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A CARO-WEI BOUND FOR INDUCED LINEAR FORESTS IN GRAPHS

GWENAEL JORET AND ROBIN PETIT

ABSTRACT. A well-known result due to Caro (1979) and Wei (1981) states that every graph G
has an independent set of size at least Zvev(c) W, where d(v) denotes the degree of vertex
v. Alon, Kahn, and Seymour (1987) showed the following generalization: For every k > 0, every
graph G has a k-degenerate induced subgraph with at least }_ () min{l, %} vertices.
In particular, for £k = 1, every graph G with no isolated vertices has an induced forest with
at least Zvev(c) d(+)+1 vertices. Akbari, Amanihamedani, Mousavi, Nikpey, and Sheybani
(2019) conjectured that, if G has minimum degree at least 2, then one can even find an induced
linear forest of that order in G, that is, a forest where each component is a path.

In this paper, we prove this conjecture and show a number of related results. In particular,
if there is no restriction on the minimum degree of G, we show that there are infinitely many
“best possible” functions f such that - y () f(d(v)) is a lower bound on the maximum order
of a linear forest in GG, and we give a full characterization of all such functions f.

1. INTRODUCTION

Caro [3] and Wei [7] proved the following well-known lower bound on the independence number
of a graph, where d(v) denotes the degree of vertex v.

Theorem 1 (Caro [3] and Wei [7]). Every graph G has an independent set of size at least
1
ZveV(G) d(v)+1-

Alon, Kahn and Seymour [2] generalized this result for k-degenerate induced subgraphs as
follows. (Recall that a graph is k-degenerate if every subgraph has a vertex of degree at most

Theorem 2 (Alon, Kahn, and Seymour [2]). For every integer k > 0, every graph G has an

induced subgraph with at least ZveV(G) min {1, d(kv%ll} vertices that is k-degenerate.

The bound in Theorem 2 is best possible, as shown by complete graphs. Theorem 2 with £k =0
corresponds to the Caro-Wei bound for independent sets. In this paper, we focus on the k =1
case. For k = 1, Theorem 2 shows that every graph G with no isolated vertex has an induced
forest with at least ZUeV(G) d(uzﬁ vertices.! It is natural to ask whether one can guarantee
some additional properties for the trees in this induced forest, such as a bound on the maximum
degree, or a specific structure. This is the topic that we explore in this paper.

Our starting point is a conjecture of Akbari, Amanihamedani, Mousavi, Nikpey, and Shey-
bani [1]: They conjectured that one can impose an upper bound of 2 on the maximum degree
of the trees—or equivalently, that each tree is a path—provided that G has minimum degree at
least 2.
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Conjecture 3 (Akbari et al. [1]). Every graph G with minimum degree at least 2 has an induced
linear forest with at least ZveV(G) d(fﬁ vertices.

Here, a forest is linear if every component is a path. Note that it is necessary to rule out vertices
of degree 1 in the above conjecture, as shown by the claw K 3. As supporting evidence for their
conjecture, the authors of [1] proved it in the case where the graph G is regular.

Our first contribution is a proof of Conjecture 3, which follows from the following theorem.

Theorem 4. Let f : N — R be defined as follows:

1 ifd =
fd)y=42 ifd=1
o7 ifd>=2

Then, every graph G has an induced linear forest with at least ZveV(G) f(d(v)) vertices.

Our proof of Theorem 4 is a short inductive argument. We remark that Theorem 4 is best
possible in the sense that the value of f(d) cannot be increased for any d. (This is clear for
d =0, for d =1 this is witnessed by K 3, and for d > 2 by complete graphs.)

If we compare Theorem 2 for k = 1 with Theorem 4, we see that the lower bounds are the same
except for the contribution of degree-1 vertices, which are respectively 1 and 5/6. As it turns
out, one can keep a contribution of 1 for degree-1 vertices and get an induced forest that is
almost linear, namely, every component is a caterpillar (a path plus some hanging leaves).

Corollary 5. FEwvery graph G with no isolated vertices has an induced forest with at least

ZUGV(G) d(fﬁ vertices, every component of which is a caterpillar.

Corollary 5 follows easily from Theorem 4, the proof consists in first removing the degree-1
vertices and then applying Theorem 4.

It is interesting to rephrase the previous results in terms of treewidth and pathwidth: graphs
of treewidth 0 correspond to edgeless graphs, and same for pathwidth 0. Graphs of treewidth 1
are exactly forests, while graphs of pathwidth 1 are exactly forests where each component is a
caterpillar. Thus, the Caro-Wei bound gives the extremal bound as a function of the degrees for
finding induced subgraphs with treewidth/pathwidth 0. Theorem 2 with & = 1 does the same
for induced subgraphs with treewidth 1, and Corollary 5 shows that the extremal function is the
same for pathwidth 1 as for treewidth 1.

Now, let us come back to Theorem 4. As already mentioned, the function f in the lower
bound cannot be improved, thus the result is best possible in this sense. However, and perhaps
surprisingly, there are other “best possible” functions f such that ZueV(G) f(d(v)) is a lower
bound on the maximum order of an induced linear forest in G. A simple one is the function f
with f(0) = f(1) =1, f(2) =2/3, and f(d) =0 for all d > 3. (We skip the easy proof that it is
a lower bound; it is best possible as shown by K3 and K, for ¢ > 3.) This naturally raises the
following question:

Given the degree sequence of G, what is the best possible lower bound on the maximum order
of an induced linear forest in G that we can write?

We answer this question as follows: First, we give a full description of the set of functions f
providing valid lower bounds and that are extremal (that is, that cannot be improved). Second,
given the latter description and the degree sequence of a graph G, we explain how to choose the
best lower bound for G.
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Theorem 6. Let e € R with 0 <e < % and define

1 ifd=0
1—¢ ifd=1
fEZN%[O,l]Sdl—) % Zfd:2
min {35,%} ifd > 3.

Then f. provides a lower bound for induced linear forests, that is, every graph G has an induced
linear forest with at least 3, ey () f<(d(v)) vertices. Moreover, this lower bound is extremal, and
every lower bound for induced linear forests is dominated by some lower bound of this form.

The optimal choice for € given the degree distribution of a graph G is given in Theorem 9 in
Section 4.

Theorem 6 is the main result of this paper. Note that Theorem 4 follows from Theorem 6 by
taking e = 1/6. However, we were unable to find a short proof for Theorem 6, the inductive
argument that we use in the proof of Theorem 4 only works for e = 1/6. The heart of the proof
of Theorem 6 is an auxiliary lemma, Lemma 11, which we call the ABC Lemma. Informally,
given a tripartition of the vertex set of G into sets A, B, C, the lemma provides a large induced
linear forest in G satisfying the constraint that vertices in B are leaves and vertices in C' are
isolated. How large is the forest depends on the tripartition, with vertices in B contributing less
than those in A, and vertices in C' less than those in B.

Using the ABC lemma, we were able to generalize Theorem 6 to the setting of induced subgraphs
that are forests of caterpillars and have maximum degree at most k for some £ > 2. For
k = 2, this corresponds to induced linear forests. For k& = —+o00, this corresponds to induced
forests of caterpillars, as in Corollary 5. Thus, varying k gives a way of interpolating between
these two extremes. Again, for fixed k, we describe all the corresponding extremal functions,
see Theorem 8. As it turns out, the proof for general k is not more difficult than for &k = 2,
which is why we include this result.

We conclude this introduction by mentioning one last contribution. In order to motivate it,
let us recall that treewidth is a lower bound on pathwidth, which in turn is a lower bound on
treedepth minus 1. These three graph invariants are closely related to each other and play a
central role in structural graph theory. Graphs of treewidth 1 are forests, graphs of pathwidth
1 are forests of caterpillars, and graphs of treedepth 2 are forests of stars. Since the extremal
lower bounds are unique and the same in the first two cases, one may wonder if this remains true
for the last case as well, that is, for finding induced forests of stars in a given graph. However,
this is not the case. It turns out that there are infinitely many extremal lower bounds, as for
induced linear forests. These are described in the following theorem.

Theorem 7. For every e € R with 0 < e < %, the following function provides a lower bound for
induced forests of stars:

1 ifd=0
ferN=[0,1] rd = q iy %%+e} if d=2

min {2,y +eb ifd>3.

That is, every graph G contains an induced forest of stars with at least ZueV(G) fe(d(v)) vertices.
Moreover, this lower bound is extremal, and every lower bound for induced forests of stars is
dominated by some extremal lower bound of this form.
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The proof of Theorem 7 follows a similar high level strategy than that of Theorem 6. In partic-
ular, it introduces and uses a so-called AB Lemma (Lemma 12) specifically designed for forests
of stars.

The paper is organized as follows. In Section 2 we introduce the necessary notations and pre-
liminary results. In Section 3, we first give the short proof of Theorem 4 and then turn to the
proof of Theorem 6, the main result of this paper. The latter proof relies on the ABC Lemma,
which is proved in its own section, Section 5. Finally, Section 6 is devoted to the proof of
Theorem 7.

2. PRELIMINARIES

All graphs in this paper are finite, simple, and undirected. The maximum degree of a graph
G is denoted A(G). Given a vertex v in a graph G, the degree of v is denoted dg(v) and the
set of neighbors of v is denoted by Ng(v). We use the notation Ng[S] for the set of vertices
at distance at most 1 from a given set S of vertices in G, and N§(S) for the set of vertices at
distance exactly ¢ from .S. We drop the subscript G when the graph is clear from the context.
In this paper, a leaf of a graph G is any vertex v with degree exactly 1. (Thus, two adjacent
vertices of degree 1 are both considered to be leaves.)

Given a class of graphs C and a graph G, let a¢(G) denote the maximum order of an induced
subgraph H of G such that H belongs to C.

Given a function f:N — [0,1] and a graph G, we define f(G) as follows:
F(@)= > fw)).

veV(Q)
(This is a slight abuse of notation but it will be convenient in the paper.)

Given a graph class C and a function f : N — [0, 1], the function f is called a lower bound for
the graph invariant a¢ if a¢(G) > f(G) holds for all graphs G. Such a lower bound f is said to
be extremal if f cannot be augmented, that is, if there does not exist g : N — [0, 1] with g #Z 0
such that f + g is also a lower bound for ae. We remark that, for the graph parameters studied
in this paper, it will be the case that every lower bound f is dominated by some extremal lower
bound f’, in the sense that f(d) < f/(d) for every d € N.

A forest is linear if every component is a path. A caterpillar is tree obtained from a path by
adding leaves to it. In other words, a tree T is a caterpillar if T'— V(P) has no edge for some
path P of T. A forest of caterpillars is a forest, every component of which is a caterpillar.
Forests of caterpillars can equivalently be characterized as the graphs with pathwidth at most
1. A special case of a forest of caterpillars is a forest of stars, a forest whose components are
stars. We note that forests of star coincide with graphs of treedepth at most 2. (We skip the
definitions of treewidth, pathwidth, and treedepth, as they will not be needed in this paper; we
refer the interested reader to [5].)

We use the following notations: £ denotes the set of all linear forests and S denotes the set of
all forests of stars.

3. LINEAR FORESTS

Let us start with the proof of Theorem 4, which we restate here for convenience.

Theorem 4. Let f : N — R be defined as follows:

1 ifd =
fld) =142 ifd=
o7 ifd>2

Then, every graph G has an induced linear forest with at least ZveV(G) f(d(v)) vertices.
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Proof. We proceed by induction on |V(G)|. Let A := A(G). First, suppose that A < 2. Then
every component of G is a path or a cycle. Each path component P contributes at most |V (P)|
to f(G) and can be taken entirely. Each cycle component C contributes 2|V (C)|/3 to f(G), and
we can take all vertices but one from C. Note that |V(C)| —1 > 2|V(C)|/3 since |V(C)| > 3.
Hence, this results in an induced linear forest of G with at least f(G) vertices, as desired.

Next, assume that A > 3. Observe that:
flk=1)—f(k) > f(d—1)— f(d) Vk,d with 1<k <d (1)
and
d-(f(d—1)— f(d) = f(d) vd with d > 3. (2)
(Indeed, the value of f(1) was chosen so that f(2) — f(3) = f(1) — f(2) = f(0) — f(1) =1/6
and (1) holds.)

Let v be a vertex of maximum degree in G, let G’ := G — v and, using induction on G’, let F' be
an induced linear forest in G’ with at least f(G’) vertices. Using (1) and (2), we obtain

F@)=1@) = > (fda(w) = 1) = f(da(w)) = f(A) = A(f(A=1) = [(A)) = f(4) =0
wENg(v)
implying that f(G’) > f(G). Therefore, F' has the desired size for G. O

Corollary 5 follows from Theorem 4, as we now explain.

Proof of Corollary 5. Let L be the set of vertices of G with degree 1 and let G’ := G — L.
By Theorem 4, there exists an induced linear forest F’ of G’ with at least f(G’) vertices, where
f is the function from Theorem 4. Observe that dg(v) > dg/(v) for every v € V(G'). In
particular this implies f(dg(v)) < f(dg/(v)) for every v € V(G') since f is nonincreasing. Let
F:=G[V(F')UL]. Then F is a forest of caterpillars that is induced in G. Furthermore,

[V(E)| =|L] +[V(F)]
2L+ ) f(de(v)

veV(G)

>Y 1+ Y flda(v)

veL veV(G)—-L

2
eV (6) dg(v) + 1

where the last equality holds because every vertex in V(G’) has degree at least 2 in G. Therefore,
F has the desired size. O

As mentioned in the introduction, the lower bound f provided in Theorem 4 for induced linear
forests is extremal but is not the only extremal lower bound. For instance, the following function
f’ is also a lower bound that is extremal, yet f and f’ are not comparable.

1 ifd=0

1 ifd=1
i N—=10,1:d— 5 1

g lfd:2

0 ifd=>3.

As it turns out, every lower bound is dominated by some extremal lower bound, and there
are infinitely many extremal lower bounds. A full characterization is given in Theorem 6; each
extremal lower bound is uniquely determined by the weight it sets to degree-1 vertices: This
should be at least 5/6 (as in Theorem 4) and at most 1 (as in the function f’ above). Every
intermediate value is feasible, provided the weights of all vertices with degree at least 3 are
adapted in the right way.
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Proving Theorem 6 is the main goal of this paper. However, our proof approach works in a
slightly more general context (with no extra work), that of finding induced forest of caterpillars
with maximum degree at most k, where k > 2 is a fixed constant. For & = 2, this corresponds
to induced linear forests. We consider this more general setting in the next section and prove
the full characterization of the lower bounds for fixed k, see Theorem 8 in the next section.
Theorem 6 follows then by taking k = 2.

4. CATERPILLARS OF BOUNDED DEGREE

Given an integer k with k > 2, let C;, denote the set of all forests of caterpillars of maximum
degree at most k. In particular £ = Cy. Here is the characterization of extremal lower bounds
for the parameter oc, .

Theorem 8. For every integer k > 2 and every ¢ € R with 0 < e < m, the following
function is an extremal lower bound for ag, :

1 ifd=0

1—¢ ifd=1
fk@.N—)[O,l].dl—) WQI Zf2<d\

min {(k+ 1), g2} fd>h+1.

Furthermore, these functions completely characterize the possible lower bounds: FEvery lower
bound for ac, is dominated by fr . for some €.

Let us make a few remarks before proving Theorem 8. As mentioned earlier, Theorem 6 follows
from the above theorem by taking £ = 2. Note also that for ¢ = m, one obtains the
following extremal lower bound for ag, :

1 ifd=0
. . k(k+3 .
rEat if d > 2,

which generalizes Theorem 4 (for & = 2). By varying k from 2 to +o00, one can think of
the above lower bound fj for a¢, as interpolating between the bounds in Theorem 4 and
in Corollary 5.

Given the degree distribution of a graph G, it is not difficult to find a value of € in Theorem 8
giving the best possible lower bound on ag,, that is, such that f; .(G) is maximized. This is
the content of the following theorem.

Theorem 9. Let G be a gmph and for d > 0 let ng denote the number of vertices in G

with degree d. Let e}, = m where D* 1s the smallest integer D > k + 1 such that

(k+1) Zd:k-i-l ng = ny if there is such an integer, otherwise let €}, := 0.

Then, the function tgy : [0, m] = R:e= Y v fre(dv)) is mazimized at g In
other words, fkﬁZ provides the best lower bound that can be achieved on G in Theorem 8.

Proof. First observe that ¢ is piecewise linear. Indeed, for every integer D > k + 1, on the

interval Ip = [( we have:

2 2 ]
k+1)(D+2)° (k+1)(D+1)

A(G) D
2n 2n
tan(e) = anu+§ d + ) (Hﬂ telk+1) Y na—m
d=D+1 d=k+1
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Thus, the linear components of t¢ j consist of the interval [0, m] and the intervals Ip
for k+1< D <A(G) — 1, and tg ), is monotone on these intervals. Hence, it is enough to look
at the values ¢ ,(0) and tG,k(m) for D > k+1.

If (k+1) ZdA(fﬂ ng < ny, then for every D > k+ 1 and € = =S 2

(D)
A(G) A(G)
tG,k(O) — tG,k(f‘:) =ni1€ — Z ndfkﬁ(d) = ni€e — Z nd(k: + 1)8 >0,
d=k+1 d=k+1

and so tq y is maximized at € = &7 = 0.

If (k+1) ZdA(fﬂ ng = nq, for D > k + 1 define

Tex(D :tG”“<k+1 D+1>> ”(@)

Now, since

D
oy [ 1 1 1 1
Te (D) = - 2 -
Gx(D) k+1<D+2 D+1>+dzki1 "d<D+1 D+2>

2
= (k+1) Z ng—ni |,
(k+1)(D+1)(D + Pt

we see that Tg (D) > 0 for every D > D*, and conversely, T (D) < 0 for every D < D*.

Therefore, tq ;(¢) is maximized at ¢ = ,’Z = m. O

Theorem 8 provides an exact characterization of all the lower bounds for a¢, that only depend
on the degree distribution of the graph G under consideration. That is, knowing only the degree
distribution of G, it is not possible to write a better lower bound for a¢, than those described
in the theorem. However, if we know some extra local information about the degree-1 vertices
of G, namely the degrees of their neighbors, it is possible to state a more precise lower bound on
ac, that dominates all the bounds provided in Theorem 8. To state this lower bound, we need
to introduce the following function hy ¢ : V(G) — [0,1] where G is a graph and k is an integer
with k > 2:

1 if d(v) =0
e o (v) if d(v) =1 and d(w) < k where N(v) = {w}
v) = .
e 1- m if d(v) =1 and d(w) > k + 1 where N(v) = {w}
2
d(v)+1 lf d(v) 2 2

Here is the refined lower bound on ag, .

Theorem 10. For every integer k > 2, every graph G has an induced forest of caterpillars of
mazimum degree at most k with at least 3 ey () I, (v) vertices.

Theorem 10 is the main technical result of the paper. Theorem 8 follows easily from Theorem 10,
as we now explain. From a technical point of view, Theorem 10 can be thought of as a “local
strengthening” of Theorem 8 to help the proof by induction go through.

Proof of Theorem 8 assuming Theorem 10. Given an integer k > 2 and a real number ¢ with
0<eL m, we need to show that fj . is an extremal lower bound for a¢,. First, we
show that it is a lower bound (using Theorem 10), and then we construct graphs showing that
it is extremal.
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To show that fi. is a lower bound for ac,, consider any graph G. We need to show that
ac, (G) = ZueV(G) fre(v). Clearly, it is enough to prove it in the case where G is connected.

Furthermore, the inequality clearly holds if |[V(G)| < 2, thus we may assume that |V (G)| > 3.
In particular, A(G) > 2.

Let L be the set of leaves of G. (Recall that a leaf is defined as a vertex of degree 1.) Given
a vertex v of G with degree at least 2, let /(v) denote the number of neighbors of v that are
leaves, and let

D) = ha)+ > heaw) | = | fred@)+ D fre(dw))

weN (v)NL weN (v)NL
Since every leaf is adjacent to a non-leaf vertex (since G is connected and |V (G)| > 3), it follows
that
S (i) — ficd@)) = S D).
veV(Q) veV(G)—L

Consider some vertex v with d(v) > 2. If 2 < d(v) < k, then

D(v) = <ﬁ +€(v)> - <d(v)2+ - l(w) (1 - e)> _ () > 0.

If on the other hand d(v) > k + 1, then

. 2
Tre(d(v)) + WENZ(U) fre(d(w)) = £(v) + min {(k + 1e, W} — L(v)e.
Thus, either (k+ 1)e < (5 7 in which case:
2(k+1—4£(v)) 2(k+1—£(v)) 2(k+1—4£(v))

D(v) = (k41— L)) > ~0,

(k+1)(d(v) +1) (k+1D(dw)+1)  (k+1)(dv)+1)

or (k+1)e > d(fﬁ’ in which case:

2
D)= > (lew) - frcldw)) = (v) (6 ~ (k+ 1)) + 1)) -0

weN (v)NL

Therefore, in all possible cases for v we have D(v) > 0.

It follows that

Y o hal)= > fred > > > freld

veV(Q) veV(Q) vEV(G) UEV(G

Since ac, (G) 2 >,y (q) br,c(v) by Theorem 10, this concludes the proof that fi. is a lower
bound for a¢, .

Now it remains to show that (i) every lower bound for «ag, is bounded by fi . for some ¢
satisfying 0 < e < m, and (ii) that these bounds are all extremal. Let us first show (i).
Let ¢ : N — R be a lower bound for a¢, and define ¢ := 1 — ¢(1). Clearly,

o(d) <1 Vd >0

Also,
2
d) < —— vd > 2,
A<
since
(d+1)p(d) = o(Kgy1) < ag, (Kgr1) = 2.
2 2 2
Ifg}m then (k+1)e > 35 > i for all d > k + 1. We deduce thatcpéfhm,

and we are done.
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2
Now, assume that € < (SR

We claim that ¢ is dominated by fj .. Note that
* ¢(0) < 1= fie(0);

e p(1)=1—ec= fr.(1), and

o o(d) < 721 = foold) for 2 < d <k

It remains to show that ¢(d) < fio(d) for all d > k+ 1. To do so, let n > 1, and define the
graph H,, ;. as follows:

V(Hn,k) :{(’U,Z) 01 <w gn,o <’L< k:_|_1}’

and there is an edge between vertex (v,4) and vertex (w,j) in Hy if and only if v = w and
i =0,0rv# wandi=j=0. Informally, H, ; is the graph obtained by starting with K,
(whose vertices are {(v,0) : 1 < v < n}) and adding exactly k + 1 leaves to each vertex.

We claim that ac, (Hp i) = (K + 1)n. It is clear that for every 1 < v < n, at most k + 1 of
the vertices (v,0),...,(v,k + 1) can be in any induced forest of maximum degree at most &k in
H,, 1, otherwise (v,0) must be in it and must have degree at least k + 1, hence the inequality
ac, (Hp ) < (k+1)n. This upper bound holds with equality, as witnessed by the forest induced
by the set {(v,i) : 1 <v<n,1 <i<k+1}.

We deduce that the function ¢ must satisfy
np(n+ k) + (k + Dnp(1) < ac, (o) = (k+ .

In particular, ford=n+k > k+ 1:

o(d) < % <(k +1)n(1— gp(l))) = (k+1)e.

Therefore, ¢(d) < min{(k + 1)e, ﬁ} = fre(d) holds for all d > k + 1, and we conclude that
0 < fre
It remains to show property (ii), stating that fy . is extremal for every . Let &1 and €3 be such
that 0 < e1 < &g < m Then

fre() =1—e1>1—¢e3 = fr(1)
and

fk;751 (3) =31 < 39 = fk,ag (3)

We deduce that neither of fi ., and fj ., dominates the other. It follows that fj . is extremal

for every € with 0 < e < m -

The key to the proof of Theorem 10 is the following technical lemma, which we call the ABC
lemma.

Lemma 11 (ABC lemma). Let G be a graph and let (A, B,C) be a partition of its vertezx set
(with some parts possibly empty). Then G contains an induced linear forest F satisfying

o dr(v) < 2 for all vertices v € V(F) N A,

o dr(v) <1 for all vertices v € V(F)N B,

o dp(v) <0 for all vertices v € V(F)NC, and
o V()| 2 £(G A B.C) == X e F 0 G, A, B,C),
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where

faldg(v)) ifveA 1 ifd=0
f(;G,A,B,C) = q fp(dg(v)) ifveB fa(d) =1 % ifd=1
felde(v))  ifved Pt ifd>2

1 ifd=0 1 ifd=0

5 . 1 .

_ )6 Zfd =1 )% Zfd =1

fold) =1 i fold =11 A

SeEy ifd>3 @ ifd =3

Before proving Theorem 10 using Lemma 11, let us point out that the values of f4(d) are best
possible, as already discussed before. The values of fp(d) and fo(d) for d = 0,1,2 are best
possible too. This is clear for fp(0), fg(1), and fc(0). For fg(2), fc(1), fc(2), this is shown
by the examples in Figure 1. (For d > 3, the values of fp(d) and fo(d) in Lemma 11 are most
likely not best possible but they are good enough for our purposes.)

ono oo o

fB(2) <201 - fa(1)) = 5 fo(1) <1—fa(l) =5 fo2) < 3(1 = fa(2) = §

FIGURE 1. Examples showing that the values of fp(2), fo(1), and fc(2) in
Lemma 11 are best possible. Vertices in A are shown as circles, vertices in B are
shown as squares, and vertices in C' as diamonds.

In order to lighten the notations somewhat, we will abbreviate f(v;G, A, B,C) into f(v; G) in
the proofs when the partition (A, B,C) of V(G) is clear from the context.

Now, let us show that Lemma 11 implies Theorem 10. The next section will be devoted to the
proof of Lemma 11.

Proof of Theorem 10 assuming Lemma 11. Let k > 2 and let G be a graph. We need to show
that G contains an induced forest of caterpillars of maximum degree at most k with at least
> vev (c) k. (v) vertices. The proof is by induction on [V(G)|, with the base case [V(G)| < 2
being easily seen to be true.

For the inductive part, suppose that |V (G)| > 3 and that the theorem holds for graphs with
a smaller number of vertices. If G contains a vertex w adjacent to at least k + 1 leaves, then
> v (G—u) Pk, c—u(V) Z ey (@) e,c(v), and we are done by induction on G — u. Thus, we
may assume that there is no such vertex in G. Similarly, if G is not connected, we are done by
applying induction on the connected components of G, so we may assume that G is connected.

Let L be the set of leaves of G. Since G is connected and |V (G)| > 3, no leaf is adjacent to
another leaf; that is, L is an independent set.

Define the following sets:
A ={veV(G) - Lst. [Nw)NnL|<k-2}
B ={veV(G)—Lst |[NwNL|=k-1}
C'={veV(G) - Lst. |[Nw)NL| =k}

Applying Lemma 11 on G’ :== G — L with the partition (A’, B’,C") of V(G'), we obtain an
induced linear forest F’ in G’ satisfying the degree constraints of the lemma. Now define F' :=
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G[V(F')U L]. Clearly, F is an induced forest of caterpillars in G satisfying A(F) < k. We will
show that F' has the desired number of vertices.

For a vertex v of G, let ¢(v) denote the number of neighbors of v in G that are leaves. Note

that every vertex v € V(G') satisfies dg(v) > 2 and thus hy g(v) = dc(i)-i-l' For such a vertex

v, define

D) = (£(v) + f(1;G")) = | hea(v) + Z hy.q(w)

weN (v)NL

We claim that D(v) > 0 holds for every vertex v € A’U B’ UC’. To show this, let us fix some
vertex v € V(G').

Case 1: dg(v) < k. Then hy ¢(v) = dG(iﬁ and hy g(w) =1 for every vertex w € N(v) N L.

Thus, D(v) = f(v;G') — dG(Qﬁ

If v e A then D(v) = fa(deg(v)) — W%H > 0 since dgr(v) < dg(v).

If v e B, then £(v) = k—1 21, so dg(v) < 1 and fp(dg(v)) = %, implying D(v) >

5 2
6~ oot > V-

If v € €7, then dg(v) = £(v) =k, N(v) € L and thus D(v) =1 — 4 > 0.

-2

(v)+1
Case 2: dg(v) > k+ 1. Then hy g(w) =1 —
thus

m for every vertex w € N(v) N L, and

2 E+1—4(v)
dg(v)+1 k?—|—1

D(v) = f(v;G') -

Ifve A then f(v;G') = fa(de(v)) = m, and thus D(v) > 0 since £(v) > 0.
If v € B’, then ¢(v) = k — 1, implying
2 2 4

Wl

D(v) = fp(dar(v)) — > fp(da(v)) — > fp(da(v)) —

dg(v)+1k+1 3(dg(v) +1)

Observe that der(v) > 2. If der(v) = 2 then fg/(der(v)) = % and thus D(v) > 0. If de(v) > 3
then fp/(dg(v)) = 73(%,?‘1})“) and hence D(v) > 3(dG,?v)+1) — 3(dcé))+1)

If v € C’, then ¢(v) = k, and thus

2 1 2
dg(v) +1k+1 > feldar(v)) = 3(dg(v) +1)

=

D(v) = fo(de(v) — 2 foldg(v)) —

If dgy (U) <

k 6>
then D(v) >

+ 2, then dg/(v) < 2 and hence fo(dg (v)) = L, so D(v) > 0. If dg(v) > k + 3,
2 2 2
felder (v) — 3(dg (v)+1) P 3o (0FD)  3da(0)F) 0.

Therefore, D(v) > 0 holds in all possible cases for vertex v, and the claim holds.

Using our claim, we may lower bound the number of vertices in F' as follows

V()| =IL| +|[V(F)] 2|L| + f(G) = e a(G)+ Y D) > hyc(G),
veV(G)

and this concludes the proof. O
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5. PROOF OF THE ABC LEMMA

In this section, we prove Lemma 11.

Proof of Lemma 11. Given an induced linear forest F' of a graph G, we say that F' respects a
partition (A, B,C) of V(G) if F satisfies the degree bounds in the lemma w.r.t. the partition
(A, B,C).

The proof of the lemma is by contradiction. Suppose thus that the lemma is false, and let G be
a graph and let (A, B,C') be a partition of its vertex set that together form a counterexample
to the lemma with a minimum number of vertices. Thus, G does not contain an induced linear
forest F respecting (A, B, C) that has at least f(G, A, B, C') vertices. Clearly, the minimality of
G implies that G is connected. Furthermore, the lemma is easily seen to hold for |V(G)| =1, 2,
so we also have |V(G)| > 3.

Let us introduce the following notations: Given a nonnegative integer i, we let A; denote the set
of vertices in A having degree ¢ in GG. The sets B; and C; are defined similarly w.r.t. B and C.

In the proof, we will move around vertices between the three sets A, B,C. We see these sets
as ‘ranks’, with A being the highest rank and C the lowest. Promoting a vertex v consists in
moving v from B to A, or from C to B. Likewise, demoting v consists in moving v from A to
B, or from B to C.

Note that every vertex v of G has degree at least 1. We define the gain v(v) of a vertex v to be
the increase of f(v;G) when d(v) is decreased by one, that is,

fa(d(v) = 1) = fa(d(v)) ifveA
(V) = 4 fpld(v) = 1) = fB(d(v)) if ve B
fo(d(v) = 1) = fe(d(v)) ifveC.
Observe that y(v) > 0 always holds, since fa(d), fp(d), and fc(d) are nonincreasing functions.

Given that the values of the gains for vertices with small degrees will be repeatedly used in the
proofs, we summarize these values in Table 1 for reference.

veA|lveB |vel
I ERERE
d=2| ¢ : 0
d=3| ¢ 0 0
d=4| 1 | 1 e
d>5 | gy | sary | sa

TABLE 1. Value of v(v) for a vertex v of degree d.

Similarly, we define the loss \(v) of vertex v to be the decrease in f(v; G) when d(v) is increased
by one, that is,
fa(d(w)) = fa(dv)+1) ifved
A(w) =< fe(d(v)) — fp(d(v) +1) ifveB
fo(d(w)) — fe(d(v) +1) ifvecC.
Here also, A(v) > 0 always holds. Table 2 gives a summary of the possible values for A(v).

With these notations in hand, we may now turn to the proof, which is split into several claims.
We remark that in the proofs we often consider other (smaller) graphs derived from Gj let us
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ve A ve D vel
d=1 : : 0
d=2 : 0 0
d=31 15 5 ey
d> 4| GrrEry | sEErD | s@rE

TABLE 2. Value of A(v) for a vertex v of degree d.

emphasize that the gain v(v) and loss A(v) of a vertex v must always be interpreted w.r.t. the
original graph G and partition (A, B,C) (that is, as they are defined above).

Here is a quick outline of the proof. Ideally, we would have liked to use the same approach as in
the proof of Theorem 4. However, this is not possible here because of the existence of vertices
v not satisfying f(v; G) = d(v)vy(v). Instead, we will show that there is a special vertex v* such
that all its neighbors have gain at least that of v*, except perhaps for one neighbor that has zero
gain. We will then use this vertex v* to derive a contradiction regarding the minimality of our
counterexample. The proof is organized as follows:

e Claim 1 to Claim 12 establish general properties of the graph G,
e these claims are then used to define v*,
e Claim 13 to Claim 19 show various properties of v*,

e a final contradiction is derived using all these properties.

Claim 1. f(v;G) > 32 ,en() V(w) holds for every vertez v € V(G). In particular, f(v;G) >
~v(w) holds for every edge vw € E(G).

Proof. Let v € V(G). The fact that G and (A, B,C) form a minimum counterexample implies
that f(G,A,B,C) > f(G',A",B",C"), where G’ := G — v and (A’, B’,C") is the restriction of
(A,B,C) to V(G'). In particular,
f(G,A,B,C) > f(G",A",B',C") = f{(G,A,B,C) — f(; )+ > ~(w).
weN (v)

Adding f(v;G) — f(G, A, B,C) on both sides yields the required inequality. [ |

Recall that we use the notation N[S] for the set of vertices at distance at most 1 from a given
set S of vertices in G, and N*(S) for the set of vertices at distance exactly ¢ from S.

Claim 2. Let F be an induced linear forest in G respecting (A, B,C) with |V(F)| > 1. Let
G' =G — N|V(F)] and let (A',B’',C") be the restriction of (A, B,C) to V(G'). Then

‘V(F){ < f(G’A,B’C) - f(G,aA/aB/,C,)
< DY fwm@ - Y yw)
vEN[V (F)] weN2(V(F))
< D fw6).

vEN[V(F)]

Proof. By the minimality of our counterexample, we know that G’ contains an induced linear
forest F’ with at least f(G', A’, B',C") vertices. (Note that possibly V(G') = @, in which case
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V(F') =@ and f(G',A',B',C") = 0.) Since F'U F’ is an induced linear forest in G respecting
(A, B,(C), it follows that

(G, A,B,C)>|V(FUF)| =|V(F)|+|V(F)| = |V(F)| + f(G, A", B',C").
Subtracting f(G’, A’, B’,C") from both sides yields the first inequality of the claim.

The second inequality of the claim follows from the fact that the three functions f4(d), fp(d),
and fc(d) are non increasing and that de(v) < dg(v) — 1 holds for every vertex v € NZ(V(F)),
while dgr (v) = dg(v) for every v € V(G') — N&(V(F)).

The last inequality follows from the fact that v(w) > 0 holds for every vertex w of G. |

Claim 3. Let v € V(G). Then 1 — f(v;G) < Yenp) f(w;G), and thus in particular

maXyeN(v) f(wa G) > #

Proof. Immediate by Claim 2 with F' = G[{v}]. |

Claim 4. Let v € V(G). Then decreasing d(v) by one and then demoting v lowers f(v;G) by
at most +.
6

Proof. For d > 1, define D4(d) = fa(d) — fe(d — 1) and Dp(d) = fp(d) — fc(d — 1). Proving
the claim amounts to showing that D4(d) < ¢ and Dp(d) < ¢ for every d > 1.

We have Da(1) = Da(2) = —1 <0, DA(3) = & and Da(d) = 2220 < 2 < L for d > 4. Thus,
Da(d) < % for every d > 1.

We have Dg(1) = —¢ < 0, Dp(2) = Dp(3) = ¢ and Dp(d) = 2Ad-1) 2 < ¢ ford >4

Thus, Dp(d) < % for every d > 1.
Let §(G) denote the minimum degree of a vertex in G.
Claim 5. 6(G) > 2.

Proof. We already know that 6(G) > 1 since G is connected and has at least three vertices.

Let vw € E(G). Using Claim 1 and the fact that d(v) > 1, we deduce that v(w) < f(v;G) < 2.
This implies in particular that C7 = @. (This is because it can be checked from the definition
of y(w) that vy(w) < %, with equality if and only if w € Cy.)

Now, suppose that there is some vertex v with degree 1 in G. Then v € AU B (as discussed
above), and thus f(v;G) = %. Let w be the unique neighbor of v. Claim 1 ensures that
fw;G) > ~v(v) = &, thus w ¢ C. Let G’ := G —v, and let (4, B',C") be the partition of V(G')

obtained by restricting (A, B,C) to V(G’) and demoting w. It follows from Claim 4 that
f(G/a Ala BI7 Cl) - f(G7 Aa B7 C) - f(vv G) - (f(w7 G) - f(’llh G/))

f(GvAvaC)_f(mG)_%

f(G,A,B,C) — 1.

By the minimality of our counterexample, we know that G’ contains an induced linear forest F”
respecting (A’, B',C") with at least f(G’, A, B',C") vertices. Then, F = G[V(F') U {v}] is an
induced linear forest of G respecting (A, B, C') and having at least|V (F”)|+1 > f(G', A, B',C")+
1> f(G, A, B,C) vertices, a contradiction.

Therefore, 6(G) > 2, as claimed. [ |

Z
Z

Claim 6. By = (Cy = @.
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Proof. Suppose that v is a degree-2 vertex of G. Denote by u and w its two neighbors, in such

a way that f(u;G) > f(w;G).

If v € By, then by Claim 1, we know in particular f(w;G) > v(v) = % and f(u; G) > y(v) = 3.
Since §(G) > 2, it follows that u,w € A, and thus y(u) = y(w) = §. But then Claim 1 also
states that 3 = f(v; G) > v(u) + v(w) = §, which is a contradiction.

If v € Oy, then by Claim 3 we know that f(u;G) + f(w;G) > 1 — f(v;G) = %, which implies

that f(u;G) > 15—2, which implies in turn that v € Ay U Az and v(u) = %. However, it follows
then from Claim 1 that ¢ = f(v;G) > v(u) = £, a contradiction.
We deduce that v is neither in By nor in Cy (and thus is in As), as claimed. |

Given two sets X and Y of vertices of GG, we call XY edge an edge of G with one endpoint in
X and the other endpoint in Y.

Claim 7. G contains no As—Bs edge.

Proof. Suppose that v is a vertex in Bs. It follows from Claim 1 that {N(v) N (A2 U A3)| < 1.
Thus, denoting z,y, z the three neighbors of v in such a way that f(z;G) > f(y; G) > f(z;G),
it follows that at most one of them is in As, and if there is one, it must be z. Arguing by
contradiction, let us suppose that z € As. Then f(y;G) < % and f(z;G) < %

Let G’ == G — {v,y, z}. By the minimality of our counterexample, there is an induced linear
forest F’ in G’ of size at least f(G', A’, B',C") respecting the partition (A’, B’,C") obtained by
restricting (A, B,C) to V(G'). Now, observe that F := G[V(F’') U {v}] is an induced linear
forest in G respecting (A, B, C) whose number of vertices is at least

F(G AL B O 12 f(GAB,O) +1 - f(6:G) — f(35:G) — (5 G) +(2)
F(GA,B,C)+ 5
f(G’ A’ B’ C)’

VoWV

which contradicts the fact that G and (A, B,C) form a counterexample. |

Claim 8. min,en, f(w;G) > % for every vertex v € Bs. In particular, G contains no B3—C
edge.

Proof. Suppose that v is a vertex in B3 and denote by x,y, z its three neighbors in such a way
that f(x;G) > f(y; G) = f(z;G). Claim 7 implies that = ¢ As, thus d(z) > 3, and A\(z) < %.
The same holds true for vertex y.

By Claim 1, y(z) + (y) < f(v;G) = 3. Thus,  and y cannot be both in Az (as they would
then each have a gain of #), and it follows that y ¢ Ajs since f(z;G) > f(y; G). This implies in

turn that A(y) < &, and thus

1 1 1

<—+—=-.
A($)+A(y)\10 G

Now, let G’ :== G — z 4+ xy (note that the edge zy might already be in G — z, in which case it is
not added). Let (A’, B’,C") be the partition of V(G’) obtained by restricting (A, B, C) to V(G')
and promoting v (thus, v € A)). Observe that every induced linear forest F’ in G’ respecting
(A’, B',C") is also an induced linear forest in G respecting (A, B, C), since the edge xy ensures
that F’ cannot contain all three vertices v,z,y. By the minimality of our counterexample,
F’ can be chosen so that it contains at least f(G’, A’, B',C") vertices. Thus, we must have
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f(G' A, B, C") < f(G, A, B,C). Observe that dg(z) — 1 < dg(z) < dg(x) + 1 (depending on
whether the edges zy and xz are in G or not), and thus in particular
f(@:G) = f(2;,G') < A=)
The same holds for vertex y. Hence, letting Z := Ng(z) — {v,z,y}, we obtain
0< f(G,A,B,C)— f(G' A", B',C")
= [(zG) + f(;G) = f(v; @) + f(2;G) = f(@;G") + f(;G) = f(y;G') = Y v(w)

1 05 1 N weZ

=l_2__1 <A(z) <A(Y) —
>

3
Therefore, f(z;G) > =. [ |
Claim 9. If v € Bs, then{N(v) N Bg{ <1

Proof. Suppose that v is a vertex in B3 and denote by x,y, z its three neighbors. Arguing by
contradiction, suppose that at least two of them are in Bj, say x,y € Bs. From Claim 8, we
know that z cannot be in C'. Furthermore, by Claim 6 and Claim 7, we know that d(z) > 3.

Let G' .= G—v+zy+yz+xz. (Note that some of the edges zy, yz, xz might already be in G.) Let
(A’, B',C") be the partition of V(G’) obtained by restricting (A, B,C) to V(G') and demoting
x,y, and z. Since |V (G")| < |[V(G)], the graph G’ contains an induced linear forest F’ respecting
(A’, B',C") with at least f(G', A’, B',C") vertices. Now, let F' := G[V (F'") U {v}]. Observe that
F is an induced linear forest in G respecting (A, B, C), since F’ contains at most one of z,y, z.
Observe also that de(z) < de(z) 4+ 1, and thus f(2;G) — f(2;G') < f5(3) — fo(4) = . The
same holds for vertex y. Moreover,

2(d+4) 2(d+3)
d) — fpld+1) = ———— d d)— feld+1) = ————
fald) = fpd D) = g @y ™ A feld ) = s
for d > 3. Hence, since dg/(2) < dg(z)+1, we deduce that f(z;G)— f(2;G") < % = L.
Therefore,
\V(F)| =2 f(G',A,B',C") +1
= f(G,A,B,C) = f(1;G) = > (f(w;G) — f(w; &) +1
weN (v)
> f(G,A,B,C) — f(1:G) — 22 — — 41
= s L1y By - v; T4 T 9n
5 30
1
= f(G,A,B,C)+ —
f( 9 41y ) ) + 30
> (G, A, B,C),
contradicting the fact that G and (A, B, C) form a counterexample. |

Claim 10. If v € As, then|N(v) N Bs| < 1.

Proof. Suppose that v is a vertex in Az and denote by x,y,z its three neighbors. Arguing
by contradiction, suppose that at least two of them are in Bs, say x,y € Bs. Note that by
Claim 1, we know that f(z;G) > v(v) = %, thus z ¢ C, and hence z can be demoted. Let
G = G—v+uay, and let (A’, B, C") be the partition of V(G’) obtained by restricting (A, B, C)
to V(G') and demoting z,y, z (thus, z,y are both in C} or both in C%, depending on whether
the edge zy exists in G or not). Since |[V(G')| < |V(G)|, the graph G’ contains an induced linear
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forest F’ respecting (A’, B',C") with at least f(G’, A’, B',C") vertices. Let F := G[V(F")U{v}].
Observe that F'is an induced linear forest in G respecting (A, B, C). Indeed, dp(w) < dpr(w)+1
for every w € N(v), and dp(v) < 2 since F’ contains at most one of z,y (because of the edge
xy), and furthermore v is not in a cycle in F since z,y € C’. But then

V) =|V(E)| 412 f(G A B C) 41
> J(GAB,C) = [(156) 35 +1
= 16,4, B,0),

where the second inequality is obtained by Claim 4, which ensures that f(z;G) — f(2;G') < %,
and by the fact that fo(2) = fo(3) = g, hence for w € {z,y}, we know that f(w;G)— f(w;G') =
% — % = %. But this contradicts the fact that G and (A, B, C) form a counterexample. |

Claim 11. If u,v are two distinct vertices in Bs, then|N(u) N N(v)| < 1.

Proof. Arguing by contradiction, suppose that u,v are two distinct vertices in Bs with two
common neighbors z,y. We know from Claim 7 and Claim 10 that neither x nor y can be in
Ay U Az. In particular f(z;G) < 3 and f(y;G) < 3. Let G’ == G — {z,y}, and let F' be
an induced linear forest in G’ respecting the restriction of (A, B,C) to V(G') with at least
f(G', A, B',C") vertices. Obviously, F’ is an induced linear forest in G respecting (A, B,C) as
well. Then,

‘ ( )‘ > f(Gl7A/7B,7C,)
> f(G,A,B,C) - f(x;G) — f(y; G) + 2 (f(1) — fB(3))
> £(G, A, B,C) —2% +2 (g _ %)
= f(G,A,B,C),
which is a contradiction. |

Claim 12. G does not contain any C3—Cs edge.

Proof. Arguing by contradiction, suppose that vw is an edge of G with v, w € (5. Denote by x,y
and s,t the other two neighbors of respectively v and w, in such a way that f(z;G) > f(y; G)
and f(s;G) > f(t;G). By Claim 3 we know that f(z;G)+ f(y;G) > 1— f(v; G) — f(w; G) =

and in particular f(z;G) > 3. Furthermore, Claim 1 implies that v(z) < %, and thus z € Ay.
From Claim 1, we know that y(y) < f(v;G) —y(z) = ¢ — 15 = 7=. Finally, since f(y;G) >
2 _ f(;G) = 15, we deduce that either y € Ag or y € Bs. However, Claim 8 implies that

3
y ¢ Bs, hence y € Ag. A symmetric argument shows that s € A4 and t € Ag.

Let S := N%(w) N {x,y}. Let G’ := G — N[w] and let (A’, B',C") be the restriction of (4, B,C)
to V(G’). Since y(z) > 2—11 holds for every vertex z € S, applying Claim 2 with F':= G[{w}] we
obtain

< f(G,A,B,C) - f(G'A',B",C")
= fW; @)+ f(w; G+ f(; Q)+ [(1:G) + D (f(26G) = f(E)

2EN2(w)
<0G+ fF(w;G) + f(5:G) + f(5G) + Y _(f(%G) — f(G))
z€S
< FW;G) + f(w;G) + f(s:G) + f(:G) = > 7(2)
zeS
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implying that [S| < 2, and thus S| = 0. Hence, z,y ¢ N%(w), and therefore z,y € N(w),

implying that x = s and y = ¢.
Let G" == G — {v,w}, and let (A", B”,C") be the restriction of (A, B,C) to V(G"). By the
minimality of our counterexample, we have f(G, A, B,C) > f(G", A", B",C"). However,

f(GI/’AI/’B”’CH) = f(G’ A’B’C) - 2fC(3) + (fA(Q) - fA(4)) + (fA(4) - fA(G))
= f(G,A,B,C) + %
> f(G,A,B,C),

which is a contradiction. |

Let us show that some vertex of G has (strictly) positive gain. Observe that if y(v) = 0 holds
for a vertex v € V(G) then v must belong to one of the three sets Bz, Cy, Cs. Moreover, Cy = @&
by Claim 6. Thus, if all vertices of G have a gain of zero, then from the connectedness of G and
Claim 8 we deduce that either all vertices are in Bg, or they are in all C'5. However, Claim 9
rules out the former case, while Claim 12 rules out the latter. Therefore, some vertex of G has
positive gain.

For the rest of the proof, we fix some vertex v* with y(v*) > 0 and minimizing v(v*) among all

such vertices. Furthermore, in case vy(v*) = % and A3 # &, we choose v* so that v* € Ags.

Observe that d(v*) > 2 (since 6(G) > 2 by Claim 5) and d(v*) > 4 in case v € BUC.

Claim 13. The vertex v* satisfies the following three properties:
(1) v* & Ay,
(2) f(v';G) = d(v")y(v"), and
(3) N(v*)N(B3UC3) # 2.
Proof. Let us first show that (1) implies (2). We already know that d(v*) > 4 in case v* € BUC.

If v* ¢ Ag, then it can be checked that f(v*;G) = d(v*)y(v*) holds in all possible cases for v*.
Thus, (1) implies (2).

From (2) and Claim 1, we obtain that d(v*)y(v*) = f(v*;G) > 3 ,cn(p) V(w), implying that
0

v(w) < y(v*) holds for some w € N(v*), and thus vy(w) =
turn that w € B3 U Cs. Thus, (2) implies (3).

by our choice of v*, implying in

Hence, it only remains to prove (1). Arguing by contradiction, suppose that v* € As. Then, it
follows from our choice of v* that V(G) = A2 U B3 U Cs.

If B3 # &, then by Claim 7 and Claim 8 every vertex in Bs has all its neighbors in B3. However,
this contradicts Claim 9. Thus, By = @.

If C3 # @, then every vertex in (5 has all its neighbors in As by Claim 12. In particular, there
is an edge zy € E(G) with z € C5 and y € As. But then, f(z;G) > v(y) by Claim 1, which is
not possible since f(x;G) =v(y) = %. Thus, C3 = 2.

We conclude that V(G) = Ag, and thus that G is a cycle. Then F := G —v* is an induced linear
forest in G that respecting (A, B, C) and with [V (G)| — 1 > 2|V(G)| = f(G, A, B,C) vertices,
contradicting the fact G and (A, B,C) form a counterexample. Therefore, v* ¢ As, and (1)
holds. |

Claim 14. d(v*) > 4, and thus f(v*;G) < % and y(v*) < %,

Proof. If d(v*)
and thus v(v*)

4, then it is easily checked that f(v*;G) <
L since v(v*) = f(v*; G)/d(v*) by Claim 1

> 2 (with equality only if v* € Ay),
< 3.
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Let us show that d(v*) > 4. Arguing by contradiction, suppose this is not the case. Then it
follows from Claim 13 that v* € As. Furthermore, by our choice of v*, every vertex of G with
nonzero gain is in Ay U A3, and it follows that V(G) = Ay U A3 U B3 U C3. By Claim 1, we
know that f(w;G) > y(v*) = % holds for every vertex w € N(v*). Since fc(3) = g, it follows
that N(v*) N C3 = @. Claim 13 implies then that there is some vertex w € N(v*) N Bs. By
Claim 8, we know that N(w) C B3 U Ay U Ag. Claim 9 implies that w has a neighbor = that is
distinct from v* and not in B3. Thus, x € Ay U Az. Claim 7 implies then that € Az. But then
v(z) + v(v*) = f(w; G), which contradicts Claim 1. [ |

Claim 15. If C3 # @ then v* ¢ Ay U A5 U By, and in particular, f(v*;G) < 2 and v(v*) < 5.

Proof. Suppose v is a vertex in C3. Then it follows from Claim 8 and Claim 12 that vy(w) > 0
for every neighbor w of v. Using Claim 1, we deduce then that

F= 0> Y Aw) =300,
weN(v)

and thus v(v*) < 1_18‘ This implies that v* ¢ Ay U A5 U By, and in particular f(v*;G) <
Y(v*) < 51

I

and
[ |

Claim 16. |N(v*) N C3| < 1.

Proof. Arguing by contradiction, suppose that u,w € N(v*)NC3s with u # w. Then vw ¢ E(Q)
by Claim 12. Denote by x, y the two neighbors of u distinct from v*, and by s, t the two neighbors
of w distinct from v*. We may assume without loss of generality that f(x;G) > f(y;G),
f(s;G) = f(t;G) and f(z;G) = f(s;G). Claim 1 implies that, for every vertex z € N(u)UN (w),
we have y(z) < %, and thus z ¢ Ay U A3, which implies in turn that f(z;G) < 2. Since
uw ¢ E(G), using Claim 2 with F' = G[{u,w}] we obtain

ot N

2< f(w;G) + f(w; G) + Z f(z;G)é?%—i—‘N(u)UN(v){
z€N(u)UN (w)

)

and thus |N(u) UN(w)| > {%1 = 5. Hence, v* is the only common neighbor of v and w, and

x,y, s,t are all distinct. Furthermore, Claim 8 and Claim 12 imply that {x,y, s, t} N (B3UC3) =
&. In particular, x,y,s,t all have non-zero gain. Since C3 # &, by Claim 15 we know that
v* ¢ Ay. Using Claim 2 with F' = G[{u,w}] again, we obtain that

2 < 2-é+f<m;G>+f<y;G>+f<s;G>+f<tsG> + [0 G)
< % +5max{f(z;G), f(y; G), f(s; G), [(t; G), f(v"; G)}
= é + 5max{f(z; G), f(v"; G)}.

(To see the last equality, recall that f(z;G) > f(y;G) and f(z;G) = f(s;G) = f(t;G)). We
deduce that max{f(z;G), f(v*;G)} > %, thus {z,v*} N A4 # @, but since v* ¢ Ay we must have
x € Ay and thus f(z;G) = % and y(z) = %. Applying Claim 1 on u again, we obtain

% = [(4;G) > y(x) +v(y) + (V") = v(x) + 2v(v") = % + 27y(v").
1,1 1 1

Thus, y(v*) < 5(5 — i5) = 355- It follows that v* does not belong to any of the sets

Ay, As, Ag, A7, By, Bs, Bg, Cy, and hence f(v*;G) < %. Since Claim 1 implies in particular
that £ = f(u;G) > v(z) + y(y), it follows that y(y) < 1 —y(z) = £ — 15 = £, from which we
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deduce that y is not in Ay, As, By, and hence f(y; G) < % Now, observe that

g > [ G)
> 225~ f(5:G) ~ [y G) ~ (f(5G) + (5:G)
5 2 2
= 375 7 (f(s:G) + f(t:G))
103

= — — (f(sG) + f(t:G)),

which implies
103 2 239 2
G LG > — ——=— > —.
In particular, f(s;G) > 1, and thus s € A (since s ¢ Ay U A3), and f(s;G) = 2. Furthermore,
fit;G) > % — % = % > % implying t € A4. However, applying Claim 1 on w we obtain
1 1
= G t)y=2—=-—
Fw; G) > () +7(t) =255 = ¢

which is a contradiction. ]

[

Claim 17. If v* € Ay and v* is in an triangle u,v*, w in G, then at least one of u,w is not in
Bs.

Proof. Arguing by contradiction, suppose that v* € A4 and that u,v*, w is a triangle in G with
u,w € By. Let x be the neighbor of u distinct from v* and w, and let y be the neighbor of w
distinct from v* and u. By Claim 11, we know that x # y. Claim 7 implies that z,y ¢ As. It

follows that f(2;G) < 3 and f(y;G) < 3.

Since f(v*;G) = 2, using Claim 2 with F = G[{u, w}], we obtain that
2 < f(w; G) + f(w; G) + f(2;G) + fy; G) + f(v5G)

2 *
=3 T /(@ G) + fy:G) + f(056)
16
=15 Hf@G)+ [y 06),
and thus f(z;G) + f(y; G) > %. Since x,y ¢ Ag, we thus must have x,y € As.

Reapplying Claim 2 with F' = G[{u,w}], and letting Z := N*(V(F)), we obtain 2 < 2+ & —

Zzezw(z), that is,
Zw(z) < i
15

z€Z

Since every vertex with non-zero gain has gain at least y(v*) = %0’ we deduce that Z is a (possibly

empty) subset of Bs U Cs. Since z € A3, Claim 10 implies that (N(z) — {u}) N (B3 U Cs) = @.
Since N(z) C N[V (F)]UZ, and since v*, z,y are the only vertices of N[V (F')]UZ not in B3UCs,
it follows that N(z) = {u,v*,y}. By symmetry, we deduce that N(y) = {w,v*,x}. But then
V(G) = {u,v*,w,z,y}, and

f(G, A, B,C) = f(u; G) + f(w; G) + f(v";G) + f(2;G) + f(y; G)
=2fB(3) + fa(4) +2fa(3)

—2+1
- 15

< 3.

However, G[{z,y,w}] is an induced linear forest of G with three vertices respecting (A, B, (),
contradicting the fact that G and (A4, B, C) form a counterexample. [ |
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Claim 18. |N(v*) N Bs| < 1.

Proof. Arguing by contradiction, suppose that u,w € N(v*) N Bs with u # w.

First, suppose that uw € E(G). Let x be the neighbor of u distinct from v* and w, and let y be
the neighbor of w distinct from v* and u. By Claim 11, we know that z # y. Also, f(v*;G) < %
since d(v*) > 4 (by Claim 14) and v* ¢ A4 (by Claim 17). Using Claim 2 with F' = G[{u, w}]
we then obtain that

2 < f(w;G) + f(w; G) + f(z;G) + f(y; G) + f(v";G)
S 4 J@G) + f6) + [ )
<1+ f(z;G) + f(y; G),

and thus f(x;G) + f(y; G) > 1. However, this implies that at least one of z,y is in A, which
contradicts Claim 7. Therefore, we conclude that uw ¢ E(G).

Let x,y be the two neighbors of u distinct from v*, and let s,t be the two neighbors of w distinct
from v*. We may assume without loss of generality that f(z; G) > f(y; G) and f(s;G) > f(t;G),
and also A(z)+A(y) = A(s)+A(t). Claim 11 implies that z,y, s, t are all distinct. Claim 7 implies
that 2,y ¢ As. It follows that f(z;G) < & and y(z) < ¢, and these two inequalities are strict in
case z ¢ As. The same holds for vertex y. By Claim 1, we know that v(z)+7(y) < f(u; G) = %,
thus we cannot have both = and y in As, and hence y ¢ A3 (since f(y;G) < f(x; G)). It follows
that A(z) + A(y) < 15 + & = &, and also A(s) + A(t) < AM(z) + A(y) < 3.

Let G' = G —v* + zy + st. (Note that the edges xy and st might already be in G.) Let
(A’, B',C") be obtained from the restriction of (4, B,C) to V(G’) by promoting u and w (thus
u,w € AL). Observe that every induced linear forest F” in G’ respecting (A’, B/, C") is also an
induced linear forest in G respecting (A, B,C). (Indeed, the triangle u,z,y in G’ ensures that
F’ misses at least one of these three vertices, and same for the triangle w, s, ¢ in G’.) Since the
lemma holds true for G’ and (A’, B’,C"), it follows that

2
f(Ga Aa Ba C) > f(G/’A,’B,a Cl) = f(G’A’B’ C) - f(v*a G) - A(x) - )‘(y) - )‘(S) - )‘(t) + g,
where the rightmost inequality holds with equality in case zy, st ¢ E(G). That is,
2
= = F(0G) < Al) +Ay) + A(s) + A(D).

Using that A(s) + A(t) < A(z) + A(y) < ¢, we deduce that f(v*;G) > %, and thus v* € A4 and
2
5

[ G) = Iso,
1;“5 - ; — FW5G) < Ax) + Aly) + As) + AE) <2 (@) + Aw) .

implying that A(z) + A(y) > +%. In particular, A(z) > 1= holds for some z € {z,y}, and it can
then be checked that z € Aj is the only possibility for z since x,y ¢ As. Since y ¢ Az, we must
have z = x. Since v* € A4, we know from Claim 1 that + = f(u; G) > y(v*) + v(z) + v(y) =
1—10 + % +7(y), and thus v(y) < % — % — 1—10 = % < v(v*) = 1—10. By our choice of v*, this implies
that v(y) = 0, and thus y € B3 U C3. Since Claim 8 ensures y ¢ C, we deduce that y € Bs.
Claim 10 implies in turn that zy ¢ E(G). Moreover, v*y ¢ E(G) by Claim 17. It follows that y
has exactly two neighbors outside of {x,u,v*}. Denote these two neighbors by ¢ and r in such

a way that f(q) > f(r). (Note that {¢,7} N {s,t} is not necessarily empty.)

Since u € Bs, Claim 9 applied on y implies that ¢,r ¢ Bs. Also, q,r ¢ C by Claim 8. Thus,
v(g) > 0 and y(r) > 0, and hence v(q) > v(v*) = 75 and ¥(r) > y(v*) = 5 by our choice of
v*. This implies in turn that ¢, ¢ B, and hence ¢,r € A. Since ¢, ¢ Ay by Claim 7, we must

have ¢,7 € A3 U Ay. In particular, A(q) + A(r) < 24.
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Now, let G"” := G — u + qr (note that the edge ¢gr may already exist in G) and let (A”, B”,C")
be the partition (4, B, C) restricted to V(G”) where the vertex y is promoted. Since |V (G”)| <
|V (G)], there is an induced linear forest F” in G” respecting (A”, B”,C") with at least f(G")
vertices. Observe that F” is also and induced linear forest in G respecting (A, B, C), thanks to
the triangle vy, ¢, in G”. It follows that

V(E")| = £(G")

= f(G,A,B,C) — f(u; G) +v(v*) +v(z) + (f(y; G") — f(y; G)) — (A\(q) + \(1))
> f(GABC)~ 3+ 42t (g_g) SEE
> f(G,A,B,0),

contradicting the fact that G and (A, B,C) form a counterexample. This concludes the proof
of the claim. [

Claim 19. N(v*) N Bs = @.

Proof. Arguing by contradiction, suppose that N(v*) N Bs is non empty. By Claim 18, there
exists a unique vertex w in N(v*) N Bs. Let z,y denote the neighbors of w distinct from v*
in such a way that A\(z) > A(y). Let Z := N(v*) — (B3 U C3) be the set of neighbors of v*
with non-zero gain. Let G’ := G — v* + xy (note that the edge xy may already exist in G),
and let (A’, B',C") be obtained from the restriction of (A, B,C) to V(G’) by promoting w (thus
w € A’). Then, there is an induced linear forest F’ in G’ respecting (A’, B’,C") with at least
f(G', A", B',C") vertices. Observe that G[V(F')] is an induced linear forest in G respecting
(A, B,C) (thanks to the edge zy in G’). It follows that f(G, A, B,C) > f(G', A’, B',C").

By Claim 16, we know that v* has a most one neighbor in C3. Thus, |Z]| > d(v*) — 2. Let
7" =7 —{x,y}. Then, it can be checked that the following holds

0> f(G/,A/,B’,C’) - f(G,A,B,C)
= —f(G) + (f(w; &) = fw; )+ Y (f(5G) - f(%06))

zeZU{z,y}
= —f(5G) + (fa@) = fBB) + Y (F(zG) = f(zG) + > (f(5G) - f(=0))
zeZ’ ze{z,y}
= {56 5+ )+ Y (=) - f(56).

zeZ’ ze{x,y}

By Claim 8 and Claim 12, we know that z,y ¢ Bs U (5. For z € {x,y} N Z, observe that
der(z) < dg(z) since v* € Ng(z) — Ng#(z), and hence f(z;G') > f(2;G). For z € {x,y} — Z,
observe that dg/(2) < dg(z) + 1 (with equality in case zy ¢ E(G)). Thus, we deduce that

0> —f05@) 5+ YA+ Y (=) - f(=0)

zeZ’ ze{zy}—2Z

> f@hO) +3+ A - Y M)

zeZ’ ze{zy}—2Z
and hence
* 1 *
F0%6) > s 7] — Y AG) Q0
ze{zy}—2

Let us show that {z,y} N Z = @. If 2 and y both are in Z, then it follows from (3) that
f(0*G) > 2 +|Z'| y(v*) > §. Thus v* € Ay, and f(v*;G) = 2. Claim 15 implies then that Cj
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must be empty, and hence |Z" =|Z]-2=d(v*)—1—2=1and

9 1 1 1 13 2
i *, - Z/ * i = -
5 f(”’G)>3H RICY 371073075

a contradiction. Therefore, x and y cannot both be in Z.

Now assume that either z or y is in Z but not both. Observe that A(y) < A(z) < 15. Combining
this observation with (3) and the fact that | 2’| =|Z| — 1 > d(v*) — 3 > 1, it follows that

1 1 7 7
*, - Z/ N _ - Z/ * —
F0H56) > 3 H|Z|A0) — o = 42 (0) > o
We know that v* ¢ C since f(v*;G) > & > &. If v* € B, then d(v*) = 4 (otherwise f(v*;G)
would be smaller than 55), and thus y(v*) = = and f(v*;G) = 7&. But then
4 7 1 7 1

= J0G) > o 42 2
5= 6> +| 5-30 15

which is a contradiction. Hence, v* ¢ B, and we we deduce that v* € A. Moreover, the vertex
v* must satisfy

—~

= f5G) > 55 #2700 = 55+ A (d(v*) + 1)’

d(v*) +1

or equivalently

7 7
2d(v") > grd(v7)(d(v") +1) + 2|1Z'| > 35dW)(@(@") + 1) +2(d(v") = 3),
where the second inequality comes from the fact that |Z’ ‘ =|Z| —1 > d(v*) — 3. In particular,
30 180
d*)(d@*)+1) < 6— = —.
7 7
Hence, we deduce that
—14 /1441
d(v*) < =4,

2

and by Claim 14, we deduce that v* € Ay and thus f(v*;G) = 2. In particular, C5 = @ by

5
Claim 15, and thus | 2’| =|Z| — 1 = d(v*) — 2 = 2. Hence,
2 7 1 13 2
i * G _ Z/ * - 2_ _ - =
5 =56 > 5 HZ ) = 525 = 55> 5
which is a contradiction. We conclude that neither x nor y are in Z, as claimed.

Since x,y ¢ Z, it from follows from Claim 13 and (3) that
* * * 1 * * *
d(v)y(v7) = f(v';G) > 2 +]Z]7(v7) = A2) = Aly) > 3+ (d(v7) = 2)7(v") — 2A(2)

and thus

W =

2v(v*) + 2\ (x) > %

Since z ¢ Ay by Claim 7, we know that A(z) < {5. Thus, we deduce that v(v*) > & — A(z) >
%— % = % Using Claim 14, it follows that v* € A4 and y(v*) = 1—10. Using the same inequality,
we find A(z) > & —y(v*) = § — 75 = 15. This implies that € A3 and v(z) = §. Let us also
recall that v(v*) < 7(y) by our choice of v*, since y(y) > 0. Now, applying Claim 1 on w, we
obtain

Y(07) < 9W) < F@w; G) — (@) — Y1) = % — = — = = = < = = 4(7),

which is a contradiction. |
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Claim 13, Claim 16, and Claim 19 together imply that v* has no neighbor in B3 and exactly
one neighbor in Cs, let us call it w. Let x,y be the two neighbors of w that are distinct from
v* in such a way that f(x;G) > f(y;G), and let Z := N(v*) — N[w]. Observe that for every
z € Z, we have v(z) > 0, and thus v(v*) < 7(z). Using Claim 2 with F' = G[{w}], we obtain

1< f(w; G)+ f(v'5G) + f(2:G) + f(y; G) = D (2)

z€Z
< 5+ FWG) + f@6) + f5:6) - |21,

Since C3 # @, Claim 15 implies that v(v*) < 5. By Claim 13, we know that f(v*;G) =
d(v*)y(v*). Slnce 1 < d(v*) —|Z] < 3, it follows that

D < W)+ F(@5G) + F(5:6) — (@) — B (v”)
= [(#;,G) + f(y: G) + 37(v")
< J(@:6) + f:6) + 35,
and thus
G = max{F( 6). S5 G} > 5 (1w 6+ 1 6) > 5 (3 - 1) = 39 > 3

Since y(z) < & (by Claim 1), we deduce that z € Ay and thus f(z;G) = 2 and y(z) = &.
Then,

61 2
f(y,G)>E—f($aG)—m>§,

and since y(y) < % (by Claim 1), it follows that y € A4UAs5. But now v(z)+7(y) > %—{—%5 = %,

which contradicts Claim 1.

This final contradiction shows that G and (A, B,C) do not form a counterexample. This con-
cludes the proof of Lemma 11. O

6. FORESTS OF STARS

As discussed in the introduction, a special kind of forests of caterpillars—or equivalently, graphs
of pathwidth at most 1—are forests of stars, where every connected component is a star. (We
remark that an isolated vertex is considered to be a star.) Forests of stars correspond to graphs
of treedepth at most 2. The aim of this section is to study the impact of restricting caterpillars
to be stars. The lower bound in Corollary 5 is no longer true with this extra requirement, and
in fact there are infinitely many extremal lower bounds for finding induced forests of stars in
graphs as a function of their degree sequence. Theorem 7 gives a characterization of all these
lower bounds, which we restate here for convenience.

Theorem 7. For every c € R with 0 < e < %, the following function provides a lower bound for
induced forests of stars:

1 ifd=0
1—¢ ifd=1
min %,%—i—g} ifd=2
min %,é—i—g} if d > 3.

fe:N—=[0,1]:d—

That is, every graph G contains an induced forest of stars with at least ZueV(G) fe(d(v)) vertices.
Moreover, this lower bound is extremal, and every lower bound for induced forests of stars is
dominated by some extremal lower bound of this form.

The proof of Theorem 7 relies on the following lemma.
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Lemma 12 (AB lemma for forests of stars). Let G be a graph and let (A, B) be a partition of
its vertex set (where parts are possibly empty). Then G contains an induced forest of stars F
satisfying

o cvery edge vw € E(F) with w € B satisfies v € A and dp(v) =1, and
o V()| = Yoea falda(v)) + Xyep fB(da (v))

where
1 ifd=0
5 fd=1 1
d) =<5 if d d) = ——.
I =35 ra—s " Iold) =775
T fd>3

Before proving Lemma 12, let us show that it implies Theorem 7. In the subsequent proofs, an
induced forest of stars F' in a graph G is said to respect a partition (A4, B) of V(G) if F satisfies
the first condition in Lemma 12 w.r.t. the partition (A, B), namely, that every edge vw € E(F)
with w € B satisfies v € A and dp(v) = 1.

Proof of Theorem 7 assuming Lemma 12. Let € € R with 0 < e < %. We first show that f. is a
lower bound for ags.

Let G be a graph. We need to show that as(G) > X cv(q) fe(da(v)). Clearly, it is enough to
prove this in the case where G is connected, so let us assume that G is connected. Also, we may
assume that |V (G)| > 3, since the inequality is easily seen to hold in case G is isomorphic to K
or Ks. This implies in particular that no two leaves of G are adjacent.

Let L := {v € V(G) s.t. dg(v) = 1} be the set of leaves of G' (which is thus an independent
set). Let G := G — L. Let (A’, B") be the partition of V(G’) defined as follows

A'={veV(G)—-Lst. Nglv)nL=0},
B''={veV(G)—Lst Ngv)NL+#a}.

By Lemma 12, there exists an induced forest of stars F’ respecting (A’, B’) in G’ with at least
Yoven faldar(v) + 3 ,cp [B(dar (v)) vertices. Let F' = G[V(F') U L]. We claim that F is
an induced forest of stars in G. It is clear that F' is a forest, since it is obtained from F’ by
(possibly) adding some leaves. Now, suppose that some connected component of F' is not a star.
Then, one can find an edge vw in that component where both v and w have degree at least 2 in
F. These two vertices (and the edge vw) must be in F” as well, since all vertices in F' — V (F”)
are leaves of F. At least one of v,w is a leaf in F’ (since every component of F” is a star), say
w is a leaf in F’. Since w is no longer a leaf in F, it follows that w € B’. By the conditions
of Lemma 12, this implies in turn that v € A’ and v is a leaf of F’. But then, v has no leaf
neighbor in GG, and hence v is a leaf of F' as well, a contradiction. Therefore, F' is forest of stars,
as claimed.

Next, we will show that F" has at least > _,cy (¢ fe(da(v)) vertices. First, observe that
falde(v)) = falda(v)) = fe(da(v))
for every vertex v € A’, since v has degree at least 2 in G.

For v € B', let £(v) :=|Ng(v) N L], and let

D(v) = (fB(der (v)) + L)) = | flda@))+ Y felda(w))

weNg(v)NL

=[fB(dc/(v)) +L(v)e — fe(da(v)).
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Observe that D(v) > 0 in case dg/(v) = 0. If dgv(v) > 1, since £(v) > 1 and dg(v) > dgr(v) + 1,
we know that dg(v) > 2, and in particular f.(dg(v)) < dgl(v) + . Therefore,

1 1 1 1
D(v) 2 ———<——t+e————<—-¢c> — = 0.
(’U) dG’ (’U) + 1 c dG(’U) ¢ dGU(U) + 1 dG’ (’U) + 1

Thus, D(v) > 0 holds for every vertex v € B’. It follows that
\V(F)| =|V(F) \+\Ly

> Y falde(v) + Y fadar(v) +|L|

veA’ veB’
> > felde) + > faldg(v) +|L]
vEA! vEB!
=" felde() + D (f(da(v)) + D)) +> (1 —e)
veA’ veB’ veL
= Z fe(da(v))
veV(Q)

as desired. This concludes the proof that f. is a lower bound for ag.

Now, it remains to show that (i) every lower bound for as is dominated by f. for some ¢
satisfying 0 < e < g, and (ii) that these bounds are all extremal. We will proceed as in the
proof of Theorem 8. Let us first show (i). Let ¢ : N — R be a lower bound for as, and define
g:=1—¢(1). Since ¢ is a lower bound for as, we know that

0(0) < as(K1) =1 = f:(0)

and 5¢(2) < as(Cs), and thus
1 3
2) < —as(Cs) = —.
P(2) < pas(Cs) = -
Furthermore, £ was chosen so that ¢(1) = f-(1), and ¢(d) < 75 +1 holds for all d > 3, as witnessed
by the complete graph Ky 1.

Thus, it only remains to show that ¢(d) < é +¢e for all d > 2. To do so, let n > 2, and define
the graph K], as follows:

V(K!)={(v,i) : 1 <v<n,ie€{0,1}}

and there is an edge between (v,4) and (w,j) if and only ifi = j=0and v #w,ori=0,j=1
and v = w. Informally, K], is the graph obtained by adding a single leaf to every vertex of the
complete graph K.

We claim that ag(K/,) = n+ 1. One can observe that as(K],) > n+ 1 since {(v,1) : 1 < v <
n} U{(1,0)} induces a forest of stars with exactly n + 1 vertices. To see that as(K]) < n+1,
observe that every induced forest of stars contains at most two vertices from {(v,0) : 1 < v <
n}; furthermore, if it contains two such vertices, then it contains at most n — 1 vertices from
{(v,1) : 1 < v < n}, as otherwise it would contain an induced P;.

It follows that

n—ne +np(n) = np(l) + np(n) < as(K;,) =n+1
and in particular
(m) < 1+
n) < —+e¢,
4 n

as desired. We conclude that ¢ < f..

Again, similarly to the argument in the proof of Theorem 8, the functions f. are pairwise in-
comparable for different values of ¢, and thus must all be extremal. O
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In order to prove Lemma 12, we need the following easy lemma on cubic graphs. (A cubic graph
is a graph where every vertex has degree 3.)

Lemma 13. Every cubic graph G admits a partition (Vi,Va) of V(G) such that A(G[V;]) < 1
fori € {1,2}. In particular, G contains an induced forest with at least %‘V(G)‘ vertices, where
every connected component is isomorphic to K1 or K.

Proof. Given a partition (V7,V2) of V(G), we let E(V1,V3) denote the set of V1—V; edges in G.
Observe that, if (V4,V3) is a partition of V(G), and if v is a vertex with at least two neighbors
in its own part, then moving v to the other part increases |E(V7, V2)| by at least 1. It follows
that if we let (V1,V5) be a partition of V(G) maximizing |E(V1, V)|, then every vertex has at
most one neighbor in its part, as desired. O

We remark that Lemma 13 is a special case of a theorem of Lovasz [4] about (non-proper) vertex
colorings of graphs where each color class induces a graph whose maximum degree satisfies a
prescribed upper bound.

Now, we prove Lemma 12.

Proof of Lemma 12. We use similar notations as in Lemma 11: Given a vertex v of a graph G,
and a partition (A, B) of V(G), we let f(v;G, A, B) be fa(dg(v)) or fp(da(v)), depending on
whether v € A or v € B. We abbreviate f(v; G, A, B) into f(v; G) when the partition (4, B) is
clear from the context. Also, we let f(G, A, B) = ZUGV(G) fv;G, A, B), and for i > 0, we let
A; denote the set of vertices in A with degree at most ¢, and we define B; similarly w.r.t. B.

To prove the lemma, we argue by contradiction. Suppose the lemma is false, and let G and
(A, B) be a counterexample minimizing ‘V(G)| Clearly, G is connected, and ‘V(G)‘ > 3.

Observe that every vertex v of G has degree at least 1. As in the proof of Lemma 11, we define
the gain vy(v) of a vertex v to be the increase of f(v; G) when d(v) is decreased by one, that is,

() = fald(v) = 1) = fa(d(v)) ifveA
fe(d(v) — 1) — fg(d(v)) ifve B.

Observe that, contrary to the proof of Lemma 11, here v(v) > 0 always holds (that is, a gain of

zero is not possible). If v € B, then y(v) = WM, and if v € A:
: if d(v) =1
l 1 =
) =4 % ) =2
0 if d(v) =3
ooy i ) > 4

The proof is split in a number of claims. Our first two claims mirror respectively Claim 1 and
Claim 2 in the proof of Lemma 11. The proofs are verbatim the same (up to replacing (A, B, C)
with (A, B) and ‘linear forest’ by ‘forest of stars’), thus we do not repeat them here.

Claim 20. f(v;G) > 3 e n(w) V() holds for every vertez v € V(G).

Claim 21. Let F' be an induced forest of stars in G respecting (A, B) with {V(F){ > 1. Let
G =G — N[V(F)] and let (A', B’) be the restriction of (A, B) to V(G'). Then

V(F)| < f(G.AB) - f(GLABY< > fG)— Y Aw< > fw6).

VEN[V (F)] wEN2(V(F)) vEN[V (F)]
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In the next claim we show that G has minimum degree at least 2. Thus, this claim parallels
Claim 5 in the proof of Lemma 11. However, the proofs of the two claims are different, because
each depends on the particular values of f(v;G) for a vertex v in GG, which are not the same in
the two lemmas.

Claim 22. §(G) > 2.

Proof. Since G is connected with at least three vertices, we already know that 6(G) > 1. Arguing
by contradiction, suppose that v is a vertex of G with degree 1. Let w be its neighbor. Note
that d(w) > 2, since G is not isomorphic to Ks.

Case 1: v € A;. Let G' := G — v and let (A’, B’) be obtained by restricting (4, B) to V(G’)
and moving w to B’ in case it is not already there. By the minimality of our counterexample, we
know that G’ contains an induced forest of stars F’ respecting (A’, B') with at least f(G’, A, B')
vertices. Observe that F := G[V (F') U {v}] is an induced forest of stars of G respecting (A, B)
(thanks to the fact that w € B’). Observe also that f(w;G) — f(w; G') < % holds in all possible
cases for the vertex w (with equality if w € Ag). It follows that

V(F)| =|V(F)|+1
> f(G A, B +1
= f(G,A,B) - f(v;G) = (f(w; G) — f(w; G")) + 1
> J(GAB) ~ f(6:6) — ¢ +1
= [(G, A, B),
a contradiction. Hence, v ¢ A;.

Case 2: v € By. Claim 20 implies that f(w;G) > y(v) = 1. It follows that w € A and
d(w) < 2, and hence w € Aj since d(w) > 2. Let u be the neighbor of w distinct from v. Note
that f(u; G) < % since d(u) > 1. Using Claim 21 with F' = G[{v,w}], we obtain
1 3 5 29
2 . . . < = e - ==
a contradiction. This concludes the proof. |

Claim 23. A= Ay U A3 and B = Bs.

Proof. Let v € V(G) be a vertex of minimum gain. By Claim 20 and our choice of v,
f;G) > Y A(w) = dw)(v),
wEN (v)
that is, y(v) < ﬁf(v;G). This implies that v ¢ B and v ¢ A; for i > 4. Recalling that
§(G) = 2 (by Claim 22), it follows that v € Ay U A3, and in particular, y(v) > ;5. By our choice
of vertex v, this implies in turn that every vertex of G has gain at least 1—10, and thus belongs to

AQ, A3, or BQ. |
Claim 24. There is no Bo—By edge in G.

Proof. Arguing by contradiction, suppose that vw is an edge of G with v, w € Bs. Let z be the
neighbor of v distinct from w. By Claim 20,

% = f(v;G) > v(w) +y(z) = é +7(2),

that is, y(z) < %. In particular, x cannot be in As nor in Bsg, and thus is in A3 by Claim 23.
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Case 1: zw € E(G). Let z be the neighbor of z distinct from v and w. Note that f(z;G) < %
by Claim 23. Using Claim 21 with F' = G[{v,z}|, we obtain
53

=<2

2 < f(5:G) + f(w:G) + f@G) + f(zG) = L+ f(56) < 45 = o

a contradiction.

CNICO

Case 2: zw ¢ E(G). Let y,z denote the two neighbors of = distinct from v. Using Claim 21
with F' = G[{v}], we obtain
1 1 1 29

1< f0:G) + fwiG) + f(53G) = 1(y) ~ () <25+ 5 — 225 = 2 < 1,

a contradiction.

Thus, both cases lead to a contradiction, which concludes the proof. |
Claim 25. By =

Proof. Arguing by contradiction, suppose that v is a vertex in Bs. Denote by u,w the two
neighbors of v in such a way that f(u;G) > f(w;G). Then, u,w € Ay U Ag by Claim 23 and
Claim 24. Furthermore, using Claim 21, we obtain that + = f(v;G) > v(u) + v(w), and hence
u,w € As.

Let W := (N(u) U N(w)) — {v}. It follows from Claim 20 that if a vertex in Az has a neighbor
in Bo, then both its remaining neighbors must be in As. This implies that W C As.

Case 1: uw € E(G). Let = be the neighbor of u distinct from v and w. Thus, z € W, and
hence x € As. Using Claim 21 with F' = G[{u, v}], we obtain

2< f(6) + f(5:6) + f(wiG) + f(w:G) = 5 <2,

a contradiction.

Case 2: uw ¢ E(G). Using Claim 21 with F' = G[{v}], we obtain

Wl _4 W]
1 . . . - _ 1
< F36) + f@:6) + flw G) - o = £ - B
that is, W] < 3. Using the same claim with F = G[{v,u,w}], we obtain
w w
3< F010) + F(G) + fuxG) + o) = 2 W
that is, [W| > %, which is impossible.
Thus, both cases lead to a contradiction, as desired. |

It follows from Claim 23 and Claim 25 that V(G) = Ay U As.
Claim 26. If v € As, then |N(v) N Ap| <1

Proof. Let v € Az and let x,y, z be the three neighbors of v. We may assume that f(z;G) >
fly;G) = f(2;G). Recall that A = Ay U A3 and B = @, by Claim 23 and Claim 25. If x ¢ A,,
then N(v) C As, and we are done. If x € Ay, let us show that y, z € A3. By Claim 20, we know
that . .

= f(0;G) > (@) +9(y) +9(2) = 55 + (W) +7(2) = 55+ 27(2)-

Thus, v(z) < % < %, and z ¢ Ay, hence z € As. Finally, we also know that

1 7 1 1 7

v(y)<f(v;G)—v(w)—v(Z)=§—%—E=6<%,

Therefore, y ¢ Ay, and it follows that y € As. |

DO | =



30 A CARO-WEI BOUND FOR INDUCED LINEAR FORESTS IN GRAPHS

Claim 27. Every 3-vertex path in G contains at least one vertex in As.

Proof. Arguing by contradiction, suppose that xyz is a 3-vertex path in G avoiding As. Then
Y,z € As.

If xz € E(G) then G is isomorphic to K3. Then, f(G, A, B) = %
induced forest of stars respecting (A, B), showing that G and (A4,
ample, a contradiction. Hence, 2z ¢ E(G).

< 2 and F = G[{z,y}] is an
B) do not form a counterex-

Let v be the neighbor of z distinct from y, and let w be the neighbor of z distinct from y. If
v = w then by Claim 26, we know that v € Ay, and thus G is isomorphic to a cycle of length 4.
Then, f(G, A, B) = 2 <3 and F := G[{z,y, z}] is an induced forest of stars respecting (A, B),
showing that G and (A, B) do not form a counterexample, a contradiction. Hence, v # w.

Since v,w € Ay U As, using Claim 21 with F' = G[{x,y, z}] we obtain
3< f(@:G) + [y G) + f(2.G) + f(0;G) + fw; G) <5fa(2) =3,

a contradiction. |
Claim 28. There is no As—Asy edge in G.

Proof. Arguing by contradiction, suppose that vw is an As—As edge in G. Let x be the neighbor
of v distinct from w, and let y be the neighbor of w distinct from v.

Case 1: ¢ = y. By Claim 26, we know that x € As, but then G is isomorphic to K3, which we
know is not possible (as discussed in the proof of Claim 27).

Case 2: x # y. Applying Claim 27 on the two paths xvw and vwy, we deduce that z,y € As.
Let z be a neighbor of y outside {w,z}.

First, suppose that zy € E(G). Using Claim 21 with F' = G[{v,w,y}], we obtain
3< f0:6)+ fw:G) + f(@:G) + f5:G) + [(5:G) = ¢ + f(5:G) < ¢ +2 <3,
a contradiction. Thus zy ¢ E(G).
Now, let F:= G[{v,w}]. Then N[V (F)] = {v,w,z,y}, and |N?(V(F))| > 2 since x and y have
degree 3 and are not adjacent. But then, using Claim 21 on F', we obtain

11 1
<= —|N2v(F ‘<2,
a contradiction. This concludes the proof of the claim. |

Claim 29. If {z,y,z} induces a triangle in G, then x,y,z € As, (md‘Ng({x,y,z}) N Ag‘ < 1.

Proof. Suppose that {x,y, z} induces a triangle in G. We may assume that f(z;G) > f(y; G) >
f(zG).

First, we prove that x,y, 2z € As. Arguing by contradiction, suppose this is not the case. Then,
x € Ay, since V(G) = A2 U Az and f(z;G) > f(y;G) = f(z;G). By Claim 28, we know that
Y,z & As, and thus y,z € As. Let G’ := G — z and let (A’, B’) be the restriction of (A, B) to
V(G') with y, 2 moved to B’. Observe that

G AL BY) = f(G.AB) = f(:G) = f(y;G) = f(5:G) + f(y: G') + f (G
3

= f(G.A,B) - - -2 (fa(3) — fB(2))
3 1

= (G, A,B) - £ —2¢
14

=f(G,A,B) -
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By the minimality of our counterexample, there exists an induced forest of stars F’ in G’ re-
specting (A’, B') and containing at least f(G’, A’, B) vertices. Let F = G[V(F') U {x}]. Ob-
serve that F' is an induced forest of stars in G. Indeed, since y,z € B’ and yz € E(G),
they cannot both be in V(F'). Furthermore, if one of them is in V(F’), say y € V(F’), then
Np(y) = Np(y) U {z} € A" U {z}, and it follows that all vertices in Np(y) have degree 1 in
F, as desired. Note also that F' (trivially) respects (A, B), since all vertices of F' are in A. The
number of vertices in F' is then

V(F)| =|V(F)|+12> f(G',A',B")+1= f(G,A,B) + LIS f(G, A, B),

15~
contradicting the fact that G and (A, B) form a counterexample. Therefore, z,y,z € As, as
claimed.

Now, let us show that ‘Ng({x,y, z}H) N A2| < 1. Let u (resp. v, w) be the neighbor of x (resp.
y, z) not in the triangle zyz. Arguing by contradiction, suppose that ‘N(;({x, y,z}) N Ag‘ > 2.
Without loss of generality, we may assume that v # v and u,v € Ao, thus f(u; G) = f(v;G) = %
Let ¢ be the neighbor of v distinct from y. By Claim 28, we know that ¢t ¢ As, and thus t € As.
In particular, ¢t # u. By the first part of this proof, we also know that ¢ # x and ¢ # z, otherwise
there would be a triangle containing a degree-2 vertex.

Case 1: t = w. Observe that Ng[{v,y,2}] = {z,y, z,v,w}, and w # u (since w =t € A3 and
u € Ay). Applying Claim 21 on F := G[{v,y, z}], we obtain

5

3
3<f(;,G) + fy; G) + [(2.G) + f(w; G) + f(0;G) =24 = <3,
——

=4-f4(3)=4% =fa(2)
which is a contradiction.
Case 2: t # w. Let S = {x,y,v}, let W = N(S) = {z,u,t} and let Z := N?(S). Applying
Claim 21 on F := G[S], we obtain

1 3

3< F(@: Q)+ f(5:0) + [ C) + f(5:G) + (s G) + F(56) — 57| = 45 +25 — 7]

In particular, this implies that |Z| < 1. But since w € Z, we deduce that Z = {w}. This implies
however that N(t) — {v} C {z,y,z,w}. But we know that ¢ # u, and hence = ¢ N(t), and
also y ¢ N(t) by the first part of this proof. It follows that N(¢) = {v, z,w}, and in particular
z € N(t), therefore t = w, which is a contradiction.

Both cases lead to a contradiction, which concludes the proof of the claim. |
Claim 30. Ifv € Ay, then ‘NQ(U)| =4.

Proof. Suppose that v € As and let u, w be the two neighbors of v. By Claim 29, we know that
uw ¢ E(G), and by Claim 28, we know that u,w € Az. Let W := N?(v) = N({u,w}) — {v}.
We know that W C Ag by Claim 26. Let F' = G[{v,u,w}| (thus W = N(V(F))). Applying

Claim 21 on F', we obtain

3< f:60)+ f6) + fwiG) + 3 S )= 2 + 25 Wl .
zeW
Thus |[W| > 2 <3 - %) —2 =1 and hence |W| > 3. Furthermore, we know that |W| < 4, and
hence |W| € {3,4}.
To prove the lemma, we must show that |IW| = 4. Arguing by contradiction, suppose not, thus

|W| = 3. Denote the three vertices in W as x,y,z in such a way that N(u) = {v,z,y} and
N(w) = {v,z,z}. Let Z := N?(V(F)). Applying again Claim 21 on F, we obtain

3 5 31 1
242 H< = 7] —.
3<3t3 EZZ”() 10 14l
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Thus |Z| < 1, that is, Z = @, and hence N[W| = W U {u,w}. Since w ¢ N(y), we deduce
that N(y) = {u,x, z}. Similarly, since u ¢ N(z), we deduce that N(z) = {w,z,y}. But then
N(z) = {u,w,y, z}, which is a contradiction since x has degree 3 (and u, w, y, z are all distinct).
We conclude that |W| = 4, as desired. [ |

Claim 31. Ifv and w are two distinct vertices in Az, then distg(v,w) > 4.

Proof. Arguing by contradiction, suppose that there are two distinct vertices v,w in As such
that distg(v,w) < 3. Claim 28 ensures that distg (v, w) > 1, thus distg (v, w) € {2, 3}.

If distg(v,w) = 2, then there is some vertex u € N(v) N N(w). By Claim 28, we know that
u ¢ Ay, thus u € Az since V(G) = Az U A3. But then u contradicts Claim 26. It follows that
distg (v, w) = 3.

Consider a length-3 path vzyw from v to w in G. Let s be the neighbor of v distinct from z and
let ¢t be that of w distinct from y. Observe that s # t, since otherwise vsw would be a length-2
path from v to w, contradicting distg (v, w) = 3. For the same reason, s # y and t # x. Thus
x,1,s,t are all distinct. Note also that z,y,s,t € A3 by Claim 28. By Claim 29, we know that
sz ¢ E(G) and yt ¢ E(G). By Claim 30, we also know that =t ¢ E(G) and sy ¢ E(G).

Case 1: st € F(G). Let 2’ (resp. ¢/, s',t’) be the neighbor of = (resp. y, s,t) not in the cycle
vrywts. We know that 2,9/, s’,#' € A3 since no vertex in Az can have more than one neighbor
in As by Claim 26. Let us show that these four vertices are all distinct. By Claim 29, we know
that 2’ # 3/ and s’ # t/. By Claim 30, we also know that 2’ # s' and 3/ # t'. If 2/ = t/, then let
G' == G—{z,t} and let (4, B') be the restriction of (4, B) to V(G’). Note that f(2';G) = 3 and
f G = %. By the minimality of our counterexample, we know that G’ admits an induced
forest of stars F” respecting (A’, B') whose number of vertices is at least

(G A B') = f(G,A,B) — f(z;G) = f(t:G) +7(v) +v(w) + f(2"; &) = f(2'; G) +7(y) +7(s)
:f(G7A7B)_21+21+§_1+2i

2 30 6 2 10
= f(G, A, B).

But F” is also a induced forest of stars in G respecting (A, B), contradicting the fact that G
and (A, B) form a counterexample. We deduce that 2/ # t/, and by a similar argument, one
can show that 3’ # s’. It follows that 2’3/, s’,t" are all distinct, as claimed. But then applying
Claim 21 on F := G[{v,w,z,t}], we get

6 1

4 <6fa(3) +21a(2) =) = (&) =3+ ¢ — 275 =4,

which is a contradiction.

Case 2: st ¢ E(G). Let 2/ be the neighbor of z distinct from v and y. Let G' = G —
{v,w,s,z,y,z'} and let (A’, B') be the restriction of (A, B) to V(G') where ¢ is moved to B’.
By minimality of our counterexample, we know that there exists an induced forest of stars
F’ in G’ respecting (A’, B’) and whose number of vertices is at least f(G’,A’, B’). Define
F = G[V(F") U{v,z,w}]. Observe that F' is an induced forest of stars in G respecting (A, B)
(thanks in part to the fact that t € B’). Let Z = N({v,w,s,z,y,2'}) — {t}. Note that
\V(F)| < f(G, A, B) since G and (A, B) form a counterexample. Thus

f(G,A,B) > |V(F)| =|V(F)|+3
> f(G',A',B") +3

= F(GAB) +3-25 — 55+ f(5:0) + Y (=6~ f(z:0)

z2€Z
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and hence

7 , , , 1
- > . —
10> f(t;G") ZEE f(z:G") zG))/ f(t;G") +|Z| 10 (4)

Observe that der(t) < dg(t) — 1 = 2 since tw € E(G).
Let Zy .= ZNN(2') and let Zy := Z N N(s). We claim that|Z;| = 2. To show this observe that:
o sw ¢ E(G), since s # t;
e sz ¢ E(G) by Claim 29;
e sy ¢ E(G) by Claim 30 on v;
e sz’ ¢ E(G) by Claim 30 on v as well;
e st ¢ E(G) by the hypothesis of Case 2.
Altogether, this implies that |Z3| = 2. Now observe that by (4):

f(5:6) < 36 (1-12) < 55 (T-12a)) =

Thus, we deduce that f(t;G’) = & and dgr(t) = 2. In particular, N

N |

—~

t)N{v,s,z,y,2'} = @.
Now we show that | Z;| = 2. Observe that:

e 2'v ¢ E(G) by Claim 29;

e 2'w ¢ E(G), since otherwise 2’ = ¢, which is not possible since zt ¢ E(G);

e /s ¢ E(G) by Claim 30 on v;

e 'y ¢ E(G) by Claim 29;

e 2't ¢ E(G) by the remark hereabove.
This implies that | Z;| = 2.

Furthermore, by (4), we know that

7 T
121 Y1) < X (@) ~ F(50) < 1o - [HE) =L -2 =20

zeZ z€Z

In particular,|Z| < 42, and thus|Z| < 3. Since Z1 and Zj are 2-element subsets of Z, we deduce

that there exists 2’ € Z1NZ,. Thus, 2 € Z and 2/,s € N(2’), and hence f(2;G')— f(;G) > 3
Using the fact that |Z] > 2, it follows that

1 11
S - o
> (f(56) = f(56) = 5 o 5> 30
z€Z
contradicting the inequality above. This concludes the proof of the claim. |

We are now ready for finishing the proof of the lemma. Clearly, A3 # & (possibly Ay = &). For
every vertex v € Ao, let P, be the path uvw where u, w are the two neighbors of v in G. Observe
that u,w € Az, and vw ¢ E(G) by Claim 29. Furthermore, P, and P, are vertex disjoint for
every two distinct vertices v, v’ € A by Claim 31. Let G’ be obtained from G — Ay by adding an
edge between the two endpoints of P, for every v € Ay. (Equivalently, G’ can be seen as being
obtained from G by contracting one edge of each path P,.) Observe that G’ is a cubic graph.

Applying Lemma 13 on G’ gives an induced forest F' in G’ with at least 3|V (G")| = 3|A;
vertices, and whose components are all isomorphic to either K; or K. Let F = G[V( Fu
As]. We claim that F' is an induced forest of stars in G. Clearly, F' is a forest, as follows
from the definition of G’. Moreover, no connected component of F' can be incident to more
than one vertex from Ay (otherwise, two vertices of Ay would be at distance less than 4 in G,



34 A CARO-WEI BOUND FOR INDUCED LINEAR FORESTS IN GRAPHS

contradicting Claim 31). By the definition of G’, it follows then that every connected component
of F containing a vertex v of Ay is a path on at most 3 vertices (note that this could possibly
be the path P, in case F’ contains the edge linking both endpoints of P, in G’). Furthermore,
since V(G) = Ag U As, F trivially respects (A, B). Finally, observe that

1 1 3
\V(F)| =|V(F)| +|A2| > 5’143\ +|Az| = 5\143’ + g\f‘b’ = f(G,A,B),

which contradicts the fact that G and (A, B) form a counterexample. This concludes the proof
of the lemma. O
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