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Random interfaces generated by the addition of structures of variable size
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We consider the random deposition of objects of variable width and height over a line. The
successive additions of these structures create a random interface. We focus on the regime of heavy
tailed distributions of the structure width. When the structure center is chosen at random, the
problem is exactly solvable and we prove that the interfaces generically tend towards self-affine
random curves. The asymptotic behavior reached after a large number of iterations is universal
in the sense that it depends on only three parameters: the shape of the added structure at its
maximum, the power-law exponent of the width distribution and the exponent that relates height
and width. The parameter space displays several transitions that separate different asymptotic
behaviors. In particular for a set of parameters, the interface tends towards a fractional Brownian
motion. Our results reveal the existence of a new class of random interfaces which properties
appear to be robust. The mechanism that generates correlations at large distance is identified and
it explains the appearance of such correlations in several situations of interest such as the physics
of earthquakes or the propagation of energy through a diffusive medium.

The evolution of an interface that is modified by the
successive addition of objects is an iconic problem of sta-
tistical physics with applications ranging from the de-
posit of a granular [1] to the growth of a stable phase
into a metastable one or to the propagation of a flame
to quote but a few [2]. In the past decades, the com-
petition between randomness and diffusion was shown
to be modelled by the Edwards-Wilkinson (EW) equa-
tion and, when nonlinearity is taken into account, by the
Kardar-Parisi-Zhang (KPZ) equation [4]. The quest for
their understandings drove a variety of efforts both on
the theoretical front [5] or the experimental one [6]. The
additive term in these equations is a Gaussian white noise
both in time and space and is thus uncorrelated. In a one
dimensional geometry, the solutions tend at long time to-
wards a Brownian motion [2]. Gaussian correlated noise
has also been considered [3].

There are very few studies that consider the case of
the random addition of objects of varying size and they
are restricted to either a binary size distribution [7] or a
Poisson one [8]. Here, we consider objects that have an
heavily tailed distribution of size and show that such a
process leads to a new class of random interfaces display-
ing a variety of behavior. Notably, spatial correlations at
large distance appear even when the individual steps of
the process are uncorrelated.

The initial motivation for this problem comes from the
physics of earthquakes (EQ) [9]. We will thus describe
the models in this context. However, the addition of
objects of variable size is a quite general situation and
applications in the context of interaction of a wave with
a diffusive medium will be given at the end of this article.

It was shown in several models that the statistical
properties of the EQ result from the stress field being
a self-affine random curve. More precisely, in a 1D ge-

ometry, the large scales of the stress field tend towards a
Brownian motion or a fractional Brownian motion (fBm).
This property originates in the stress field evolution that
results from the successive stress changes caused by the
EQ. The mechanism is the following iterative sequence:
the stress field at a given time controls the properties of
the next EQ and in particular the amount of slip caused
by the event; the slip is in turn responsible for the modi-
fication of the stress. This process builds up after a large
number of iterations a self-affine stress field.

We identified this process in several models [9] and
showed that it is responsible for the intriguing properties
of EQ, such as the distribution of the released energy
(the Gutenberg-Richter law) or the distribution of after-
shocks after a main shock (the Omori law); for a review
of these properties see [12]. It is thus expected that this
process is generic, robust and can be observed in ideal-
ized models of EQ. Nevertheless, the origin of the large
distance correlations, as displayed by the self-affine stress
field, is unclear. The purpose of this article is to identify
why and when such large distance correlations appear.
To wit, we consider several models of interface dynamics
and solve rigorously one of them.

The simplest model of evolution of a stress field is to
consider that it is a scalar function of space and that
successive events change its value. Between events, the
stress increases due to tectonic loading and this is usually
considered as a spatially uniform linear in time increase
of the stress. When the stress reaches a threshold, an
earthquake is initiated. After the event, the stress in
the domain that has moved is decreased but may also be
increased at its border.

In order to deal with positive quantities, we define h(x)
as the opposite of the stress and assume that each event
results in the addition of a value δh(x) to h(x). The
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linear in time loading between events is not considered
here as it only amounts to a change in the spatial average
of h. The problem is thus turned into the evolution of an
interface h(x) that drifts towards positive values.
An EQ affects the fault property over a size u which is

distributed as a power-law [9, 11]. We will here consider
that δh is non zero over a width u distributed as P (u) ≃
u−β. The amplitude of the stress change is supposed to
be a function of the width of the form uα−1. α ≥ 0 and
β ≥ 1 are here constant parameters. In nature, assuming
2D geometry, u is the surface that moves during the EQ.
Reported values of β (resp. α) are close to 2 (resp. 1) [10].
Last, the spatial structure of δh(x) in nature is largely
unknown and we will consider various sorts of shapes.
We consider two variations of this process. Earth-

quakes are initiated at locations at which the stress is
maximum, which correspond to the minimum value of
h: this is the min-model. We also consider a simpler
situation, the rand-model in which the stress drop or
equivalently the change of h occurs at a random posi-
tion, independent of the value of h.
In a more formal way, we consider positions on a line

x ∈ [0, D]. We use periodic boundary conditions to main-
tain homogeneity in the statistical properties of the sys-
tem. We are interested in hN (x) the height after N iter-
ations.
An iteration consists in the addition of δh(x) defined

as follows. Let ψ : [0, 1] 7→ R
+ be a continuous function,

such that ψ(0) = 1 and ψ(1) = 0, and let n be the
index of its first non zero derivative at 0+. For n = 1,
ψ is locally a triangle, for n = 2 a parabola... Let s
be the center of the structure which is either drawn at
random over [0, D] for the rand-model or which is the
minimum of h(x) for the min-model. Let U be the width
of the structure. It is a random variable distributed as a
Pareto law with parameter β−1 (β > 1), i.e., with density
1[1,∞)(u)(β−1)/uβ. Let vs(x) = min{|s−x+jD|, j ∈ Z}
be the distance between the center and the position x,
where we use the periodicity of the system. We then
define

δh(x) = Uα−1 1[0,U [(vs(x)) ψ
(vs(x)

U

)

. (1)

In other words, at each iteration, we add a structure
of shape ψ of width 2U and of amplitude Uα−1. The
structure is even with respect to its center and its width
is random and distributed as a power-law of exponent
−β.
These processes can be simulated numerically and we

display in fig. 1 profiles of h = hN (x) calculated over
a grid of spacing ∆x = 1 when ψ is linear so that the
added structure is a triangle (n = 1).
Several results can be proven rigorously (see also sup-

plementary material). Interestingly, they depend exclu-
sively on n, α and β.
The spatial average of h increases with N either lin-

early (ballistic) for β > α or as N
α−1

β−1 (super-ballistic)
for β < α. To be more specific, in the case β < α, for
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Figure 1. Numerically simulated interface h(x) = hN (x) for
a segment of length D = 200, α = 1.5 and β = 1.5. Top:
rand-model after N = 3 iterations starting from a straight
line. Middle: rand-model after 5 105 iterations. Bottom: min-
model after 5 105 iterations.

the rand-processes

N−
α−1

β−1 hN ⇒N Z (2)

where Z is a real random variable which distribution is
known (see supp. mat.).
In the case, β > α, the convergence becomes

N−1 hN ⇒N 2
β − 1

D

[

∫ 1

0

ψ(u) du

∫ D/2

1

zα−βdz

+

∫

∞

D/2

zα−1−β

∫ D/2

0

ψ
(y

z

)

dydz
]

(3)

that is to say, the limit is a non-random constant function
on [0, D].
For the rand-model, we are able to fully describe the

fluctuations of h. Let fN (x) = hN(x) − hN (0).

1. For α > 1 + n and 1 < β ≤ βc := 2α− 1− 2n

N−
α−1−n

β−1 f r
N ⇒N µ, (4)
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where µ is the distribution of a random function
which can be expressed as the limit of a sum of
random functions (see supp. mat.).

2. For α ∈ [1, 1 + n] or for α > 1 + n and β > βc

N−
1

2 f r
N ⇒N Y, (5)

where Y is a centered Gaussian process.

In this case, we are able to derive an analytical expres-
sion for the covariance r(s, t) = Cov (Y (s), Y (t)). We
verified by estimating the quantities numerically that for
β ≥ βf := 2α − 2 and for D ≫ s, t ≫ 1, r(s, t) ∝
|s|2H + |t|2H−|s− t|2H with 2H = 2α−β. When β ≤ βf ,
the covariance is dominated by quadratic terms in s or t.
We draw the parameter space of the rand-model in

fig. 2. It contains 3 transitions separating 6 different
behaviors as displayed
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Figure 2. Parameter space describing the behavior of the
interface hN (x) at large N for the rand-model. The red line
is β = α and separates between a ballistic (domain 1, 2 and
3) and a super-ballistic (4, 5 and 6) behavior of the mean
position of the interface. The cyan line is βc = 2α−1−2n and
separates between a Gaussian (1, 2, 4, 5) and a non Gaussian
(3, 6) behavior of the field fluctuations. The blue line is βf =
2α− 2 and separates between a x2α−β behavior (1 and 4) of
the correlations of the fluctuations and a x2 one (2, 3, 5, 6).

A particularly interesting regime concerns 0 ≤ 2α−β ≤
2. Then the process generates a fBm of Hurst exponent
H with 2H = 2α− β.
The value of the Hurst exponent can be understood as

follows. The difference of height 〈fN (l)2〉 between two
sites distant of l is due to events of size L larger than l
which center is within a neighborhood of one of the two
sites over a width proportional to l. These events pro-
vide a height difference of order lα−1. When the integral
is dominated by the smaller values of L, we obtain the
estimate

〈fN (l)2〉 ≃ l l2α−2

∫

∞

l

L−βdL ≃ l2α−β.
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Figure 3. For the rand-model and for β = 2, normalized
height profile as a function of position after N = 107 iterations
for a triangular added structure (n = 1) and for (red) α = 1.5,
(yellow) α = 2 and (light blue): α = 3.

It is worth noting that this result does not depend on n
and is thus independent of the shape of the added struc-
tures.
Examples of profiles are presented in fig. 3 and the

power spectrum density (PSD) of fN/N
1/2 in fig. 4 for

0 < 2α− β ≤ 2. The power law of the PSD, K−1−2H for
a fBm, allows to calculate H , see fig. 5. We verify the
prediction H = α − β/2 and in particular that it does
not depend on n.
We note that the phenomenology differs from the one

of the KPZ solutions in 1D which tend towards a Brow-
nian motion when the noise term is uncorrelated [2] or
that transitions between a Brownian motion and a long
range correlated regime when the noise term is Gaussian
and its correlation at long range is increased [3].
The min-model is a challenging problem for its theo-

retical aspects as the dynamics relies on a non-local con-
straint. The results for the spatial average of h are the
same as for the rand-model and we have proven that
equations 2 (and 3 on a slightly weaker form) are also
true. For the fluctuations we must relate on numerical
simulations and an example of profile is displayed in fig.
1 bottom.
We focus here on the regime 0 < 2α− β ≤ 2 for which

the rand-model generates a fBm. In contrast to the rand-
model, the moments of the fluctuations do not increase
with N but remain bounded. The skewness is small but
non zero, the flatness is slightly smaller than 3, the value
for a Gaussian. It increases with the size D.
We calculate the PSD of h as displayed in fig. 4 and

calculate H from its slope in loglog, see fig. 5. As for the
rand-model, the results are very close to the prediction
H = α − β/2. The H-exponent is thus independent of
the shape of the added structure and of the nature of the
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Figure 4. Power spectrum density (PSD) of h for β = 2 and
α = 1.25, 1.5, 1.75, 2. Increasing α corresponds to a steeper
slope. The PSD are normalized by their values at K = 2π.
Blue: rand-model with n = 1 (triangle); red: rand-model with
n = 2 (parabola); green: min-model with n = 1 (triangle).
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Figure 5. Hurst exponent H as a function of α for β = 2.
Symbols are measured from a fit of the power spectrum of h.
The straight line is the prediction H = α−β/2. Full symbols
are results of the rand model and empty symbols of the min
model. Red is for n = 1 (triangle), blue for n = 2 (parabola),
green for n = 2, parabolic at its center with negative value of
δh at its border.

model (rand or min).

In the models considered here, the spatial structure
of the stress change is the same at each event, up to a
change of its width and height. The shape, the width and
the height are independent of h whereas in a fault, it is
the spatial variations of h that determine the slip which
controls the change of stress. This hypothesis of indepen-
dence of stress change on the stress (for the rand-model)
or of only dependence for its center set by the stress max-
imum (for the min-model) are strong simplifications and
allow for theoretical progresses. Yet, the observed phe-
nomenology is rich and similar to what is observed in
more realistic models. In particular, our results explain
why the random addition of structures of variable size

generically generates self-affine behavior. This mecha-
nism is robust and is responsible for the large distance
correlations as observed for the stress field in earthquake
models.

We point out that several observations in natural data
are consistent with this mechanism. It is well known that
the earthquake sizes are distributed as a power-law with
exponent β close to 2 [11] and that the stress change
at each event is independent of its size so that α is of
order 1. For what concerns the existence of large scale
correlations, we point out that the topography of faults
are self-affine with their roughness associated to an Hurst
exponent of order 0.2 to 0.8 [13]. Interestingly, evidence
suggests that the slip itself scales with a Hurst exponent
close to 0.6. Using a 3D fault numerical model it was
predicted that the 2D frictional stress field scales with
an Hurst exponent of −0.4 [14]. All these fields in nature
thus display correlations at large scale similar to the ones
revealed by our models.

This new class of random interfaces is of interest for
the physics of earthquakes but is also of interest as a
new stochastic process, different from the ones gener-
ated by the EW or the KPZ equation. For instance,
the deposition of polymers of variable size is expected
to belong to this new class provided the polymer size
has a wide distribution. Another application of quite
broad interest is the propagation of a wave through a
medium containing objects of variable size. Assume that
the wave propagates along linear rays, as in a geometri-
cal optic-like limit, and that it is partially absorbed but
not refracted by objects located in the medium. The
effect of an ensemble of randomly located objects onto
a wavefront that traverses the medium is then exactly
modelled by the rand-model. Several applications come
to mind. Fragmentation processes often produce collec-
tions of object with size distributed as a power-law [15].
This can be the case of drops fragmented in a turbu-
lent flow [16]. An experiment using two fluids matched
in index and such that drops of one of the two phases
absorbs the light at a given frequency would realize this
situation [17]. A second system relies on aerosols in the
atmosphere which have a size distribution that can be
large [18] and in some situation is modelled by the Junge
law [19], a power-law distribution generated by coagu-
lation processes [20]. We expect that the absorption of
light or of UV rays through such an aerosol cloud results
in energy transmission that varies in the plane perpen-
dicular to the direction of propagation. The rand-model
provides a simple description of this phenomenon if we
assume that we can neglect scattering processes. Our re-
sults indicate that the pattern of energy should display a
self-affine behavior with properties controlled by the dis-
tribution of size of the aerosols and it would be interesting
to investigate how this is affected by scattering. Finally,
we describe a third example related to the propagation of
electromagnetic energy through the universe. Interstellar
clouds are domains where the density is large and their
size is distributed as a power-law [21]. These clouds are
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magnetized and their emission at microwave frequencies
is polarized. The statistical characterization of this in-
terstellar emission is of prime importance to experiments
searching the signature of primordial gravitational waves
in the cosmic microwave background (CMB) polariza-
tion. It has been shown that a source term assumed to
be a correlated Gaussian field with a prescribed Hurst

exponent leads to a realistic pattern [22]. Our results on
the rand-model provide an explanation for the origin of
this spatially correlated source term: it would result from
the addition of randomly distributed interstellar clouds
which radius are known to be distributed as a power-law
[21].
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