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QUILLEN (CO)HOMOLOGY OF DIVIDED POWER ALGEBRAS OVER AN OPERAD

IOANNIS DOKAS, MARTIN FRANKLAND, AND SACHA IKONICOFF

ABSTRACT. Barr-Beck cohomology, put into the framework of model categories by Quillen, pro-
vides a cohomology theory for any algebraic structure, for example André-Quillen cohomology of
commutative rings. Quillen cohomology has been studied notably for divided power algebras and
restricted Lie algebras, both of which are instances of divided power algebras over an operad P: the
commutative and Lie operad respectively. In this paper, we investigate the Quillen cohomology of
divided power algebras over an operad P, identifying Beck modules, derivations, and Ké&hler differ-
entials in that setup. We also compare the cohomology of divided power algebras over P with that
of P-algebras, and work out some examples.
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1. INTRODUCTION

Barr—Beck cohomology is a cohomology theory for general algebraic structures, based on sim-
plicial resolutions [BB69]. It recovers (up to a shift in degree) group cohomology, Chevalley—
Eilenberg cohomology of Lie algebras, and Hochschild cohomology of algebras over a field; see
for instance [Dus75,[Bar96]. One important example is André-Quillen cohomology of commutative

rings And74|, put into the framework of model categories by Quillen |Qui Qui70|, whic
i And74 i he fi k of model ies by Quillen [Qui67,/Qui70], which
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has various applications in algebra and algebraic geometry. Quillen cohomology later found appli-
cations in topology, often in the guise of inputs to spectral sequences [Mil84,/Goe90] or obstructions
in realization and classification problems [GHO0,[GH04, BDG04, Fralll BB11BJT12].

DIVIDED POWER ALGEBRAS

Divided power structures are algebraic structures which are fairly ubiquitous when working over a
field of positive characteristic. N. Jacobson introduced the concept of restricted Lie algebra to study
modular Lie theory [Jac62]. A restricted Lie algebra is a Lie algebra equipped with an additional
operation called the p-map, which satisfies specific relations. The archetypal example of a restricted
Lie algebra is an associative algebra in prime characteristic equipped with the Lie bracket given
by the commutator, and with the p-map given by the p-th power. Restricted Lie algebras appear
notably in field theory [Jac37], linear algebraic groups [Bor91], and the cohomology of the Steenrod
algebra [May60].

G. Hochschild, and later B. Pareigis, defined cohomology groups of restricted Lie algebras [Hoch4!
Par68]. In [Dok04], the first author developed the Quillen cohomology theory for restricted Lie
algebras. In contrast to the cases of associative algebras and Lie algebras, this cohomology does not
coincide with Hochschild cohomology for restricted Lie algebras. In [Dok15|, 2-fold extensions of
restricted Lie algebras are classified using Duskin’s and Glenn’s torsor cohomology ([Dus75,/Gle82])
and the work of Cegarra and Aznar [CA86].

The notion of algebra with divided powers was introduced by H. Cartan in [Car56] to study
certain bar constructions of commutative algebras, and further developed by N. Roby [Rob65]. A
divided power algebra is a commutative algebra endowed with additional operations -, which satisfy
specific relations. An algebra A over Q is naturally equipped with a structure of divided powers
algebra such that v, (x) = % for all z € A. Without any restriction on the ground ring, H. Cartan
proves in [Car56] that the homotopy of a simplicial commutative algebra comes naturally equipped
with the structure of a divided power algebra. The notion of divided power algebra is essential
in the theory of crystalline cohomology for schemes introduced by A. Grothendieck [Gro68] and
developed by P. Berthelot [Ber74]. The first author studied Quillen cohomology of divided power
algebras [Dok09,[Dok23].

OPERADS

Operads are an algebraic device which represent types of algebras, such as associative algebras,
commutative algebras, and Lie algebras. The theory of operads has proven to be a powerful tool
in studying different categories of algebras in a unified way. For instance, in the seminal book
[LV12], J.-L. Loday and B. Vallette make a detailed account of many known homological and
homotopical theories for algebras over an operad. This includes a notion of Quillen (co)homology
for algebras over an operad, studied in [Liv98|,[Fre98, Mil11l[GHO00]. In the quadratic case, this is
studied through a notion of Koszul duality due to V. Ginzburg and M. Kapranov [GK94] (see also
[GJ94l[Fre04]). It also includes a notion of deformation theory due to M. Gerstenhaber [Ger64] (see
[Bal97,[KS00, Kel05] for the operadic account), which led the way to the solution of the Deligne
conjecture by D. Tamarkin [Tam98].

The notion of divided power algebras over an operad was introduced by B. Fresse in [Fre00]. While
usual algebras over an operad P are algebras over a monad S(P) built from P using coinvariant
operations, divided power algebras over P are algebras over a monad I'(P) which is built using
invariant operations. This recovers the classical notion of divided power algebras of Cartan, and
Fresse shows that it also encompasses the notion of restricted Lie algebra of Jacobson. Furthermore,
Fresse generalises Cartan’s result by showing that the homotopy of a simplicial algebra over P is
always equipped with a structure of divided power algebra over P. Divided power algebras were
further studied by the third author, who obtained a convenient characterisation for these objects
using monomial operations [[ko20].
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The aim of this article is to study the Quillen cohomology of divided power algebras over any
operad P, using the techniques due to Quillen, Barr and Beck. This generalises work of the first
author [Dok04]Dok09,[Dok23].

OUTLINE AND MAIN RESULTS

Sections 2] and [B] are background sections. In Section [2, we recall the basic constructions leading
to Quillen homology and cohomology. In Section [, we recall a characterisation for divided power
algebras obtained by the third author in [Iko20] which we will use throughout the article. As a
preliminary useful result, we obtain the following:

Proposition (see Proposition 3.4]). The structure of a T'(P)-algebra is entirely determined by mono-
mial operations whose monomial degrees are powers of the characteristic of the base field.

The rest of the article is divided into three parts.

I. General theory. In Sections [ to 8, we develop the general notion of Quillen cohomology for
I'(P)-algebras.

I1. Examples. In Sections 0 and 10, we apply these constructions to the examples of classical
divided power algebras, and of restricted Lie algebras, and recover known results.

ITI. Comparisons. In Sections [IT] to I3 we investigate different comparison maps induced by
adjunctions, which allow us to compare our cohomology for I'(P)-algebras to more usual cohomology
theories in certain categories of algebras.

In Section @l we introduce a new notion of module over a I'(P)-algebra and of abelian I'(P)-
algebra, which corresponds to a module over the trivial (or terminal) I'(P)-algebra. Section [l is
devoted to the proof of the following result:

Theorem (see Theorem (.2). The data of a Beck module over the T'(P)-algebra A is equivalent to
the data of an A-module as in Definition [{.5]

One side of the equivalence is obtained by building a new notion of semidirect product for A-
modules.

In Section [6 we build a ring Up(p)(A) which represents the operations defining the notion of an
A-module. We obtain the following result:

Theorem (See Theorem [6.11]). The category of A-modules is equivalent to the category of left modules
over Ur(py(A).

In Section[7, we identify Beck derivations in the category of A-modules, and we build an A-module
Qr¢py(A) which represents these derivations.

Section B concludes our general theory by identifying the left adjoint functor to the functor which
sends an A module M to the I'(P)-algebra over A obtained by the semidirect product A x M of M
by A. More precisely, we obtain:

Theorem (See Theorem B2). The following two functors form an adjoint pair:
UF(P)(A)®UF(7;)(7)91“(79)(_)

I'(P)-Alg/A A-Mod.
Ax—

This induces an analogue of Quillen’s cotangent complex, and by deriving the simplicial extension
of this left adjoint functor, we obtain the desired Quillen homology of A.

In Sections [ and [I0], we reconcile our general theory with the study of classical divided power
algebras and of restricted Lie algebras by the first author in [Dok04],Dok09lDok15LDok23].

In the remaining sections of the article, we investigate the different comparison maps induced by
certain adjunctions involving categories of divided power algebras. We focus on two types of such
adjunctions. First, for any operad P, there is an adjunction between the category of P-algebras and
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the category of I'(P)-algebras. Second, any morphism of operads f: P — Q induces an adjunction
between the categories of I'(P)- and I'(Q)-algebras, similar to the extension/restriction of scalars
adjunction for modules over a ring. In Section [II], we describe the comparison maps induced by
both types of adjunctions in a general setting.

In Section [[2] we study the first type of adjunction for the operad Com of commutative algebras,
which produces comparison maps between the usual Quillen cohomology of a commutative algebra,
and the Quillen cohomology of a certain associated divided power algebra. Similarly, in Section [I3]
we produce a comparison map between the usual Quillen cohomology of a Lie algebra, and the
Quillen cohomology of a certain associated restricted Lie algebra.

In Section [[4] we study an adjunction between associative algebras and restricted Lie algebras
which is induced by an injection of the operad of Lie algebras into the operad of associative algebras.
We obtain the following;:

Theorem (See Theorem [I4.2)). Let L be a restricted Lie algebra and M a w(L)-bimodule. Then there
s an isomorphism

HQZS (U(L)a M) = HQI*DLLie(Lv u(L)M)

Here, u(L) denotes an analogue of the universal enveloping algebra for restricted Lie algebras,
HQ}, is the usual Quillen cohomology for associative algebras, and HQgy;. is the Quillen coho-
mology for restricted Lie algebras. This result is analogous to a classical theorem of Cartan and
Eilenberg, which gives an isomorphism between Chevalley—Eilenberg cohomology of a Lie algebra
L and Hochschild cohomology of its universal enveloping algebra U (L) [CE56, §XIII, Theorem 5.1].

Finally, in Section [I5] we come back to the case were the base field is of characteristic 0, and
we study the case of a good triple of operads (C,.4,P). In this case, the notions of P-algebras and
['(P)-algebras coincide. Good triples of operads generalise the mutual behaviours of the operads of
commutative, of associative, and of Lie algebras. In particular, we see the operad P as a suboperad
A of a certain type. In this setting, we can generalise the result of the previous section, and we
obtain:

Theorem (See Theorem [[5.2)). Let (C,. A, P) be a good triple of operads. Let P be an P-algebra and
M a Beck U(P)-module. Then we have the following isomorphism

HQ a1 (U(P), M) =~ HQp_p14(P, pM).

Here again, U(P) denotes a certain notion of universal enveloping A-algebra, HQ%_ Alg 18 the
Quillen cohomology for A-algebras, and HQp_»j, is the Quillen cohomology for P-algebras. If we
consider the good triple (Com, As, Lie), then Theorem recovers the Cartan—Eilenberg result in
characteristic zero.

While this last section focusses on the characteristic zero setting, there is evidence that the notion
of good triple of operads can be generalised in positive characteristic, and we expect that our result
still holds under the correct assumptions. Formulating these assumptions is—to our knowledge—an
open problem for future consideration.

CONVENTIONS AND NOTATIONS

All the operads considered in this article will be algebraic, symmetric operads. We assume the
reader has a good familiarity with this notion of operad. For more details, we refer to [LV12].

For this whole article, we fix a base field F and an operad P in F-vector spaces that is reduced,
i.e., satisfying P(0) = 0. A T'(P)-algebra will be generically denoted A.

Notation 1.1. We will denote:

e Vecty the category of F-vector spaces.
e P-Alg the category of P-algebras in Vecty, with forgetful functor UIED : P-Alg — Vectr and
its left adjoint FIED : Vectr — P-Alg.
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e I'(P)-Alg the category of I'(P)-algebras in Vecty, with forgetful functor Ug(P) : T(P)-Alg —
P-Alg and its left adjoint F;(P) : P-Alg — I'(P)-Alg.
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2. PRELIMINARIES ON QUILLEN COHOMOLOGY

Throughout this section, let C be an algebraic category. More details about the kinds of categories
we may consider are given in [Fral5l §2]. For the purposes of this paper, the categories of P-algebras
and I'(P)-algebras are examples of algebraic categories, in fact, the one-sorted kind: sets equipped
with certain operations satisfying certain equations. Let us recall some terminology, also found in
[Bar96] and [Fral5l §1.3].

Definition 2.1. For an object X of C, a Beck module over X is an abelian group object in the slice
category C/X. The category of Beck modules over X is denoted (C/X)ap.

Definition 2.2. The abelianization over X is the functor Abx: C/X — (C/X)ap which is left adjoint
to the forgetful functor Ux: (C/X)ap — C/X.

Definition 2.3. For a map f: X — Y in C, the pullback functor f*: C/Y — C/X preserves limits
and thus induces a functor f*: (C/Y )ap — (C/X)ap, also called pullback. The pushforward along
f is the left adjoint fi: (C/X)ap — (C/Y )ap of f*.

Lemma 2.4. Given a map f: X — Y in C viewed as an object of the slice category C/Y, its
abelianization is given by

Aby (X L V) = fi(Abx X)
where Abx X is shorthand for Abx (X id, X).

Definition 2.5. Given a Beck module pr: E — X over X, a (Beck) derivation from X to E is a
section of pr. The set of derivations is denoted

Der(X, E) == Homg,x (X <% X, E 25 X) = Home/x),, (Abx X, E 25 X),

Note that Der(X, F) is canonically an abelian group.
The module of Kéhler differentials of X is Q¢(X) := Abx X, which represents derivations.

Definition 2.6. The cotangent complex Lx of X is the derived abelianization of X, i.e., the simplicial
module over X given by Lx := Abx(Ce — X), where C4 — X is a cofibrant replacement of X in
sC.

Definition 2.7. The n'" Quillen homology module of X is the n'" (simplicially) derived functor of
abelianization, given by HQ,,(X) = m,(Lx). Note that HQ, (X) is a Beck module over X.

Definition 2.8. The n'" Quillen cohomology group of X with coefficients in a module M is the nt!
(simplicially) derived functor of derivations, given by HQ"(X; M) := 7" Hom(Lx, M). Note that
HQ™(X; M) is an abelian group.

Ezample 2.9. Assuming C is a one-sorted algebraic category, consider the underlying set functor
U= USCet: C — Set and its left adjoint F' = Fget: Set — C. Iterating the free-of-forget comonad FU
yields the standard augmented simplicial object

Co = (FU)*(X) = X,
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which is a cofibrant replacement of X in sC. This was the original approach used by Barr and Beck
[BB69], and by M. André in his work on André-Quillen cohomology [And67,/And74].

3. RECOLLECTIONS ON DIVIDED POWER ALGEBRAS

In this section, we review the general notion of a divided power algebra over an operad P,
which are also called I'(P)-algebras, due to Fresse [Fre00]. Throughout this article, we use the
characterisation of divided power algebras in terms of monomial operations due to the third author
[[ko20]. We rely heavily on the notation introduced in [Iko20] for those operations, and operations
on partitions of integers.

Recall that an operad P is a sequence {P(n)}nen such that for all n, P(n) is an F-linear repre-
sentation of the symmetric group &,, on n letters. An operad is called reduced when P(0) = 0, and
Fresse showed the following:

Proposition 3.1 ([Fre00, §1.1.18]). For a reduced operad P, the endofunctor T'(P) in vector spaces
defined on objects by:

L(P,V) = P(P(n) @ VE")©"
n>0
is equipped with a monad structure.

Here, (P(n) ® V®")®» stands for the module of invariant under the diagonal action of &,,, where
the action of &, on V®" is the usual permutation of factors.

Definition 3.2. A divided power P-algebra, or I'(P)-algebra, is an algebra over the resulting monad
L'(P).

Theorem 3.3 ([Iko20]). A divided power algebra over a reduced operad P is a vector space A endowed
with a family of operations By ,: A*% — A, given for allr = (r1,...,7s) such thatri +---+rs=n
and x € P(n)®z, and which satisfy the relations:

(B1) Brr((ai)i) = Bpraxe((ap-10))i) for all p € &5, where p* denotes the block permutation with

blocks of size (r;) associated to p.

(52) 5m,(0,r1,r2,...,rs)(a07 ai,... 7(13) = ﬁx,(rl,rz,...,rs)(ala s 7as)'

(B3) Bur(Aai,az, ... as) = A" By (a1,...,as) VYA EF.

B4) If ri+---+rs=nand g1+ -+ qy = s, then

(a1,a2,...,as).

Brr(ar,...,a1,a2,...,02,...,05,...,05) = B(Z
———
q1 2 qs/
(/85) B:c,[(a() +ay,... 7a5) = Zl+m=7‘1 /Bx,zol(l,m) (CL(), ag,. .. 70’8)'
(56) 5>\x+y,z = /\593,1 + 5@/,[ , for all z,y € ,P(n)Gﬁa
(B7) Bipayla) =a Vae A
(B8) Letri+---+rs =n, x € P(n)% and for alli € [s], let gi1+ -+ qig, = My, T; € P(m;) %

and (bij)lgjgki S Ain. Denote by b= (bij)ie[s},je[ki] and fOT’ all © € [S], b, = (bLj)je[ki]'
Then:

cE€Gysr/Gr ‘7'5‘3)7 T

ﬁx,z(/@xl,gl (b1)7 s 75:(:5@3 (bs)) = IBZ

where 1. (q,)ic[s) s defined in [Tko20], where B.,o(q ), , is defined in [[ko20] and where T

€l

b),

X7y X7
-,—7_'1'(551 yeesTs S)vfo(gi)ie[s]

ranges over GIO(Qi)ie[s]/(Hle &, 16, ) in the sum.

We can slightly refine this characterisation if we specify the characteristic of the base field:
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Proposition 3.4. Let A be a T'(P)-algebra over a field F of characteristic p. Then, the operations
Bz, are generated by the family of operations (3, such that all the r;s are powers of p.

Proof. Let n € N, 71 + --- +rs = n, and € P(n)®z. For each i € [s], denote r; = Z?go r;;p’ the
mod p expansion of r;. For all i € [s] and j € {0,...,k;}, denote by R;; = r; jp’. We get a partition
R = (Rip,... Rk, s Roos - ,Rs 1) of [n] into k., + --- + k,, + s integers. Note that since R is
finer than r, x is fixed by the action of Gg. Since z € P(n)-, we obtain

S r
Z e (H <7‘z’,0p0, e jTi,kripk”>> -

0€6, /G i=1

T
.0 4
4,007 +5Ti oy, P

Using Lucas’s Theorem, the product Hle ( kl) is equal to 1 modulo p. Using rela-

tion |(S4)], we then get:
Bar(al,... as) = Ber(a1,...,a1,...,0s,...,05).
N — N —
krl“l‘l kTs

Now, consider the partition

Q= (0. PO, ph R pRe L phe).

T1,0 T1kry Ts kg

Since @ is finer than R, x is stable under the action of G¢. Using Lucas’s Theorem again, we get:

s kr, :
L (FE)

7E6R/Sq i=1j=1 -y Pj

Since r; j < p for all 4, j, 7; ;! is invertible modulo p. So, we can write:

s kry
o= (o] ¥ o
i=1j=1 UEGE/SQ
and so, using relation
s by
-1
Br.ral, ... a1,...,as,...,05) = HH(TM!) Bro( a1,...,a1 ,..., G, ... 05 ).
——— N — it} = —— ——
kry+1 kg == L0t T kg 5,0 +Ts oy,

Here, the integers in @ are either Os or powers of p. Using relation |(52)| allows us to remove the Os,
and we obtain the result. O

4. ABELIAN I'(P)-ALGEBRAS, A-MODULES

In order to obtain an analogue of the André-Quillen cohomology of operadic algebras [LV12] §12.3]
on divided power algebras, we will study the notion of a module over a divided power algebra,
which is obtained by looking at certain abelian (or square-zero) extensions. In the setting of usual
(non-unital) F-algebras, since any vector space can be equipped with trivial algebra structure, the
category of abelian (square-zero) F-algebras coincide with the category of F-vector spaces. An A-
module then becomes a vector space equipped with an A-action. However, we will see that, in the
category of divided power algebras, abelian I'(P)-algebras correspond to vector spaces equipped with
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additional internal operations, and therefore, requires a separate definition. This section contains
our candidates for the definitions of abelian I'(P)-algebras and of A-modules, and we will show in
the next section that these are indeed the right definitions (see Theorem [£.2] Corollary [5.4)).

Definition 4.1. An abelian I'(P)-algebra is a I'(P)-algebra M such that all the operations S, ,
are trivial as soon as r contains two non-zero integers. Abelian I'(P)-algebras with I'(P)-algebra
morphisms form a category (I'(P)-Alg)ap.

Proposition 4.2. Equivalently, an abelian I'(P)-algebra is a vector space M equipped, for all n € N

and x € P(n)®", with an operation (a set map) Br: M — M satisfying:

(AbB4) Suppose there is r € Compg,(n), with s > 1 and r contains at least two non-zero integers,
and y € P(n) such that © = Eag@n/Gﬁy- Then 3, =0,

(AbB5) Br(my +ma) = Be(m1) + Be(ma),

(Abﬂ6) B)\x—i-y(m) = )\/Bx(ml) + By(m2)7

(AbB7) Bip(m) =m,

(AbBS) B (By(m)) = By r.a(y,..y)(m), where y € P(I) and 7 ranges over &,,/&, 1 &;.

Proof. Let M be a I'(P) algebra such that all the operations (3, , are trivial as soon as r contains

two non-zero integers. For all z € P(n)®», denote by 3, := Bz (n)- We will prove that relations

[(AbB3)| to [(AbS8)| are satisfied:

(AbpS3) is a direct consequence of |(53)

(Abp4) is deduced from [(54)| in the following way: if there is r € Comp,(n) with s > 1 and r
contains at least two non-zero integers, and y € P(n) such that z = s /&, Y» then

Bz(m) = Be,(n)(m) = By, (m, ... ,m) = 0.
(AbpB5) is deduced from |(85)[ and |(52)|in the following way:
/Bx(m + m/) = /Bx,(n) (m + m/) = Z /Bx,(i,j)(m7 m/) = B{E,(TL,O) (ma m/) + /Bx,(O,n) (m7 m/)
i+j=n
= Bu(m) + Bz (m’).
(Abj6) is a direct consequence of |(36)

(AbfT) is a direct consequence of [(37)
(AbS8) is a direct consequence of |(58)

Let now M be a vector space equipped, for all z € P(n)®", with an operation f8,: M — M,
satisfying the relations [(Ab33)| to [[AbS8)l For all x € P(n)®» and r € Comp,(n), define an s-ary
operation 3 ,, such that:

) = {ﬂx(mz) if r; = n,

0 if r contains at least two non-zero integers.

ﬁmﬁ(ml, e

We want to show that [, , satisfy the relations |(1)|to Relations and are a direct
consequence of the definition. Relations |(83)} |(85)} [(86)} [(87)| are direct consequences respectively
of relations [[AbA33)] [[AbS5)} [[AbB6), and [(AbST)!
To prove relation |(84)| note that the left term of the equality,
Brr(al,...,a1,a2,...,a2,...,0s,...,05),
N— N————

q1 q2 qs!

is equal to 0 except if r; = n and g; = m for certain ¢ and j, in which case, it is equal to f;(a;). On
the other hand, the right term of the equality,

/B(Zaeeqw/eimx), QDE(QL ag,...,as),



QUILLEN (CO)HOMOLOGY OF DIVIDED POWER ALGEBRAS OVER AN OPERAD 9

is 0 unless ¢ > r contains a single non-zero integers. But this happens if and only if both r and ¢
contain a single non-zero integer, namely, if there is an i and a j such that r; = n and qj =m, and
if s0, G4y /G, is trivial, so this term is also equal to 3, (a;).

To prove relation note that the left term in the equality,

/Bx,z(ﬁxl,gl (b1)7 s 75:(:5@3 (bs))a

Is 0 unless r; = n, ¢; j = m;, and in this case, this term is equal to 5, (8s,(bi,;)). On the other hand,
the right term in the equality,

BZT T (wi<7“1 oo ) ) 70(g,)ic(s) (b)7

Is equal to 0 unless r ¢ (Qi)ie[s] has a single non-zero integer. But again, this happens if and only
if there exists an ¢ such that r; = n, a j such that ¢;; = m;, and in this case, r ¢ (Qi)ie[s} =
(n1m0),6 0(g),c1 /([ 1721 Gr, 164 ) = Gnm, /Gy 1 &y, and so, this term is equal to

527_ TL(Tiye e, T5) (bi,j)v

where 7 ranges over &, /6, 1 S,, in the sum.
We have left to prove that

Bx(ﬂxz (bz,])) = ’qu— TE(T4ye.,Ts) (bi,j)a
where 7 ranges over S, /S, 1 Gy, in the sum, but that is exactly relation [(AbS8)| O

Proposition 4.3. Let M be an abelian T'(P)-algebra over a field F of characteristic p. Then ,(m) =0
for all z € P(n)®», for all n # p', i € N.

Proof. This is similar to the proof of B4l Denote by ngp® + - - - + np”* the mod p expansion of n.
Denote by Q = (p°,...,p°,... A ,pk). Denote by y = (H?:o n;!)~1. Using Lucas’s Theorem,
- —— S——

no Nk
one has:

k ) k
o J _ N _
O 1 (P ) FR VI
06, /6o =0 =0

Either n is a power of p, or @ has at least two non-zero integers, which, using relation |(Abj34)|
implies that 8, = 0. O
Corollary 4.4. Let M be an abelian I'(P)-algebra over a field F of characteristic p. Then, the
operations B, are generated by the family of operations 3, such that x € P(pi)epi.

Definition 4.5. A module over the I'(P)-algebra A is an abelian I'(P)-algebra M equipped with a
divided power action of A on M represented by operations 3 ,: AX5=L s M — M for all x € P(n)
and r € Comp,(n) such that rs # 0, satisfying:
(5AM6) ﬁkx—i—y,z = )‘ﬁm,z + ﬁy,z ,for all z,y € ,P(n)GE,
(BAMT) If s = 1, then S, (,y(m) = Bz(m).
(BAMS) Let ry + -+ +7s =n, x € P(n)® and for all i € [s], let g1 + -+ Giu, = ki, T; € Pk;) .
Let (bij)i<j<u; € A% for i € [s — 1] and by 1,...,bsy,—1 € A. For all i € [s — 1], denote by
bi = (bi,j)je[ui]- Then:

ﬁw,[(ﬁml,gl (b1)7 e 7ﬁw371,g87 (bs—1)7 ﬁms,gs (bs,ly e 7bs,us—17 m))

= BZT T-x(mql,...,x?rs),[o(gl,,,,,gs)(b1,17 s 7b17U17 sy bS,Us—lv m)7

1

where 1 ¢ (¢,)ie[s) is defined in [Iko20] and where 7 ranges over &,oq/ [[7—; &1, 2 6&-) in the
sum.
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For s > 1, the two sets of relations:

(BA1) Brr((ai)iym) = Bpe.are((ap-13;)i, m) for all p € &5y, where p* denotes the block permuta-
tion with blocks of size (r;) associated to p.

(ﬁA2) 5:(:,(0,7“1,7’2,...,7’3)(&07 ayy...,05-1, m) = ﬁx,(rl,rz,...,rs)(alv ceey Qs—1, m)

(ﬁA3) 5m7[()\a1, ag,...,0s—1, m) = )\Tlﬁmi(al, e, Qg—1, m) VA eF.

(BA4) If r € Compy(n) and ¢ € Compy (s — 1), then

ﬁxi(al,...,al,ag,...,ag,...,as_l,...,as_l,m):5(2 o e Uvm) q,w(al,ag,...,as_l,m),
ceS Sr v 4 L

avr
q1 q2 qgr =

where ¢’ = (¢,0),
(/8A5) BSL‘{(CLO + A1y yAs—1, m) = Zl+l’=7‘1 B{E,ﬁol(l,l’) (CLO, ajy...,05-1, m)7

and,

(BM3) Byr(ai,az,...,as—1,Am) = X6, (a1,...,as—1,m) VAeTF.
(AM4) Suppose there is ¢ € Compy (rs) with s’ > 0, where ¢ contains at least two non-zero

Xn—rg
integers, and there is a y € P(n)Gl *Sa guch that = = > S G /&Xm s @, U then
n—rg s 1 q

Bzrlai,...,as—1,m) =0,
(BM5B) Byr(ai,...,as—1,m1 +mg) = By,(ar,...,as—1,m1) + Bz r(a1,...,as—1,m2),

And the two additional relations:
(BAM4) Let s,5" > 0, ¢ € Compy (n), and r € Compg(q). Let z € P(n)®2°. Then,

4
> By
k=1
where o is the block permutation for blocks of size q1, g2, ..., gy associated to the transpo-
sition of 7 and s’ in &, and where:
Eﬁ,k = {p/ € Sh(f) : Hp/(rl + - +T]) ] € [s]}m{ql_k"i'lvv(h}‘ > 2}7
where Sh(r) is the set of (r1,...,7s)-shuffles.

(BAMY) Let i +---+r, =n, z € P(n)®, let g1 +---+qu =k, y € P(k)®2. Let (i)ic[spu) € AT
and m € M. Denote by z =z (15"7"*,y*"*) € P(n + ry(k — 1)) Then,

X(art a1y (qi—kd) (A1 -+, Qim1, i1, - - s Qg @, m) = 0,

-ofx,qo;
- X(qi+1+"'+q5/)p k)
PES, 1

Tyka

E ﬁZT 72,705 (q)0s+u (t,t") (ab ceey Qstus m) =
t+t' =rsqu,t’>0
g § 62 /o’leAl;\,(al""’as'i'u’m)’
o )
AN =rs, X >0 I+1'=gy,l'>0

where, for all 1,1/, \, N, R}, = ((Rij)ie[s),jeus] Rsu+1) is the partition of [n+rs(k—1)] into
s +u + 1 parts such that R; = (r o, (¢); for all i € [s +u — 1], and such that:

Ropu={n—rs+k—qut+ak+vy,acN,7€ gl U{NNe+ (k- qu) +ak +v,a € [N],y € [I]}.
Rojui1={n—rs+ X+ (k=1)+ak+~v,ac[N],ye[l]}.
where 7 ranges over &yo,q/ <Hf;11 613—) x &, 1 &, in the sum, and where ¢’ ranges over

S /(T2 1) X 6216 X Gy 1 G4o, ) in the sum,

o/
RAA’

Modules over a I'(P)-algebra A form a category A-Mod.



QUILLEN (CO)HOMOLOGY OF DIVIDED POWER ALGEBRAS OVER AN OPERAD 11

Notation 4.6. We will allow the notation:

/Bx,z(ala N ¢ 7 P ) P ¢ T 7a8) = /Boz‘,foi (CLl, P ¢ 7 P ¢ 7 P 7a87m)7

where o; € G, sends ¢ to the s-th spot and keeps all other indices in order, that is:

j, if § <1,
oi(j) = { s, if j =1,
j—1, ifj >4,

and where o € &,, is the block permutation with blocks of size (7;);c|s associated to o;.

Once again, we can slightly refine this characterisation if we specify the characteristic of the base
field:

Proposition 4.7. Let M be an A-module over a field F of characteristic p. Then the operations

Bzr(ai,...,as—1,m) are generated by the operations By r(ai,...,as—1,m) where all the r;s are powers
of p, and By r(ai,...,as—1,m) =0 when ry is not a power of p.
Proof. The proof, very similar to that of Propositions [3.4] and [£3] is omitted. O

5. BECK MODULES OVER A

This section is devoted to the notion of a Beck module over a I'(P)-algebra A. The general
notion of Beck module is equivalent to the notion of abelian extensions over an object (see [Bec67],
[Qui70], §2—-4], [Bar96, §6], or [Fral0, §A]). The main result of this section, Theorem [5.2] is that
the notion of Beck module over a I'(P)-algebra A corresponds to the notion of A-module from
Definition As a particular case of this result, we obtain Corollary (.4, which shows that the
notion of abelian I'(P)-algebra from Definition ] corresponds to the notion of an abelian object
in the category of I'(P)-algebras.

Remark 5.1. If B> A and C -2~ A are ['(P)-algebras over A, we can endow B x4 C of a
structure of I'(P)-algebra over A. The map B x4 C — A is given by pr x 4 pr’, and the evaluation
map P& (B x4 C) — B x4 C is given by universal property of the pullback, using the two maps
PS(BxaC)— PoB — B and Po(B x4 C) - PoC — C. This means that for s elements
(b1,c1),...,(bs,cs,) € B x C such that pr(b;) = pr'(c;),

Ber (b1, c1), .-, (bs,¢5)) = (B (b1, .-, 0s), Bar(cr, .- cs)).

Theorem 5.2. The data of a Beck module over the I'(P)-algebra A is equivalent to the data of an
A-module as in Definition [{.5]

Proof. We will define a pair of functors:
ker: (I'(P)-Alg/A),,, — A-Mod,
and
A x —: A-Mod — (I'(P)-Alg/A),,,
and show that these are inverse to each other.

Let us prove that the data of a Beck module over A yields an A-module. Let B ——= A be a L'(P)-
algebra over A. Denote by M := ker(p). The data of a Beck module structure on B is equivalent

to the data of a map A —== B, and of a multiplication map B x4 B " B over A, satisfying
the following conditions:

(1) z is a map of I'(P)-algebras over A,

(2) pis a map of I'(P)-algebras over A,
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(3) p is commutative,
(4) z is a unit map for the multiplication p, that is,

BxaBZA Ax B=B=Bx,AZ~BxB.
\\LB/
m 1

Condition (1) implies that z splits pr, so we have a split exact sequence of vector spaces:

pr

A 0,
~

z

0 M B

which provides us with a linear isomorphism B = A & M.
The fact that pr is a map of I'(P)-algebras implies that

pr(ﬁm,z((alv ml)a cey (as7 ms))) = ﬁr,ﬁ(pr(ab ml)v s ,pr(as, mS)) = ﬁm,z(ala cee 7a8)7
so there exists a set map V, ,: A*® x M*® — M such that:

5w,£((al,m1), cey (asvms)) = (ﬁm7£(a17 cee 7as)7 viﬂ,ﬁ(ah ceey Qs My, .. 7ms)) .

Note that, as a vector space, B x4 B~ A® M @® M. One can rewrite condition (4) as the equality
p(a,m,0) = p(a,0,m) = (a,m). Since u is linear,

wla,m,m’) = p((a,m,0) + (0,0,m")) = p(a,m,0) + p(0,0,m") = (a,m) + (0,m’) = (a,m +m’),

from which the commutativity of u is in fact necessary.
Inspecting the I'(P)-algebra structure on B x 4 B (see previous section), one has:

BZD,I ((alamlvmll)v cey (as,mmm;)) = (Bw,z(ala s 7as)7 vf{(alv sy Qs M,y . e 7ms)7
Vx,z(al ce 7asam/17 cee 7m;))

On the one hand, this means that:
M (BSL‘{ ((alamhm,l)a ey (asam&m;))) - N</8x,£(a17 cee 7a8)7 vx,z(alu N T L 7m8)7

Vaerlar ... as,my,. .. ,mls)>,
Which is equal to:
(59”(&1, oy ts)y, Var(ar, ... as,my, ... ,mg) + Vaer(ay ..., as,my, ... ,mé))

On the other hand, since u is a I'(P)-algebra map, one has:

1Bz ((al,ml,mi), e (CLs;msym;))) = Bar (N(al,ml,m/l), . 7:“(%77”5,771/3))
= Bur ((a1,m1 +m),...,(as,ms + mfs))
= (Boa» Var(ar, ... as,my +my, ... ,mg+my)),
And hence,
Vag(ar, ... ,as, 1 +mh, ... me+m)) = Var(ar,...,as,mi,...,ms)+Var(ar... L Qg, MYy, . mb).

This implies that

S
Varlai,...,as,mi, ... ,mg) = va,z(al,...,aS,O,...,O,mi,O, ..., 0), (E1)
i=0
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and that
Ver(al,...,as0,...,0) =0, (E2)
which is also a consequence of condition (1). From relation [(33)] we also obtain:
Ber((ar,m1), ..., (ai—1,mi-1),0, (aiy1, Mit1), - . -, (as,ms)) = 0,
for all ¢ such that r; > 0, which also implies:
Ver(at, ... ai-1,0,a41,...,a5,m1,...,mi—1,0,mM441,...,ms) =0 (E3)

Using the decomposition (a,m) = (a,0) + (0,m) and the relation |(35)] one then gets:

/BZ‘,E ((a17m1)7”’7(a87m8)) = Z Bx7(l1,l’17127___7ls7lg) ((CLl,O),(O,ml),(CLQ,O)...,(CLS,O),(O,mS)).
(Li+l=r);

Using relations |(53)| and |(/52)| we then get:
/Bx,z ((a17 ml)a ) (a57 ms)) = (B:c,f(aly ce. 7‘18)7 O)

+ E <07 vx,(ll,lll,lz,...,ls,l’s)(a1707a2707"' 7a870707m1707m27"' 707m8)>7

which, using (EI]) is equal to:
(/Bx,z(ala o 7a8)7 0)

S
+ Z Z (0,vx7(l17l/17127___7ls7l/8)(al,0,&2,0,... ,as,0,0,0,... ,0, m; ,0,...,0)).
(L4 =r,l;>0); j=1 v
(2s5+25)th

Using (E3]), this is equal to:
(ﬁxi(al, e ,as), 0)

S
+Z Z (O,Vx,zoj(u/)(al,...,aj,O,ajH,...,aS,O,...,0, m; ,O,...,O)).
J=1141'=r;,l'>0 ~ h
(s+j+2)b

For all j, denote by 0; € &, the permutation that moves j to the last spot and keeps all the other
numbers in order, and denote by 0; € 6, the block permutation of the blocks of size (r;); associated

to 0. Using|(81)} one can see that
Verojay(@t,-,a5,0,a541,...,a5,0,...,0,  m; ,0,... ,0) =

(s+j+2)th

Va;xﬁojos(l,l/)(al,...,aj_l,aj+1,...,as,aj,O,...,O, mj )
(2s+2)th
For all y € P(k), by,...,bs—1 € A, m € M and q1 + - - - + gs = k such that g5 > 0, we set:

ﬁy,g(bl’ e ,bs_l,m) = Vyﬂ(bl, e ,bs_l,O, e ,0, m ) (*)
(2q)th
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From what precedes, we finally get the explicit I'(P)-algebra structure on A & M by:

Bzr ((a1,m1), ..., (as,ms)) =

(ﬁm,ﬁ(alw" ,CLS),O) +Z Z (07ﬁcr;m,(zaj)os(l,l’)(alv"' yAj—1, Aj+1, - -+ 7as7aj7mj)) . (**)

J=11+U'=r;,l'>0

We claim that M is an abelian I'(P)-algebra as defined in [4.J] and that the assignment () endows
M with an A-module structure as defined in

M is an abelian algebra: Suppose r has at least two non-zero integers. For the sake of clarity we
will assume that s = 2. Then we want to prove that 3, (., ,,)(m1,m2) = 0. In B = A® M, this can
be rewritten 3, (., r,) ((0,m1), (0,m2)), and we know that:

B:E,(Tl,rg) ((07 ml)7 (07 m2)) = (07 vx7£(07 07 my, m2))
= (0, Vx7£(0,0,m1,0) + VI,E(O, 0,0,m2)) =0,

using (EI]) and (E3).

M is an A-module: Using the assignment (), note that

B ((61,0), - (bs-1,0), (0,m)) = (0, By b, by1,m) )

Then, the relations we have to verify for this assignment to equip M with an A-module structure

all are implied by the relations |(51)| to [(88)|in B.
Only relations [[FAM4)| and [[BAMD9)] are not completely straightforward. Suppose all other rela-

tions are proven.

Let us show that relation |(SAM4)|is satisfied. Using relation |(51)] it suffices to show |[(FAM4)|

for i = s' Let 5,5' > 0, ¢ € Compy (n), and 7 € Comp,(qy). Let x € P(n)®2°c. We want to show:

qyr
ZﬁZ 0y — pmao(ay—k) (@1, g, m) = 0.
k=1  P€S1 S X By,

On one hand, using the assignment (&%), we have:

/Bx,qoszz((aho)w”7(asl—170)7(a3’7m)7"'7(as’7m)) = Bx7qos,£(a1,...,as/_l,as/,...,as/),O +
4 E \ y

S S

s
Z Z 0’BT;%QOS/([Tj)os(ll’)(al"” ,as/_1,as/,...,as/,m) s

J=1 14=r;,'>0 Y

where 77 € 61X (n=as) &,,, denotes the block permutation for blocks of size (r1,...,7s) associated

with the transposition of j and s in &;,. Using relations |[(84)[on A, [(FA4) on M, and re-indexing
k=10,1=r;—k we then get:

ﬁw,ﬂoyi((al’ 0)’ B (aS’—l’ 0)’ (GS” m)v ) (as’v m)) = (62”661/63%/1 oac,ﬂoslt(aly ceeyAs—1, (15/), 0>
s
s Tj

fXS (0 et anm) ) Gea)
(€010, 1 (rj —H,k))

Jj=1k=1
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On the other hand, using relation |(54)|in B, we get:

/vaﬂos’f((ah 0)7 B (asl—h 0)7 (a8'7m)7 ) (G’s/’m)) =

s

520€Gq/6qo L T ((a17 0)7 ceey (as’—17 0)7 (as/,m)) .

Then, the assignment B gives:

ﬂx,goszz((ah 0)7 ey (asl—h 0)7 (a8’7 m)7 ey (a8’7 m)) - (52066(1/6(10 e o’m,g(ala o 70’8’)7 O)+
Y 4/ =4 s
qj
Z(Ov ﬁZaE&;/qus,z 0z,q0,/ (g, —k,k) (ab s, Qg m)) (5'eq'2)
k=1 -7

Subtracting equation from equation and projecting onto M, we get:

qj
E 620662/6305/1 ox,q04/ (g, —k,k) (ab s, Qg m) -

k=1

s Tj

> By

j=1 k=1

T*2,q0 —k,k (al,...,asl,m) =0.
(@oym)oyyj_y(rj—hoi) P14 o (0 =kk)

Observe that a set of representative for &,/&yo,, is given by GTn_qs' x Sh(r), and, if k < r; a set
of representative for qusf(qs/—’f,k)/6(q05/£)°sf+j71(Tj—’f,k)) is given by:

Xn—qg xk
S, s XSh(’f’l,...,T‘j_l,T‘j+1,...,’f's,7"j—k‘)X61 .

Then, observe that, for all j € [s],

{p1} :pc ST X Sh(TL, e T, Ty e T, T — k) X BFF) =
ST x e Sh(r): p(r1+ -+ —k+1)=qs —k+1},
since both sets are the sets of permutations of &,, which shuffle the last blocks of size rq,...,rs and

sendn—qy+r1+---+rj—k+lonn—k+1forall I € [k]. Using relation [(BAMG6)] we then get:
a4y
>0
k=1 °€

where F, ;, = Sh(r) \ (]_[je[s]{p’ eSh(r):p'(ri+--+rj—k+1)=qy —k+ 1}) Note that, if
k>rj, then {p’ € Sh(r): p'(r+---+rj—k+1)=qy —k+1} =0.

Remains to show that F, ,, = E, j. But, for p’ € Sh(r), p’ does not satisfy p/(r1+---+r;—k+1) =
gy — k + 1 for any j € [s] if and only if (o) "'({gy —k +1,...,qs}) intersects at least two of the
blocks (r1,...,7s), and this happens if and only if it satisfies

xn—q.; — px7gos’ (QS’_kuk)(al7’”7as’7m):07
S XFp L

S5

‘{p'(rl—i-"'—l-?‘j):je[s]}ﬂ{%—k—i—l,...,qz'}‘22.

Thus, we have shown that relation |(FAM4)|is satisfied.
Let us now show that relation [(FAM9)| is satisfied. Let 1 + -+ + 7y = n, € P(n)Gi, let
G+ +qu=k,y € P(k). Let (ai)iefs+u) € A**T* and m € M. Denote by z =z (13", ") €
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P(n+rs(k —1)). On the one hand, using (&%), observe that:

ﬁx,z ((a17 0), ceey (as—la 0)7 ﬁy,q((a& 0)7 SR (as—i-u—ly 0)’ (as—l—uy m)))

= 555{ (a170)7--- 7(as—170)7 Z (ﬁyﬂ(as"'-7as—i-u—l)’ﬁy,gou(l,l’)(as,---7as+u7m))
14+1'=qs,l’>0

= <ﬁx,£(a1, 51, Byglas, ... ,a5+u)),0) +

E 07 ﬁx,zos()\,)\’) Ay, ...,05-1, ﬁy,g(as, s 7as+u)7 E ﬁy,gou(l,l’) (a87 sy Qgqy, m) )
AN I/ =qs,I'>0

where (A, \) runs over the pairs of non-negative integers satisfying A + X' = rg, N’ > 0. Using

relation |(58)|on A gives us:

(ﬁm,z(aly sy 051, ﬁy,g(asy o 7as+u))7 0) = <BZT Tz,[os(g) ((11, s 7as+u)7 0) .

Using relation |(Mb5)| and [(FAMS)|on M, we get

Z 0, ﬁx,zos()\,)\’) Ay, ...,05-1, ﬁy,g(asy cee ,as—i-u), Z ﬁy,gou(l,l’)(asy ceey Qsduy m)
AN I4+1'=qs,I'>0

=X > (0=ﬁzaoz,(zosu,xw((l)xs*,g,gou(u'»)(%-'-7as+u=as=--was+u=m))7
AN 1+ =qs, >0

where o ranges over & o, (\ M)os (qou (1,1')))/ Hf;ll 6”) X G\16g x G160, (1,11 in the sum. Observe
the repetition of input. Using relation |(5A4), and noting that:

Z O'” Z oz

""GGRQ’A,/G@oS(A,A’)o((l)XH»g»g%(l,l’))) TES oy (A Ao (gon (1)) (TTiZ1 673 ) XS (3 x2S g0, 1.17)

/
= g o'z,

J/EGR”/ ) /(Hf;ll Sr; ) XGAZGQXGA’Zquu(l,l’)
AA -

we get

Z 07 ﬁx,zos()\,)\’) Ay, ...,05-1, ﬁy,g(am s 7as+u)7 Z ﬁy,gou(l,l’)(am sy Oty m)
AN I4+1'=qs,'>0

D S SIS )

AN =16, N >0 I41'=gy,I' >0
Finally, we obtain the equality:
B:c,[ ((ala 0)7 ceey (a8—17 0)7 /By,g((a87 0)7 ceey (a5+u—17 0)7 (a8+U7 m))) =

<BZT TZ,[OS(Q)((M? ey Usta), 0) + Z Z ﬁZa/ a’z,Rl)\l;, (a1,...,G54y,m). (5.6q.3)
AN =rg N0 1+l =qu />0
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On the other hand, using relation |(/38)

/Bx,z ((ah 0)7 ceey (a8—17 0)7 /By,g((a87 0)7 ) (a5+u—17 0)7 (as-i-uy m)))
= BZT Tz,zos(g)((ab 0)7 ces (as+u—17 0)’ (as-i-uv m))v

where 7 ranges over Gyo,q/ (Hf;ll GTZ.) X &, 16, in the sum. Using (=), we then get:

/Bx,z ((ah 0)7 AR (a8—17 0)7 /Byg((a& 0)7 R (a8+u—17 0)7 (a’8+U7 m))) =

<5ZT TZ,[OS(Q)(G17 ey ) 0) + Z <0’ 62} Tz,fos(g)os+u(t,t’)(a1, ceey sy, m)) . (5.eq.4)

t+t'=rsqu,t’ >0
Comparing the equalities (5.eq.3) and (5.eq.4)), and projecting in M, yields the relation [(FAMY)]

Assigning, to each Beck module B ——= A , the abelian ['(P)-algebra ker(p) with the above A
module structure provides a functor:

ker: (I'(P)-Alg/A),,, — A-Mod.

Let us now prove that the data of an A-module yields a Beck module over A. Let M be an A-module.
Consider the vector space B := A ® M, equipped with:

(1) For all r € Comp,(n), x € P(n)®=, an operation 3, defined as in (&),

(2) A map pr: B — A given by the projection orthogonally to M,

(3) A map z: A — B given by the natural injection,

(4) A map pu: B x4 B — A given by p(a,m,m’) = (a,m +m’).
We claim that:

(A) The assignment |(1)| endows B with a I'(P)-algebra structure,
(B) pris a I'(P)-algebra map,

(C) z and p are maps of I'(P)-algebras over A, and finally,

(D) z and p endow B with the structure of a Beck module in A.

Assuming |(A)l conditions and [(D)| are obvious. To prove we have to check that
the operations defined in satisfy the conditions |(81)| to [(88)} Using the notation [4.6] we can
rewrite () as:

Bz ((@1,m1),. .., (as,ms))

= (6m,[(a17-"7as)70) +Z Z (Ovﬁx,IOj(l,l’)(aly"'7aj7mj7aj+17"'7as)) .
J=1141=r;,1'>0
Then, relation is directly deduced from on A and |(fA1)l Relation is deduced using
(B2)lon A and using the fact that there is no positive /,1’ with [ + 1’ = 0 such that I’ > 0. Relation
(83)|is a direct consequence of [(33)] on A, [[BA3)] and [(BM3)|on M.
Let us prove relation For clarity we can assume s’ = 1. Then ¢; = s, and we need to prove

that:

5%[ ((av m)7 cey (av m)) = 6zoeen/eza~x,(n) ((CL, m)) :
Using (&%), one has:
BY eonsep o) ((am)) = (ﬂzaeen/%az,(m(a)v‘)) D (0=ﬂzgeen/ezoa(l,l')(aam)) ;
I4+1'=n,l'>0
which, re-indexing k = I, yields

(ﬁzaeen/eiax,(n)(a)v 0) + 2 (075206%/%”7@—1@7@(&7m))
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Using relation |(FAM4)| this becomes:

<ﬁza€6n/%az,(n)(a%0> + f: <0752ppx,(n—k,k)(avm)> ;

k=1
where p runs over the set of shuffles Sh(r) satisfying:
‘{p/(Tl—F-{—T‘J) j € [s]}m{qz_k_‘_lvvch}‘ =1
From what precedes, this set is equal to [[;c;q{p’ € Sh(r) : p'(r1 + - +1; —k+1) =n—k+1},
which is equal to
H {poj ip € Sh(r1,. .., Tj-1,Tj41,- -, Ts, 75 — k) X Sk
J€ls]

The set Sh(ri,...,7j—1,7j41,.--,7s,7j — k) X 61Xk is empty if k£ > r;, and otherwise, it is a set of
representative for G,,_j X Gk/Gfo'jos(rj_ng)- So, we get:

Boy (@ym),... (a,m)) = (ﬁzaew% (o) (@), 0) +

Z Z (O’ ﬁzpeen,kxek/e o
j=1k=1 £
Using relation |[(4){on A and relation [(fA4) on M, we get:

Ber ((am) s (a,m) = (Bro(as ), 0) + 30D (0, Borpoes oy k) (@ s asm))

j=1k=1

poix,(n—k.k) (aa m)) :

('rjfk,k)

and, using the assignment F, we finally obtain:
ﬁm{ ((av m)7 cey (av m)) = 6zoeen/eza~x,(n) ((CL, m)) :
Let us prove relation |[(85)l For clarity, we will assume s = 2. On the one hand, we have:
6%,[ ((a7 m) + (bv m/)7 (a27 m2)) = 6:8,[ ((CL + bv m—+ m/)7 (a27 m2))

= (/Bx,z(a+ ba a2)70) + Z (Oaﬂx,zol(l,l’)(a + b7m+m/7a2))
I+U'=r1,I'>0

+ Z (0, By ror iy (@ + by az,ma))
14+l =ro,1'>0

which, using relations |(85) on A, [(6M5)lon M and |(8A5)lon M, is equal to:
Z (ﬁx{ol(khkz)(a’ b, a2)7 0)

k1+ko=r1

D > (0. Beron (ko) (0. 42) + By o (ko o 11y (@ by 02))
1+U'=r1,l'!>0 k1+ko=I

+ Z Z (0, Ba (ros (11701 (k1 k2 (@ by a2, m2)) .

k1+ko=r1 I+l'=r2,' >0

Note that the middle summand can be rewritten, changing the indices:

Z (O’ /890,201(16171?2,163) (CL, b,m, a2) + 5%@1(161,162,163) (CL, b, m/’ a2)) :
k1+ka+ks=r1,k3>0
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On the other hand, note that the assignment () gives:
Z 5m,[ol(k1,k2) ((CL, m)a (ba m/)a (a27 mZ)) = Z (/Bx,zol(kl,kz) (CL, ba a2)7 O)

k1+ko=r1 k1+ka=r1

+ Z Z 5m,ﬁol(l,l’,k2)(a7m7 b7 CLQ),O)

k1+ko=r1 I4+U'=Fk1,'’>0

+ Z Z 6m,[01(k1,l,l’) (aa b7 m/7 a2)7 0)

k1+ko=r1 I+U'=k2,l'>0

+ Z Z (0, Ba (ros (1101 (k1 ka) (@ by a2, m2)) .

k1+ko=r1 I4+1'=r2,l'>0

The sum of the second and third summand can be rewritten:

Z (0, Baror (ky ko k) (@ 0,15 02) 4 Ba oy (ke oo k) (@5 b, a2))
k1+ka+ks=r1,k3>0

This proves that relation |(35)[ holds.

Relation |(£6)| is a consequence of relation |(56)| on A and |(FAMS6) on M. Relation |(57)|is a
consequence of relation |[(57)[on A, |(FAMT)|and |(Abs7) on M.
Let us now prove relation |(58), For clarity, we can assume that s = 1. We want to prove that:

6m,(n) (6@/,@((&17 mi)s . (Qu, mu))) = 627 T-2(y*™),(n)o(q) ((a1,m1), ..., (@, mu)),

where 7 ranges over & ()o(q)/ S (n)1&, in the sum. Here, z € P(n)®n, g € Comp,(k), and y € P(k)%a.
On the one hand, using the assignment (%),

Be,(n) <ﬂy7g((alv mi), ..., (au, mu)))

= ﬁm,(n) (6@/,@(&17 s 7au)7 0) + Z Z (07 6y,goj(l,l’)(a17 sy Ay Mgy Qg1 - - 7au))

j=1 141'=g;,I'>0

= (ﬁ%(n) (ﬁyﬂ(al, . ,au)) ,0) +

u
Z 0, Ba,(x+7) ﬁyg(al,...,au),z Z Byao;aany(at, ... aj,mj, a1, ..., ay)

AN =n, A/ >0 J=1 141 =q;,I">0
Using relation |(58) on A and |(8M5)|on M, we then get,

Bm,(n) (By,g((alv ml)a SRR (aiﬂ mu))) = <5Z7— T-x(y*™),(n)o(q) (a17 s 7au)7 O> +

Z Z Z (O7/8$,(>\+>\/) <ﬂy7g(a1,... ,au),ﬁy,goj(l,l/)(al,...,aj,mj,aj+1,... ,au)>)

G=1 AN =n, N >0 1+1'=g;,I'>0
(5.eq.5)
On the other hand, using the assignment (=),
’827— T.x(an),(n)o(g)((al, ml), RN (au, mu)) = <’BZ7— T,x(an%(n)o(g)(al, . ,CLu), 0) +

Z Z <07 BZT Tvm(yX"),((n)o(g))oj(t,t’)(al"” ,aj,mj,aj_l’_l,... 7au)) . (5.eq.6)

J=1t+t'=ngq;,t'>0
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Comparing the expressions (5.eq.h]) and ([5.eq.0]), we then have left to prove that in M, for all j € [u],

Z Z /Bx,()\—‘,-)\’) <ﬁy,g(a1, ce 7au)7 /By,QOj(l,l’) (ala ceey Gy MY, Qg1 - - 7au)) =

AN =n, N >0 [41/=q;,I'>0

Z ﬁZT T'm(yX7l)7((n)<>(q))°j(t,t’)(al’ e Qs T g1 e ) Q).
t+t'=ng;,t’>0 -

We can, without loss of generality, suppose that j = u. Then, we are left to prove that:

Z Z /Bx,()\-‘r)\’) <6y,g(ala s 7au)7 ﬁy@ou(l,l’) (a17 sy Qo mu)) =

AN =, X >0 1+ =gy 1 >0

Do B e (wela))oy ey @55 G )

t+t' =nqy ,t’ >0
Using relation |[(BAMS)|on the left hand side of the equality gives us:

Z Z ﬁx,()\-‘r)\’) <5y,g(ala s 7au)7 ﬁy@ou(l,l’) (a17 ceey Quy mu)) =

AN =, N >0 14+ =gy 1 >0

Z Z B, ey m), (0N )o(ggou @) (@15 - -5 Qus A1, - -y Qg M),
AN =N >0 14+ =gy, 10

where o ranges over 6()\7,\/)0(g7g0u(l7l,))/6,\ 16, X G\ Ggou(l,l’) in the sum.
Denote by Rl)zl:\, the partition of kn into w + 1 parts such that, for all i € [u — 1], (Rl):l;\,)i =
((n)o (g))i, and such that:
(RS )u =k — qu+ ok + 7,0 € N, 7 € [qu]} U{M + (k — qu) + ok + 7,0 € [N,y € [I]}.

(RS Vuwt = e+ (k= 1) + ok +v,0 € V], y € [}
Then, using relation [(fA4)| and noting that:

> o > ox(y ") =

7"E€S pur IS Ao(gaoutt))  BN)o(ga0uti)/ONEaX GG g0, 1,11y
AN - - -
/ X
> o x(y*™),

O”GGR”/ //GAZGEXGA,ZGqOu(l»l/)
AN -

we then get:

Z Z /Bx,()\-‘r)\’) <5y,g(ala s 7au)7 ﬁy@ou(l,l’) (a17 sy Qo mu)) =

AN =0, N >0 141 =g, I/ >0
B / Xmn 1 (al,.-.,au7mu)-
S, oaly*n),RY,

AN =1, N >0 14+ =gy, I >0

We have left to prove the equality:

§ § ﬁzal sz(an%Rl)\l;/(aly--- 7auamu)

AN =, X >0 14+ =gy I >0

= 2 5, ra(yn).((mo(@)o () (91 B ).

t+t'=nqy,t’>0

But this is a particular case of the relation [(FAM9)
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Assigning to each A-module M the Beck module A x M obtained by equipping the vector space
A @ M with the divided power P-algebra structure given by (&) provides a functor:

Ax —: A-Mod — (I'(P)-Alg/A),,,
One can readily check that ker and A x — are inverse to each other. g

Definition 5.3. If M is an A-module, the Beck module A x M defined above is called the semidirect
product of A and M.

Let us now turn to the particular case of abelian I'(P)-algebras. Abelian group objects in the
category of I'(P)-algebras are Beck modules over the terminal object. Since P is reduced, this
terminal object is always the zero algebra 0. Then, we obtain the following:

Corollary 5.4. Abelian group objects in I'(P)-algebras are equivalent to abelian T'(P)-algebras from
Definition [{.1], that is:
(I'(P)-Alg)ap, = (I'(P)-Alg) ab.

Proof. Applying Theorem[5.2in the case A = 0, the data of an abelian group object in I'(P)-algebras
is equivalent to the data of a module over the I'(P)-algebra 0. Such a 0-module M is an abelian
['(P)-algebra equipped with operations Bay(r1,eirs (0,...,0,—): M — M. If s > 1 and if at least one
of the r; for i < s is non-zero, then relation |(8A3)| implies that £, v, . )(0,...,0,m) = 0 for all
M. If s > 1 and r; = 0 for all 7 < s, relation |(8A2)[shows that £, (v, . ,.)(0,...,0,m) = B, (. )(m).
Finally, when s = 1, relation |(BAMT7)|shows that 3, (,,)(m) = B;(m) is provided by the structure of
abelian I'(P)-algebra on M. Thus, a 0-module is an abelian I'(P)-algebra equipped with additionnal
operations which are all trivial. O

6. UNIVERSAL ENVELOPING ALGEBRA

The objective of this section is to show that the category of modules over the I'(P)-algebra A
is equivalent to the category of left modules over an associative algebra Upepy(A). This result, is
contained in Proposition In practice, it will be useful to see Up(py(A) as the algebra containing
all the operations f;(—) in the definition of an abelian I'(P)-algebra (see Definition A.1]), and all
the operations f; ,(ai,...,as—1,—) in the definition of an A-module (see Definition L5]). Here, the
hyphen “—” is considered as a placeholder. It is then useful to consider the multiplication p of
the algebra Up(py(A) as the composition of operations: if O1(—),O2(—) are two operations with
one placeholder symbol, then p(O1(—) ® O2(—)) represents the operation O1(O2(—)) obtained by
replacing the placeholder in O;1(—) by the operation Oy(—).

For this section, we fix the base field F of characteristic p.

Definition 6.1. Let Upp)(A) be the quotient of the F-vector space spanned by the set of sym-
bols By r(ai,...,as—1,—), for all 7 = (r1,...,7s), such that r; + -+ + 7y = n, x € P(n)%z, and

ai,...,as_1 € A, by the vector subspace spanned by the elements:
(1) Bratyr(ar, ... as-1, —)—()\Bxi(al, cesGs—1,—) + Byrlal, ... as_1, —)) forall z,y € P(n)-,
AeF,

(2) Berlar,...,as-1,—) = Bprare(@p-101),---,ap-1(5-1), —) for all p € &;_1, where p* denotes
the block permutation with blocks of size (r;) associated to p.

(3) ﬁm,(o,rl,rg,...,rs)(a(]a at,...,Qs—1, _) - 5{2,(7‘1,7‘2,...,’!‘5)(&17 ceey Os—1, _)-

(4) Brr(Aar,a2,...,a5-1,m) — X" By r(a1,...,as—1,m) YA€F.

(5) For all r € Comp,(n) and g € Compy (s — 1), the element

/Bl‘,z(a17”’7a17a27”’7a27"'7a8—17”’7a8—1a_) _IB(Z o /6
oe

|3

,D .
a1 g2 gy e

where ¢’ = (¢,0),
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(6) Ber(ao+ar, ... as—1,=) = (Xipv—r, Buror@r) (a0, a1, .. as—1,-)),
(7) Ber(ai,...,as—1,—) for all x such that there exists ¢1 +---+¢q, =75, y € P(n)ef%ﬂ, such
that z =3 o KB, Gy, xG, OY; and at least two of the g;s are non-zero.

(8) Forallri+---+r,=n,z € P(n)%, let 1+ +qu = k, y € P(k)®2, (ai)ic[stu) € AT,
the element:

Z ﬁZT Tz,zos(g)oeru(t,t’)(alv ceey Qstus _) -

t+t' =rsqu,t’>0

Z Z BZU/ O'IZ,RlAl;\/(a17”-7a5+u,_) 5

AN =g, >0 141/ =gy, I'>0
where z = z (13", y*") € P(n + ry(k — 1)), RY,, is defined in @5, where 7 ranges over
Srovq/ (Hf;ll GTi) x &,, 16, in the sum, and where o’ ranges over & / <Hf;11 6ri> X
- - AN
6)\ ! Gq X 6)\/ l quu(l,l') in the sum.
Notation 6.2. Following Notation [£.6 we will allow the notation:

5m£(a1, ey A1y —y Qg1 e e e ,as) = /BU;F7£UZ' (al, ey Ai—1,Q4541y - -5 Ag, —).
Proposition 6.3. The vector space Urp) (A) is spanned by the symbols By r(a1,...,as—1,—) where
all the integers in 1 are powers of p, and By ,(ai,...,as—1,—) =0 in Ur(p)(A) if rs is not a power
of p.
Proof. This is equivalent to Proposition .71 O

Viewing the F-vector space structure of Upp)(A) as a left F-action, we endow Upp)(A) with a
right F-action by setting, for all A € F,

BSL‘{(CLM ey 01, _) A= Arsﬂx,z(ala ey Og—1, _)

Remark 6.4. It is important here to restrict ourselves to the case where g is a power of p. Otherwise,
the preceding definition is not linear in A € F. This is made possible by Proposition

We then equip Ur(p)(A4) with a multiplication:

p: Urpy (A)r@r Urp) (4) = Urp) (4)
by setting:

M (ﬁx,z(aly sy Qs—1, _) & /By,g(bla cee 7bu—17 _)> =

/BZT T.x(1$*75 7y><rs)7£<>sgs (CLl, sy g1, b17 s 7bu—17 _)7

where 7 ranges over Gy 4 / (Hf;ll 67,1.) X &,, 16, in the sum, and extending p as an F-bimodule

homomorphism, which is well-defined in light of the equations in Definition [6.Il Note that we used
both the right and left F-actions on Up(p)(A), that is: (z-\) ® y = 2 ® (\y) in the tensor product.

Lemma 6.5. The multiplication p endows Upp)(A) with the structure of an associative unital ring.

Proof. Let V' be the 1-dimensional F-vector space spanned by v. Consider the I'(P)-algebra B
obtained as a quotient of the I'(P)-algebra I'(P, A @ V) by the I'(P)-ideal generated by the two

following family of elements:
Sry X xGr XGE

e Byr(ai,...,as—1,v) for all x such that there exists ¢1+- - -+q, = rs, y € P(n)
such that z = 2066%“ Gy Gy x &y OYs
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e Forallri+---4rs=n,zePn)®, let ¢+ +qu, =k, y € Pk)®s, (ai)ic[su) € AT,
the element:

D Bn i@t (01 Bokuv) | =

tt! =15 G ,t' >0 -

Z Z BZU/ cr’z,RlAli\, (a17 vy sy, U) s

AN =1y NS0 14+l =g 10
where z = x (1;"_“,11”3) € P(n+rs(k—1)), Rl)f;\, is defined in [£5], where 7 ranges over
Grosq/ (Hf:_ll 67,1.) x &, 1 &, in the sum, and where o’ ranges over GR%I/ <Hf;11 613—) X
G166y x Gy 16,1y In the sum.
There is a linear map f: ijr('p) (A) — B such that:
f(Ber(ar,...,a5—1,—)) = By r(a1,...,as—1,v).

Indeed, the relations |(81)| to on B, and quotienting by the above family of elements ensure
that f is well defined. The map f is clearly injective. Note that, for all pair of elements in UF('p)(A)
of the type:

t= )\ﬂx,z(al, ey g1, —), 5 = )\,/By,g(bla e 7bu—17 —),
One has:

fp(t®s)) = Az (a1, ... as—1, )\/ﬁyﬂ(bl, ey by—1,0)).

So, the associativity of u is a consequence of the associativity of the composition of operations g in
B, which is guaranteed by the associativity of the monad I'(P).
The element 3, (1)(—) is clearly a unit for p. O

Warning 6.6. The ring Up(p)(A) is an F-vector space but need not be an F-algebra. The multipli-
cation p satisfies:

i (@%(al, o1, —) ® (Aﬁyﬂ(bl, b, —)))
=pu <(ﬁx’£(a1, e, 051, —) : )\) ® ﬁy,g(bh cee 7bu—1y _))
= 1 (V" Beplar, - 051, -)) @ Byglbn, .- bur, )

=\ <(ﬁw,£(ala ceey Qs—1, _)) ® Byvﬂ(bl’ SEELIESE _)> '

We will see a concrete example with the enveloping algebra V(A) = Up(com)(A4) in Section @ In
the special case F = F, the equality A" = A holds (since 7, is a power of p), and thus Upp)(A) is
an F-algebra.

Notation 6.7. We will allow the notation:

Bx,[(ah o 7aj—17 _7aj+17 cee 7a8) = BO"Z‘T’U; (CLl, o 7aj—17aj+17 ceey Qg _) S UF(P)(A)
J

Definition 6.8. Denote by Uap(I'(P)) C Upp)(A) the vector subspace spanned by the elements
B, (n)(—). Note that Uap(I'(P)) is a unital associative subring and does not depend on A.

Note that any abelian I'(P)-algebra M can be equipped with a left Ua,(I'(P)) action by:

/Bgc,(n) @m — Bﬂv(m)v
and conversely, any left Uap(I'(P))-module M has a structure of abelian I'(P)-algebra given by:

ﬁm(m) = Bw,(n)(_) s m.
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Since those assignments are inverse to one another, we obtain:

Proposition 6.9. The category of abelian T'(P)-algebra is equivalent to the category of left modules
over Uap(T'(P)).

We also obtain the straightforward corollary:

Corollary 6.10. Let V be an F-vector space. Then, Uan(T'(P)) @ V is the free abelian T'(P)-algebra
generated by V.

Similarly, any A-module M can be equipped with a left Up(p)(A) action by:
Brr(al,...,as—1,—) @m = Byr(a1,...,as—1,m),
and conversely, any left Ur(p)(A4)-module M has an A-module structure given by:
Brr(ai,...,as—1,m) = Byr(ar,...,a5_1,—) - m.
Once again, those assignments are inverse to one another, and we obtain:
Theorem 6.11. The category of A-modules is equivalent to the category of left modules over Ur(py(A).
As a straightforward corollary, we also obtain:

Corollary 6.12. Let V' be an F-vector space. Then, Urp)(A) @ V is the free A-module generated by
V.

From what precedes, we also obtain:

Corollary 6.13. Let M be an abelian I'(P)-algebra. Then, Upp(A)
generated by M.

QUpr(py M s the free A-module

The sequence of morphisms F — Uppr(p)y) — Upp)(A) then yields a commutative diagram of
free/forgetful adjunctions:

UAb(F(P))®—
Vectp P)-Alg)a
Up(p)(A)®
Ur@) (D@0 0(p)) ~
A-Mod

where the right adjoints are usual restriction of scalars.

Recall from [LV12, §12.3.4] the description for the enveloping algebra Up(A) associated to a
P-algebra (without divided powers) A. It has a set of generators denoted by v(aq,...,ax;1) in
[LV12], for all v € P(k+ 1), a1,...,a; € A. Note that the norm map induces a monad morphism
Tr: S(P) — T'(P) (see [Ere00l §1.1.14]). This map has been translated in terms of divided power
operations by the third author in [Iko23l Remark 6.3]. In consequence, we get the following:

Proposition 6.14. For all T'(P)-algebra A, the norm map induces a natural F-linear ring homo-
morphism 0: Up(A) — Uppy(A), sending v(ai,...,ar;1) € Up(A) to B, .. (a1, .., ak,—) €
Urp)(4).

Note that here, in the expression Up(A), we have dropped the forgetful functor I'(P)-Alg — P-Alg
which is induced by the norm map as well.
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7. DERIVATIONS, MODULE OF KAHLER DIFFERENTIALS

One of the key notions in the construction of André—Quillen cohomology is the abelianization
functor, which is obtained as a left adjoint of the forgetful functor from the category of Beck A-
modules to the slice category over A which “forgets” the abelian group structure (see [Qui67, §2.5],
[Eral0]). In order to build and study such an abelianization functor, one needs to study morphisms
of Beck modules. In the usual algebraic case, these morphisms are naturally identified with a certain
set of algebraic derivations (see [Fral0,Bec67]). This justifies the terminology of Beck derivations for
the maps B — M which are obtained by composing a morphism B — A x M of Beck modules with
the projection onto M. In the case of algebras over an operad, Beck derivations correspond again to
a natural notion of algebraic derivations (see [GHOO, Proposition 2.2]). In these examples, the set
of derivations is then represented by a module Qp(A) called the module of Kéhler differentials of
A (see [LVI2] §12.3.8]). In this section, we identify the set of Beck derivations over a I'(P)-algebra,
as well as an analogue of the A-module of Kéhler differentials in the divided power setting.

Definition 7.1. Let M be an A-module, and B —— A bea ['(P)-algebra over A. A Beck derivation,
or simply derivation from B to M is a linear map d: B — M such that pr+d: B— AXx M is a
morphism of I'(P)-algebra. We denote by Der4(B, M) the vector space of derivations from B to
M. We obtain a bifunctor

Dery: (T'(P)-Alg/A)°P x A-Mod — Vectp.
Proposition 7.2. A Beck derivation d: B — M is a linear map such that:
(5% T bla cee 7 Z Z 5w,£oj(l,l’)(pr(bl)a s 7pr(bj)7 d(bj)vpr(bj-l-l)a s 7pr(b8))'
J=1 14+U=r; I'>0

Proof. The map pr + d is a I'(P)-algebra if and only if:

(pr + d)(Ber (b1, - -, bs)) = Bap ((pr(br), d(b1)), .- ., (pr(bs), d(bs)))
= /er(pr(bl ..,pr ZZ/B.CB ro;(1,l") pr bl) "7pr(bj)7d(bj)7pr(bj+l)7"'7pr(b8))' 5
j=1 LU

where 1,1’ runs over the pairs of non-negative integers such that [ + ' = r; and I’ > 0, hence the
result. ([l

Definition 7.3. For any I'(P)-algebra A, denote by dA the underlying vector space of A. Elements
of dA are denoted by da for a € A.
The module of Kéhler differentials of A is the following coequalizer in the category of A-modules:

Ur(p)(A) @ T'(P, A) = Ur(p)(A) ® dA — Qrp)(4)
UF(P)(A)®6UA

where v: Upepy(A4) @ T(P, A) — Uppy(A) ® dA is given by:
/Bx,z(ah sy Qs—1, _) & )‘By,g(bh cee 7bu) —

DY M(ﬁx,z(al,...,as_l,—)®/3y€oj(l,l,)(bl,...,bj,—,bj+1,...,bu))®dbj,

J=1141'=g;,I'>0

and where evq: I'(P, A) — A is the structural I'(P)-algebra evaluation map of A.
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Let us describe Qppy(A) in more detail. For an element of the type B;,(a1,...,a4-1,—) ®
da € Upepy(A) ® dA, we will denote by B;,(a1,...,a.,-1,da) its image in Qpepy(A). Following
Notation [.6] we will allow the notation:

ﬁm,[(ala ey Qi—1, d(l, Ajt1ye - 7as) = ﬁa;ﬂf’i (ab ey Bi—1, Q4415+ -,As, d(l)

Then, by definition, Qpp)(A) is an A-module generated by the elements 3, (a1, . . ., @q—1,da) under
certain relations, including the following:

d (ﬁx,z(al, . ,as)) = Z Z Beros@ iy (@1 -y aj-1,a5,daj, aji1,. .. as). (7.eq.1)

i=1 [+l'=r;,l’>0

Definition 7.4. The universal derivation of A is the linear map d: A — Qr(p)(A) induced by the
identity map A — dA.

As a consequence of the relation (7.eq.I]), we deduce:
Proposition 7.5. The universal derivation d: A — Qpp)(A) is a Beck derivation.

The following result justifies the term “universal” derivation, and completes the analogy with the
classical module of Kihler differentials [LVI2] 12.3.19]:

Proposition 7.6. Qp(p)(A) represents the functor Der(A, —): A-Mod — Ab sending M to the abelian
group of derivations from A to M.

Proof. We have to show that for all A-module M, there is a linear bijection, natural in M:
HomA—Mod(QF('P) (A)7 M) = DeI‘A(A, M)

Let f: Qpep)(A) — M be an A-module morphism. Consider the linear map D: A — M given by
D = fod, where d: A — Qpp)(A) is the universal derivation. Since the universal derivation is a
derivation, and since f is an A-module morphism, D is a derivation. The assignment f +— D yields
a linear map ¢: Homanod (rpy(A), M) — Dera(A, M), natural in M.

Reciprocally, let D: A — M be a derivation. We can consider D as a linear map dA — M. This
extends uniquely into an A-module morphism Urpy(A4) @ dA — M. The fact that D is a derivation
ensures that this passes to the coequalizer into an A-module morphism f: Qpp) (A) — M. This
assignment D — f yields a linear map t: Dera(A, M) — Homanod(Qrepy(A4), M). Tt is easy to
check that ¢ and 1 are mutually inverse and natural in M. O

To conclude this section, let us link this new notion of Kihler differentials for a I'(P)-algebra

to the usual notion of Kihler differentials for a P-algebra. Recall that U;;(P): I'(P)-Alg — P-Alg
denotes the forgetful functor from I'(P)-algebras to P-algebras. Then, if A is a I'(P)-algebra,

Qp(A) = Qp(Ug(P)(A)) is the usual Ug(P) (A)-module of Kahler differentials of the P-algebra
UL (A), as in [LVI2] 12.3.8].

Proposition 7.7. The map 6 @ dA: Up(A) ® dA — Upp)(A) ® dA, where 0 is defined in Proposi-
tion [0.1]} induces a map 0: Qp(A) — Qpp)(A) given by

v(ay,...,da;, ... as) — 51/,(1,...71)(a17 coodagy .. ag).

We leave to the reader to check that the given map passes to the coequalizers.

8. (QUILLEN COHOMOLOGY

We now have all the ingredients to describe Quillen (co)homology of I'(P)-algebras, as listed in
Section [21
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Lemma 8.1. Let f: B — A be a morphism of I'(P)-algebras. Via the equivalence from Theorem [5.2,
the pushforward along f is given by fi(M) = Uppy(A) OUppy(B) M-

Proof. The universal enveloping algebra Up(p) provides a functor I'(P)-Alg — As, -Alg to unital
rings. The ring homomorphism Urp)(f): Upp)(B) — Upp)(A) makes Uppy(A) into a right
Up(py(B)-module. Via the equivalence from Theorem [6.11] the pushforward adjunction

fi
B-Mod —= A-Mod
f*
corresponds to the classical restriction/extension of scalars along Up(p)(f). O
Theorem 8.2. Let A be a T'(P)-algebra.
(1) The following two functors form an adjoint pair:

Urp) (A)@up ) () rp)(-)

I'(P)-Alg/A A-Mod.
Ax—

(2) The adjunction simplicially prolongs to a Quillen pair.

Proof. (1) Via the equivalences from Theorem and Theorem [6.11] the statement follows from
combining Proposition [.6] Lemma [R1] and Lemma 241
(2) Via the equivalence from Theorem [6.1T] the right adjoint A x — is the forgetful functor

(I'(P)-Alg/A),, — I'(P)-Alg/A.

The claim then follows from [Fral5l Proposition 3.40]. O

9. EXAMPLE: THE OPERAD Com

In this section, we apply our general construction for Beck modules, universal enveloping alge-
bra, Beck derivations and Ké&hler differentials for divided power algebras over the operad Com of
associative, commutative (non-unital) algebra. We check that these correspond to the construction
obtained by the first author in [Dok09,Dok23].

For readability, we will divide this section into two subsections. In the first one, we recall the
definition for classical divided power algebras. We refer the reader to |Car56,[Rob65] and [Ber74,
§I] for more details. We then review the characterisation of Beck modules, universal enveloping
algebra, Beck derivations and Kéhler differentials for these objects obtained by the first author
[Dok09lDok23].

In the second subsection, we show how these characterisations correspond to those given in this
article for a general operad P, once we set P = Com.
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9.1. CLASSICAL DEFINITION AND STATE OF THE ART

Definition 9.1. Let (A, I) be a commutative ring together with an ideal I C A. A system of divided
powers on [ is a collection of maps ;: I — A, where i > 0, such that the following identities hold:

Yo(a) =1, (9.eq.1)
Wl(a) = avlyi(a) € I7 (s 17 (Qqu)

k=1
vila+b) = w(a)yik(b), a,b eI, i>0, (9.¢q.3)

k=0
~i(ab) = a'yi(b), a € A, i >0, (9.eq.4)

i+ 7)! o
vi(a)yj(a) = %%ﬂ-(a), acl, i,j >0, (9.eq.5)
o (i) - . .

’7@(’7]((1)) - Z-|(j|)i/ylj(a)7 ac Iv 7 2 07 J 2 1. (QGQG)

We say that (I,7) is a PD ideal of A. We call divided power ring the data of a triple (A, I,~) where
A is aring, and (I,7) is a PD ideal. A morphism of divided power rings

f: (A 1,v) = (B, J,96)

is a ring homomorphism f: A — A’ such that f(I) C J and such that f(y;(a)) = d;(f(a)) for all
i1>0andac€ .

Note that the identities (9.eq.2]) and (9.eq.b]) imply that a" = nl!vy,(a), where n € N and a € I.
In particular, in a divided power ring of characteristic 0, v, (a) = %L for all a € I. This justifies the
name “divided powers”. In prime characteristic p, one has o = 0, for all a € I.

Notation 9.2. Given an augmented F-algebra A with augmentation e: A — F, denote the augmen-
tation kernel by A, = ker(A — ).

Given a non-unital F-algebra B, denote by BT = F & B the augmented algebra obtained by
formally adjoining a unit.

We follow the notation Ay = ker(A — F) used in [Sou87] and [Dok09], though some authors use
a different notation, notably A in [LVI12, §1.1].

We now fix a field F of prime characteristic p # 0. We restrict to the case of divided power rings
(A, I,7v) such that A is an augmented F-algebra A =F @ A, and I = A,. In this setting, Soublin
showed that the divided power structure is entirely determined by a map 7 playing the role of 7,:

Proposition 9.3 ([Sou87]). The category of divided power augmented F-algebras (A, Ay,7) is equiv-
alent to the category p-Com with objects the pairs (A,m), where A is an augmented algebra with
augmentation ideal Ay, and where m: Ay — A, is a set map satisfying:

a’? =0, a€ Ay, (9.eq.7)
D
m(a+b) =m(a) + 7(b) + Takbp_k, a,be Ay, (9.eq.8)
k=1
m(ab) =0, a,b e Ay, (9.eq.9)
w(Aa) = APr(a), a € AL, X €T, (9.eq.10)

and where morphisms «: (A,w) — (A, 7") are homomorphism of augmented algebras a: A — A’
such that acom =1’ o a.
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BECK MODULES

Fix a divided power augmented F-algebra A, or equivalently, an object (A, 7) of the category
p-Com defined above. Then, the first author obtained the following characterisation for Beck A-
modules:

Theorem 9.4 ([Dok09]). The category of Beck A-modules is equivalent to the category M whose
objects are pairs (M, ) where M is a A-module and w: M — M is a p-semilinear map such that
m(am) = 0 for all a € Ay and m € M and whose morphisms (M,7) — (M',7") are A-module
homomorphisms o: M — M’ such that ™ o o = aco 7.

ENVELOPING ALGEBRA

Let us now build the universal enveloping algebra of A, which is the representing object for the
category of Beck A-modules. Let R; be the polynomial ring consisting of the set of polynomials
zzzgﬂ A\ f where \; € F, f is an indeterminate and f\ = A\Pf.

We define the ring V(A) as the ring whose underlying F-vector space is the tensor product
V(A) := A®p Ry and the multiplication is given by:

(a®@1)(d ®1) = (ad' ®1), a,d € A,

(legled)=0®4q), ¢4 € Ry,
(a@)(1@f)=(a®[), a €A,
(1@ f)la®l) =0, ac Ay,
(1®fHA®1) =N f), AcTF.

Then, the first author obtained the following;:

Theorem 9.5 ([Dok09)). The category of Beck A-modules is equivalent to the category of left V(A)-
modules.

BECK DERIVATIONS

Let A’ € p-Com/A be a divided powers algebra over A and (M, w) a Beck A-module. The first
author obtained the following:

Proposition 9.6 ([Dok09]). The abelian group of Beck derivations of A’ into M is given by
Der,(A’, (M,7)) = {d € Der(A', M)| d(n(a)) = n(d(a)) — a?~*d(a), a € A’ }.
KAHLER DIFFERENTIALS

We then get the following characterisation for the module of Kéhler differentials:

Theorem 9.7 ([Dok09]). The module of Kdhler differentials for the augmented divided power F-
algebra A is the V(A)-module Qp-com(B) with the following presentation: the generators are the
symbols da for a € A, and the relations are

d(Aa + ub) = Ada + pdb, (9.eq.11)
d(ab) = adb + bda, (9.eq.12)
d(m(c)) = fde — P Lde, (9.eq.13)

where a,b € A, A,y € F, and c € Ay.
9.2. OPERADIC POINT OF VIEW

Let us now show how we recover these notions from Sectiondd] [6] and [[l Recall that the operad
Com of non-unital commutative algebras is defined as a symmetric sequence by

T,, ifn >0,
cont = {37 07
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where T}, denotes the trivial representation of dimension 1 generated by an element we denote by
X, and with partial compositions given by X,, o; X = X,,11—1. We get the following:

Theorem 9.8 ([Ere00]). A I'(Com)-algebra is a (non-unital) associative, commutative algebra B
equipped, for all i > 0, with a set map v;: B — B satisfying the relations (0.eq.2)) to (0.eq.6) from
Definition [9.11

Note that there is a slight abuse of notation here: relation should be replaced by:

k=i—1
yila+b) =7i(a) + %) + > la)yi—r(b).
k

The category of I'(Com)-algebras is then equivalent to the category of divided power augmented
F-algebras. Indeed, if B is a I'(Com)-algebra, then BT = F & B is equipped with a unique structure
of divided power augmented F-algebra (B, B,§) such that §;(b) = ~;(b) for all ¢ > 0 and b € B.
Conversely, if (A, Ay,7) is an augmented divided power F-algebra, then, the collection of maps ~;
for i > 0 equips A4 with a structure of I'(Com)-algebra as above. Following Soublin’s theorem, a
I'(Com)-algebra is equivalently characterised as a (non-unital) associative, commutative algebra B
equipped with a map 7: B — B satisfying relations (0.eq.7)) to (0.eq.I10]) of Proposition

Let us now use the characterisation of I'(Com)-algebra from Theorem [B:3] Following [Tko20], if
B is a I'(Com)-algebra, its multiplication is given by X,,(1,1), and 7, which represents the divided
power operation 7, is given by 3 X,,(p)-

ABELIAN ALGEBRAS, BECK MODULES

Following Definition ], an abelian I'(Com)-algebra M is a vector space M endowed with a
trivial multiplication mm’ = 0 and a semilinear map 7: M — M satisfying m(Am) = Am(m).

Following Definition [£35] a B-module M becomes a module M over the commutative algebra
B, endowed with a trivial multiplication, and a semilinear map 7: M — M satisfying 7w(Am) =
AP7r(m) and such that w(bm) = 0. This last property comes from relation [(FAMS)| noticing that

16 (p)o1,1)/6p L (E(1,1))| = p!, and using |(BAMG)|

m(bm) = Bx,,p) (Bxz,a,1)(b;m)),
= Bp!Xgp,(p,p)(bv m)’
= plﬂxzp,(pm)(b’ m) =0.

ENVELOPING ALGEBRA

From Definition the universal enveloping algebra Ur(com)(B) is spanned by symbols
Bxnr(biy...,bs—1,—) with 7+ 4+ry=n.

We can reduce this generating family: using the relations of Definition [6.T], and the same reasoning
as in [Tko20, §3.3] and [Sou87], Ur(com)(B) is spanned by symbols By, (1)(—) (the unit), Bx, (2)(b, —)
for b € B, and Bx, ;) (—)-

We can then show that there is an isomorphism between Up(com)(B) and V(BT), where V(B)
was defined in Section This isomorphism sends Bx, (1)(—) to 1®1, Bx, (1,1)(b, =) € Up(com)(B)
tob® 1, and ﬁXp,(p)(_) S UI‘(Com)(B) to1® f.

Note that B injects into Ur(com)(B), by identifying b € B to Bx, 1,1(b,—). For a B-module
(i-e., a Up(com)(B)-module) M, we will denote by bm := Bx, 1,1(b,m) = Bx, 1,1)(b, —) - m, and
m(m) == Bx, p)(m), for b € B, m € M.
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BECK DERIVATIONS

Following Proposition [7.2, a Beck derivation d: B — M is a linear map d: B — M satisfying
d(ab) = adb + bda and

P
= Z Bx,,(p—i.i) (b, d()).
i=1
Note that, for all 4 such that 2 <i <p-—1,
1, 1
Xp = =ilX, = & > TXp,
TEpriXGi/priXei“
and so,

BXP, (p—i,i) (b db) 51 = )(ba db)

xi TXp,(p—1,%
TES, i X6;/6,_;x6] ’

= ﬁﬁZTEQBp,iXGZ—/Gp,iXGfi TXp,(p—1i,i) (b7 db)v

and according to relation |(BM4)| S5~ . b,db) = 0. So,
TES,_

d(m(b)) = Bx,,(p—1,1)(b, db) + Bx, (0,p)(b, db),
= Bx,1,1) (Bx,_1,(0-1)(0),db) + Bx, () (db),

iXG '/6p7i><6i<i TXPv(p_sz)(

pr— 1
= ———db+ w(db).
(p—1)!
Finally, since in characteristic p, (p — 1)! = —1 (see Wilson’s Theorem [DF04, §13.5 Exercise 6]),

one has:
d(m(b)) = n(d(b)) — bP~Ld(b).
We recover the characterisation of Beck derivations given in [Dok09].

KAHLER DIFFERENTIALS

Following Definition [Z.3] the module of Kéhler differentials Qp(com)(B) of B is the Ur(com)(B)-
module generated by elements db for b € B, linear in b, under the relations:

d(ab) = d(,@X2 1,1) (CL b)) = IBXQ (1,1) (— b) ® da + ,8X27(171)(CL, —) ® db = bda + adb,

d(m(b)) = d(Bx,,p)(b Zﬂxp, (p—iyi) (b, —) @ db.
For this last relation, note that the term corresponding to ¢ = 1 is:
Bx,.(p-1,1)(b, =) ® b= Bx, (1,1)(Bx,_,,p-1)(b), —) @ db =
the term corresponding to ¢ = p is

B, 0.0 (b, =) ® b= Bx, () (=) © db = w(db).
For all i € {2,...,p — 1}, we have again X, = i7X, = Y,ce, x6./6, xix61 X0 50,

i—1 2
Bx,,(p—iyi) (b, —) = Eaeep XGi/Gy i xG1X Gy 1 X, is one of the elements described in Definition

1

15 _  3p—1
(p—l)!bp db = —b"""db.

in point (7), and so, is equal to 0 in Up(com)(B). Finally, this last relation reads:
d(m(b)) = m(db) — bP~Ldb.

We can show that this module of Kihler differentials Qp(com)(B) is isomorphic to the module of
Kéhler differentials Qp-com(B™) of the augmented divided power F-algebra BT. This isomorphism
is transparent on elements db, adb, and sends 7 (db) to f - db.
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10. EXAMPLE: THE OPERAD Lie

In this section, we apply our general construction for Beck modules, universal enveloping algebra,
Beck derivations and Kéhler differentials for divided power algebras over the operad Lie of Lie
algebra. We check that these correspond to the construction obtained by the first author in [Dok04].
For readability, we will divide this section into two subsections: in the first one, we recall the
definition for restricted Lie algebras. We refer the reader to [Jac62] for more details. We then
review the characterisation of Beck modules, Beck derivations for these objects obtained by the first
author [Dok04].

In the second subsection, we show how these characterisations correspond to those given in this
article for a general operad P, once we set P = Lie.

10.1. CLASSICAL DEFINITION AND STATE OF THE ART
We suppose that F is a field of prime characteristic p # 0.

Definition 10.1 ([Jac62, §V.7]). A restricted Lie algebra L = (L, (—)P!) over F is a Lie algebra over
F together with a map (—)[p] : L — L called the p-map such that the following relations hold

(al)lPl = o [Pl (10.eq.1)
L) =0, 0 (10.eq.2)
~—_————
p
p—1
(14 =1 P N0, (10.eq.3)
=1

where is;(1,1') is the coefficient of Ai~1 in ad‘zl_jl,(l). Here, ad;: L — L denotes the adjoint represen-
tation given by ad;(l') := [I',1], I,I' € L, a € F. A Lie algebra homomorphism f: L — L’ is called
restricted if f(! [7’]) =f (l)[p}. We denote by RLie the category of restricted Lie algebras over F.

Ezample 10.2. Let A be any associative algebra over a field F. We denote by Ar;. the induced Lie
algebra with the bracket given by [I,I'] := II' —=Il, for all [,I' € A. Then (Apic, (—)P)) is a restricted
Lie algebra where (—)P! is the p-th power [ ~— IP. Thus, there is a functor

(_)RLie: As — RLie
from the category of associative algebras to the category of restricted Lie algebras.

Ezample 10.3. Let G be an algebraic group over F. The associated Lie algebra Lie(G) of G is
endowed with the structure of restricted Lie algebra [Bor91l §I.3] [Wat79, §12.1].

BECK MODULES

Let L be a Lie algebra over F. A Lie module over L is a F-vector space M equipped with a
F-bilinear map L g M — M: | ® m > Im such that

[1,U)m = 1(I'm) — U'(Im), for all [,I' € L and m € M.

Definition 10.4. Let L be a restricted Lie algebra over F. A Lie L-module M is called restricted if
1Pl = (I(---(IAm)---).
~——

P
Let M be a restricted L-module. We denote by M, the following L-submodule of M:

MY ={meM:lm=0foralleL}.

The first author obtained the following characterisation for Beck L-modules.
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Theorem 10.5 ([Dok04]). The category of Beck L-modules is equivalent to the category M whose
objects are pairs (M, f) where M is a restricted L-module and f: M — MY is a p-semilinear map
from M into its submodule of invariants M* and whose morphisms (My, f1) — (Mo, f2) are L
homomorphisms a: My — Moy such that fooa = ao fy.

When no confusion arises, we will always denote by f: M — M the p-semilinear map of a Beck
L-module M.

ENVELOPING ALGEBRA

Let us now build the universal enveloping algebra of L, which is the representing object for the
category of Beck L-modules. Let L € RLie be a restricted Lie algebra and U (L) its usual enveloping
algebra [Jac62, §V.1]. We first recall the construction of the restricted enveloping algebra u(L) which
is a representing object for restricted L-modules.

Definition 10.6. We denote by u(L) the quotient of the algebra U(L) by the relations P — I[P} for
[ € L, which we call the restricted enveloping algebra of L.

This construction provides a functor u: RLie — As.

Theorem 10.7 ([Jac62, §V.7]). The category of restricted L-modules is equivalent to the category of
u(L)-modules.

Following N. Jacobson (see [Jac62, §V.2]), the functor u is part of an adjunction
u: RLie & As: (—)RLie

Following [Dok04], denote by w(L) the F-vector space R; ®r u(L), where Ry is the polynomial
ring on one indeterminate f as in Section [0 Then, w(L) equipped with a ring structure such that
Ry — w(L) and u(L) — w(L) are ring homomorphisms, and such that:

(fe)(1lwl):=f®l and (1®I])(f®1):=0
for all [ € L. The first author obtained the following characterization of Beck modules, which yields
Ur(vie) (L) = w(L).
Theorem 10.8 ([Dok04]). The category of Beck L-modules is equivalent to the category of left w(L)-

modules.

Lemma 10.9. The ring homomorphism 0: Urie(L) — Upie)(L) from Proposition is the com-
posite

U(L) - u(L) — w(L)
where U(L) — u(L) is the quotient map and u(L) — w(L) is the ring homomorphism z +— 1 ® x.
BECK DERIVATIONS

Let M be a Lie L-module, a derivation of L into M is a F-linear map D: L — M such that the
Leibniz formula holds

D(1,1'])) =1D(') = I'D()

for all I,!’ € L. The set of such derivations is denoted by Der(L,M). Let L' € RLie/L be a
restricted Lie algebra over L, and (M, f) a Beck L-module. Then, the first author obtained the
following

Proposition 10.10 ([Dok04]). The abelian group of Beck derivations of L' into M is given by:

Der, (L', (M, f)) := {d € Der(L', M) : d(I") = LoLdi+ fd@), Le L'}
p—1
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KAHLER DIFFERENTIALS

What we call the module of Kéhler differentials of the Lie algebra L is, by analogy with the
case of commutative algebras, the L-Beck module Qgric(L) which represents the functor of Beck
derivations. It follows from Theorem [[0.8 Proposition [0.J0l and [Par68, Lemma 2.1] that the
module Qgrie(L) of Kéhler differentials is nothing else than the w(L)-module C(L) considered by
Pareigis in [Par68], cf. [Dok04), §1.3].

Theorem 10.11 ([Par68]). The module of Kdhler differentials Qgrric(L) for the restricted Lie algebra
L is the w(L)-module with the following presentation: the generators are the symbols dl for | € L,
and the relations are:

d(\L+ pl")y = Ml + pdl’, (10.eq.4)
d([1,1) = ldI’ - dl, (10.eq.5)
d (ﬂp}> = £(dl) + Pl (10.eq.6)

10.2.  OPERADIC POINT OF VIEW
Let us now show how we recover these notions from Sections [l [6] and [ Recall that Lie is the
operad generated by a binary operation [—, —] € Lie(2) satisfying (12) - [-, —] = —[—, —] and the
Jacobi relation:
[ =To2 [, =]+ (123)-([-,-]o2 [, =) + (13 2) - ([, ] o2 [-,—]) = 0.
We fix a field F of prime characteristic p # 0.

Theorem 10.12 ([Ere00]). The category I'(Lie)-Alg coincides with the category RLie of restricted Lie
algebras.

We now use the characterisation of I'(Lie)-algebras using Theorem 3.3l Following [Tko23| Example
6.6.c)], if L is a I'(Lie)-algebra, the Lie bracket on L is given by 8_ _j 1,1), and the p-map is given
by BE, (p), where I}, € Lie(p)®» is the element:

Z [_7 _] 01 [_’ _] 0101 [_7 _] ‘g,

g

p—1

where the sum runs over the o € &, such that o(1) = 1. Note that relation (I0.eq.2)) then reads:

B-1,0,1) (Bip, (1), BEp) = B, o[—,—Jor-01[—,—],(1p)> (10.eq.1)

where o ranges over &; x &, in the sum, which can also be written B[_’_]7(171)(51p7(1)7/BF,(p)) =
BFP‘Flv(lvp)'

ABELIAN ALGEBRAS, BECK MODULES

Following Definition 1], an abelian I'(Lie)-algebra M is a vector space M endowed with a trivial
Lie bracket [m,m’] =0 and a semilinear map f: M — M satisfying f(Am) = NP f(m).

Following Definition 4.5 an L-module M becomes a vector space M equipped with a semilinear
map f: M — M and an action of L that we denote [I,m] for [ € L, m € M such that [, f(m)] = 0.
This last relation comes from the following computation:

[la m[p]] = /8[—,—},(1,1) (l7 BF,(;D) (m))7
= By, o= \—Jor--o1[—,-],(1,p) (1 M),
Here we used the relation (I0.eq.1)). Now, using relation |(SM4)| of Definition 5] this is equal to 0.
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ENVELOPING ALGEBRA

Using the same reasoning as in [Fre00, Theorem 1.2.5], and the relations of Definition [6.] we can
show that the universal enveloping algebra Ur(iie) (L) is generated by symbols B[_,_]7(171)(l, —)forl e
L, B, p)(—), and a unit By, qy(—). We can then build an isomorphism between Ur ) (L) and the
universal enveloping algebra w(L) defined in Section[I0.Il This isomorphism sends 3| _j 1,1)(/, =) €
UF(Lio)(L) to 1® 1, and /BFp,(p)(_) € UF(Lio)(L) to f® 1.

Note that L injects into Upie) (L), by identifying I € L to B _j 1,1)(l,—). For an L-module
(i-e., a Up(rie)(L)-module) M, we will denote by [I,m] := B— _j 1,1)([,m) = B— —,a,1)([, =) -m, and
f(m) = B, (M) = BE, (=) -mforle L,me M.

BECK DERIVATIONS

Following Proposition [[.2] a Beck derivation d: L — M is a linear map d: L. — M satisfying
d([lv ll]) = 5[—,—],(1,1)(17 dl/) + ﬁ[—,—},(l,l) (dlv l,) = [lv dl/] - [llv dl]7 and

p
d <l[p}> = Z'E;ﬁFp,(p—i,i) (lv dl)

Note that, since F,, € Lie(p)®», for all i such that 2 <i <p— 1,

1. 1

Fp = J'L'Fp = 5 Z .TFp,
TGGP,iXGi/priXGi“

and so,

BFP(p_iJ)(ljdl) - B%Z ~ X1 Tva(p Zl)(l7dl)

TEGpiixei/e Xbl
1
= EﬁZTGGp—iXG'/Gp,iXGi@ TFp,(p—i,i)(l, dl),
and according to relation -5M4 52 E, (p—i,i)( Ldl) =0

€6,_;X6;/6,_;x& "
KAHLER DIFFERENTIALS

Following Definition [Z3] the module of Kéhler differentials Qpie)(L) of L is the Upe) (L)-
module generated by elements dl, [ € L, under the relations:

AN+ ') = Adl + pdl,
d([la l,]) = d(/B[ —],(1,1 )(l7l/)) = /8[— —1,(1, 1)(_7l/) ®dl+ B[—,—L(l,l)(la _) ®@dl = [l7dll] - [l,7dl]7

d(f(1)) = d(Br, ;) ZBFW iy (b, —) @ db.

To compute the term corresponding to 7 = 1, note that, by [Fre00, Remark 1.2.8], BFP,(p—l,l)(L -)-
dl = Br, p—1,1)(l,dl) = [I,...[l,dl] ...]. the term corresponding to i = p is
N——

p—1
ﬁFp,(O,p)(L _) ®l= ﬁFp,(p)(_) ®dl = fdl.

For all ¢ € {2,...,p — 1}, note that again, F,, = i%Fp = ZUGG‘HX@Z_/G X161 %Fp. So,
Br,, (=i, =) = ﬁzo% /o XX %Fm(p_i’i)(l, —) is one of the elements described in Defi-
nition in point (7), and so, is equal to 0 in Up,e)(L). Finally, this last relation reads:
d(fl) = flal) +1[i,...[i,di]...].
N——

p—1
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Finally, Qi) (L) is indeed isomorphic to the module Qrpic(L) defined in Section [10.11

11. COMPARISONS

In this section, we identity some adjunctions involving I'(P)-algebras and check that they induce
comparisons on Quillen cohomology. The next sections will focus on examples.

Lemma 11.1. Let C be a cocomplete closed symmetric monoidal category and P an operad in C.
(1) The free P-algebra monad S(P): C — C preserves reflexive coequalizers and filtered colimits.
(2) The forgetful functor Ugj : P-Alg — C creates reflexive coequalizers and filtered colimits.

Proof. The first part is proved for instance in [Rez96, Proposition 2.3.5]. The second part follows
from the first part and [Bor94l Proposition 4.3.2]. O

Lemma 11.2. The forgetful functor U;(P): ['(P)-Alg — P-Alg preserves and reflects reqular epi-
morphisms.

Proof. Both categories are monadic over Vecty, as illustrated in the diagram of forgetful functors

L'(P)

[(P)-Alg —~— P-Alg

Uf

Vecty.

A regular epimorphism ¢: X — Y is the coequalizer of its kernel pair X xy X = X, which is a
reflexive pair, with common section the diagonal X — X xy X. By Lemma IT.1] the functor U]PZ)
preserves and reflects reflexive coequalizers, hence also regular epimorphisms.

In Vectp, all regular epimorphisms (namely the surjective maps) split, assuming the axiom of
choice. Thus any functor Vectp — Vectp preserves regular epimorphisms, and the functor UIE (P)
preserves and reflects regular epimorphisms, by [Bor94, Theorem 4.3.5]. O

Remark 11.3. Working over a more general base commutative ring k instead of a field FF, the
endofunctor I'(P): Mody, — Mody, need not preserve regular epimorphisms.

For example, take &k = Z and the operad P in Modz = Ab generated by one binary operation
p € P(2) subject to the relation p - (12) = —u. Then P is a reduced operad with P(2) = Z,, which
denotes Z with Xs-action by the sign. Consider the quotient map of abelian groups ¢: Z — Z/2.
We compute the s-fixed points

(P(2) ® ZE?) = (Zy ® Liiy)™ =0
(P(2) ® (Z/2)%%)™ = ((2/2)5)™ = Z/2.
Thus the degree 2 summand of the map of abelian groups
L(P,q): T'(P,Z) - T(P,Z/2)
is the map 0 — Z/2, which is not surjective.
Since I'(P)-Alg and P-Alg are algebraic categories, Lemma ensures that the adjunction
F;UD): P-Alg = T'(P)-Alg: Ug(P) (1l.eq.1)

gives rise to the comparison diagrams described in [Fral5l Theorem 4.7].
Another source of comparisons will be given by morphisms of operads, as we now describe.
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Lemma 11.4. Let f: P — Q be a morphism between reduced operads in Vecty. Consider the diagram
of four adjunctions

fi

P-Alg Q-Alg

T'(P) r(P) T(Q) rQ)
Fp HUP Fg HUQ
fi

I'(P)-Alg ? I'(Q)-Alg.

f*

1) The right adjoints commute, and therefore the left adjoints commute (up to natural isomor-
g 7l 4]
phism).
(2) Both restriction functors f* preserves and reflect reqular epimorphisms.

Proof. (1) Via the explicit description of I'(P)-algebras in Theorem B3] the restriction functor
f*: T(Q)-Alg — I'(P)-Alg can be described as follows. Consider a I'(Q)-algebra A with operations
Byr: A% — A, given for all r = (r1,...,rs) and y € Q(n)>x with n = ry + -+ + 7. Its restriction
f*A has the same underlying F-vector space A, with I'(P)-algebra structure given by the operations

5"57[ = 5f(m)7f
for all z € P(n)*: and r as above. Note that the map on the arity n parts f: P(n) — Q(n) is
Yn-equivariant, hence restricts to fixed point subspaces f: P(n)*z — Q(n)>r.
@) As observed in the proof of Lemma [I1.2] in all four categories, regular epimorphisms are

preserved and reflected by the forgetful functor to Vectr. More concretely, they are the morphisms
whose underlying map of vector spaces is surjective. O

Next, we want to compare Quillen cohomology of I'(P)-algebras and P-algebras. Start with a

['(P)-algebra A and consider its underlying P-algebra Ug(P)A, also denoted A when the context
indicates the category. The diagram of adjunctions in [Fralb, §4.2.2] specializes to

P-Alg/A (P-Alg/A).,,

e F5P) H UL eap PP HU;(P)
Aby

I['(P)-Alg/A ——= (T'(P)-Alg/A),,, -
A
Using the identification of Beck modules and Kéhler differentials in [LV12, Propositions 12.3.8
and 12.3.13] for the top row and Theorem and Proposition for the bottom row, the diagram
becomes

A

Up A®y, (—)Q2p(—)

P-Alg/A UpA-Mod (11.eq.2)
Ax—
eA!Fg(P) U71;(P) 9! 0*
Ur(p) ABup, .y (-)8r(P) (-)
F(P)-Alg/A [UF('p)A—MOd.
Ax—

Here 0: UpA — Upp)A is the F-linear ring homomorphism described in Proposition 6.4, 6*
denotes restriction of scalars along 6, and 6, denotes extension of scalars 6,(M) = Urp)A ®@upa M.
Applying [Fral5, Propositions 4.13 and 4.14] yields the following.

Proposition 11.5. Let A be a I'(P)-algebra.
(1) There is a natural (up to homotopy) comparison of cotangent complexes

| A A (11.eq.3)
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in simplicial Up A-modules.
(2) For each degree n > 0, there is a natural comparison map of Up A-modules
HQY (4) — 67HQ, ™) (4)
from Quillen homology of A as a P-algebra to Quillen homology of A as a T'(P)-algebra.
(3) For M a left Up¢pyA-module, there is a natural comparison map of abelian groups
HQ?(P)(A; M) — HQB(A;6°M) (11.eq.4)
from Quillen cohomology of A as a I'(P)-algebra to Quillen cohomology of A as a P-algebra.
(4) If the map of simplicial UppyA-modules
G!LZ — LE(P)
adjunct to the map is a weak equivalence, then the comparison in Quillen coho-
mology is an isomorphism in all degrees n.
We can describe the comparison map of cotangent complexes more explicitly.

Proposition 11.6. (1) For any I'(P)-algebra A, there is a natural map of Up A-modules
Qp(A) = 0°Qr(p)(A)
given by
plat, ... dag,...,an) = By, 1)(a, ... dag, ... a,)
for p e P(n), aj € A.

(2) More generally, for any morphism of T'(P)-algebras g: B — A, there is a natural map of
UpA-modules

UpA @upp Qp(B) —0* <UF(P)A QUrpy B Sir(p) (B)) (11.eq.5)

AbUA(UB—>UA) G*AbA(B%A)

given by
plat, ... dbi, ... an) = Bya,. 1y(at,....db;, ... ap)
for peP(n), aj € A (j#1i), and b; € B.
(3) Given a cofibrant replacement Cy = A in simplicial T'(P)-algebras, the comparison maps
for C, — A in simplicial degree n > 0 yield the comparison map of cotangent

complezes L7 — H*LQ(P) from (ITeq.3)).
Proof. First, we show that the underlying vector space of UpA ®uy,p Qp(B) is spanned by the

elements of the form p(aq,...,db;,...,a,). The tensor product UpA ®u,p Qp(B) is spanned by
elements of the type:

N(ah ey @y—1, —, Q41 - - - 7an) ®U7:B V(bl7 .. 7dbj7 cee 7bk)7
With p € P(n), v € P(k), ay, € A and b, € B. However, noting that this element is equal to:
,u(al, ey Qj—1y —y Q441 - - - ,an) ®U7>B I/(bl, e ,bj_l, —,bj+1, .. ,bk) . dbj,

tensoring over Up B means that this element is identified with:

M(ab sy Ai—1, 7 A1 - - 7an) : V(g(bl)v s 7g(bj—1)7 _7g(bj+1)7 s 7g(bk)) ®U7>B dbj
which is equal to:

poiv(at, ... ai-1,9(b1), ..., 9(bj-1), =, g(bj+1),- -, 9(bk); @iy1 - - -, an) @upp db;.
We now see that UpA @y, Qp(B) is spanned by elements of the form:

p(@rs .- Qi1 =, ig1 - - -, ) QupB dbi,
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Similarly, one shows that Ur(p)A ®uy. ) B Qrepy(B) is spanned by elements of the type:

5%2(&17 ey Qi—1y = (g T, e ,as) ®UF(P)B db;,
which we denote by 5, (a1,...,db;,...,as). The expression of the comparison map is then induced
by that of the norm map 6 from Proposition [6.14] d

Here the left adjoint induced on Beck modules 6y: UpA-Mod — Urp)A-Mod is described in
terms of the ring homomorphism 6, but one might hope to describe it in terms of the original left

adjoint Fg(P): P-Alg — I'(P)-Alg. However, the left adjoint Fg(P) does not always pass to Beck
modules in the sense of [Fral5, Definition 3.29]. For example, we will see, in the case of divided

power algebras, that Fgéglom) does not pass to Beck modules (see Proposition [[2.3]), while in the

e)

case of restricted Lie algebras, FEi(OLi does pass to Beck modules (see Proposition [13.4]).

12. DIVIDED POWER ALGEBRAS VERSUS COMMUTATIVE ALGEBRAS

In this section, we take the operad P = Com and analyze the effect of the free-forget adjunction
Com-Alg = I'(Com)-Alg.

We denote by Comy,g the category of augmented F-algebras and use the equivalence Com-Alg =
Comygyg, as well as the equivalence I'(Com)-Alg = p-Com from Proposition P. Berthelot defined
the notion of PD envelope of an ideal. In particular, it follows from [Ber74l, §2.3] that the forgetful
functor

Ugg?nom) : p-Com — Comyyg
admits a left adjoint functor
Fgégom): Comgye —+ p-Com
given by Fgégom) (A) = A, where A denotes the PD envelope of the augmentation ideal Ay of

A. We denote by 7 the unit of this adjunction, which is a homomorphism of augmented algebras
na: A— A

Let A be a divided power algebra, equivalently, an object of p-Com. Since Beck modules over an
augmented algebra B are just B-modules, A is the object Ucom(A) representing Beck modules over
the underlying augmented algebra of A. Recall from Section@that V(A) = A®p Ry represents Beck
modules over A. The F-linear ring homomorphism 6: A — V(A) is given by 0(a) = a ® 1. Denote
by QY the usual Kéhler differentials over the underlying augmented algebra, whereas Qp-com(A)
was described in Theorem The diagram of adjunctions specializes to

A®(,) Q%i)
Comyyg /A A-Mod
Ax—
FHHUH oo
V(A)®V(7)Qp-Com(_)
p-Com/A V(A)-Mod.
Ax—

Let 9t be a V(A)-module. By Theorem the V(A)-module 9 is associated to a pair (M, ),
where by M we denote 9 viewed as A-module and 7: M — M is a p-semilinear map such that
m(am) = 0 holds for all a € Ay and m € M. Equivalently, the V(A)-module 9 is associated to
an abelian group object A @, M — A in (p-Com/A),p,, where A @, M is the semidirect product in
Com of A and M together with the map

m(a,m) = (n(a),7(m) —a’"*m), a € Ay, m € M.

Via Theorem [0.5] restriction of scalars along #: A — V(A) is the functor sending a pair (M, 7) to
M, forgetting the p-semilinear map 7.
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Lemma 12.1. Let A € Comg,g be an augmented algebra, and M be a V (A)-module. Then the functor

nZUgéglom): (p-Com/A),p, — (Comaug/A)an

s given by
I'(C
NaUoom ™ (M) = aM
where AM denotes M with the A-module structure induced by restriction of scalars along the mor-
phism na: A — A.
Proof. In the composite of functors

I'(Com) .
A

(p-Com/A)ap ~22> (Comiayg /U A)ap, —> (Comaug/A)ab
Thm. l = l e~ l ~
A 0* *

V(A)-Mod A-Mod — ™ A-Mod

the first step is restriction of scalars along the ring homomorphism 6: A V(fl) The second step
is restriction of scalars along the ring homomorphism 74: A — A, since this is how pullbacks of
Beck modules are computed in commutative algebras. ([l

Proposition 12.2. (1) Let A € Comyuyg an augmented commutative algebra and M be a V(A)-
module. Then there is a comparison map

HQ;—Com(A; M) — HQ*Com (Aa AM)

(2) Let B € p-Com be a divided power algebra and M be a V(B)-module. Then there is a
comparison map
HQ;—Com(B; M) - HQ*Com(B; G*M)

Proof. Part (1) follows from [Fral5, Proposition 4.12] and Lemma [I21l Part (2) is a specialization
of Proposition @) to the operad P = Com. O

We now show that the p-envelope functor does not pass to Beck modules:
Proposition 12.3. In the case F = Fy, the functor F(I;((ngom)
tions does not pass to Beck modules.

that freely adjoins divided power opera-

Proof. Take the commutative (unital) Fo-algebra A = Fy and the A-module M = Fy whose generator
(only non-zero element) we denote by x. Viewing the A-module as a square-zero split extension
pr: A@ M — A, apply the functor Fgégom)

algebras

to obtain the split epimorphism of divided power

pr: @ — A.
Then, @ is the free divided power algebra on one generator I'(z), that is, its underlying vector
space is isomorphic to the vector space of polynomials Fs[x], but the multiplication is induced by
" kg™ = (m:{") 2™ The divided power algebra A is still equal to Fa. The kernel K = ker(pr) is
equal to the subalgebra of I'(x) of non-constant polynomials. In K, we have for example, x * 22 =
323 = 23. So K is not a square-zero algebra, thus the split epimorphism pr does not yield a Beck
module. O

To conclude this section, we will specify the comparison maps of Proposition [I1.6] to the case of
divided power algebras. Let g: B — A be a morphism of non-unital divided power algebras. On
the one hand,

UComA ®UcomB QCom(B) = A+ Qp+ QIB+
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is spanned by the elements adb for a € A, b € B, under relations expressing the fact that d is a
(linear) AT-derivation, that is:

d(Nb+ V') = Adb + dVf
dA(by') = g(b)dl’ + g(¥')db

and the action of AT is given by the multiplication in A (a - a’db = (aa’)db). On the other hand,
Ur(Com) A U (comy B Qr(Com) (B) = V(AT) @y(5+) Qp-com(B)

is spanned by elements af*db for a € A, b € B and k € N, under relation expressing the fact that
d is a Beck A-derivation in p-Com, that is, we also have

dyp(b) = fdb— g(b)~"db.

The action of V/(A*) is again given by the multiplication in V(AT), in particular, (a® f*)-a’ f¥'db =
aa™ f*+* db. The comparison map

[UComA ®UcomB QCom(B) — UF(Com)A ®UF(COH,)B Q1“(Com) (B)
from Proposition is simply defined by adb — af°db.

13. RESTRICTED LIE ALGEBRAS VERSUS LIE ALGEBRAS

Let F be a field of prime characteristic p. Let (H, (=) be a restricted Lie algebra. Then by
Theorem [[0.8] a w(H )-module M is an associated to a pair ()M, f), where gy M is M viewed
as a u(H)-module and f: ,gyM — )M H is a p-semilinear map. Equivalently, the w(H)-module
M is associated to the abelian group object

HD(fu(H)M—>H

in (RLie /L)1, where H X u()yM denotes the semidirect product in RLie of H by ,)M. In
particular,

H Kfu(H)M = {(h,m), he H me M}
The Lie bracket is given by
[(h7 m)v (h/7 m/)] = ([h7 h/]7 hm/ - h/m)
and the p-map is given by
(hym)PL = (R p- - hm + f(m)).
p—1

The notion of p-envelope of a Lie algebra has been studied in detail in [SF88, §2.5]. Let L be a
Lie algebra over F and U(L) its enveloping algebra. The p-envelope L of a Lie algebra L is the
Lie subalgebra of U(L)ri which contains L and all iterated associative p-th powers. Thus, L is a
restricted Lie subalgebra of U(L)grie. We note that L is an ideal in L. In [Mil75], A. A. Mil’ner
proves that L has the following universal property: for all restricted Lie algebras A € RLie and all

Lie algebra homomorphisms f: L — A, there is exactly one restricted Lie algebra homomorphism
f: L — Asuch that foi = f; sce [SER8, §2.5, Theorem 2.5.2]. We then deduce that L = FLFi(LlC) (L),

e

where L is a Lie algebra. It also follows from the universal properties of U(L) and u(L) that they
are isomorphic.

Denote by 7 the unit of the adjunction FIE(eLIC) — UEiiLm) and ¢ the unit of the adjunction u -
(—)RLie- From the foregoing discussion, for L a Lie algebra, we get a Lie algebra homomorphism

nr: L — L, and a restricted Lie homomorphism ¢; : L —u(l) = U(L).
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Lemma 13.1. Let L be a Lie algebra, and M be a w(L)-module. Then the functor
UL (RLie /L)y — (Lie /L)
s given by
MU (M) = ) M.
Proof. Let X X
Ly ipyM—L
be an abelian group object in (RLie /L)a,. We have the pullback diagram

LxL(ﬁ [Xf'u,(f,)M) — Ly
L

Since L x ; ([: X f u(i)M) is spanned by the elements (I, (I,m)) with [ € L and m € u(i)Mv we get:

M

:
)

L I

* I'(Lie ta ol
iU (L p M = L) = L xy (L oy M) = L,
so, ¥: Lxj (L Kfu(i)M) — L is an abelian group object in (Lie /L),p. The kernel of 4 is isomorphic
to U(L)M' O

Proposition 13.2. (1) Let L be a Lie algebra and M a w(i})—module. Then there is a comparison
map X
HQRpie(L; M) — HQe(L; u(ryM)-
(2) Let H be a restricted Lie algebra and M a w(H )-module. Then there is a comparison map
HQRuie(H; M) — HQq(H; 6" M)
where 0: U(H) — w(H) 1is the ring homomorphism described in Lemma [10.9.

Proof. Part (1) follows from [Fralbl Proposition 4.12] and Lemma I3l Part (2) is a specialization
of Proposition @) to the operad P = Lie. O

Let us now show that the p-envelope functor passes to Beck modules. We will need the following
observation:

Remark 13.3. Let H be a restricted Lie algebra and x; € H. By Jacobson’s formula on p-th powers

we have:
(»]
<Zmz> - (Zx?) € [H, HJ.

Let L be a Lie algebra with basis (e;);er over a field F. From the previous formula it follows by
induction that the elements of L are of the type > icrmso Fei " eU(L).

(Lie
e

Proposition 13.4. For any field F of characteristic p, the p-envelope functor FEI ) that freely adjoins

a p-map passes to Beck modules.

Proof. For a Lie algebra L, the restricted Lie algebra FEi(eLie)

l[pk}, for [ € L and k € N, where (—)[pk} represents the k-th iteration of the p-map in FLFiiLie) (L).
Let L x M — L be a Beck module over L, where M is an L-module. Consider the induced split
epimorphism ngg“ie) (L x M) — FEiiLie)(L). By [SF88, §2.5, Proposition 5.3], ngg“ie) preserves
both surjections and injections. In particular, 1SN (l,O)[pk] and mP'l — (O,m)[pk] induce split

injections Fllji(eLiC)(L) — FLFiiLiC) (L x M) and FIE(LiC)(M ) — FIE(LiC)(L x M).

e e

(L) is spanned by elements of the type
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Under these injections, the abelian restricted Lie algebra FEi(eLiO)(M ) is a restricted FEiiLiO)(L)—

module. If f is the p-map in FIE(CLie)(M ), then (FLFiiLie)(M ), f)isa FLFiiLie)(L) Beck module.

We then get an injection g: FIlji(OLiO) (L) foIE(CLiC)(M) — FIlji(CLiO)(L x M) given by (l[pkl},m[pkz]) —
(l,O)[pm + (O,m)[pkz]. From Remark [[3.3] we deduce that g is in fact an isomorphism, and so,
FEiiLiO) (L x M — L) has the structure of an FIE(LiC) (L) Beck module. O

e

To conclude this section, we will specify the comparison maps of Proposition to the case
of restricted Lie algebra. Let g: L — H be a morphism of restricted lie algebra. Then, on the
one hand, UrieL ®u,, .7 Qie(H) is spanned by the elements [dh for [ € L, h € H, under relations
expressing the fact that d is a (linear) L-derivation:

AR+ 1) = Adh + di

d([h, W']) = g(h)dh" — g(h')dh
and the action of L is given by the bracket in L (I-'dh = [I,1']). On the other hand, Up(yie) L®Uy 110
Qrrie)(H) = w(L) @y(m) QRLie(H) is spanned by elements fFldh for 1 € U(L), h € H and k € N,
under relation expressing the fact that d is a Beck L-derivation in RLie, that is, we also have:

d(h'™) = g(h) -+~ g(h) dh + fdh

—_——
p—1
and the action of w(L) is again given by the multiplication in w(L). In particular, for [ € L,
(f*1) - f¥I'dh = 0 as soon as k' > 0. The comparison map
ULieL ®uyorr Qie(H) = Up(Lic) L @Upgie # Qr(Lic) (H)

from Proposition is simply defined by Idh +— fCldh.

14. ASSOCIATIVE ALGEBRAS VERSUS RESTRICTED LIE ALGEBRAS

Let F be a field of prime characteristic p. Denote by 7 the unit of the adjunction u - (—)RrLie-
Let (L, (—)P) be a restricted Lie algebra and let M be an u(L)-bimodule. We denote by w(n)M the
left u(L)-module obtained from M by the action [ -m := Im — ml, where the dotless notation is for
the left and right bimodule actions on M. Let A € As be an associative algebra. We recall that the
category of Beck A-modules is equivalent to the category of A-bimodules (see [Bar96, §2.1]).

Lemma 14.1. Let L be a restricted Lie algebra, and M be a u(L)-bimodule. Then the functor
NL(—)RLic: (As /u(L))an — (RLie /L)ap
s given by
N (=)RLie(M) = y)yM.
Proof. Consider the associative algebra obtained by semidirect product u(L) x M, whose multiplica-
tion is given by (u,m)(u’',m’') = (uv', um’ +mu’). The category of Beck u(L)-modules is equivalent
to the category of u(L)-bimodules. Under this equivalence, the u(L)-bimodule M is associated to
the abelian group object u(L) x M — u(L) in (As/u(L))ap. The Lie bracket in (u(L) X M)RLie is
given by
[(u,m), (v, m")] = (v’ — v'u,um’ + mu' — u'm — m'u),
and the p-map is given by

(u,m) — (u,m)P.
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Therefore the p-map on elements of the form (0,m) is zero. We have a restricted Lie algebra
homomorphism 7y,: L — u(L)RLie, and a pullback functor nj : RLie /u(L)rrie — RLie /L. We get
a pullback diagram

L Xu(L) (U(L) X M)RLie — (U(L) X M)RLie

| !

L ’“ u(L)RLie,

RlLie

and L Xy (). (W(L) X M)Ryie is spanned by elements (I, (I,m)) for I € L and m € M. The Lie
bracket of this restricted Lie algebra is given by

[T, @,m)), (', (', m)] = ([1,1], [(1,m), (U, m")])
and the p-map is given by
(L (L,m)) = (O, (1, m)P).
Therefore,
N7 (=)RLie(u(L) x M — u(L)) = ni((w(L) x M)rrie = u(L)RLic) = L Xu(L)pr40 (W(L) X M)RLie = L,
and ¢: L X (). (W(L) X M)RLie — L is an abelian group object in (RLie/L).p,. The action of L
on M := ker ¢ is given by

L (07 (07 m)) = [(l’ (l’ 0))7 (07 (07 m))] = ([lv 0]7 [(l’ 0)’ (0’ m)]) = (0’ (0’ Im — ml))

With this action, the module M is the restricted Lie module ,(;)M. The p-map on M is trivial,
m +— 0. O

Theorem 14.2. Let L be a restricted Lie algebra and M a u(L)-bimodule. Then there is an isomor-
phism
HQ*AS (’LL(L), M) = HQaLie(Iﬂ u(L)M)

Proof. The restricted enveloping algebra functor u preserves weak equivalences (see [Pri70, 2.8]).
Thus by [Fralb, Proposition 4.12] the comparison map between Quillen cohomology in both cate-
gories is an isomorphism. O

For an associative algebra A over a field, Quillen cohomology agrees with Hochschild cohomology
up to a shift:
HQR(A; M) = HH" 1 (A; M) for n > 0

and a small change in degree 0 [Qui70 Proposition 3.6].

15. GOOD TRIPLE OF OPERADS AND COMPARISON MAPS IN QUILLEN
(CO)HOMOLOGY

J.-L. Loday defined and studied generalized bialgebras and triple of operads in [Lod08]. In this
section we prove a comparison isomorphism theorem for Quillen cohomology in the context of good
triple of operads. We suppose that the ground field F has characteristic zero. In that case, if P is
an operad then the norm map Tr: S(P) — I'(P) is a natural isomorphism (see [Ere00]). Therefore
a I'(P)-algebra doesn’t carry more structure than a P-algebra.

Let A,C be two algebraic operads. The primitive part of a coalgebra C over the operad C is
defined by

PrimC :={x € C | 6(x) =0, for any generating cooperation d}.
There is a filtration on C given by

F.(C)={xe€C|d(x)=0,for any § € C(n), n > r}.
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We note that Fy(C) is the primitive part of C. The above filtration is called the primitive filtration.
A coalgebra C' is connected (or conilpotent) if C' = U,>1F,C. A C®-A-bialgebra H is a vector space
which is a A-algebra and C-coalgebra such that the operations of A and cooperations of C acting
on H satisfy some compatibility relations.

Let (C,.A,P) be a good triple of operads. Then P denotes the primitive operad Prim¢c.A. The
primitive operad is a suboperad of A and there is an induced functor

G: A-Alg — P-Alg
which is a forgetful functor in a sense that the composition

A-Alg s, P-Alg — Vecty
is the forgetful functor
A-Alg — Vecty.
The functor G admits a left adjoint functor

U: P-Alg — A-Alg

called the universal enveloping functor. Let n be the unit of this adjunction. If P is a P-algebra
then there is a P-algebra morphism np: P — GU(P). Moreover, the universal enveloping algebra
U(L) of a P-algebra L is a connected C®-A-bialgebra and PrimU (L) = L.

Let Z = A/(P) be the quotient operad of A by the ideal generated by the (nontrivial) primitive
operations. Then J.-L. Loday proved a generalised Poincaré—Birkhoff—Witt theorem. In partic-
ular, it is proved in [Lod08, Theorem 3.1.4] that for any P-algebra L there is an isomorphism of
Z-algebras

Z(L) — grU(L).
Let L, L' be two simplicial P-algebras. A morphism f: L — L' is a weak equivalence if it satisfies
o (f): me(L) = me(L).

Proposition 15.1. Let (C, A, P) be a good triple of operads. Then the universal enveloping functor
U: P-Alg — A-Alg preserves weak equivalences.

Proof. If L be a simplicial P-algebra then U(L) is a simplicial A-algebra. Using Dold-Kan corre-
spondence we denote by U (L) the associated chain complex. The primitive filtration on the universal
enveloping algebra makes U(L) a filtered complex. By Loday’s generalised Poincaré—Birkhoff—
Witt theorem the associated spectral sequence E,.(U(L)) of U(L) satisfies

Eo(U(L)) =~ 2(L)
and
E(U(L)) = Ho(2(L)).

Let L,L’" be two simplicial P-algebras and f: L — L’ is a weak equivalence. The morphism
U(f): U(L) — U(L') preserves filtrations and it is induced a morphism of spectral sequences

E,(U(L)) = E(U(L)).
Since f is a weak equivalence it follows by a theorem of Dold [Dol58| that
H.(Z2(L)) ~ H.(Z(L).
Therefore
E\U(f): Ev(U(L)) — Ey(U(L))
is an isomorphism. The filtrations of U(L) and U(L') are complete and bounded below. Hence the

spectral sequences converge and the induced map E, U(f) is an isomorphism. It follows that U
preserves weak equivalences. O
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Let 7 be a operad and S a T-algebra. The category S-modules over T is equivalent to the
category of abelian group objects of T-Alg/S i.e the category of Beck S-modules in the category
of T-algebras (see [LV12], [GHO0]). Hence the category of U(P)-modules over the operad A is
equivalent to the category of Beck U(P)-modules. Under this equivalence the U(P)-module M is
associated to the abelian group object U(P) x M — U(P), where by U(P) x M we denote the
semidirect product of U(P) by M in the category of A-algebras. We have the following pullback
diagram in the category of P-algebras,

P xqup) GU(P) x M) —— G(U(P) x M)

| !

U GU(P)

and

0= M— P xqupyGUP)x M) =P —=0
is an abelian extension in the category of P-algebras. Therefore is induced on M a structure of
P-module over the operad P which we denote by pM.

Theorem 15.2. Let (C, A, P) be a good triple of operads. Let P be an P-algebra and M a Beck
U(P)-module. Then we have the following isomorphism

HQ a1 (U(P), M) =~ HQp_p1,(P, pM).

Proof. By Proposition [I5.1] we have that the enveloping algebra functor U preserves weak equiva-
lences. Then the theorem follows from [Eralbl Proposition 4.12]. O

If we consider the good triple (Com, As, Lie) then by Theorem we recover in characteristic
zero a well know result (see [CE56] §XIII, Theorem 5.1]). In particular, let L be a Lie algebra over
F and M a U(L)-bimodule. By Theorem we have the following isomorphism

HQ*AS—Alg(U(L)a M) = HQEie—AIg(L7 LM)

where ;M is M viewed as a left Lie L-module via the action [ - m := Im — ml for all [ € L
and m € M. Moreover, the Quillen cohomology for the category of associative algebras is shifted
Hochschild cohomology of associative algebras and Quillen cohomology of Lie algebras is shifted
Chevalley—Eilenberg cohomology of Lie algebras (cf. [Bar96]). In other words we have

HH*Hoch(U(L)v M) = Hiklie(Lv LM)

In [Lod01] J.-L. Loday defined the notion of dendriform algebra which dichotomizes the notion of
associative algebra. A dendriform algebra H is a vector space over F equipped with two binary
operations <, >: H ® H — H such that

(x<y)<z=x<(yx*2)
(x=y)<z=x>(y<2)
(xxy)=z=x> (y > 2)

where xxy =z > y+ 2 < y and z,y,z € H. The product * is associative. One can notice
that a dendriform algebra is an associative algebra whose product splits into two binary operations
which satisfy the above identities. Dendriform algebras are Koszul dual to diassociative algebras
(see [LV12]). Besides, M. Gerstenhaber and A. Voronov in [GV95] introduced the notion of brace
algebras. We denote by D the operad associated to dendriform algebras and by B the operad
associated to brace algebras.

M. Ronco in [Ron02] proves a Milnor—Moore type theorem for dendriform algebras. In particular,
there is a good triple of operads (As, D, B). The concept of bimodule over a dendriform algebra is
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defined by M. Aguiar in [Agu04]. Cohomology of dendriform algebras with coefficients in bimodules
has been studied by A. Das in [Das22].

Let D be a dendriform algebra. The notion of Beck D-module is equivalent to the notion of
bimodule over D. By Theorem we have the following.

Proposition 15.3. Let B be a B-algebra and M a Ugeng(B)-bimodule, where Ugenq(B) denote the
enveloping dendriform algebra of the brace algebra B. Then we have the following isomorphism

HQp A1g(Udena(B), M) = HQp a1, (B, M).

Remark 15.4. In prime characteristic, for classical bialgebras we proved Theorem We notice
that the primitives of a classical bialgebra is a restricted Lie algebra i.e. a I'(Lie)-algebra. If one
wants extend this result to the context of generalized bialgebras, the right framework seems to be
the category of I'(P)-algebras.
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