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ABSTRACT. In this paper, we tackle unresolved inquiries by Ferreira et al. [3] in their
recent publication, “Functional Identity on Division Algebras”. We delve into the intri-
cate behavior of additive functions on matrix algebras over division rings through rigorous
analysis and theorem-proving. Our findings offer valuable insights into the nature of these
functions and their implications for algebraic structures.
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1. INTRODUCTION

Over the decades, research in functional equations and identities has been pivotal in
understanding the properties of mappings in algebraic structures and their relevance across
various mathematical disciplines.

In a pioneering study in 1987, Vukman [4] studied a result on Cauchy’s functional
equations in division rings. He established conditions under which any additive mapping
on a division ring with certain characteristics must be identically zero. He showed that if
D is a division ring with characteristics different from 2 and f : D — D is an additive
function satisfying:

(1) f(@) = —2"f(a7")

for all z # 0, then f(z) = O for all x € D. This result, while fundamental, left addi-
tional questions to be explored regarding functional identities in more general algebraic
structures.

Subsequently, Bresar [1] expanded this line of inquiry by investigating functional iden-
tities involving two additive mappings, F’ and G, in a division ring. He presented a charac-
terization theorem, revealing specific forms that these mappings must adhere to, enriching
our understanding of the structure of these mappings.

Motivated by Bresar’s results and intending to extend these investigations further, this
article sets out to resolve the questions raised by Catalano [2]] in 2018. Catalano explored
functional identities in division rings, relating additive mappings to derivations and shed-
ding light on their underlying properties.

In 2023, Ferreira et al. [3]] studied the functional equation:

) v f(z) +g(27!) =0
and proved the following theorem.

Theorem 1.1. Let A = M,,(D) be the algebra of n X n square matrices over a division
ring D with characteristics different from 2. Let f,g : A — A be additive functions,
satisfying identity @) for every invertible x. Then f(x) = g(z) = 0, for all x € A.
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This work aims to address and resolve the open questions raised in the article [3]], which
delves into the investigation of functional identities in algebra. They posed the following
two questions:

Question 1.1. Let D be an algebra such that there exist additive functions f,g : D — D
satisfying the following equation:

3) " f(z)+g@”) =0

for every invertible x, where n is an integer such that n > 2. Is it possible to characterize
the functions f and g?

Question 1.2. If D is a field of characteristic 2 and there exist additive functions f,g :
D — D satisfying identity @) for every x # 0, is D a perfect field?

Note that Vukman’s article deals with the particular case of equation (B) where n = 2
and f = g, and the main results of Ferreira et al. article [3] deal with the particular case of
equation () where n = 1.

The central focus of this work is to provide solutions to a modified version of Vukman’s
functional identity, specifically 2= f(z) + g(z~!) = 0, where f and g are additive map-
pings on a division algebra. Our approach aims to characterize the additive mappings that
preserve the identity (3), exploring theoretical aspects.

Furthermore, we extend our investigation to matrix algebras over division algebras, ex-
amining analogous functional equations and providing characterizations for additive map-
pings that preserve these identities. We hope that this study will contribute not only to the
understanding of functional equation theory but also to the advancement of knowledge in
various areas of mathematics.

2. MAIN RESULTS

In this section, we present our main theorems, which address open questions left by the
recent article published by Ferreira et al. [3]]. Before presenting our primary results, it is
pertinent to revisit the well-known identity attributed to Hua, an important element for the
development of this paper.

Consider any two elements a,b € A, ensuring ab # 0,1. We encounter the pivotal
Hua’s identity:

-1
a— [a_l + (b_l — a) 1] = aba.
Theorem 2.1. Let n be an odd integer and m a positive integer. Let D be a division ring

with Char(D) # 2. Let A = M, (D) be the algebra of m x m matrices with entries in D.
Let A* be the set of invertible matrices. Let f,g : A — A be additive functions such that:

“4) r"f(z) +g(z”t) =0 ifrec A*
Then f(x) = g(x) = 0 forall z € A.

Proof. We proceed by delineating several steps.
Step 1: To begin, we show that f(z) = 0 forall x € A*. Let z € A*. Utilizing
with  — z and x — —z, where n is odd, yields:

e f(x) +g(a7t) =0
o f(x) —ga™h) =0,

implying 22" f(z) = 0, and thus f(x) = 0.
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Step 2: Next, we establish that g(z) = 0 for all z € A*. For x € A*, employing
with z — 2! yields:
0=2a"f(a™") +g(x) = g(x),
confirming g(z) = 0.

Step 3: Consider h € {f, g}. We aim to prove that h(x) = 0 for all x € A such that

x? = z. For x € A satisfying 22 = x, observe:

(1-22)% =1—4a+42% =1,
thus 1 — 2z € A*. Additionally, 1 € A*, hence:
0=h(1-2x) = —2h(x),

leading to h(z) = 0.
Step 4: We conclude the proof. Let h € {f, g}. For each (i, j), let e;; € A denote the
matrix with the (4, j) entry being 1 and the others 0. Then, for each i, €2, = e;;, implying
e Forianda € D,ifa # 0,then 1+ (a — 1)e;; € A*, hence h(1+ (a —1)ey) =0,
and consequently h(ae;;) = 0. Furthermore, as h is additive, h(0e;;) = h(0) = 0.
e For each (i,7) with ¢ # j and for a € D, 1 4 ae;; € A*, thus (1 + ae;;) = 0,
and hence h(ae;;) = 0.

Let x € A, then x takes the form z = Zi j Qij€ij where a;; € D, yielding:

h(@)=h | aijeq | =Y h(aie;) =0
i i

Therefore, h(z) = 0 for all z € A. O
And what about the scenario when n is even? We have obtained fragmented results.

Theorem 2.2. Let n be an even integer such that n > 2. Let D be a division ring with
Char(D) > n. Let f,g : D — D be additive functions such that:

) v @) + g7 =0 fz#0
Then f(x) = g(z) = 0 forall x € D.
Proof. Once again, we proceed with the proof of Theorem 4.1 by delineating several steps.

Step 1: Let z # 0. Then, utilizing (3) with z — x and x — 2!, we have:

©) 27 f(2) + gla™) =0
and also:

2" fa') 4+ g(x) =0
implying:
) a"g(x) + f(z7') =0

Consequently, from (6) and (@), we obtain:
e (f+g)(@) + (f+9) @) =0
e (f = g)(z) = (f = g)(z™") =0
Step2: Leth € {f +g,f — g} Takinge = —1ifh= f+gande=1ifh = f — g,
we have:
(8) h(z) = ex"h(z™") ifx#0
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Let a # 0 and a # 1, then by Hua’s identity, we have:

) a?=a—(a '+ (1—-a)y )
thus:
ha®) = ha—(a'+(1—a)"H)™")

= h(a)=h((a '+ (1 -a)" "))
= h(a)—e(@ '+ (1—a) ") "h(a "+ (1-a)™")
= h(a) —ea™(1 —a)"h(a=! + (1 - ) b
= h(a) —ea"(1 - a)"(h(a 1) h(1—a)™h)
= h(a) —ea™(1 —a)"h(a™!) —ea (1 —a)"h((1 —a)™h)
= h(a) — eza"(l a)"a""h(a) — e2a™(1 —a)*(1 —a)""h(1 — a)
= h(a) — (1 —a)"h(a) — a™h(1l — a)
= h(a) — (1 —a)"h(a) —a"(h(1) — h(a))
= h(a) = (1 —a)"h(a) — a"h( )+ a™h(a)
= (I1+a"—=(1—a)")h(a) —a™h(1),

thus:

h(a?) = (1 +a™ — (1 —a)™)h(a) — a™h(1).
The above equation also holds for a = 0 and a = 1 as well. As nis even and n > 4, we
may express this as:

n—1

(h(a?) — nah(a)) + ;(_1)’6*1 <k ﬁ 1> a*'h(a) + (—na""*h(a) + a"h(1)) = 0
Now, let:
to(,’E) = 0
tl (I) =0
to(z) = h(z?) — nzh(x)
te(z) = (=) 1(,")a" th(z) se3<k<n-—1
to(z) = —nz" th(z)+ 2"h(1)
Each ¢ () is homogeneous with degree k in x. Therefore, for all a € D, we have:
(10) to(a) +t1(a) + -+ +tn(a) =0

Leta € D, then forall m € 0, ..., n, by applying (I0) with ma instead of a, we derive:
m°to(a) +m'ti(a) + -+ -+ m"t,(a) =0,

hence, if we set:

0 ot ... o" to(a)
10 11 ...oqn t1(a)

V == . 9 X — . I
n® nt ... n? tn(a)

then the matrix identity V X = 0 holds. Thus, if U is the adjoinﬂ of V,wehave UV X = 0,
and since UV = det(V)I, we getdet(V) X = 0. By Vandermonde’s determinant identity,

we have:
det(v)= ] G-,

0<i<j<n

IThe adjoint matrix of A is the transpose of the cofactor matrix of A.
4



but also Char(D) > n, so X = 0, particularly t2(a) = t,,(a) = 0, thereby yielding:

(11 h(a*) = nah(a)

(12) na™ 'h(a) = a™h(1)

Utilizing with 1 in place of a, we obtain (n—1)h(1) = 0, yet Char(D) > n, implying
h(1) = 0. Hence, for all a € D with a # 0, by (I2), we have na"~‘h(a) = a™h(1) = 0,
yet Char(D) > n, hence h(a) = 0. Moreover, as h is additive, we have h(0) = 0 as well.

Step 3: Consequently, we conclude that A(xz) = 0 for all 2 € D. Therefore, for all
x € D, we have f(z) + g(z) = f(x) — g(x) = 0, implying 2f(z) = 0, hence f(x) =0
and also g(x) = 0, completing the proof. O

Remark 2.1. It is essential to consider the conditions on the characteristic of the ring D.
This necessity becomes evident in the following example.

Example 2.1. Let n be any integer, and p be a prime such that p—1 divides n—2. Consider
D = Z,, the ring of integers modulo p, and the functions:

flx)=2 and g(x)=—u.

Then D is a division ring and f,g : D — D are additive functions satisfying equation
@) for every x # 0, for the Fermat’s little theorem implies xP~* = 1 for every x # 0.
However, f(1) # 0.

Example 21| illustrates the necessity of the condition Char(D) # 2 in Theorem [2.1]
as for any integer n, the prime number p = 2 satisfies p — 1 | n — 2. Furthermore, it
underscores the significance of retaining the condition Char(D) > n in Theorem[2.2] A
division ring always has a prime or infinite characteristic. Moreover, for even integers
n such that n > 2, there may exist several prime numbers p satisfying p — 1 | n — 2.
For instance, if n = 4 or n = 6, then every prime number p such that p < n satisfies
p—1|n—2

Now, we endeavor to provide a negative response to Question[1.2] illustrating that within
the non-perfect field D = Z(t) of rational functions with coefficients in Zo, numerous
solutions ( f, g) to the functional equation (2)) exist, where f and g are additive.

Theorem 2.3. Let D = Zs(t) denote the field of rational functions with coefficients in
Zs. For any A, B € D, there exists a unique pair (f, g) consisting of additive functions
fy9: D — D satisfying f(1) = A, f(t) = B, and equation @) for every x € D such that
x # 0.

Proof. 1) Uniqueness: Let f,g : D — D be additive functions satisfying f(1) = A,
f(t) = B, and equation @) for all z # 0. Then, for every a,b € D such that ab # 0,1,
using the Hua identity and the fact that Char(D) = 2, we have:

aba=a+ (a '+ (b +a)")h
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This yields:
flaba) = f(a+ (a™" + (b_1 a)~)™)
@™+ (07 +a)™H)7)
@'+ +a) ) gla™ + 07 +a)Th)
(aba + a)ga™ + (b~ +a)™")
aba +a)(g(a™") +g((b~" +a)™"))
aba + a)g(a™) + (aba + a)g((b~" +a)™ )
aba 4+ a)a"t f(a) + (aba +a) (b~ +a) " f(b™! +a)
ab+1)f(a) +abla+b"1) b +a) L f(b™ +a)
+abf(b~* +a)
+ab(f(b71) + f(a)
+ abf( 71) +abf(a )

I
Q
2
~
S
— —~ — —~

[
S 2
St S
< <
SIS

which simplifies to:

(13) f(aba) = ag(b).

By f(0) = g(0) = 0 and (@), equation (I3) also holds for a,b € D such that ab = 0
or ab = 1. Thus, (I3) holds for all a,b € D. By (I3) with a = 1, for all b € D, we have
f(b) = g(b). So f = g, and for all « € D, we have:

(14) f(aba) = af(b).
For every n € Z, by (I4) with @ = t and b = ", we have:
(15) FA2) = tf(t").

Therefore, by using induction on n and (I3), for all n € Z, we have:
fE™) =t"A,  fE*t) =t"B.

Moreover, if P(t) is a polynomial with coefficients in Zy and p € Z, then it’s evident
that:

(16) F(P(t*P) = P(O)PA,  f(P(t*)t*Th) = P(1)tPB.
Any element z € D can be represented as:

_ P()+ Q)
 R(t2) + S(t2)t’

where P(t), Q(t), R(t), S(t) are polynomials with coefficients in Zs. Hence, by repre-
senting:

P q
P t) = Z Pptpa Q(t) = Z thqv
p=0 q=0



where P,, Q4 € Z3, we have:
Q(t)t >
S(t?)t

(0
ZP”f(RtQ +5(t2) )JFZQ‘J (%)

p=0
@ Dpt?” R(2) + SENE) | o~ Qqt2t! R(?) + S(t*)t
_;;)R(tz)—FS(tQ)tf( +2p >+2Rt)+5t2 f( 2q11 )
L BRI + S I QP f(R()2 4 5(12)1)
-2 RS Z R(&) + S()t
0 <~ Bt"(R()A + S(1)B Qq (OB + S(014)
B pz:(:) R(t2) + S(12)t Z )+ S(t2)t
_ PO)(R(A+51)B) n Q(t )( ( )B+5( JtA)
R(t2) + S(t2)t R(t?) 4+ S(t2)t
_POR (t)+Q()()A P)S(t) + ()R()B
R(12) + S(2)t R 1 S
thus:
P(t*) +Q*)t\ _ P(H)R(t) + Q(1)S(t)t P(t)S(t) + Q(t)R(?)
an- 7 (R(tQ) +S(t2)t) S TR Es@r AT T R@ 1@y D

2) Existence: It remains to show that for any A, B € D, there exists a function f :
D — D such that (T7) holds for any polynomials P(t), (t), R(t), S(t) with coefficients
in Zs, and to prove that indeed f is additive, f(1) = A, f(t) = B, and if ¢ = f, then f
and g satisfy @) for all z # 0.

This task can be divided into steps. Notice that for every polynomial P(t), we have:

(18) P(t%) = P(t)*,

because the coefficients are in Zs.

Step 1: We will prove the existence of a function f : D — D satisfying for any
polynomials P(t), Q(t), R(t), S(t) with coefficients in Zs. In other words, we will show
that the function f as described in is well-defined.

Let P(t), P(t),Q(t),Q(r), R(t), R(t), S(t), S(t) be polynomials such that:

P(?) + Q(*)t _ P(t?) + Q)¢
R(82) + St R(t2) + S(2)t

Then:
(P(t%) + QU (R(t*) + 5(t%)t) = (P(%) + QUM (R(?) + S(t°)1).
Hence:
(P()R(1?) + Q(*)S()E) + (P()S(1%) + QD) R(1))t
= (P(t*)R(£%) + Q") S(1°)%) + (P(£*)S(£) + Q) R(1))t.
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Both sides of the above equality are polynomials over ¢, so we can compare their coef-
ficients and obtain the following equalities:

(19) PR(t) + Q()S(t)t = P(t)R(t) + Q(t)S(t)t

(20) P()S(t) + Q)R(t) = P(1)S(t) + Q(1)R(t)
Multiplying (I9) by R(t)R(t) and by S(t)S(t)t, and multiplying (20) by R(¢)S ()t and
by S(t)R(t)t, we obtain respectively:

P(H)R(R()® + Q) R(MR(1)S(8)t = P()R(ER(1)® + Q) R(HR(1)S(¢)t
P(6)S(HRDS()t + Q(1)S(8)S(1)* = P(H)S(R(1)S()t + Q(1)S(1)S()**
P(£)R(£)S(1)* + Q) R() R(1)S (1)t = P(£)S(R()S(8)t + Q(1)S (1) R(t)t
P(t)S(R(t)S (1)t +Q()S(8) R(1)*t = P()R()S(8)*t + Q) R(E) R(1)S(8)t

)
By summing up the above four equations, and using Char(D) = 2 and (I8}, we obtain:
)+

(P(OR(t) + Q(H)S(M)(R(#?) + S(7)t) = (P(H)R(t) + Q(1)S()t)(R(?) + S(t)t)
so that:

21 P(R() + Q)S(t)t _ P()R(H) + Q) S (1)t

R(t?) + S(¢?)t R(t2) + S(t2)t

Now, multiplying (I9) by S(t) R(t) and by R(t)S(t), and multiplying 20) by S(¢)5(t)t
and by R(t)R(t), we obtain respectively:

P()R(ORDS(1) + QUR(®)S(1)*
P(t)S()S(1)*t + Q(t)S(t) R(t)S (¢)

Pt)R()R()S(t) + Q(t)R(t)R(t)* = P()R(t)R(t
By adding the above four equations, and using Char(D) =

()+Q() () (t)?
2 and (18), we have:

Ol

(P()S(t) + Q) R®))(R(?) + St*)t) = (P(1)S(t) + Q1) R(1) (R(£*) + S(*)t)
so that:
22) P)SH) + QWR{E) _ P()S(t) + Q) R(t)

R(t?) + 5(t?)t R(t2) + S(2)t
Multiplying @2I) by A, multiplying (22) by B, and summing, we obtain:
PO +QUSWE ,  POSH) + QRN

R(12) + S(12)t R(2) + S(£2)t
_ PR + Q(t)g(t)tA n P(1)S(t) + Q(t)R(t)B
R(2) + S(t2)t R(t2) + S(t2)t

Step 2: Let’s prove that f is additive. Take = and y from D. By bringing the fractions
to a common denominator, we can express them as polynomials P(t), P(t), Q(t), Q(¢),
R(t), and S(t) as follows:

resulting in:



* R(2) + 5(2)i B
_ PORM +QOSME ,  PMSE) + QEE()
- R(2)+ S(#2)t R(t2) 4+ S(t?)t
P(H)R() +Q)S(t)t ,  P(t)S(t) + Q()R(t)
R rser At TR Fser D
2 1@+ 1),
Step 3: Let’s establish that f(1) = A and f(¢) = B. Indeed, we have:
1— 1+ Ot,
140t
thus,
LTS
Moreover:
01
C1+ot
therefore,
f(t)0-1+1~0t O.O+1'1B:B.

140t + 1+ 0t

Step 4: Let’s show that if g = f, then (f, g) satisfy @) for all z # 0. Let = # 0, then
we have polynomials P(t), Q(t), R(t), and S(t) such that:

P+ Q@A)
~ R(t2) + S(t2)t”
hence,
1 R({?)+ St
o= P(t2) + Q(t2)t
thus
_ @ P(#) + Q) (R(HP(t) +SH)Q) R®QE) + SHP(H)
1@ = R s@n ( P T Q) T PR+ QU B)
P@)R(t) + Q(¢ S(t)tA+ P(t)S(t) + Q(t)R(t)
- R(2)+ S(#2)t R(t?) + S(t)t



so, using Char(D) = 2, we find:

e f(x) + f@™h) =0.
Hence, if g = f, then (f, g) satisfy @) for all z # 0.
Conclusion: Thus, given any A, B € D, we have proven both uniqueness and existence
of the additive functions f,g : D — D satisfying @) for every z # 0. Therefore, the
theorem is established. (]
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