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ON NONCOMMUTATIVE HOLDER INEQUALITY OF
SUKOCHEV AND ZANIN FOR WEAK SCHATTEN CLASS

YI C. HUANG AND SIJIE LUO

ABSTRACT. Sukochev and Zanin resolved an open problem due to B. Simon con-
cerning optimal constants in Holder inequality for the weak Schatten classes of
compact operators. In this note we observe that these constants, by introducing
the modified weak Schatten quasi-norms, can be renormalised so that the origi-
nal Simon’s conjecture (with optimal constant 1) does hold. We also provide an
unexpectedly simple proof for the modified Holder inequality and its sharpness.

1. INTRODUCTION

Let H be a complex separable Hilbert space. Denote by B(#) the set of all

bounded operators on H equipped with uniform operator norm || - | and by K(H)
the ideal of all compact operators on H. For T e K(H), let w(T) = {n(k, T)},

be the sequence of eigenvalues of |T| = /T*T arranged in non-increasing order with
multiplicities. It is convenient to replace the sequence w(T) by the function

n(t,T) = u(, T)lpe (t), t>0,
k=0

and one has the following crucial property

r(ts +t, TiTo) < p(te, To)p(te, To), (1.1)
where Ty, To € K(H) and ty,ts > 0.
Definition 1.1. Define for 0 < p < oo the weak Schatten class £, « by those T with

[ T]lp.00 = sup t7p(t, T) < oo.
t>0

For further materials about the classes £y, o (in particular £ o) and their appli-
cations, see Connes [Con94|, Lord-Sukochev-Zanin [LSZ13] and Ponge [Pon23].

B. Simon asked (see [Sim79, p. 32] and [Sim05, p. 21]) the following
Conjecture 1.2. Let p,q,v >0 be such that ¢ =< + 5. Is it true that

ITS|

a |=

roo < [ Tlp.eo IS

qoos 1 €Lp o, S€Lg 07

This was answered in the negative by Sukochev and Zanin in [SZ21]. They proved
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Theorem 1.3 (Sukochev-Zanin). Let p,q,t >0 be such that * =L + 1. Then

1.1
TTp o q

1 1
(p+q)r’
roo £ 17— Tlp,e0lSllaieor  T€LpooS€Lgeo,

quq

and the constant is optimal.

ITS|

For other versions of noncommutative Holder inequalities, see Guido-Isola [GI03],
Dykema-Skripka [DS15] and Sukochev [Suk16]. The aim of this note is to point out
the following amusing observation: the Sukochev-Zanin constants can be written as

1

(p+q)r's _prgs
q%pé T '

This motivates us to introduce for T € £, o, the following renormalised quantity

1=

1 1 [t
[Tl o =50 (PO (8. T) =sup £ 2. T). (12
t>0 t>0 P
So the original conjecture of Simon does hold for the scale of quantities |- [ .
Theorem 1.4 (~ Sukochev-Zanin). Let p,q,1 >0 be such that ¢ = 5+ 4. Then

ITS[ 00 < IT]

proo IS

qoor V€L o, S€Lyg 0o,
and the constant is optimal.

Our proof for this result is unexpectedly simple and we believe that the renor-
malised quantities (1.2) would be useful in other quantitative studies of £, .

2. PROOF OF THEOREM 1.4

= % + é. Let Te L, o and S € L4 . Thus, by (1.1),

t%u(E,TS) :t%+%u(i + E,TS) st%u(E,T) t%u(f,s).
T P q P q

Taking the supremum for t > 0 completes the proof of the Holder inequality.
For the sharpness of the Holder inequality, it suffices to note that in above reason-
ing, the inequality is saturated by the particular choices where T (resp. S) is given by

Let p,q,7 > 0 be such that

==

the rank n diagonal operator with diagonal values {k_%}lsksn (resp. {k_%}lskgn).
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