(V,W)=0. (2.19)

Let D% = AF + E, we have

Z " (fi hedha, ho)e(fi)e(hn)e(he)e(h)

4>|03
+

Fgr.
Mﬁ

E =
+§ 0 0 (R e el F)elS et}
+3 3 (R bbbl b)),
(2.20)
and
Te(RT (fiy hy)ho, h)e(f)e(hr )é(he)é(he) = 0, (2.21)
< (fzaf])htv > (fz) (f])é( s)é(ht) :07 (222)
Te(RE" (hy, ha)he, hg)e(h)e(ha)é(hs)é(he) = 0. (2.23)
Hence
TrE:ZTr[Id] 12#‘1 25ta=2g (2.24)
which finishes the proof of Theorem 2.4. O

3. The residue for the sub-Dirac operator 6§6$D;2 and D;z

In this section, we compute the lower dimensional volume for 4-dimension compact manifolds with
boundary and get a Dabrowski-Sitarz-Zalecki type formula in this case. Some basic knowledge such as
boundary metric, frame, noncommutative residue of manifold with boundary and Boutet de Monvel’s algebra
can be referred to in [12], and we will not repeat it here. We will consider D%. Since [o_4(VEVEDR? o
D7?)]| i has the same expression as [0_4(6§ %gDEQ o D?)]|m in the case of manifolds without boundary,
so locally we can use Theorem 2.4 to compute the first term.

Corollary 3.1. Let M be a 4-dimensional compact manifold without boundary and VE be an orthogonal
connection. Then we get the volumes associated to Vi VEDR? and D% on compact manifolds without
boundary

Wreslo_s(ViVED oD% = 87; / G(X,Y)dvongr/ sg(X,Y)dvolys, (3.1)
M M

where s is the scalar curvature.



Let p1,p2 be nonnegative integers and p; + p2 < n, denote by O’l(;[) the [-order symbol of an operator
A, an application of (3.5) and (3.6) in [12] shows that

Definition 3.2. Spectral Finstein functional associated the sub-Dirac operator of manifolds with boundary
is defined by

vol PP M = Wres[rt (VEVE(DZ) ") o ot (DF2)P?], (3.2)
where 7+ (VEVE (D%)~p1), 7t (DR?)P2 are elements in Boutet de Monvel’s algebra [13].

For the sub-Dirac operator Vf( VgD; and D; , denote by ol(A) the l-order symbol of an operator A.
An application of (2.1.4) in [12] shows that

Wres{r (VR9L (D) ot (DF)
— [ [ trsimponiremlo-n(TRIEDR) 7 o (DR Plo(as+ [ @, 53)
M J|g|=1 oM

where

s |a\+]+k+l o FoF (2 \— ’ /
/E| 1 / > ZQ.H TS eenr 0103, 0808, 0T (VEVE(DR) ) 0.€6)
7,k=0

x OF OLT10F ai((DR)72)(',0,¢',&n)]déno (€)da, (3.4)

and the sum is taken over r — k — ||+ € —j— 1= —n,r < —p1,£ < —pa.

So we only need to compute |, on @ Recall the definition of the sub-Dirac operator D in [19].

P q
D =) c(fi)Vy, +_c(hs) Vi, (3.5)
i=1 s=1
where ¢(f;), c(hs) denotes the Clifford action.
We define
B 1P 12
VE =X 45D Y (SCOf hae(fielhs) + 7 Y (VR S5, fide(F5)e(f)
Jj=1s=1 Jil=1
+ i STUVE hay helelhs)elhe) — é(hs)é(he). (3.6)

s,t=1

which is a connection on S(F) ® A(F*, ).
Set

X) = 23S S S hael e M(X) = 1 30 (VR f5, felf)e(o):

j=1s=1 Jl=1

N(X) = 5 3 (V5 e dleth)elhe) — é(ha)eho)]. (37)

Let VE = X + A(X) 4+ M(X)+ N(X), and VE =Y + A(Y) + M(Y) + N(Y), by (2.11), we obtain

)+
VEVE = (X + A(X) + M(X)+ N(X)(Y +AY) + M(Y) + N(Y))
=XY+MY)X+NY)X +AYV)X + M(X)Y + N(X)Y + AX)Y
+ X[M(Y)] + [N(Y)] X[AY) + M(X)M(Y) + M(X)N(Y) + M(X)A(Y)
+ N(X)MY)+ NX)N(Y) + NX)AY) + AX)MY) + AX)NY) + AX)AY), (3.8)
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where X = 57, X;0,,,Y = £1 Yi,,.
Let g% = g(dw;, dz;), £ =Y, &dx; and VLa- = rfjak, we get

:742“]’” (Or) ¢ oK = 4Zwrt (Ok) [ ) € (he) — c(hy) c(he)];

& =gig; TF=4g"Tr, of =gYo;  S(di) = g S(di). (3.9)

Then we have the following lemmas.
Lemma 3.3. The following identities hold:
oo(VEVE) =X[M(Y)] + XIN(Y)] + X[AY)] + M(X)M(Y) + M(X)N(Y) + M(X)A(Y)
+NXMY)+ NX)NY)+ NX)AY)+ AX)MY)+ AX)NY) + A(X)A(Y);

(3.10)
n(VEVE) =v/=1 Z X; Yl fl + \/_Z N(Y) + A(Y)]X;¢;
7,l=1
VT Z[M(X) + N(X) + ACOYE; (3.11)
o2 (VEVY) = Z X,;Yig;&. (3.12)
7,l=1
Lemma 3.4. [19] The following identities hold:
o1(DFY) =$; (3.13)
D
-a(D;) =SB | DS (a0, (O ~ (€10, (1) (3.14)
J
oo (Dp%) =€ (3.15)
o3 (D5?) = — V=1¢| & (T" = 20" @ Id\ (pr.v) — Idg(p) ®26"
—= Z Z (VEMf;, by - = Z Z (VEM fishsye(fi)e(h ))
z] 1s=1 st 14i=1
— V=11E] 75287 €0 830,977 (3.16)
where,
=—- Zwkl fi)e(fi) e (fi) ¢ (fr) @ Idp(meny
i,k,l
- = Zwkl Ji) e (fi) c(fi) e (hs) @ Idp(prsy
s,k,l
+Ids(r) ®Z > wra (fi) e (fi) [e(he) @ (he) — ¢ (hy) e (he)]
1,7t
1
+1ds(r) @7 Zw (hs) ¢ (hs) [ (h) @ ) — € () ()]
1 p q 1 q p
t5 2. 2 VR ey e(fe(f)eha) +5 30 Y Vil he fi) e (hs) e (he) e (fi).
i,j=1s=1 s,t=11¢=1



Lemma 3.5. The following identities hold:

oo(VRVEDR?) = = 3 X;Yi;6l¢l ™ (3.17)
gl=1
(VEVEDR?) =05(VEVE o 3(DE) + o1 (VEVE)o 5 ((D5?)
+ 30, [02(VEVI)] D, [0-2(DF)]. (3.18)
j=1
Now we need to compute faM ®. When n = p+q = 4, then trgpgrt  [id] = 8, the sum is taken over
r+l—k—j—|aj=-3, r<0, [ <-2 then we have the following five cases:
casea) ) r=0,1=-2, k=5=0, |a] = 1.
By (3.4), we get

+oo
¢, = —/ - / Z ng,wg UO(VXV$D ) x 020, 0—2(D7?)|(w0)dEno (€)da' (3.19)
ler]=1

la|=1

By Lemma 2.2 in [13], for i < n, then

_ _ 02, (1€]?) (z
Oy,02(DF2)(w0) = B, (€]2)(20) = —% _o, (3.20)
so &; = 0.
case a) II) r =0, l=-2, k=|a| =0, j=1.
By (3.4), we get
+oo o
y = *%/ / Tr[0, 7 00(VA VY DR?) x 02 0 _o(Dp*)|(0)déno (€ )da. (3.21)
¢'l=1
By Lemma 3.3, we have
_ _ 662 — 2
02,0-2(Dp*)(wo) = 0%, (1€ 7*)(z0) = A+ (3.22)

It follows that
Soim X Yig&h (0)[¢')?

02,00 (VEVYDE?) (@) = O, (— Z X;YiE;61¢7%) =

(3.23)
— L+
By integrating formula, we obtain
7 0n,00(VEVE DR (w0) = 0,7 00 (VEVE(DE?)
n—1 .
Z&n + 2 Z&n /

=~ Ie e X;V.660 ————5 XnYah'(0

e i o, AN 0) = g Xkl 0
P ZX Vb — 6 7 — N XLV (3.24)

We note that i < n, f‘g,‘:l £ 6in - €ina 1 0(§') = 0, so we omit some items that have no contribution for



computing case a) II). From (3.32) and (3.34), we obtain

Tr[@mnﬂ; 00(6§65D;2) X agn O'_Q(D;v2)] (x0)

_ i— 3ig; 1 - 3¢2 =
BN e R R ik J-,zz_l ATGEIO)
71— 3153 1— 352 /
+4[(£ — 2)4(571 +,L-)3 (E ) (gn +’L) ]X Y, h (0)
n—1
+4 (1 _ 352 (

& — (e +HZ b e 5 +z32X Yid

Therefore, we get

n—1
5 1 , ,
By = (24 > X,V - X Y) W (0)mQsda’,

where 3 is the canonical volume of S2.
case a) III) r =0, I =-2, j=|a|=0, k=1.
By (3.4), we get

+oo —
— 5/,| 1/ Tr[0F, 7¢ 00(V5 VY DR?) X Or,02(D5?)](x0)déno (&) da’.
By Lemma 4.4, we have

_ h'(0
8Ino,2(DF2)(z0)||5/|:1 = (1—}—%))2
An easy calculation gives
. n—1 .
7 og(VEV x Ny = XY, %XnYn
& o0(VEVE (D) (@o)|igrj=1 = 2@ NZl 6= 5
1 n—1
Z 7 gn - Z) ;

Also, straightforward computations yield

1
0,7, o0 (VEVE (D) w11 = (e Z Xi¥i&i6 = ey Xa¥n
n Gl=1 n

Therefore, we get

+oo
__/ 7= 1/ Tr(0¢, 77, 00(VX VY DR?) x O¢, 0, 0-2(D?)] (o) dénor (€')da’

1 1 n—1
- - XY, 6 — ——— X, Y&,
(&n — )3 ;:1: iYn&; En — i) ?:1: 161

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)



case b) r=0,1l=-3, k=j=]a|=0.
By (3.4), we get

+oo —
Dy = fi/ / Tr[ﬂ; oo(VEVYDR?) x 0, 0_3(Dp?)](20)déno (€ da’
[§]=1 —o0

+oo
= Z/ / Tr[agnﬂgszo(%?%}F,D};Q) X 0—*3(D;2)]($O)d§n0(§/)d$/. (332>
|€]=1J~o0

By Lemma 3.4, we have

_9 —2¢h'(0)&, ) 3
s (OF) et = o~ T 7 (5 ;w’” e K
_Ids(p)®%Zwm (9%) (o) [¢ (hy) & (he) — c(h ZZ TM ¢ hy (fj)c(hs)). (3.33)

+ _ SFSF -2 _ - 7.
¢, ¢ 00(Vx Vy Dp")(@o)jerj=1 = 2(§n E ﬂz X;Yi&i& + 3 = i)QXnYn

1

— ZX Yo + ZX Yig.  (334)

We note that i < n, f‘g,‘:l &1 6in - €ina 1 0(§') = 0, so we omit some items that have no contribution for

computing case b). By the trace identity tr(AB) = tr(BA), tr(A ® B) = tr(A) - tr(B) and the relation of
the Clifford action, we have

Trle(fi) ¢ (fi)] = —0},2%, (3.35)
Tr[e(hr) & (he) — ¢ (hr) e (hy)] = 26,27 (3.36)

Then, we have

Tx(0e, 7 00 (VX VY Di?) x 03D (o)

- 8&n B 6&,, , - . |
e N AP IR
Bn 6¢n ,
e+ G o O X (3.37)

Therefore, we get

+oo —
by =i / / Tr[0e, 7¢ 00(VA VY D5?) x 03 D) (z0)déno (¢ )da
le'|=1J o0

( ZX Y — X Y) W (0)mQsda’. (3.38)

casec)r=—-1,¢{=-2 k=j=|al=0.
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y (3.4), we get

+o0 —
o5 = —i/ Tr[rd 0 1 (VA VY DR?) x 8,0 2(D5?)(w0)déna(€)da'. (3.39)
/‘ 1
By Lemma 4.4, we have
_ 28n
afnU*Q(DFQ)(zO)hﬁﬂ:l = (63}%1)2 (340)
Since
(VEVEDE)) (o)l jerj=1 =02(VEVE)o_5(DE?) + 01(VE VT )2 (D)
+3 0, [02(VEVE)] Day [0-2(DE)]. (3.41)
j=1
Explicit representation the first item of (3.41),
(VXVY)U 3(DF )($0>|\5'| 1
= —2ih'(0)¢, i
= _ X.YiEs — Id pi.«
PR { ireP 0ty ( ;w“ U e
1 Pq
_Ids(p)®52wm (9%) (o) [& (hr) & (hy) — = 3> (VR f,hs (fj)c(hs)) } (3.42)
Tt i,7=1 s=1
Explicit representation the second item of (3.41),
o1 (VEV)o_2(Dp?) (20)|jerj=1
= 0
~(vIY 53t + VIR IIMO0) + N+ AW
Gil=1 Zi
V=T [M(X) + N(X) + A<X>ma) x [e]72. (3.43)
1
Explicit representation the third item of (3.41),
5 0, [oa(FETEN Du, oo (D7) ol
j=1
=0, [ > XVig8](—vV=1)as, (1€17])
j=1 Jl=1
= Z L(z;Y; + 2,Y;)&0,, (1€] 7). (3.44)
j=11=1

We note that i < n, f‘g,‘:l &1 6in - €ina0(€') = 0, so we omit some items that have no contribution for
computing case c). Also, straightforward computations yield

Tr[rf o 1(VEVEDE?) x 9,02 Dp%)](0)] 7)1

18i¢, — 10£2
(n —1)°(&n +14)?

—20i&3 — 36£2 + 124, N 8¢,
(&n —1)°(&n + )2 (&n — 1)*(&n +1)?

W(0) + XYy, x |

J7(0),

(3.45)

n—1
=) XYig4 x

=1
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Hence in this case,

+oo o
Py = — @/ / Trfrd 01 (VX VY DR?) x 0g, 02D %)) (x0)déno(€')da’
1€'1=1J -0
n—1

2 5
=13 > XY+ S Xn Yo | W(0)7Qsda’. (3.46)
j=1

Now @ is the sum of the cases (a), (b) and (c). Let X = X7 + X,,0,, Y = YT +Y,0,, then we have
Z;:ll X;Yj(z0) = g(XT,YT)(x0). Therefore, we get

5
5 3
=S &, =—|—gXT, YD)+ ZX,Y,, | M (0)7Qsdz’. 3.47
S0= - g g (0)n 2y (3.47)
Then we obtain following theorem

Theorem 3.6. Let M be a 4-dimensional compact foliated manifold with boundary and spin leave , V be
an orthogonal connection with torsion. Then we get the volumes associated to ViV@D;Q and D;Q

Wres[r ™ (VE VY D5?) o 7 (D%)]

2
_8r G(X,Y)dvol, + / 59(X,Y)dvolpr — / [ig(XT, YT) + §XnYn R (0)7Qada’.  (3.48)
3 Ju M on [24 2
where s is the scalar curvature.
By [13], we have the extrinsic curvature K = f%h’(()) , so when X,, = 0 or Y,, = 0 on boundary, we have
Corollary 3.7.
Wresrt (VL VY D3?) o 7 (D3)]
82 )
=T / G(X,Y)dvol, + / sg(X,Y)dvolys + — [ g(X,Y)onKdvoloy. (3.49)
3 Ju M 36 Jomr

So we have

Definition 3.8. The spectral Finstein functional for manifolds with boundary

Ex ::/ G(X,Y)dvongrco/ 9(X, Y)an Kdvolos, (3.50)
M oM

where ¢y is a constant.

4. The residue for sub-Dirac operators 6§6$D;1 and D;S

In this section, we compute the 4-dimension volume for sub-Dirac operators %ﬁ} 6§D;1 and D3? . Since
[0_4(VEVEDL' 0 D2?)]|ar has the same expression as [0_4 (Vi VE DR o D?)]| s in the case of manifolds
without boundary, so locally we can use Theorem 2.4 to compute the first term.

Corollary 4.1. Let M be a four dimensional compact manifold without boundary and V be an orthogonal
connection with torsion. Then we get the volumes associated to Vﬁ;V{;D;l and D;3 on compact manifolds
without boundary

Wres[a,4(€§65D;1 o D%
8 2

:i/ G(X,Y)dvolg+/ sg(X,Y)dvolys, (4.1)
3 M M

where s is the scalar curvature.
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Similar definition3.2 ,we have

RS >|a\+]+k+l FoF - ! !
/£,| 1/ Z Zm TS(F)@A(FL, *)[8 85/85 (VXVY(DF) Py (2',0,¢,€,)

7,k=0

x 07 0Ly ou(DF)772)(a',0,€',6n)]abno (),
From lemma [3.3] and lemma [3.4], we have

Lemma 4.2. The following identities hold:

o (VEVEDEY) = = V=1 Y X;vig;qe(6)lel ™

=1

o0 (VEVEDR) =0a(VEVE)o2(DF") + o (VEVE)o—i (D7)

+ 3 0, [02(VE V)] Doy [0-1 (D).

j=1

Write
DY = (=)l*9g; o(D}) = ps +p2+p1 +po; o(DE’) = 372545
By the composition formula of pseudodifferential operators, we have
o(D% o Dy, Z £ o(D3)D2o(DR%)]

= (Ps +p2+p1+00)(q—3+q-a+q-5+---)

+ Z(agjps + O¢;p2 + +0¢,p1 + O¢;p0)(Dz;q-3 + Do ;q-a + Dy jq5 + -+

J
= p3q-3 + (P3q-a + p2g-3 + Z 0¢;p3Dz;q-3) + -+,
J
o
q-3=p3"5 ¢a=—p3'[paps" + Y O, paDa,(p-37")].
J

Hence by Lemma 4.1 in [19] and (3.9), we have
Lemma 4.3. The symbol of the sub-Dirac operator:

o-3(Dp%) = V-1e(€)¢]™*

(DA | V7Tele)
G G

W (0)e(dan)el€) + 26nc(€)Dnc(e’) + 4&/{(0)) ,

o (D) — <|§|4c<dzn>amnc<s'>

where,

02(Dp) =c(d1)1(g™)&i&; + 2¢(€) [20" @ Idp(prey + 1ds(r) ©26; — T
+25(94) + (M(X) + N(X))[¢*] &

13

(4.2)

(4.9)

(4.10)



Now we need to compute faM . When n = 4, then trg mgart.+)[id] = 8, the sum is taken over
r+l—k—j—|aj=-3, r<0, [ <-2 then we have the following five cases:

casea) )r=1,1=-2, k=5=0, |a] = 1.

By (4.2), we get

~ +oo o
P = */ / Z Tr[agmg;al(vggng;l) % 353&073@;3)](:co)dgna(g’)dx’. (4.11)
[¢'|=1J~c0

jal=1

By Lemma 2.2 in [13], for i < n, then

012D ) = 00, (VT ) a0) = VT2 () 4 Ol () 0, ar2)

l§1 €[°
SO &)1 =0.
casea) II)r=1,1=-3, k=la| =0, j =1
By (4.2), we get
B — _1/ /m Te[0, 7t o1 (VEVEDY) x 02 0 (D] (w0)déno (€')da’ (4.13)
2 2 =1 J oo znle, 1 X Vy&p ¢, V-3 F 0 n . .
By Lemma 4.3, we have
2 _ / 3 _
82 o_s(DF*) (o) = 2. (c() €] 4) (o) = v/ T 20n = Del&) T12(E& = En)eldrn) (4.14)

(1+&)1
and

0, 01 (VEVE DR (w0) = 00, (—V=1 D X;Y1€;60(€)16]72)

jl=1

LTS xvigge [ Qal€) AK€

We note that i < n, flé/lzl §ir6in vy 0(&') = 0, s0 we omit some items that have no contribution
for computing case a) II). Then there is the following formula

Tr[@mnﬂg;al(§§6$D;1) X nga_g(D;?’)](aco)

XY (0) [161((5«555—52(34??4 &) | 8(5£E2;€n E)i;(iiif%’)“ fn)] (4.16)
Therefore, we get
B Lo LA s [
o [0 Y]
= (% nilxjyj + 1—16XnYn) K (0)mQ3da’, (4.17)
=

14



where 3 is the canonical volume of S2.
casea) III) r=1,1=-3, j=|a| =0, k=1.
By (4.2), we get

+oo —
bo— g [ [ o mf o (FRIEDL) 86,00, 00 (D w0) (€)'
g=1J-c0 '

1 Hoo o ep _
= —/ / Te[0F wf o1(VX VY DEY) X 0,0 3(D5”)|(w0)déno (&) da. (4.18)
¢/l=1J—c0
By Lemma 4.3, we have

i, [e(¢)] 210 (0)c(€)I€ [2ons
0,.0_3(D5?)(20)]jer)=1 = 0, [e(€)] (O)(OIE [gons

(4.19)

1+ (1+&2)8
And we have
o~ ! ie(dxy,
02wt o (VEVEDR) = ——(5()§+ic,§1 ) 5 xvig+ Ay,
n Ji=1 n

—%ZXY@—%ZXY&' (4.20)

We note that i < n, flé/lzl §ir&in  Cingn0(&') = 0, s0 we omit some items that have no contribution
for computing case a) III), then

Tr([0, 7d 01 (VX VY DE') % O, 00, 0-3(D5*)] (w0) ] 1¢7/=1

4i 16 =
= (0 X, Vi€,
& G e O 2 s
4 16
_ B (0)X,,Y,,.
d e ey e AL
(4.21)
Therefore, we get
-~ 1 oo 4i 16 —
== 40 X, Vi,
"2 /m_l /m <[<£n T 0 )Nz_l G
4 16 ) .
B e E e A (O)X"Y”) Knold)de
- 25ZXY+ B X Yo | W (0)7Quda’ (4.22)
- 16 s ‘
case b) r=0,1l=-3, k=j=|a|=0.
By (4.2), we get
~ e
Dy / / r[md Foo(VEVEDRY) x 8¢, 0_3(D3?)](wo)déno(€)da. (4.23)
j&|=1
By Lemma 4.3, we obtain
Oe,-s(DF%) (a0 = Ain) AV 1enclE) (1.2

1+&)  A+&G)°
15



By Lemma 4.2, we have
00 (VEVE DY) =02(VEVE)o a(DE') + 01 (VX VY )o 1 (Dr')
+ Z e, [o2 (V& %5)} Dy, [o_1(Dz")]
j=1

= A+ B+C. (4.25)

(1) Explicit representation the first item of (£25])

02 (VEVE)o_2(Dpt) (xo)ljer=1 = — ZXY@&U 2(Dg') (o)l jerj=1

7,l=1

==Y X;Yi&&0 o(Dpt ) (@o)ljerj=1 — XnYn&lo_2(Dp")(x0)]1er =1

=1
n—1
= X;Vn&inoa(Dp") (o)l jerj=1 — ZX Yi€n&io—2(Dpt ) (20)]j¢r=1, (4.26)
j=1
we let
n—1
Q1= Y X;Yi&60 2(Di')(@o)|jerj=1, Q2 = XnYn&ro—o(Dp")(wo)ljerj=1- (4.27)
ji=1

By the trace identity tr(AB) = tr(BA),tr(A® B) = tr(A) - tr(B) and the relation of the Clifford action, we
have

p+q n—1
Tt [oo(Dr)e(hy)] = 42 (VIM ey gy = —43 <ej, vszazn> = —4divonr(9zn), (4.28)
1=1
p+q
Tr [o0(Dr)c(€')] = 42 (VIMe, &) =0. (4.29)

Then

Tr[rd Q1 % 9e,.0-3(Dp")]|¢rj=1
n—1 . . . .
3¢3 — 6i€2 —5E, + 20 3¢ —9i€3 — 17¢2 4 15i¢, + 4
== Xmgjglh’(o)[ S S 5 S : : :

= (€ — P&+ (&0 —0)%(En + )7
n—1
= Y XV (0) gt T fioo(DiJe(d) + o0(Dr)e(€')]
= 2(€, — i) (§n BE
o , 3¢ —i X . i€, + 1
_ Qj; XNGEN O) 5 5 + 2;::1 X Yig&uh! (0)divons (O2n) e—rire—rs (4:30)
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and

Tr[rd Qo X 8¢, (D5°)]ljer1=1
35721 — bi&, 35;41 + Gléi + 115,21 — 61,
(§n — )& + i)3 (§n —1)8(&n +14)3
o B
2(2?52 ;L) 5(21 hE Tr [ioo(Dr)e(day,) + oo(Dp)c(€)]
662 — 5i&, — 1

68, — bik, — 267 — i€
(En —)%(&n +1)° (&n = 1)* (& +1)*

= — X,Y,1'(0)

— X, Y, (0)

= — X,Y,1'(0) L 2X, Yol (0)divons (D)

(4.31)

We have,

+o0
_i/g ‘ / Tr[rd (Q1 + Qa) X 9g,,0-3(Dp*))(w0)déno (&) da’
=1 J -0

n—1 n—1
5 ) .
= (1_6 1 X,Y; + EX Y) R (0)mQadx’ + ( E XY, + 2X Y) divans (0xy, B (0)7Qzdx’. (4.32)

j=1

(2) Explicit representation the second item of (£25])
o1 (VY Vo1 (D) (20l je/j=1

:[\/*_1 i Xjo— Oy G+ V=1Y  (M(Y)+N(Y)+AY)) X

0
gil=1 ¥

+VETY (M(X) + N(X) + A(X))Yigi| \/Ez(g) ; (4.33)

We note that i < n, fl&’lzl §ir&in ++ Cina,0(€') =0, then

™ (7, (1 (VEVP)o-1(DFY) ) x 06, 0-5(D7?)) (20)

CABG =) o O
“ Ty 2 g, 434

so we have

+oo o
_i/5 1/ Tl“[ﬂ'glOﬁ(V)(Vy)U_l(D—l) X aﬁna—3(D_3)](.To)dfna’(fl)dxl

= ﬁX(Yn)fzg,d:c’, (4.35)

9
where X (V) is D20, X; 5.
(3) Explicit representatmn the third item of (£20)

Sy %aﬁ‘[@(@%g)w% [o_1 (D) (@) i1 = D > V=12 Vi + 21Y;)&0s, (*/EZ(@). (4.36)
Jj=1|a|=1 j=11=1

We note that i <n, [ _y &8z~ Ginay:0(€) = 0, then

Tr (wg (Z 3 —.a‘“' 2(VEVE)| D, [a,l(Dgl)]) x agnag(D—S)) (0)]jer1=1

J=1lal=1

3% — i&n
(En —)*(n + 1)

= 4X,Y, W (0) (4.37)

17



Substituting (4.37) into (4.23) yields

! / - / x|, ZZ 108 [02(Vx V)| D2 [o1 (D7) ) x g, 0-5(D )| (a0)dno (€')de!

- §XnYn7rh/(0)di:cl.

Summing up (1), (2) and (3) leads to the desired equality

n—1 .
[ 5 3 , .3 .

j=1

n—1
1 1 )
+ (g E X;Y; + anYn) divgp (Oxy )R (0)mQsda’.

casec)r=1,¢=—-4, k=j=|a]=0.
By (4.2), we get

+oo .
[ Tl o (FRIEDR) x 0,0 D 0o ()
¢l=1

+o00 o
:/ / Tr[0e, 7 01 (VR VEDE') x 04 DE?)(w0)déno (€ )da'.
le)=1J o0
By Lemma 4.3, we have

c 09 3 C ic 4 / /
r-aDF) e =S S e, )0, ) — 20 Ol el

1
+ 2600(8)0a, (&) + 4€.17(0)]

where
02(D}) =" e(da,)(D1g™) + 2¢(€)[20" @ Iy (o) + Idg () @26% — TF + 25(0;)] &
7,0
+ [M(X) + N(X)][¢,
and

c(&') +ic(day) c(&') +ic(dzn)

0e, 7 o1 (VR VYD) (o)l jerj=1 = 2(En —i)? Z A 2(&n —4)? At
n Gi=1 "
ic(¢) —c dacn ic(§') — c(dwy) S
S8 elden) Z st Sy & Kvie

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

We note that ¢ < n, f\g/\:l &ir&in - Cina,0(§') = 0, so we omit some items that have no contribution for

18



computing case c). Also, straightforward computations yield

[65 775 o-1(VXVY D) x 0—4(D;3)] (o)l jerj=1

e
‘Mﬁwﬂ@2ﬁéiﬂ @+2§Jgﬁﬁr87&%&fiﬁ

+]121X YViEii€eg (A", he) { ] 751 P ERTES —(2)4(2 +¢)2} "o

+ Xy Yolrbeg(dat, hy) [( A )15(_n)+ BERTS (1)2(21 + z‘)?] #(0). )

We get

.n—1 .
~ 129 — 44 245 — 2
b5 = 129 —44i Z X.Y: — 245 — 26
320 . 96
Jj=1

(4.45)
Let X = XT + X,,0,, Y =YT +Y,,0,, then we have 2?2—11 X;Yj(z0) = g(XT,YT)(x0). Now ® is the

sum of the cases (a), (b) and (¢). Combining with the five cases, this yields

5 .
113 + 132 71— 26

:Ej T (x Ty T+ 2
e 960 96

5
XnYn] B (0)7Qsda’ + EZX(Yn)Qm’

+ [%Q(XT, Y1) + %XnYn] divonr (0xn )R (0)mQsda’. (4.46)

So, we are reduced to prove the following.

Theorem 4.4. Let M be a 4-dimensional compact filiated manifold with boundary and spin leave, ? be an
orthogonal connection with torsion. Then we get the spectral Finstein functional associated to Vé‘;V{;D;I
and D;B on M

Wres[r (VX VY Dp!) o nt (D))
82

=— G(X,Y)dvolg+/ sg(X, Y )dvolps
3 Jm M

113 + 132 71 — 26i 3
—/ ot % xr vy Ly h’(O)wQ3dx’+/ 2 X (Y,)Qsda’
onr | 960 96 -

1 1
+ / [gg(XT,YT)+§XnYn] divons (0, )R’ (0)mQsdz’. (4.47)
oM

where s is the scalar curvature.
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