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Abstract

A family of discrete Schrodinger operators is investigated through scattering theory.
The continuous spectrum of these operators exhibit changes of multiplicity, and some
of these operators possess resonances at thresholds. It is shown that the corresponding
wave operators belong to an explicitly constructed C*-algebra, whose K-theory is carefully
analysed. An index theorem is deduced from these investigations, which corresponds to a
topological version of Levinson’s theorem in presence of embedded thresholds, resonances,
and changes of multiplicity of the scattering matrices. In the second half of the paper,
very detailed computations for the simplest realisation of this family of operators are
provided. In particular, a surface of resonances is exhibited, probably for the first time.
For Levinson’s theorem, it is shown that contributions due to resonances at the lowest
value and at the highest value of the continuous spectrum play an essential role.
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1 Introduction

In this paper we prove a version of Levinson’s theorem for scattering systems with non-
constant multiplicity of the continuous spectrum. These systems appeared first in [19]. Levin-
son’s theorem relates the number of bound states of a quantum mechanical system to the
scattering part of the system. The original formulation was by N. Levinson in [18] in the
context of a Schrodinger operator with a spherically symmetric potential. In [14, 15, 16], a
topological interpretation of Levinson’s theorem was proposed. The topological approach con-
sists in constructing a C*-algebraic framework for the scattering system involving not only the
scattering operator, but also new operators that describe the system at thresholds energies.
The number of bound states is the Fredholm index of one wave operator, evaluated via a
winding number.

The review paper [23] describes the topological approach and applications to several
classical models, see also [1, 2, 11, 27| for similar investigations. A common feature of the
examples considered in [23], and all previous examples, is that the continuous spectrum of the
underlying self-adjoint operators is made of one connected set, with no change of multiplicity.
The topological approach has also been applied to more exotic situations, for example to
Dirac operators (with an underlying spectrum made of two disjoint connected parts) [21], to
systems with embedded or complex eigenvalues [20, 24], or to systems with an infinite number
of eigenvalues [9, 10].

The non-constancy of the multiplicity of continuous spectrum incorporated here has var-
ious drastic effects: the spectral representation of the underlying unperturbed operator takes
place in a direct integral with fibres of non-constant dimension; the scattering matrices are act-
ing on different Hilbert spaces with jumps in their dimension; the C*-algebras containing the
wave operators and the scattering operator have a non-trivial internal structure. The notion
of continuity of the scattering operator, which has played a crucial role in all investigations
on Levinson’s theorem, has also to be suitably adapted.

These interesting new features arise in a family of systems that were introduced and
partially studied in [19] as parts of a discrete model of scattering theory in a half-space, see
also [3, 4, 6, 7, 12, 25, 26]. Here we consider each system individually, meaning that we have
at hand a family of scattering systems indexed by a parameter 6 € (0, 7). Each system carries
changes of multiplicity in the continuous spectrum, and accordingly embedded thresholds.
The resulting scattering matrices act on some finite dimensional Hilbert spaces with their
dimension depending on the energy parameter. Even if a global notion of continuity can not
be defined in this setting, it has been shown in [19, Sec. 3.3] that a local notion of continuity
holds, together with the existence of left or right limits at the points corresponding to a change
of multiplicity (or equivalently to a change of dimension).

The C*-algebra £7 containing the wave operator is built from functions of energy (with



values in matrices of varying dimension) as well as functions of the appropriate derivative on
the energy spectrum. The bound states are computed as the winding number of the image of
the wave operator in the quotient of £ by the compact operators. The quotient algebra con-
sists of continuous matrix-valued functions on non-trivially overlapping loops (topologically
speaking), where the overlaps happen along the energy spectrum of the system. The addi-
tional non-overlapping parts of the loops appear at opening /closing of channels, and restore
continuity so that the winding number can be meaningfully discussed. The proof that the
quotient algebra can be viewed in this way is the first appearance of “twisted commutators”
[5] in scattering theory. As a result, we obtain a numerical equality between the number of
eigenvalues of the interacting Hamiltonian and the winding number of the operator made of
the scattering operator together with the opening /closing operators. Resonances at thresh-
olds (embedded or not) and possibly embedded eigenvalues are automatically included in our
computation. At the C*-algebraic level, note that the direct integrals of C*-algebras arising
here can be studied using the formalism of pullback algebras, see for example [8, Ex. 4.10.22],
allowing the K-theory to be computed.

Let us now be more precise about the content of this paper. In Section 2 we introduce the
model we shall consider and recall the main properties exhibited in [19]. Roughly speaking,
the unperturbed system Hg is a discrete magnetic Schrodinger operator acting on a cylinder
of the form N x (Z/NZ) for any integer N > 2, with a constant magnetic field in the N
direction encoded by # € (0, 7). The perturbed system H? is a finite rank perturbation with
perturbation supported on {0} x (Z/NZ). The full spectral and scattering theory for the pair
of operators (HY, HY) has been investigated in [19], and in particular an explicit formula for
the wave operator is recalled in Theorem 2.3. Precise formulas for the spectral representation
of Hg are also presented, and the changes of multiplicity already appear in the spectral
decomposition of Hg , and hence persist throughout the subsequent analysis.

In Section 3 we define two C*-algebras: the C*-algebra A? which contains (after a unitary
transformation) the scattering operator SY; and the C*-algebra £7 which contains (after a
unitary transformation) the wave operator W?. These algebras are constructed in the spectral
representation of HY, which explains their dependence on 6 € (0, 7). This section also contains
a first description of the quotient algebra Q? of £% by the ideal of compact operators. In
particular, the proof that Q7 consists of matrix-valued functions on a compact Hausdorff
space uses techniques to analyse commutators that have not appeared before in the scattering
literature.

The quotient algebra QY can be thought of as an upside down comb with 2N teeth:
the first N of them support the operators corresponding to the opening of new channels of
scattering, while the last N teeth support the operators closing channels of scattering. The
structure of the quotient algebra allows us to analyse the various possible behaviours of the
system at embedded thresholds. The K-theory for the algebra Q7 is investigated in Section
4. The algebra is efficiently described by assembling matrix-valued functions on intervals by
gluing them at boundaries. This allows the Mayer-Vietoris theorem to be used to compute
the K-theory inductively.

Section 5 contains the newly developed topological Levinson’s theorem, in presence of
embedded thresholds and discontinuities of the scattering matrix. The number of bound states
#o,(H?) is given by

C#i [su(N\ £2) =1}
2

#o,(H?) = N + Var(A — det S7())),



where 5jj()\?:|:2) corresponds to a distinguished entry of the scattering matrix at the threshold
energy )\? =+ 2, and where Var()\ — det Se()\)) is the total variation of the argument of the
piecewise continuous function A +— det S?(\). We refer to Theorem 5.2 for the details and
for more explanations. The proof is based on the usual winding number argument. Again, its
striking feature is its topological nature, despite the non-continuity of the scattering matrix,
and even the change of dimension of these matrices. In this section, we also describe the
behaviour of the scattering matrix at the opening or at the closing of a new channel of
scattering.

Finally, Section 6 illustrates our findings for NV = 2. In this case, all computations can be
explicitly performed. The importance of the operators related to the opening or the closing of
channels is highlighted. The section also contains an illustration of a surface of resonances. For
each set of parameters (which define the finite rank perturbation) in an open set, there exists
a unique ¢ € (0,7) for which the scattering system exhibit a resonance at the lowest value
of its continuous spectrum. By collecting these exceptional values of 8 one gets the surface of
resonances presented in Figure 4. For a fixed set of parameters, we also provide an illustration
of the non-trivial dependence on 6 for the number of bound states of H?, see Figure 5. Note
that a reader interested only in topological results can skip this rather long section, but we
hope that a reader interested in explicitly solvable models will enjoy it.

As a conclusion, this work illustrates the flexibility of the algebraic approach in proving
index theorems in scattering theory. The success in dealing with change of multiplicity opens
the door for various new applications, such as the N-body problem or highly anisotropic
systems.

Acknowledgements
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2 The model and the existing results

In this section, we introduce the quantum system and give a rather complete description of the
results obtained in [19], to which we refer for the details. The following exposition is partially
based on the short review paper [22].

We set N := {0,1,2,...}. In the Hilbert space H := (*(N) we consider the discrete
Neumann adjacency operator whose action on ¢ € £2(N) is described by

21/2(1) if n =0
(Ang)(n) = 21/2¢(0) + ¢(2) ifn=1
pn+1)+¢(n—1) ifn>2.

For any fixed N € N with N > 2 and for any fixed 6 € (0,7) we also consider the N x N



Hermitian matrix

0 1 0 0 e
1 0 1 0
4.0 1
1 0
0 .1 1
e 0 ... 0 1

These two ingredients lead to the self-adjoint operator Hy(f) acting on ¢? (N :CN ) as
Ho(0) == Ax @ 1y + A’

with 1y the N x N identity matrix.

This operator can be viewed as a discrete magnetic adjacency operator, see Remark 2.1.
It is also the one which appears in a direct integral decomposition of an operator acting on
/(N x Z) through a Bloch-Floquet transformation, see [19, Sec. 2]. We do not emphasise this
decomposition in the present work, but concentrate on each individual operator living on the
fibers of a direct integral.

The perturbed operator H(6) describing the discrete quantum model is then given by

H(6) = Ho(0) + V.

where V' is the multiplication operator by a nonzero, matrix-valued function with support on
{0} € N. In other words, there exists a nonzero function v : {1,..., N} — R such that for
Y € EQ(N;(CN), n €N, and j € {1,..., N} one has

(HO)) (n) = (Ho(8)),(n) + do.00(5) 5(0),
with g, the Kronecker delta function.

Remark 2.1. Hy(0) can be interpreted as a magnetic adjacency operator on the Cayley graph
of the semi-group N x (Z/NZ) with respect to a magnetic field constant in the N direction.
In particular, it correspond to choosing a magnetic potential supported only on edges of the
form ((n, N), (n, 1)) for any n € N. In this representation, the perturbation V' corresponds to
a multiplicative perturbation with support on {0} x (Z/NZ).

We now set
b:=L*([0,),9;C")

> T
and define a transformation in the N-variable
G:(N;CN) =
given for ¢ € (*(N; CN)ﬁn (the finitely supported functions), w € [0,7), and j € {1,...,N}

by
(G¥) () := 2123 " cos(nw)ip;(n) + ¥;(0).

n>1



The transformation G extends to a unitary operator from ¢? (N; cN ) to b, which we denote
by the same symbol, and a direct computation gives the equality

GHy(0)G* = HY with HY :=2cos(Q) ® 1y + A’

with the operator 2 cos(2) of multiplication by the function [0,7) 3 w > 2 cos(w) € R.
Through the same unitary transformation, the operator H () is unitarily equivalent to

HY = 2cos(Q) @ 1y + A% + diag(v) Py
with -
(ding(v)f), == v(i)f; and (Rf), = /0 (o)

for f € b, 7 € {1,...,N}. Observe that the term diag(v)Py corresponds to a finite rank
perturbation, and therefore H? and Hg differ only by a finite rank operator.
Let us now move to spectral results. A direct inspection shows that the matrix A? has

0+ 2nj .
/\gzz2cos< N >, je{l,...,N},

eigenvalues

with corresponding eigenvectors 5]3 € C¥ having components (fg) g = el (O+2m)k/N 5 I e
1,...,N}. Using the notation P? = L+ |£9)(¢9] for the orthogonal projection associated to &,
NISj /73S J

J
one has A% = 3" | NP0,

The next step consists in exhibiting the spectral representation of Hg . For that purpose,
we first define for 6 € (0,7) and j € {1,..., N} the sets
(. 0 0 0._ N 760
I7 = (A;—2,A\]+2) and [I%:=U;_,17,
with )\g the eigenvalues of A?. Also, we consider for A € I? the fiber Hilbert space

AP(N) :=span {PJCN | j € {1,..., N} such that A € I’} c CV,

and the corresponding direct integral Hilbert space

2
A= | A(N)d).
0
Then, the map .#? : h — #? acting on f € h and for a.e. A € I? as

(FHO) =72 3 (4= (A=A VPl <arccos (A‘j?» .

; (4
{]p\elj}

is unitary. In addition, .#? diagonalises the Hamiltonian Hg, namely for all ¢ € #? and a.e.
A € 19 one has
(ZPHG (F°) (N = AN = (X,

with X? the (bounded) operator of multiplication by the variable in ##?. One infers that H
has purely absolutely continuous spectrum equal to

o(HY) = Ran(X?) = I? = [(min; \) — 2, (max; A7) + 2] C [—4,4].

6



Note that we use the notation I for the closure of a set I C R.

The spectral representation of Hg leads also naturally to the notion of thresholds: these
real values correspond to a change of multiplicity of the spectrum. Clearly, the set 77 of
thresholds for the operator Hg is given by

T ={Nx2]je{1,....N}}. (2.1)

Remark 2.2. By looking at these thresholds, one observes that there is a qualitative change
between these thresholds for 6 € (0,7) and for @ = 0 or = w. Indeed, for 8 € {0, 7}, some
of these thresholds coincide, while it is not the case for 6 € (0,7). This multiplicity different
from 1 has several implications in the following constructions, and for simplicity we have
decided not to consider these pathological cases here. Note also that the matrices obtained for
0 € (m,27) are unitarily equivalent to some matrices with 6 € (0, 7). Again for simplicity, we
restrict our attention to 0 € (0,7) only.

The main spectral result for H? has been presented in [19, Prop. 1.2], which we recall
when necessary, see Proposition 6.9. About scattering theory, since the difference HY — Hg is
a finite rank operator we observe that the wave operators

. 2 Ny & L)
W{ = s-lim e" e~Ho
t—+oo

exist and are complete, see [13, Thm X.4.4]. As a consequence, the scattering operator

S0 = (wi)ywe

is a unitary operator in h commuting with Hg, and thus S? is decomposable in the spectral
representation of Hg, that is for ¢ € #% and a.e. A € I?, one has

(ZOSU(F0)*C) (V) = SP (NN,

with the scattering matrix S?(\) a unitary operator in J#(\).
For j,j/ € {1,...,N} and for X\ € (IJQ N IJQ,) \ (T? Uop(H?)) let us define the channel
scattering matrix S%(\);; = PJQSQ()\)PJQ, and consider the map

(I NI\ (TP Uop(H?) 5 X S(N); € 2(PLCN; PICY).

The continuity of the scattering matrix at embedded eigenvalues has been shown in [19,
Thm 3.10], while its behaviour at thresholds has been studied in [19, Thm 3.9]. This latter
result can be summarised as follows: For each A € 77, a channel can already be opened at the
energy A (in which case the existence and the equality of the limits from the right and from
the left is proved), it can open at the energy A (in which case only the existence of the limit
from the right is proved), or it can close at the energy A (in which case only the existence of
the limit from the left is proved).

Let us finally return to the wave operator W, which will be further investigated in
the sequel. By using the stationary approach of scattering theory and by looking at the
representation of the wave operator inside the spectral representation of Hg , the operator
W? can be explicitely computed, modulo compact operators. More precisely if we set % (H)
for the set of compact operators on b, then the following statement has been proved in [19,
Thm 1.5] :



Theorem 2.3. For any 0 € (0,7), one has the equality
WY —1=1(1—tanh(7D) — i cosh(7D) ! tanh(X)) (S’ — 1) + &,

with /Y € H (h) and where X and © are representations of the canonical position and mo-
mentum operators in the Hilbert space .

Let us emphasise that this result is at the root of the subsequent investigations.

3 The (C*-algebraic framework

In the section we construct the algebraic framework and a C*-algebra which is going to contain

the operator W? for any fixed 6 € (0, 7). We also compute the quotient of this C*-algebra by

the ideal of compact operators. Most of the notations are directly borrowed from Section 2.
We firstly exhibit an algebra A% of multiplication operators acting on .#7.

Definition 3.1. Let A? C %(%9) with a € A? if for any ¢ € A% and X € I? one has

[a¢](A) = [a(X?)C] (M) = a(A)S(N)
and for j, 7' € {1,..., N} the maps

0I5 3 X ajp(N) = Pla(\)P) € B(#°(N) c 2(C) (3.1)

belongs to Cy (IJQ N IJQ,;%’((CND if j # 7' while it belongs to C (I?; ,%’((CN)> if =17

In other words, the function defined in (3.1) is a continuous function vanishing at the
boundaries of the intersection I;-) N I]‘?, when these two intervals are not equal, and has limits
at the boundaries of these intervals when they coincide.

Remark 3.2. In the sequel, we shall use the notation aj;j for Pjeapf/ even if this notation is

slightly misleading. Indeed, aj; (\) exists if and only if X € I]e N I}g,. IfA ¢ ITQ orif A\ & E, then
the expression containing a;j(\) should be interpreted as 0. More precisely, with the standard
bra-ket notation, we shall write ajj = a;j @ %|§?><£?/|, where aj; denotes the multiplication

operator by a function belonging to Cy (Ijg N Iﬁ;@) if 7 # 7', while it belongs to C(ITQ; C) if
§ = j'. Thus, with these notations and for any X\ € I one has

aN = > ey e §lEhEl

{73 AeIf eIl }

By the above abuse of notation, we shall conveniently write a = ZM-/ ajjr @ %E?)(ff,].

The interest of the algebra A% comes from the following statement, which can be directly
inferred from [19, Thms 3.9 & 3.10]:

Proposition 3.3. The multiplication operator defined by the map A\ — S%()\) belongs to A?.



For subsequent constructions, we need to know that some specific functions also belong
to A?. For this, we recall the definition of a useful unitary map, introduced in [19, Sec. 4.1].
For j € {1,..., N} we define the unitary map V]e : LZ(IJQ) — L%(R) given on ¢ € L2(If) and
for s € R by

VIC)(s) == 25 C(A) + 2tanh(s)). (3.2)
Its adjoint (Vf)* (L2(R) — LQ(IJ(?) is then given on f € L(R) and for A € I](? by
1/2 NIY:
[(VJ‘?)*H (\) = (4—(/\2—/\5’)2> f (arctanh < 5 >> . (3.3)
Based on this, we define the unitary map V9 : #¢ — L*(R;C") acting on ¢ € 57 as
N
VI¢ = ; (V) @ P)Clpe.

with adjoint (V)* : L2(R; CV) — 9 acting on f € L2(R;CY) and for A € IY as
(O 0= > [ P | o).
{ilxer?y

In the sequel, let X denote the self-adjoint operator of multiplication by the variable in
L2(R). We are now ready to prove the following lemma:

Lemma 3.4. For ( € #° and \ € I one has

(V)" (tanh(X) @ 1)V () = ) [XQQ—A?@PJ%] (\).

; 0
{J'Aelj}

Proof. From the definitions of the unitary maps one infers that
(V)" (tanh(X) ® 15)VPC](N)
= > [0 @P))(tanh(X) @ 10)Vc| (V)

irel%

% () ()0 s ()

eI’

1/2 /] 0
— Z (4_()\2_)\?)2> (A A ) [V9®779C] (arctanh ()\2/\j>>

(ilxet?)
12 _Y 21/2
- 2 () s P
{jlre1?} <1—( 5 j) ) cosh <arctanh (2’>>
_ Z <)\ )\9> [PHC]( )

irel%

where the relation m = 1 — tanh(s)? has been used for the last equality. This leads

directly to the statement. O



As a consequence of this lemma one easily infers that (Vg)*(tanh(X )®1 N)V9 belongs
to the algebra A’ introduced above. In fact, in the matrix formulation mentioned in Remark
3.2, this operator corresponds to a diagonal multiplication operator.

Our next aim is to introduce a C*-algebra containing the wave operators W¢. For that
purpose, we introduce in the Hilbert space L%(R;CY) a specific family of convolution op-
erators. More precisely, let D stand for the self-adjoint realization of the operator —i% in
L2(R). Clearly, X and D satisfy the canonical commutation relation. By functional calculus,
we then define the bounded convolution operator n(D) with n € Cy ([—oo, —i—oo)), the algebra
of continuous functions on R having a limit at —oo and vanishing at +oo. In L2(R; CY) we
finally introduce the family of operators n(D) ® 1y with n € Co([—o0,+00)). These opera-
tors naturally generate a C*-algebra C isomorphic to CO([—OO, +oo)). Clearly, the operators
2(1—tanh(7D))®1y and cosh(rD) ' ®1x belong to C. These two operators will subsequently
play an important role.

For n € Cy([—00,+00)), let us now look at the image of (D) ® 1y in Y. For this, we
recall that H!(IR) denotes the first Sobolev space on R.

Lemma 3.5. (i) For j € {1,...,N} the operator Df- = (Vf)*DVJ@ is self-adjoint on
(Vf)*Hl(]R), and the following equality holds:

0 X020\ 2 d (X0
Dj:2<1—< . J) (—zﬁ)ﬂ( - ﬂ)

where X]e denotes the operator of multiplication by the variable in LQ(IJQ),

(ii) For any n € Co([—o0,+00)) we set
n(D?) = (V)" (n(D) ® 1x)V, (3.4)
and for ¢ € #° and for X € I’ one has

(DN = > [(0(D]) @ PN

{irel%}

Proof. 1) The self-adjointness of D]Q on (Vf)*’Hl(R) directly follows from the self-adjointness

10



of D on H!(R). Then, for ( € C* (Ije) one has

(V)" DYic v

- <4—(A2—A§)2>l/2 [Dvj(] <arctanh <A—2A§>>

= — <4_()\2_)\;,)2> 1/2 [VJQC]/ <arctanh </\2/\J9>)

- (4‘02—%?)2)1/2 [cilﬁ( 7C(A] + 2 tanh(- }I <arctanh ( ;V))
)

= L — tanh() ()\9+2tanh( )

—1
A—A0N 2\ 172 [ cosh(~)
(-5
+ 2%(’ ()\? + 2tanh(‘))] <arctanh <)\2)\?>>

=i )-2@(1— <A2A?>2>C’(A),

which leads directly to the statement.
i) For ¢ € 5% and \ € I one has

() )21V AN = 3 () @ P)) (D) & 1)V )
{ierfy -

= 3 [0y e P ™)

{ilrerfy

=y '(Vf)*n(D)Vf ® Pf)c} (A)

{rer?}

= Y [m@her)]m.

{ilxerfy

which corresponds to the statement. O

Let us now introduce our main C*-algebra. We recall that 1(D%) has been introduced in
(3.4). We set

g = (n(DG)a +b|n € Co([~00,+)),a € A b e %(%9))+

which is a C*-subalgebra of % (,%”9) containing the ideal % (%” 9) of compact operators on
A%, Here, the exponent + means that C times the identity of ,%’(,%”9) have been added to
the algebra, turning it into a unital C*-algebra. Observe that for a typical element n(D%) a

11



with 7 € Co([—oo,—i—oo)) and a € A%, and for ¢ € #? and X € I?, one has

(D%l = D [((DY) ® Pf)ac](A)

eI}
= > Z (D9 a;pPh¢](N)
{J|A619}J’ 1
= > Z Vaz) © L1ENEDIC ()
{ilnerfyi'=1
—Z O aji) © %IENEICT ), (35)

where the notation introduced in Remark 3.2 has been used.
Our main interest in this C*-algebra is based on the following result, which is a direct
consequence of Theorem 2.3.

Proposition 3.6. For any 0 € (0,7), the wave operators FOW? (F9)* belongs to &°.

Proof. Let us start by recalling the main formula for the wave operator valid for 6 € (0,7):

wl —1= (1 — tanh(7®) — i cosh(7D) ! tanh(.’{))(Se — 1)+ &Y

with R? € #(h). By looking at the r.h.s. through the unitary conjugation by .#?, one ends
up with the expression in . :

%(1 — tanh(7D%) — iCOSh(ﬂ'DG)_I(VG)*(tanh(X) ® 1N)V9) (S9(X%) — 1)+ kY, (3.6)

with k% € ¢ (7).

Clearly, the functions 1 — tanh(z-) and cosh(m)~! belong to Cp([—o0, +00)). As already
mentioned in Proposition 3.3, the map A — S?()\) belongs A?, and the same is true for the
constant function 1. As a consequence, the map A — S(\) — 1 belongs to A%, or equivalently
the multiplication operator S?(X?) — 1 belongs to A’. Furthermore and as mentioned after
Lemma 3.4, the operator (Ve)*(tanh(X) ® 1N)V9 also belongs to the algebra A?. Thus, the
leading term in (3.6) belongs to £7 by inspection of its different factors, and the remainder
term kY also belongs to £? because it is a compact contribution. O

Our next task is to compute the quotient of the algebra £ by the set of compact operators.
For that purpose, we firstly show that if some restrictions are imposed on the functions a;;
and 7 appearing in (3.5), then the corresponding operator is compact. For this we introduce
an ideal in A%, namely

Ab = {a€A9|ajj € Cy (If;%(CN)> for allje{l,...,N}}.

Lemma 3.7. For a € A} and n € Cy(R) the operator n(D%)a belongs to ¢ (7).

12



Proof. Let us first observe that the condition a € .Ag means that all multiplication operators
ajjo introduced in Remark 3.2 are defined by functions in Cy (IJQ N IJQ,;C), for all 7,7 €
{1,..., N}. Thus, according to (3.5) it is enough to show that each operator T](D?)ajj/ :
LZ(I]Q,) — L2(Ije) is compact. However, since supp a;; C IJQ N Ije,, it is simpler to show that
n(D?)ajj/ € %(LQ(I;’)). Now, if we apply the unitary transforms defined in (3.2) and (3.3)
one gets

VIn(Df)a;; (V)" =n(D)ajj (A + 2 tanh(X)). (3.7)
Since 1 and a;j/ ()\? + 2tanh(-)) belong to Cp(R), the r.h.s. of (3.7) is known to be a compact

operator in L2(R). Thus, each summand in (3.5) is unitarily equivalent to a compact operator,
which means that 1(D?)a is compact. O

Let us supplement the previous result with a compactness result about commutators.

Lemma 3.8. For any n € Cy([—00,0)) and a € A?, the commutator [n(D?),a] belongs to
H(A).

Proof. 1t suffices to show that F? := DY(1 + (D9)2)71/ ? has compact commutator with el-
ements of A?. For if this is true, then any polynomial in F® compactly commutes with A°.
If n € Co([—00,00)) then there exists a unique h € Cp([—1,1)) such that n(D?) = h(F?).
By Stone-Weierstrass theorem, any h € C’O([—l, 1)) can be approximated by a polynomial on
(—=1,1). Then, one concludes the proof by recalling that the set of compact operators is norm
closed.

Now, with the notation of Remark 3.2 and for any a € A?, let us define diag(a) by

[diag(a)](N) == > aj (M@ P!, vrel’
e}

We also consider the diagonal multiplication operator A € .,48 given for any A € IY by

AN = >0 M e Pl
{iIner?}

P

2
with A?()\) =1- ( 5 7) . For € > 0 small, let 7 be an open e-neighbourhood of 77, where

the set of thresholds 77 has been defined in (2.1). We then set AY for the set of a € A’
satisfying supp (a — diag(a)) C I? \ 72. For a € A? we define

0% (a) := diag(a) + A? (a — diag(a)) (Ae)_l.

With the notations introduced before it means that for any A € I¢ one has

@] = > ;0@ P!

{irel%

-1
+ > ATV azy (A (A () @ e .
{55/ INEI] NI}
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One observes that p? is an algebra homomorphism on the subalgebra .Af, but it is not a *-
homomorphism. With a grain of salt, the expression p? (a) could simply be written A‘ga(Ae) _1,

but the diagonal elements have to be suitably interpreted (the cancellation of two factors before
the evaluation at thresholds).

Let us also consider the subalgebra .Af}l of A? of those a whose derivatives a’ exist, are
continuous and satisfy supp(a’) € I? \ 7. Our interest in this algebra is that any element
of A is a norm limit of elements in Agl as € N\, 0. If we define the additional diagonal
multiplication operator

= Y () erl  wer
{ilrerf}

then one readily checks that for a € Af’l one has in the form sense on the domain of DY

D% — p°(a)D? = —2iA°d + Q% — p?(a)Q’
= —2iA% + Q% — pf (a— diag(a))Qg — diag(a)Q’
= —2iA% + Q° (a — diag(a)) — o’ (a— diag(a))Qe.
Clearly, the resulting expression is bounded, and the same notation is kept for the bounded
operator extending it continuously. One also observes that this operator corresponds to a

multiplication operator with compact support. By adapting the argument of Connes-Moscovici
[5, Prop. 3.2] we finally write

[FH,a] :(1 + (DG)Q)—1/2D9a _ a(l + (De)g)—1/2D9

—(1+(D%?)"*(D% - p(a)D?) (3.8)
+ (14 (D) () - (1 (D) Pa(+ (092D (3.9)
In order to analyse these terms, let us firstly observe that (D?)? is a second order uni-

formly elliptic pseudodifferential operator on I? \ 7.9, and so the inverse of 1 + (D%)? is a
pseudodifferential operator of order —2. By using the formula

(1+(D0)2)_1/2:1/00)\_1/2(1—{—)\+(D0)2)_1d)\
T Jo

one then infers that (1 + (DG)Q)_l/ *isa pseudodifferential operator of order —1, and accord-

ingly that (1 + (D9)2) 1/2 is a pseudodifferential operator of order 1. Note that these properties
hold locally on the domain I?\ 72.

Now, the term in (3.8) is a compact operator since the second factor is a multiplication
operator with support in I¢ \ 77 and since the first factor is the pseudodifferential operator
of order —1 studied above. For the term (3.9), we show below that

(1+ (D)) a1+ (D%)?) ™ = p(a) + R,

where R is a pseudodifferential operator of order —1 with compact support. The compactness
of (3.9) follows then directly. One finishes the proof with the density of -’421 in A% as € \, 0
and the fact that the set of compact operators is norm closed.

14



For the last argument, observe that the principal symbols of the operators (1 + (De)z)l/ 2

and (14 (D%)2) "% are I x R 5 (A, &) = 2A°(\)[¢] and T x R 5 (A, €) — L(A?) " (\)]¢~?
respectively. It then follows that

(14 (D))%)2a(1 + (D?)?) /2 =A% (a — diag(a)) (A?) ' + diag(a) + R
=p’(a) + R

with R a pseudodifferential operator of order —1 with compact support. O

We are now interested in computing the quotient algebra QY := £9/.# (,%” 9). Thanks to
the previous result, we can focus on elements of the form n(D%)a with € Cp([—o00, +0))
and a € AY. The starting point is again the decomposition of such elements provided in (3.5).
As introduced in (3.5) and as explained in the proof of Lemma 3.7, it is enough to study the
operator n(D?)ajj/ acting on L2(Ije). If we set g; : %(LQ(If)) — %(LQ(IJQ))/%(LQ(I?)) then
the image of n(D?)ajj/ through g; falls into two distinct situations.

1. If j # j/, then
qj (n(Dg?)ajj,) = n(—o0)a;; € Co (If N If,), (3.10)

2. If j = 4, then

¢; (n(Df) aj;) = (Tlajj()\g —2), n(—00)aj;, naj;(Af +2))

_ (3.11)

€ Co((+o0, —o0]) @ C(I]e) @ Co([—o00, +00)).
These statement can be obtained as in the proof of Lemma 3.7 by looking at these operators
in L?(R) through the conjugation by Vf. Then, one ends up with operators of the form
n(D)g(X) for n € Cy([—o00, +00)) and for ¢ € Cy(R) in the first case, and ¢ € C([—o0, +00])
in the second case. The image of such operators by the quotient map (defined by the compact
operators) have been extensively studied in [23, Sec. 4.4], from which we infer the results
presented above.

Remark 3.9. Observe that in the first component of (3.11), the interval [—oo, +00) has been
oriented in the reverse direction. The reason is that the function introduced in (3.11) can be
seen as a continuous function on the union of the three intervals

(400, —00] U I? U [~00, +00)

once their endpoints are correctly identified. This observation and this trick will be used several
times in the sequel. Note also that (3.10) could be expressed as (3.11) by considering the triple

(0, n(—oo)ajj/, 0) .

In the next statement we collect the various results obtained so far. However, in order to
provide a unified statement for all § € (0,7) and for arbitrary N, some notations have to be

slightly updated. More precisely, recall that for j € {1,..., N} one has A? := 2cos (%)

For the following statement it will be useful to have a better understanding of the sets {)\g ;-Vzl.

Namely, let us observe that for fixed 6 € (0,7) and for N even, we have

9 9 9 9 9 0 6 6
A%<>\%71<>\%+1<>\%72<>\%+2<...<)\1<)\N,1<)\ ,
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while for N odd we have

X?VT_I <)\€V% </\"%_1 <>\9N%+1 <)\€VT_1_2 << M <X <A
We now rename these eigenvalues and set A < \§ < ... < 5\%[ for these IV distinct and
ordered values. Accordingly, we define the eigenvector §j6-' and the orthogonal projection PJQ,

based on the eigenvector fz and the projection 73,2 corresponding to the eigenvalue Az = 5\5

Finally we set B ~
%’}9 = span{Pf(CN i< 4}

Proposition 3.10. The QY := 59/%(%9) has the shape of an upside down comb, with 2N
teeth, and more precisely:

+

o’ ce (]é_alwaaj)@(W@%N@Tl)@(é#@ﬁ);@(@) L (312)
=1 j=2

with

+00, —0] Vie{l,...,N}
—2,M,,-2)  Vvje{l,....N-1}

—I= (N 42, M +2] Vie{2,... N}
= [-00, 4]  Vje{l,...,N}.

Moreover, if ¢, denotes the restriction to the edge % of any ¢ € QY, then these restrictions
satisfy the conditions:

¢, € C(N—2,X,, —2),8(47)) Vjie{l,...,N -1}
by € C(IN% — 2,0 +2]; B(CM))
¢ € C((N_1 + 2,7+ 2, B((A)Y)) Viel2,... N},
together with
¢, € C([+o0, —oc]; B(PICN))
Pri € C([—m,+m];%(ﬁf@N)),
forallj € {1,...,N}. In addition, the following continuity properties hold:
OB (Sﬁ —2)= ¢¢1(_OO)>

AN -2
<0 B - .
Gy (AL +2) = pp1(—00) @ /\\EXH?IH P52(A) (3.13)
¢, (N +2) = dp(—00) @ lim ¢ m(N) Vief2,...,N—1}
ANAY 42

¢ (N +2) = dpn (—00),

16



N -2 Mo—2 M2 N +2

Figure 1: A representation of the quotient algebra QY.

and there exists ¢ € C such that for all j € {1,...,N},

= Tr(¢j(+00)) = Tr(¢’ (+00)). (3.14)

A representation for the support of the quotient algebra QY is provided in Figure 1. In
the previous description of the quotient algebra, note that the condition (3.14) is related to
the addition of the unit to £7. Indeed, if no unit is added to €Y, then one has ¢ = 0. Let us
also denote by ¢? the quotient map

@& - Q' = 59/%(%9).

Proof. The proof consists in looking carefully at the expressions provided in (3.10) and (3.11),
and in keeping track of the matricial form of the matrix-valued function a. Let us consider a
generic element of £9 given by 7n(D%)a + ¢l for n € CO([—oo, —I—OO)), aec A% and ¢ € C. By
taking (3.5) into account, and the specific form of J# 9 one has

n(D%)a+cl =" (D) ay; +cdjy) @ L1E0)(E]

5’

with d;; the Kronecker delta function. According to (3.10) and (3.11) one has

¢’ (n(D%)a + c1)
= ) n(-0)d; @ %N
{5.'15'#3}
+Z(nan )+ e m(—00)dy; + ¢, niy (A +2) +¢) @ FIEN(E)
- Z ( 0a;5(A] = 2) +€) 850, 1(=00) aj5r + by, (ndj;A5 +2) + )y ) N|€]><£] B
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In order to fully understand the previous expression, it is necessary to remember the
special structure of the underlying Hilbert space J#¢ := i} I% A9(\)d\ with

N if A —2< <Al —2
20\ =< N if A —2< A<M\ 42

(A XN +2<A< N, 42

Note that compared with the original definition of /#?(\) we have changed the fiber at a
finite number of points, which does not impact the direct integral, but simplify our argument
subsequently. Thus, the changes of dimension of the fibers take place at all X? —2and S\f +2,
for j € {1,..., N}. By taking this into account, the interval I? has to be divided into 2N — 1
subintervals, firstly of the form [)\g -2, /\f»Jrl —2) for j € {1,...,N — 1}, then the special
interval (A% — 2, \{ + 2], and finally the intervals (5\?71 +2, 5\2 +2] for j € {2,...,N}. By
using this partition of I, one gets

q9 (n(De)a + Cl)
N-1 ) B
= > ((nﬁjj()\g —-2)+ C) & 7)]6; X[S\g_g;\gﬂ_z) (77(_00)& + Cl@o))
=
+ ((77 avn(Ay —2) + c) ® P X[R8,—2,30+2) (n(—o0)a+cl), (n G (A7 +2) + ¢)® 75?)
N
+ (X(X§,1+2,5\§+2} (n(—o0)a + Cl(ffj“’,l)L)’ (na (A +2)+c) @ PJQ)'
j=2

The description obtained so far leads directly to the structure of (3.12).

The properties stated in (3.13) follow from the continuity of a € A% and from its properties
at thresholds. The final property (3.14) comes from the unit and the fact that n vanishes at
+o00. O

Since ZOW9 (#%)* € £9, by Proposition 3.6, one can look at the image of this operator
in the quotient algebra. The following statement contains a description of this image, using
the notations introduced in Proposition 3.10. The functions 7+ : R — C defined for any s € R
by

n+(s) := tanh(ms) £ i cosh(ws) L. (3.15)

will also be used. Finally, based on the projections {755}97:1 introduced before Proposition

3.10, we define the channel scattering matrix Sfj()\) = 7539 59()\)75;? )

Lemma 3.11. Let ¢ := ¢’ (FOW(F)*) denote the image of FOWC(F)* in the quotient
algebra. Then, the restrictions of ¢ on the various parts of Q° are given by:

forjef{l,...,N—1} and X [\] —2,X%,, —2), b, (N) =S'(\) € B(A)
for xe My —2,A] +2], don(N) = 5"(\) € B(CY)
forje{2,...,N} and A e (\_; +2,)0 + 2], b\ =S5°(\) € B((A ),
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and for s € R
o, (s) =1+ 3(1—n=(s) (54N —2)—1) € B(PICY) (3.16)
bri(s) =1+ 31 —nx(s)) (S5,(N0 +2) —1) € B(PICY). (3.17)

(
Proof. Let us start by looking at the expression for .#? (Wf — 1) (#9)*, as provided for example
in (3.6), and by taking the content of Lemma 3.4 into account. It then follows that .#%(W? —
1)(F9)* can be rewritten as

L(1 — tanh(r D)) (S°(X?) — 1) — iL cosh(xD?) 1 3" XA PO (50X _ 1) £ 10 (3.18)
J

with k% € # (%ﬂ 9). Thus, one ends up with two generic elements of £ which have been care-
fully studied in the proof of Proposition 3.10. The only additional necessary tricky observation

is that
,\ng

. = +1

4o
)\7)\]- +2

which explains the appearance of the two functions 7.. Note also that

NN | _ | _

Sl}gloo 3(1 —tanh(rs)) =1 and slggo 5 (1 — tanh(ws)) = 0,

while lim, 4o cosh(ms)™! = 0. The rest of the proof is just a special instance of the proof of

Proposition 3.10 for the two main terms exhibited in (3.18), since the compact term verifies
0(1.0

g’ (k") = 0. O

4 K-theory for the quotient algebra

In this section, we compute the K-groups of the quotient algebra. Since this computation
is of independent interest and does not rely on the details of the model, we provide a self-
contained proof with simpler notations (the longest proofs are given in the Appendix). The
main difficulty in the quotient algebra is the appearance of continuous functions with values
in matrices of different sizes. However, the continuity conditions are very strict, and allow us
to determine the K-theory for this algebra.

Proposition 3.10 tells us that the quotient algebra is matrix-valued functions on the union
of the boundaries of the squares IJQ N I]Q, X [—00, 00]. Proposition 3.10 also describes how the

rank of the matrices increases with A until we reach \¢ 4+ 2 when it decreases again. The
changes of rank happen continuously as the “extra rank” appears from (or disappears to)
infinity via the “vertical” functions ¢, and ¢;. This section repeats this construction in a
more induction friendly way, so that the K-theory can be computed. Interval by interval the
isomorphism of the two constructions will be clear, and that the gluing of the pieces is the
same can be checked using Proposition 3.10.

Before starting the construction, let us recall a result which will be constantly used, see
[8, Ex. 4.10.22]. Consider three C*-algebras A, B, and C, two surjective *-homomorphisms
m : A— C and 7y : B — C, and the pullback diagram

A@CB%A

|

B——C
2
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with the pullback algebra A®cB = {(a,b) € A®B | m1(a) = m2(b) }. Then, the Mayer-Vietoris
sequence

T1s —T2x%

| |

Kl(C) mKl(A) @Kl(B) %Kl(A ®c B)

allows us to compute the K-theory of the pullback algebra in terms of the building blocks.
The map 714 — 7o4 is often referred to as the difference homomorphism.

Let us also introduce two easy lemmas, whose proofs are elementary exercises in K-theory.
For shortness, we shall use the notation I for (0, 1], the half-open interval.

Lemma 4.1. One has Ko(Co(I)) = K1(Co(I)) = 0.
For the next statement, we introduce the algebra D; for j > 2 by
Dj:={f:[0,1] = B(C) | f(0) e B(C ") &C}.

In other words, D; is made of function on [0, 1] with values in %(C’) with the only condition
that f(0) is block diagonal, with one block of size (j —1) x (j — 1) and one block of size 1 x 1.
Note that we identity C with #(C).

Lemma 4.2. The short exact sequence
0— Co((0,1)) ® B(C) - Dj - B(CTH@Cea B(CT) -0
gives Ko(Dj) = 7%, K1(D;) = 0.

Let us now construct inductively some algebras. Again, I denotes (0, 1], and let {Pj}é\f:l
be the rank one projections based on the standard basis of CV. For j € {1,...,N} set
Aj = Co(I; B(P;CY)), and let us also fix A(1) := Aj. For j > 2 let A(j) be the algebra
obtained by gluing A(j — 1) @ A; to D;, namely

AG)={f®g,h) e AG -1 @A;©D;: f(1) ©g(1) = h(0)}.

Note that once the algebras A(j—1)@®A; and D; are glued together, the resulting algebra A(j)
is considered again as matrix-valued functions defined on [0, 1]. It means that a reparametriza-
tion of the interval is performed at each step of the iterative process. Note also that the algebra
A(j) can be thought as an algebra of functions with values in a set of matrices of increasing
size. However, the change of dimension from k — 1 to k is performed concomitantly with the
addition of the new path Ay linking 0 to the new diagonal entry of the k& x k& matrix.

Proposition 4.3. For any j € {1,..., N} one has Ko(A(j)) =0 and K1 (A(j)) = 0.

The proof of this statement is provided in the Appendix. Note that the same result
holds for the matrices B(j) obtained by reversing the construction (and by taking care of the
subspaces of CV involved). For this reverse construction, we firstly set for j € {1,..., N}

Eji={f:[0,1] » 2((CV )| f(1) e Cp B((CNITH 1)}
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and B; := C([0,1); B(Pn—_;+1C")). We also fix B(1) := By. For j > 21let B(j) be the algebra
obtained by gluing E; to B;j @ B(j — 1), namely for h € Ej and for f@® g € B; & B(j — 1) we
set h(1) = f(0) @ g(0). Note that once the algebras E; and B; @ B(j — 1) are glued together,
the resulting algebra B(j) is considered again as matrix-valued functions defined on [0, 1]. It
means that a reparametrization of the basis is performed at each step of the iterative process.
The algebra B(j) can be thought as an algebra of functions with values in a set of matrices of
decreasing size. However, the change of dimension from k to k — 1 is performed concomitantly
with the addition of the new path By linking the removed entry to 0.
By exactly the same proof, we get the same result:

Proposition 4.4. For any j € {1,...,N} one has Ko(B(j)) =0 and K1(B(j)) = 0.

The next step will be to glue together an algebra of the family A(j) with an algebra of
the family B(j). Before this, we need another lemma, whose proof is again an elementary
exercise.

Lemma 4.5. For
On={f:[0,1] = B(C") | f(0) e BC" & C, f(1) e C»B((C"))},
the exact sequence
0— Co((0,1)) ® B(CY) = Cy - B(CV HeCaCo 2((CH) -0
gives Ko(Cn) = Z3 and K1(Cy) = 0.

We can now collect the information obtained so far, and provide the K-theory for the
main algebra of this section. The proof of the statement is provided in the Appendix.

Proposition 4.6. For
QN = (A(N -1 AN) DaCN-1ac Cn Deaz(Ch)L) (BN @ B(N — 1))

one has Ky (QX,) =7 and K, (Q]“\',) = 7.

Figure 2: Representation of the algebra 4, with the biggest square representing Cy, while the
part of the left of this square corresponds to A(3) @ A4, and the part on the right corresponds
to By @ B(3). For comparison with the algebra QY the dashed lines represent the support
of the functions ¢ ; while the dotted lines represent the support of the functions ¢;;. The
remaining lines and squares correspond to the support of the scattering matrix.

21



By construction, the algebras Q% and QE are isomorphic, therefore they share the same
K-theory. Note that the isomorphism can also be inferred by comparing Figures 1 and 2:
the vertical lines of Figure 1 are symbolised horizontally in Figure 2, with dashed or dotted
lines. Furthermore, since these lines represent the support of a block diagonal matrix-valued
function, they can be rescaled independently. Thanks to this isomorphism, the K-theory of
QY can be directly deduced.

Corollary 4.7. One has KO(QG) =7 and Kl(Qe) = 7.

5 Topological Levinson’s theorem

In this section we provide the topolgical version of Levinson’s theorem, linking the number
of bound states to an expression involving the image of W? in the quotient algebra. First
of all, we provide a statement about the behavior of the scattering matrix at thresholds. It
shows that the expression obtained for the wave operator W is rather rigid and imposes a
strict behaviour at thresholds. For its statement we define the scalar valued function §?j by

the relation S?(\);; =: 5%-()\)75]3.
Lemma 5.1. For any j € {1,...,N} one has 52]'(5\? +2) e {-1,1}.

Proof. Since W? is a Fredholm operator of norm 1, the image ¢’ (ﬁ wo(F 9)*) is a unitary
operator, and therefore its restrictions on all components of Q% must be unitary. The restric-
tions on —;, — N, and —J do not impose any conditions, since the scattering operator is
unitary valued, see Lemma 3.11. On the other hand, by checking that the restrictions on |;
and on 17, the conditions appearing in the statement have to be imposed.

Starting with (3.16), the restriction on |;, we can rewrite this operator as a scalar function
multiplying a rank one projection. By imposing that the operator is unitary valued, one infers
that

(1430 =) @00 -2 1)) (1+ 30 —n- () (] -2 - 1)) =1

for all s € R. Some direct computations lead then to the condition (n—(s)) %(5%(5\? —-2)) =0
for any s € R, meaning that 5%(5\? —2) € R. Since %%(5\? — 2) is also unitary valued, the
only solutions are the ones given in the statement. A similar argument holds for §?j(5\§ +2),
starting with the restriction on 17. O

The topological Levinson’s theorem corresponds to an index theorem in scattering the-
ory. By considering the C*-algebras introduced in Section 3 we can consider the short exact
sequence of C*-algebras

0 9 4" Ao
0— A (H) — & = Q" — 0.
Since .ZOW? (F%)* belongs to £% and is a Fredholm operator we infer the equality

ind ([q9 (9%?(99)*)]1) — —[E,(H")],, (5.1)
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where ind denotes the index map from Kl(Qa) to Ky (%/ (%”9)) and where E,(H %) corre-
sponds to the projection on the subspace spanned by the eigenfunctions of H?. Note that this
projection appears from the standard relation

(1= WO wl], - [1=wow?) ], = —[Ex(H)],.

The equality (5.1) can be directly deduced from [23, Prop. 4.3]. Let us emphasise that
this equality corresponds to the topological version of Levinson’s theorem: it is a relation (by
the index map) between the equivalence class in K of quantities related to scattering theory,
as described in Lemma 3.11, and the equivalence class in Ky of the projection on the bound
states of H. However, the standard formulation of Levinson’s theorem is an equality between
numbers. Thus, our final task is to extract a numerical equality from (5.1).

In the next statement, the notation Var()\ — det 5’9()\)) should be understood as the
total variation of the argument of the piecewise continuous function

I 3 X det S%(\) e St

where we compute the argument increasing with increasing A. Our convention is also that the
increase of the argument is counted clockwise.

Theorem 5.2. For any 0 € (0,7) the following equality holds:

#{j185;(\ £2) =1}
2

#o,(H') = N — + Var(X — det S?(N)). (5.2)
Proof. The proof starts by evaluating both sides of (5.1) with the operator trace to obtain a
numerical equation. For the right hand side, we obtain (minus) the number of bound states,
or more precisely Tr (Ep (H 9)) = #0p(H?) if the multiplicity of the eigenvalues is taken into
account.

For the left hand side, recall that Q7 is isomorphic to Q}, with @ introduced in Propo-
sition 4.6, and that this algebra is naturally embedded (after rescaling) in Co(R; Z(CY ))Jr
Thus, the index of W_ is computed by the winding number of the pointwise determinant of
q(W_), see for example [17, Prop. 7]. The various contributions for this computation can be
inferred either from Figure 1 or from Figure 2, but the functions to be considered are provided
by Lemma 3.11. If we use the representation of the quotient algebra provided in Figure 1,
then all horizontal contributions ¢_,; can be encoded in the expression Var()\ — det 5’9()\)).
For A — S%(\) piecewise O these contributions can be computed analytically by the formula

1 5\§+2

o Z A Sy W - g [ s
271'@ Z /)\9

where S? is C! on each interval.
For the vertical contributions, recall that the functions n4 have been introduced in (3.15).
These contributions have to be computed from +o0o to —oo for the intervals with one endpoint

k+1+2

(89)*(8%)) (V) dA
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at X? —2, while they have to be computed from —oo to +oo for the intervals having an endpoint
at A7 + 2.

In both cases, if gf](j\f + 2) = 1, then the contribution is 0, as a straightforward conse-
quence of (3.16) and (3.17). On the other hand, if 5’393(5\? —2) = —1, then ¢, =7, and this
leads to a contribution of %, with our clockwise convention for the increase of the variation.
Similarly, if 5’%(5\? +2) = —1, then ¢4; = 0y and this leads again to a contribution of %,
because of the change of orientation of the path. As a consequence, if Sf](ig +2) = —1, the
corresponding contribution is %, no matter if it is the opening or the closing of a channel
of scattering. Our presentation in (5.2), which takes the content of Lemma 5.1 into account,
reflects the genericity of the value —1 at thresholds over the value 1. O

6 Explicit computations for N = 2

In this section, we concentrate on the case N = 2 and make the computations as explicit as
possible. We firstly recall some notations restricted to the case N = 2 and 0 € (0, 7). For
the analysis of H?, the main spectral result is a necessary and sufficient condition for the
existence of an eigenvalue for the operator H?. For that purpose, we decompose the matrix
diag(v) := diag (v(1),v(2)) as a product diag(v) = uv?, where v := | diag(v)|*/? and u is the
diagonal matrix with components

wes — +1 ifv(y) >0
Tl =1 ifw(j) <0,

for j € {1,2}. For simplicity, we set v(1) = uia?, v(2) = ugb? and assume that a > b > 0 and
a > 0. We also impose the following condition: if u; = us, then a > b, since otherwise the

function v would be 1-periodic and not 2-periodic. With these notations one has v = (8 g)
and u = (%1 1?2). Let us also set
0= u2a2 + u1b2

since this expression will often appear in the sequel.
For N = 2, obseve that \{ = —2cos(4) and \§ = 2cos(§), & = (_619/2) and & =

ei9
("‘Zf ) We then set

24(0) = (cos(%) +0052(g))% >0, Z_(0):= (cos(g) - cosz(g))% > 0.

For later use, it is useful to observe that =, is a strictly decreasing function on (0, 7) with
range in (0,+/2). Finally, for z € C and j € {1,2} we introduce the expression

Bz = (== N~ 4"

6.1 Values of S%()\) at thresholds

In this section, we provide information about the scattering matrix at thresholds. For con-
ciseness, we restrict our attention to A € (—4,0). In this setting, only two thresholds appear:
one at \Y — 2 and one at \§ — 2. The first one corresponds to the threshold at the bottom of
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Figure 3: The horizontal axis corresponds to v(1) while the vertical axis corresponds to v(2).
The two white regions correspond to points (v(1),v(2)) for which there exists a unique 6y €
(0, 7) leading to a resonant case.

the essential spectrum, while the second one corresponds to an embedded threshold. Since we
we already know from [19, Thm. 3.9] that S?, is continuous at A — 2 we postpone its study
to Section 6.2.

Proposition 6.1. Let § € (0,7) and consider a > b > 0 with a > 0. Then the following
equalities hold:

SO —2)1, =PY  if 20E,(0) +d%? =0 (resonant case), (6.1)
SO(\S —2)1 = —PY  otherwise (generic case), (6.2)

and
SONG — 2)99 = —PY.

Before giving the proof, let us briefly comment on this statement with the help of Figures
3 and 4. In Figure 3, the z-axis corresponds to the values of v(1) while the y-axis corresponds
to the values of v(2). The red zones (2 open cones + the diagonal line in quadrants I and III)
are the ones we can disregard since either a < b or the system is 1-periodic. The magenta zones
(including the diagonal line in quadrants IT and IV, the z-axis and the curved boundaries)
correspond to combinations of v(1) and v(2) which lead to the generic case, namely to (6.2).

The open white region has two connected components and is given by points (v(1),v(2)) such
_ 254 (60)v(1)
v(1)+2Z+ (6o) *
equivalent to the condition leading to the resonant case given by (6.1). In particular, it follows
from the equality 20=(f) = —a?b? that o < 0, which means that either u; = us = —1,
corresponding to the left white region, or to us = —1 and uy = 1, corresponding to the right
white region.
In order to understand the dependence of 6y on v(1) and v(2) for the resonant case, we
have represented in Figure 4 the value 6y on the z—axis as function of v(1) on the z—axis and

that there exists a unique 6y € (0,7) which verifies v(2) = This condition is
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F 3.14

T 2.09

- 1.05

- 0.00

-15
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Pf_” -5

Figure 4: The values 6y that satisfy the resonant case (in the left white region of Figure 3) is
represented, with the value v(1) and v(2) on the = and y axes. The 2 scales are different, and
the red line represent the diagonal on this quadrant. The z—axis corresponds to 6 in (0, ),
and the surface represents the values of 6y, as a function of v(1) and v(2).

of v(2) on the y—axis. Note that 0y is only shown on the left white region of Figure 3 which
is bounded on the y—axis and unbounded on the x—axis.

The following proof is based on the statement [19, Thm. 3.9] which provides the general
formulas. Here, we compute much more explicit results in the special case N = 2. Let us
stress that most of the notations are directly borrowed from [19]. In addition, we shall use the
notation { for the inverse of an operator defined on its range.

Proof of Proposition 6.1. We start by introducing the new quantities:
o._ 1 b o._ 1 b
O Ty o) G g (e

It is then easily checked that the following relations hold:

(v€f,¢f) =0 and (o€}, v&3) = b* — a?,

<C195ugf> = <C207ugg> = ag—f_bzv
2ab et/2 b eif/2
(o) = T = —(doel) and (ucvef) = o — wr) = ~(u o).

1) Let us start by considering the threshold \{ — 2 for § € (0,7). The starting point is
the formula provided in [19, Thm. 3.9.(b)], namely

SN —2)11 = P! = PIo(1o(0) + So) 0P +PloClo(0)S1 (1(0) +52) ' S1C40(0)oPY. (6.3)

26



We firstly observe that

[063) (05|

Io(0) = LJoe®) (0l],  So = [CI(CY], BAN] — 2% = 4=,(6), My(0)=u+ = .
4 82+(0)

and hence

(Zo(0) + So) ™" = Ip(0)T + Sp = ‘U€1><U§1’ + 1K)

(a? + bQ)
It then follows that
Plo(Io(0) + So) LoP? = 2PY.

Thus, if the third term in the r.h.s. of (6.3) vanishes, then S(\{ —2);; = —P{. This situation
corresponds to the generic case. Our next aim is thus to exhibit situations when the third
term in (6.3) is not trivial.

Let us recall that S; is defined as the projection on the kernel of I1(0) (inside the subspace
SoCN). Thus, in order to deal with the third term, we have to study I1(0):

0 ~0\2
10 = o080 = Souso -5 5L s = (et + (R ) s

“\a21p2 T 8E.0))7° T \ 22 0) (a2 +0?) )7 '

If the first factor in (6.4) does not vanish, then S; = 0. Clearly, if S; = 0, then the generic
case takes place. Thus, in order not to be in the generic case the following necessary condition
must hold:

2024 (0) + a*b* = 0. (6.5)

Let us now study C7, under the condition (6.5). Recalling that S; = Sy we get

Cho =(10(0) + So) " (M1(0)S1 — Sy M;(0)) (Io(0) + Sp) ™
=(I0(0)" + So) (M7 (0)So — SoM1(0)) (10(0)" + So)
=1Io(0)T M7 (0)So — SoM1(0)Io(0)".

Hence, from the explicit expressions computed above one has

) e

+
C:U€ ><U§,U§> 0 0
al+w (u&m& el

SoMi (0) o (0)f mxr(

b — a® i0/2 | -6 6
@+w% E+(9))e ¢ (o8]
We thus set ) . )
0 a —a
V= ——(4(ug —u1) + =——
(a2 + b2)§ < ( 2 1) .:.+(9) )

which means that '
SoM1(0)10(0)F = 7 /2 |¢7) (ve?].

27



Analogously we also obtain
7" e ogd) (¢,

Io(0)"M1(0)Sy =
and consequently

Clo = 2" (€2 ogh) (cf] = /2 1c7) (01
Thus, Cf, vanishes if and only if 4/ = 0, and if so, the generic case takes place again. However

/ . .
observe that (6.5) and the definition of ¢ imply that b> > 0, that ¢ # 0, and then that
a’b?

Observe then that the condition v = 0 is equivalent to

2 _ 2
4(ug —u1) + ———— =0
)
& 2(ugy — uy)a?b? + (a® — b)) (a®uy + b*u1) =0

< uga?b? — u1a?b® + atug — brug =0
(b% + a®)(uga® — usb*) = 0.

However, from the fact that v is assumed to be 2-periodic and not 1-periodic, one infers that

~? = 0 does not take place under assumption (6.5)
3 = 5o, Il(O) = SoMl(O)SO = 0, and then

Now, it follows that under (6.5) one has S;
— S1M1(0)(Io(0) + So) ' M1(0)S

I>(0) =
= — SoM1(0)Io(0)TM11(0)So
= =" 2 () (0€]| 10(0) 77 e/ o) (¢ |
2
_—(’y(’(a2 + b2)) g
= 0.
4
Since Sy corresponds to the projection on the kernel of I5(0), one infers that
—4
= (6.6)

(12(0) + S2) W

So =0 and

We have now all the ingredients for computing the third term in (6.3), still under the

conditions provided by (6.5):
PloCo(0)S (12(0) + S) ™ S1C;0(0)0 P!
48,

rfl>< & 7 (€72 fogf(cf] — €2 ¢f) (ogf) (7%(a? + 12))

<y (7 pogd () — 2 o] ) S
NI 15, N
_ |51><U£1| e_le/2|bf?><<1’( +b2) 10/2|C1><D§1‘| glg<§1|

= ml&ﬁl\vﬁll (T, Soct)logT 1€
= 2PY.
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Thus, whenever (6.5) hold, one has S?(\f — 2) = P?.
2) We now consider the threshold A — 2 for 6 € (0, 7). For this value one has

, ilo&d)(ogt]

To(0) = Jloeiocdl, So=1chctl, A0 -2 =42_(0), Mi(0) = = (0)

We can then compute

0 0
11(0):(<Cg,uCg>+iW)50=< T i

2b2
2 )SO.
8=_(0) a? + b2 =_(0)(a? + b?)

A quick inspection at the first factor shows that it never vanishes, which means that S; = 0.
Then, for this threshold, the expression for Se()\g — 2)92 can be computed by using [19,
Thm. 3.9.(b)]. Note that the off diagonal terms vanish, as shown in [19, Thm. 3.9.(b)]. For
the expression S%(\§ — 2)22 we obtain

S9N — 2)99 = P§ — PYo(Io(0) + So) " LoPY

1 4
=P§ — = 751085, 0E5) [*[€5) (€5

4 (a®+b?)?
= _7326a
which concludes the proof. O

Up to now, only the values of the scattering matrix at thresholds have been provided.
Additional information can be deduced from this computation, but some notations have to
be introduced. Firstly, let G : h — C? be the bounded operator defined on f € h by

(61 =gy [ )% = )2 [ )t
and set for \,e € R and € # 0
MO\ +ie) := (u+ G(H] — A —ie) 'a*) .

A precise (and rather long) asymptotic expansion of this has been provided in [19, Prop. 3.4]
as ¢ approaches 0 for each fixed A in the spectrum of H?. Based on the previous proof, more
precise information can be obtained in our current framework, namely for N = 2.

Corollary 6.2. Let § € (0,7) and consider a > b > 0 with a > 0. Let us assume that

- a?b?
=.0)# %, (6.7)

Then the map Kk — MO@\? — 2 — k%) admits an holomorphic extension in some sufficiently

small neighbourhood of 0 for —k? € C, (the closure of C ). If, in contrast

272
a“b
20(0) = — 6.8
)= G (638)
the map k — MO9(N{ — 2 — k?) admits an meromorphic extension in some sufficiently small
neighbourhood of 0 in Cy, with its unique pole located at O and of order 1 (in the variable k).
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Before giving the proof, let us stress that the pole of order 1 (in the variable k) does
not correspond to an eigenvalue of HY at /\? — 2, but corresponds to a resonance. Indeed, an
eigenvalue would necessitate a pole of order 2 in k, as for the resolvent (H 0 _ ()\? —2— /@2)) -
In particular, this statement rules out the existence of an eigenvalue at the bottom of the

continuous spectrum of HY.

Proof. We first observe that (6.7) corresponds to the generic case, and hence to S; = 0. Then,
by examining the expansion of M?(\{ — 2 — x2) provided in [19, (3.17)], we infers that S; = 0
leads to a regular expression, without the singularities in % and in k% In contrast, if we assume
(6.8) we have shown in the previous proof that S; # 0 but Se = 0, see (6.6). Hence, by looking
again at [19, (3.17)], we deduce that the singularity in k% vanishes while the one in + does

not. OJ

6.2 The scattering matrix S%()\)

In this section we provide explicit formulas for 50()\). The starting point is a stationary
representation of the scattering matrix. Namely, let us also define for j,j' € {1,..., N} the
operator d;; € %(77]6/ (CN;PJ(-’ CN) by 6;; == 1if j = j/ and §;; := 0 otherwise. Then, for
A€ (If N Ije,) \ (T? Uo,(H")) the channel scattering matrix S%(\);; = 77](?50()\)73](?, satisfies
the formula

SP(N)jjr = 0550 — 20 BI(N) T PP MO (X +i0)o P 8% (V) (6.9)
with

MO\ +i0) = (u+ G(HS — A —i0)~'Ga*) .

The operator M?(X + i0) belongs to Z(C?) for A ¢ (7 Uop(H?)) and by [19, Lem. 3.1] one
has

ut S PR for A<M -2,
ut z;;?i; + ;37?;9;’2 for Ae (M — 2,0 —2),
Wt GHS — A —i0) G = us zﬂ?ﬁ; + z;g%i; for Ae (M —2,0+2),  (6.10)
u— B";f;; Y ;gfj; for Ae (M +2,0 +2),
W gk - s for A> M +2,

Hence we shall look for an explicit expression for

vPYo vPIo \ 1
Me()\Jrz‘O):(qucl L e )
BIN?2 T B(N)?

for ¢; € {1,—1,4}. For convenience we set
- 061 3+ 962 2

PN By(A)
Lemma 6.3. For all A € (A —2,\§ +2)\{\§ — 2, X + 2} the operator M?(\+i0) belongs to
A(C?) and one has

TN -

1 (ua? + 2270y e2BeEro(y)
2 2 T+ 2 -

Q) B0 (5 2 4+ LETI(N)

oMP(\ +i0)o =

(6.11)
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with

_ 2u1uz By (A)?B5(N)% + (c185(N)? + 287 (N)?) (uga® + u1b?) + 2a2b%cico

O = PTARNEEANE (6.12)

Proof. We first observe that

—i8
up + TN —2e 27O ()

u+GHY — X —i0)~tar = vl oo
2P0\ ug+ LTI(N)

Expressions (6.11) and (6.12) are then readily obtained.
In only remains to check that Q%()\) # 0, which corresponds to the absence of embedded
eigenvalues. Since A ¢ T, the condition Q?(\) = 0 is equivalent to

2uruz Y (V)28 (V)% + (clﬁg()\)2 + CQBf()\)Q) (uga® + u1b?) + 2a%b%cico = 0. (6.13)

Case: A € (A\{ — 2,08 —2). One has ¢; =i and ¢z = 1, and then (6.13) is equivalent to the
system
u1u263()\)2 + %(uzaQ +ub?) =0
{ %(u2a2 + u1b?)BY(N)? + a?b? = 0.
From the second equation we need (U2G2 + ulbz) < 0 and hence we have either uy = u; = —1,

or ug = —1 and u; = 1. From the first equation we need ujus = 1 and hence we can disregard
the latter option. The new system becomes

OV = §a? + 1) = 0
—(@ ) + 0% =0,

Isolating 9(\)? we obtain 3(a? + b?) = 3332 which is equivalent to a? = b%. As a result,
v(1) = v(2), which is excluded.

Case: A € (\) —2,)\{ +2). In this case one has ¢; = c3 = i and (6.13) becomes

uuz 3 (\)?B5(N)? — a?b* = 0
(B3 (N)? + BY (X)) (uza® + usb?) = 0.

From the second equation we infer that a?> = b and wjus = —1, but this immediately
contradicts the first equation.

Case: A € (\{ + 2,0\ +2). In this case we have ¢; = —1 and ¢ =i (6.13) becomes

uluQﬁf()\)Q — %(UQG/Q +u1b?) =0
%(ugaQ +urb?)BI(N)? — a?b? =0

which can be treated as the first case. O

As shown in the previous proof, let us emphasise the following statement:
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Corollary 6.4. For any 6 € (0, ), the operator HY has no embedded eigenvalue. Furthermore,
a necesary and sufficent condition for \ to be an eigenvalue is given for A < )\(f —2 by

2urusB) (N)2B5(N)? + (B5(N)? + BL(N)?) (u2a® + urb?) + 2a%b* = 0 (6.14)
and for X > X +2 by
2uruaB) (N)2B5(N)? — (BS(N)? + BY(N)?) (u2a?® + u1b?) + 2a°6* = 0. (6.15)

Based on Lemma 6.3 we can obtain simple expressions for S?j,()\). In the next statement,
we concentrate on the diagonal elements Se (A) since the off-diagonal element will not be

necessary later on. We define a scalar Valued functlon by the relation S(\);; = 5 (/\)735.
Let us also introduce new expressions which will be used subsequently:

ATV = BY (N2 (2uruz By (N)? + o), B{(X) := 2a%b* + 085 (N)?, (6.16)
AS(N) = 2uguaBl (285 (N)? — 2a°?, BI(X) = o(B (V) + B5(N)?), (6.17)
AG(N) = BN (2uru2Bl(N)? — o), BY(\) := —2a%b? + 0B (V)2 (6.18)

Proposition 6.5. The following formulae hold:

AJ(N)—iBI(N)

AJ(N)+iBI (M)
4a2b%—i20B84 (N)?

1+ A%(A)+z‘B§(A) fo

. for xe (N —2,)8 —2),
511(}\) = (619)

rxe (N —2,0+2),

and

4a2b2—z2g,30()\) 0 6
0 1+W for )\6(}\2 2,)\1+2),

522N =4 agn-imgon
AT(N)F+iBY () for

, , (6.20)
Ae (AN +2,05+2).

Proof. We start with the computation for s5¢,()). Let us firstly observe from (6.9) that

SN = P — e PLoM (A + i0)oP = (1 (€0, oM (A + 10)08]) ) Pf

61( )? BN

By using Lemma 6.3 and the explicit form of 5? one easily infers that

(€0, oM (A + i0)oe?) = le( 5 (@ (T - T () + o),
and by a few additional computations
2b2 (T¢(N) = TP (X)) + 0
0 _
=t HOPQ)
1 4a?b%cy + 285 (N)20 (6.21)

2uqug B (N)2BY(N)2 + (clﬁg()\)Z + 025?()\)2)@ + 2a2b2cicy
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Let us now recall that for A € (A — 2, A9 — 2) we have ¢; = i and ¢y = 1. It follows that
for such A\ we have

4a%b* + 289 ()0
2uiuaBY(A)2B5 (V)2 + (iB5(N)2 + BY(N)?) 0 + i2a2b?
N i(— 4a?b* — 285())%0)
BIN)2(2u1u2Bl(N)2 + o) + i (BY(N)20 + 2a2b2)

s{(\) =1 —1

=1

from where the first formula of (6.19) follows. For A € (A\§ — 2, A\¢ 4- 2) the result can also be
directly obtained from (6.21), recalling that in this case ¢; = ¢3 = 1.
We now sketch the computation for S?(\)go. From (6.9) one has

21 1
0 i 0. 270 , 0 _ (1_ 9 9 N
5" (N2 = P§ = S5 PAoM" (A + 0)5P; (1 S0 (oM (A +i0)oed) ) PS.
Recalling that ¢§ = (QZQQ) and using (6.11) we easily obtain
4a®b?cy + 287 (N)?
532()\):1_2 a C]_+ /61( )Q

2urusBINZBIN? + (1 BYN? + aBI(N?) 0 + 2a%8crcs

As before, the first formula of (6.20) can be obtained directly by replacing ¢; = ¢o = i. For
the second one, we replace ¢y = —1 and ¢ = i and compute

; —4a?b% + 28 (\)%0
2u1up 37 (A)2B5(N)? — B(N)2e + (BT (A)?0 — 2a20?)

_ 2uruzB{(\)?*B5(N)? — B3 (N)%e —i(BY (V)0 — 2a%°)

2uguzBY (V)25 (V)2 — B3 (V)20 +i(B] (V)20 — 2a202)

which leads to the expected result. O

532()\) =1-

(6.22)

For completeness, let us show that the previous expressions also allow us to compute the
values of the scattering matrix at thresholds. For the thresholds A{ —2 and \§ —2, these values
were already presented in Proposition 6.1. We therefore only provide the missing information,
namely the values at \{ + 2 and at A\§ 4 2. Observe however that the treatement presented
in Section 6.1 contains extra information: it shows for example that eigenvalues located at
thresholds do not exist, while the argument presented below does not rule out this possibility.

Proposition 6.6. Let 6 € (0,7) and consider a > b > 0 with a > 0. Then the following
equalities hold:

PS if 2024 (0) — a?? =0, (6.23)

SP(A5 +2)22 =
(A2 H2)2 —PY  otherwise, (6.24)

and

SO\ +2), = —PY.
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Proof. Starting from (6.19) for A € (A\§—2, \{+2) and by observing that limy »yo BI(N)? =0,
one easily infers that limy e, 5{,(\) = —1. This result leads direly to S?(\{ + 2)1; = —PY.

On the other hand, by starting from (6.20) for A € (A\f + 2,A¢ + 2) and by observing
that limy 0., B9(\)? = 0, one has to be more careful for the limit limy »y0. s95(N). If

BY(\§ +2) # 0, then limy xye o 595(\) = —1. On the other hand, if B§(\§ + 2) = 0, observe

that for ¢ > 0 one has AJ(\) + 2 — ) = O(e!/2) as ¢ \, 0, while B3(\} +2 — &) = O(e) as

€ \( 0. In this case, we then infer that limy ~ys ., s95(\) = 1. It only remains to observe that
2

BI(X\ +2) =0 <= 202, (0) — a*b* = 0,
which leads to (6.23). O

Let us briefly compare Proposition 6.1 with Proposition 6.6. By comparing (6.1) and
(6.23) one deduces that it is impossible to have simultaneously a resonance at A\f — 2 and
at )\g + 2. Here, simultaneously means for the same potential V. In fact, looking at Figure 3
one infers that the regions compatible with a resonance at )\g + 2 are the image of the white
regions obtained by a symmetry with respect to the origin.

6.3 Computations of some total variations

In this section, we compute some winding numbers for some values of uj, us, a2, b, and 6. We
know from Theorem 5.2 and Proposition 6.1 that

#{resonances of H%}
2

#op(H?) =2 + Var(\ — det S?(N)). (6.25)
The total variation is computed as the sum of the three partial contributions on (A\f —2, A\§ —2),
(Mg —2,A) +2), and on (A\] +2, A +2). We stress that the increase of the variation is counted
clockwise.

We start by a simple statement providing the expression for det Se()\).

Lemma 6.7. For any 0 € (0,7) the following equalities hold:

&

9N for e (M) —2,)8-2),
0
2

det S(\) = 5928; for Ae (M —2,)0 +2),
S11
s9y(N)  for xe (M +2,M+2),
where the r.h.s. should be understood as the limit lims_, () if s§,(\) = 0.

s9,(N)

Proof. We only need to check the statement for A € (A —2, A{ +2), and this statement can be
deduced easily from the general form of a unitary 2 x 2 matrix, as long as s{,(\) # 0. Then,
we only need to check when s, ()\) vanishes. From (6.19) we see that this only occurs when

{4a2b2 =40 { a?b? = —uyupBY(N)2 B9 ()2
2085(N)* = B3(\) ByA)? =1\ or 0=0.
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Let us first suppose that ¢ = 0 and notice that the first equation becomes
4 012 20 (y\2
a® = B1(A)"Ba(A)

which can be satisfied for at most two values of A. If ¢ # 0 one observes that 35(\)2 = 37(\)2
only for A = 2(AJ+A{) = 0. The result follows then from the continuity of the map A — S%(X)
outside of 7. 0

The computation of Var(A — det SY())) for A € (A{ =2, —2) and for A € (\{+2,A5+2)
can be directly inferred from Lemma 6.7 and from (6.19) and (6.20). Let us now deduce a
convenient expression for A € (A — 2, \{ + 2).

Lemma 6.8. For A\ € (\] —2,\ +2) one has

O\ AS(N) +iBj(N)
Proof. From the expressions contained in Proposition 6.5 one gets
4a2b%—i2069 (\)? )
Y Tmovesi) . AJN) —iBI(N) | AS) +40° +i(BE(N) — 205](V)°)
40262442089 (\)2 ~ Af 30 0 252 4 4 0(\)2 _ RY ’
1+ Ag(,\+)—2¢QBB§((,\)) AS(N) +iB5(N)  A(N) + 4a?b* + 1(2@62()\) B2()‘))
and one concludes by observing that the equality
B3(A) = 208{(N)? = 2085(N)* ~ BI(A)
always holds. O

For the subsequent computations, it is will be useful too keep in mind the behaviour of
the functions 5?(')2- For example, 37(-)? vanishes at A\ + 2, takes the value 4Z_(6) at \§ — 2,

and the value 42 (0) at \§ + 2. Similarly, 85(-)? vanishes at \§ & 2, takes the value 4Z_(6)
at A +2, and the value 4=, (0) at A\{ — 2. The function 5¢(-)? is also monotone increasing on
the interval (A + 2, A§ + 2), while the function 8§(-)? is monotone decreasing on the interval
(A — 2,78 —2).

Finally, for the computation of the left-hand side of (6.25) let us recall the main statement
about eigenvalues proved in [19, Prop. 1.2] :

Proposition 6.9. A value A € R\ T? is an eigenvalue of H? if and only if

o Plo o Plo ;
Ke=tor (ut 30 2= D s [ (Ngmer ker (PFo) ) # {0},
, giA? Bi(A) ’
{ilA<Ag—2} 7 {iIa>x0423y 7
in which case the multiplicity of A equals the dimension of K.

6.3.1 The special case b* = 0.

We firstly consider b*> = 0 and arbitrary € (0, 7). In this case, ug = 1 and o = a?.
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Variation on (\! —2,\y —2). From (6.16) we obtain
AT = 2u Bl (VBN + @*BI(N)? and BY(V) = a?B3(A)*.

Then the curve (A{ — 2,05 —2) 3 XA — AY(\) —iBY(\) € C starts at —4ia®=,(0), ends
at 4a®Z_(f), and keeps a strictly imaginary negative part on this domain. From this one
concludes that

Var ((A?{ — 2,0 —2) 5 A — det S(’()\)) =1 (6.27)

Variation on (\§ —2,\{ +2) . From (6.17) we obtain

A5 = 2uB{ (VB3N and B3(A) = a®(B{(V)* + B3 (V)?).

Then the curve (A\§ —2,X) +2) > X = A§(\) —iBj(\) € C is a closed curve starting and
ending at —4ia?Z_(0). Since A§(\) has the sign of u; and Bf()\) > 0, the closed curve lies
either in quadrant III for u; = —1, or in quadrant IV for w; = 1. We then infer from Lemma
6.7 and from (6.26) that

Var ((Ag ~ 2,07 42) 3 A s det SG()\)> ~0. (6.28)

Variation on (A +2,\ +2). From (6.18) we obtain
A§(N) = 20 B{(N)?B5(N)° —a®B3(N)? and B§(N) = a?B{(N)%.

Then the curve (Af + 2,75 +2) 3 A — Af(\) —iB()\) € C starts at —4a>=_(0), ends at
—4ia?Z 1 (0), and keeps a strictly negative imaginary part on this domain. From this one
infers that

Var ((A? + 2,00 +2) 5 A s det SG()\)) =-1 (6.29)

By summing the three contributions (6.27), (6.28) and (6.29) we get that
Var(A — det S°(\)) = -3 +0—- 1 = —1.

Since the special case b = 0 does not lead to any resonance, according to Proposition 6.1, it
follows that (6.25) reads in this case

#o,(H) =20+ (-1) = 1.

Indeed, by using Proposition 6.9 one can check that H? has only one eigenvalue above its
essential spectrum if u; = 1, and below its essential spectrum if u; = —1, see also [19,
Example 3.2].

6.3.2 The special case a’ = V2.

We now turn now our attention to the special case a? = b?> > 0 and arbitrary 6 € (0, ).
In order to avoid a 1-periodic system we assume without loss of generality that u; = 1 and
ug = —1. In this case, it follows that o = 0.
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Variation on (\! —2,\y —2). From (6.16) we obtain
Al = =28/ (V)?B5(\)? and  BY()) = 24",

Then the curve (A — 2,05 —2) 3 X — AY(\) —iB¢(\) € C is a closed curve starting and
ending at —2ia* and lying in quadrant III. From this one concludes that

Var ((A‘{ — 2.0 —2) 5 A+ det SQ()\)> ~0. (6.30)

Variation on (\§ —2,\{ +2) . From (6.17) we obtain
A9 = —280 (02BN — 26t and  BI(N) = 0.

In this case one has %% =1for all A € (\§ —2,\] +2) and hence
S11

Var ((Ag ~ 2,07 +2) 3 A s det Se()\)> ~0. (6.31)

Variation on (A +2,\ +2). From (6.18) we obtain
AS(N) = —287(N)289(M)? and  BY(\) = —2a*.

Then the curve (A{ + 2,05 +2) > A — AY(\) —iB4(\) € C is a closed curve starting and
ending at 2ia* and lying in quadrant II, and therefore

Var ((A? +2,00 +2) 5\ det SG()\)) —0. (6.32)
By summing the three contributions (6.30), (6.31) and (6.32) we get that
Var(X — det S°(A)) =0+ 0+0=0.

Since the special case a? = b? does not lead to any resonance, according to Proposition 6.1,
it follows that (6.25) reads in this case

#o,(H)=2-0+0=2.

Indeed, by using Proposition 6.9 one can check that H? has one eigenvalue ‘above and one
eigenvalue below its essential spectrum: the condition for an eigenvalue at A € I? coming from
(6.14) and (6.15) simplifies in

—B2(N)2BI(N)? + a2b% = 0. (6.33)
Since B7(\)2B5(A\)? vanishes at A\ — 2 and at \§ + 2, limy 100 B/(N)2B5(N)2 = o0, and

B9(\)2B9(N\)? behaves quadratically below and above the essential spectrum, one infers that
(6.33) has exactly two solutions.
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6.3.3 A resonant case: o’ =1, b = % and u; = ug = —1.

For this example we will fix a® = 1, b? = %, and u; = us = —1, in order to be in the white
region of Figure 3. As a consequence, the behaviour at thresholds will depend on 6 € (0, ).

We observe that o = —%, and fix 6y € (0,7) by the condition
E4(0) = 3. (6.34)

Note that this is possible since = is a strictly decreasing function on (0, ) with range (0, 2).

Variation on (\! —2,\y —2). From (6.16) we obtain
AT = BTV (2850 = 3) and BI(V) =1—§85(V)*

We first observe that for any 6 € (0, 7) the function BY is strictly increasing on (\{ —2, \§ —2),
with BY(\] —2) = 1—6Z,(0y) and BY(\ —2) = 1. In addition, the following relations clearly
hold:

BY(M\ —2) <0for 6 <8y, BIN —2)=0for =0y, BIN —2)>0ford> 6.

For 6 < 6y, we define A\ by the relation BY()\%) = 0.

We can also observe that A{(\{ —2) = 0 and that the sign of A9(\) is given by the sign
of 285(\)? — 3. In particular, since 35 is monotone decreasing on (A{ — 2, A\§ —2), the function
AY is negative on this interval if and only if

(1]

265\ =2 -3 <0«=E,(0) < 5.
On the other hand, for 6 € (0,7) verifying the condition =, (6) > %, the function A9 on
(A — 2, 0§ — 2) is firstly positive, then equal to 0 for some A%, and continues decreasing until
it reaches the value —6Z_(6) at Aj — 2. Note that since the function Z is decreasing on (0, 1)
and since % > %, it follows that the parameters 6 verifying the previous condition also satisfy
0 < 6.

Let us now consider the A —iB{ for 6 satisfying = (0) > 13—6. One readily observes that

BN =1 and  B(\p)* =3,

from which one deduces that A4 < Ap. Hence, the curve

A =205 —2)3 A A9\ —iB{(\) (6.35)
remains in quadrants I, I, and ITI, starting at (624 (6) — 1) and ending at —6=_(6) —i. Then,
we conclude that the map A + s,(\) goes from —1 to z := g;:gggf; in the anticlockwise

direction. Note that z has positive imaginary part and hence Arg(z) € (0,7). Observe also
that the same result directly applies to all § < 6 since the curve (6.35) does not visit quadrant
Lif 2,(0) < £.

Let us now consider the case § > 6. In this case, the curve (6.35) starts at (6Z24(60) — 1)i
in the lower part of the imaginary axis, and ends at —6=_(6) — ¢ while remaining in quadrant
I11. In this case, the map A + 5%, (\) goes from —1 to z in the clockwise direction.
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For 6 = 6, we already know from (6.1) that s, (\{ —2) = 1. We also easily observe that
the map
(Ao — 2,05 —2) 5 X A% ()) —iBl(N)
stays in quadrant ITI, since B (\) > 0 for A > A% —2. We then infer that the map A — 5% ())
goes from 1 to z while keeping a positive imaginary part, and hence in the anticlockwise
direction.
If we summarise our findings, we have obtained that

—% Ang(z) for 6 < 6y,
Var (()\(f — 2,00 - 2) 3 A > det 59()\)) = A for § = 6, (6.36)
128l for § > 6.

Variation on (\§ —2,\{ +2) . From (6.17) we get that

AN =28Y(N)?B5(N)? —1 and  B§(N) = —3(B{(\)? + B5(N)?).

It follows that the map (A —2, \{ +2) 3 X — A(A\)—iBf()) is a closed curve on —1+6Z_(6)i
and lying in quadrants I and II. We then conclude that

Var ((Ag — 2.0 42) 5 A det Sa()\)> —0. (6.37)

Variation on (A +2,\ +2). From (6.18) we obtain
A3(0) = BN (2B((N7 +3) and BE(N) = —1 = 387V

One readily infers that the map (A\{ +2,A§ +2) 3 A+ A§()\) —iBY(\) remains in quadrant I
and hence 59,(\) has a positive imaginary part. Since we also have

AN +2) —iB§(A)+2)  6Z_(0) +i

59y (A +2) =

AIN+2)+iBIN +2) 62 (0)—i
and recalling that s5,(\§ +2) = —1 we deduce that
Var ((A? +2,00 +2) 5\ s det 5‘9()\)) = 1 Al (6.38)

As before, by considering (6.25) together with (6.36), (6.37), and (6.38) and recalling from
Proposition 6.1 that for 8 = 6y we have a resonance at the bottom of the spectrum we get

20+ (—l—Arg(Z) 10—+ 220) —1 ifp<a,
#UP(HQ) —J9_ § 4 < Arg( ) 40— Arg( )) =1 iff=6,, (6.39)
2_()_|_< Arg()+0 Arg(z)) =2 if 0> 6.

We illustrate this case with Figure 5 which provides the information about the number
of eigenvalues and their location below the essential spectrum of H?. More precisely, the sign
of the determinant of the matrix

0731 N vPYo
/81( )2 BE(N)?
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Figure 5: Visual representation of the number of eigenvalues below the essential spectrum
of H?: For each fixed 6, each interface between a blue and a red region corresponds to an
eigenvalue. The magnified picture represents the region close to # = 7, where a second interface

appears.

is computed, as a function of A\ and 0. Depending on its value, either a red colour or a blue
colour is assigned to the point (\, #). Thus, interfaces between a blue region and a red region
coincide with eigenvalues below the essential spectrum, according to Proposition 6.9. In Figure
5, the black curve represents the bottom of the essential spectrum of H?. For most fixed 6,
there exists only one interface between the red region and the blue region, meaning that the
corresponding operator H? possesses only one eigenvalue. However, for 6 close to 7, a second
interface appears, as emphasised in the magnified part. Then the corresponding operators H?
possess two eigenvalues below the essential spectrum. The minimal value 6y above which a
second eigenvalue appears can be determined by solving the equation (6.34).

7 Appendix
Proof of Proposition 4.3. For j = 1, the statement corresponds to Lemma 4.1, since
A(1) = Ay = Co(I; B(PCN)) = Co(I) ® B(PCY).
We then look at the result for j = 2. In this case the construction leads to the pullback

diagram
(A1 @ A2) ©c2 Dy —— A1 © Az

l |

Do Cc?
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Using the computations of the K-theory of A; & As and Dy from Lemmas 4.1 and 4.2, the
Mayer-Vietoris sequence gives

0 — Ko(A(2)) = Z* - Z* — K1 (A(2)) — 0.

We will check that the difference homomorphism Ko(Ds) = Z2 — Z? = Ky(C?) is a bijection,
and therefore Ko(A(2)) = 0 and K;(A(2)) = 0. For that purpose, we need the generators of
Ky(D32). One choice consists in the equivalence classes of projections

o (= )l o)) GV

for t € [0, 1]. By evaluating them at ¢t = 0 one gets

O 16 o) 1)

and therefore we deduce the expected surjection Ko(D2) — Ko(C?).
By induction, let us now suppose that the result is true for some j, and prove it for j + 1.
Then we consider the pullback algebra diagram determined by

(A(J) ® Aj11) Dgciec Di+1 —— Djt1

| |

A(j) @ Ajy1 ——————— B(C) o C
and get the Mayer-Vietoris sequence
0— Ko(A(j+1)) = 72> - 7% — K1 (A(j + 1)) = 0.
We again show that the difference homomorphism
Ko(Dj+1) =2* - Z* = Ko(B(C?) @ C)

is a bijection. For that purpose, we need the generators of Ko(Dj11). Let us set Ey; € C/
with By ; = (1,0,...,0)T, and let E;; denote its transpose. Then we build representative
equivalence classes of projections. These projections are block matrices (the first block being
of size j x j) and the choice of representatives are the maps

(ot VO (0 0] (8]
for ¢ € [0,1]. By evaluating them at ¢ = 0 one gets
Co D)L )] 1B 7))

and therefore we deduce the expected surjection Ko(Dj41) = Ko(2(C?)@®C). This completes
the proof. n
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Proof of Proposition 4.6. We shall ignore the unit in the following proof, since adding the
unit will only add a copy of Z to Ko(Qn). Let us consider the pullback diagram

Qn — (AN —1) @ Ay) © (By ® B(N — 1))

| |

Cy——B(CV HeCaCo B((CHH)
and the corresponding Mayer-Vietoris sequence
0— Ko(Qn) = Z3 - Z* - K1(Qn) = 0

where the content of Propositions 4.3 and 4.4 and of Lemma 4.5 have been used for the
computation of the various K-groups. By examining the generators, we shall show that the
difference homomorphism

Ko(Cn) =73 - 7* = K, (%‘(CN‘l) eCaCo @((Cl)L))

is one-to-one, leading to Ko(Qn) = 0 and K1(Qn) = Z. In the construction of the generators
of Ko(Cyn) we use the notation already introduced in the proof of Proposition 4.3. These
generators are equivalence classes of projections. These projections are made of block matrices
(the first block being of size (N —1) x (N —1)) and one choice of representatives are the maps
defined by

e Y0 (00

0 0 P 0
o)) e (0 0)]
for t € [0, 1]. By evaluating them at t = 0 one gets
0 0 _ P 0 00 P 0
0 1 0 O ’ 01 ’ 0 O
and evaluating at ¢ = 1 gives (with the first block of size 1 x 1)
0 0 10
0 Pn ’ 0 0 '
The image under the combined evaluation map evidently contains three independent genera-
tors of Z* = K (%(CNA) oCoCo %((Cl)J—)>, and that suffices to complete the proof. [
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