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Abstract—Beyond diagonal reconfigurable intelligent surface
(BD-RIS) is a new advance and generalization of the RIS
technique. BD-RIS breaks through the isolation between RIS
elements by creatively introducing inter-element connections,
thereby enabling smarter wave manipulation and enlarging
coverage. However, exploring proper channel estimation schemes
suitable for BD-RIS aided communication systems still remains
an open problem. In this paper, we study channel estimation and
beamforming design for BD-RIS aided multi-antenna systems.
We first describe the channel estimation strategy based on the
least square (LS) method, derive the mean square error (MSE)
of the LS estimation, and formulate the joint pilot sequence
and BD-RIS design problem with unique constraints induced
by BD-RIS architectures. Specifically, we propose an efficient
pilot sequence and BD-RIS design which theoretically guarantees
to achieve the minimum MSE. With the estimated channel, we
then consider two BD-RIS scenarios and propose beamforming
design algorithms. Finally, we provide simulation results to verify
the effectiveness of the proposed channel estimation scheme and
beamforming design algorithms. We also show that more inter-
element connections in BD-RIS improves the performance while
increasing the training overhead for channel estimation.

Index Terms—Beyond diagonal reconfigurable intelligent sur-
faces, beamforming design, channel estimation.

I. INTRODUCTION

Beyond diagonal reconfigurable intelligent surface (BD-
RIS) is an emerging technique, which generalizes and goes
beyond conventional RIS with diagonal phase shift matrix
[2], [3]] and generates scattering matrices not limited to being
diagonal, by introducing connections among RIS elements [4].
Thanks to the flexible inter-element connections, BD-RIS has
benefits in providing smarter wave manipulation and enlarging
coverage compared to conventional RIS [4].

Existing works of BD-RIS have been carried out for mod-
eling [5], beamforming design [6f], [7], and mode/architecture
design [8]-[10]. The modeling of BD-RIS and the concept
of group- and fully-connected architectures, named according
to the circuit topology of inter-element connections, are first
proposed in [3]], followed by the discrete-value design [|6] and
optimal beamforming design [7]]. Inspired by the group/fully-
connected architectures 5] and the concept of intelligent omni
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surface (IOS) with enlarged coverage [11]], [12]], BD-RIS with
hybrid transmitting and reflecting mode [8|] and multi-sector
mode [9]] are proposed to achieve full-space coverage with
enhanced channel gain and system performance. To find a
better performance-complexity trade-off of BD-RIS, BD-RIS
with tree- and forest-connected architectures are proposed in
[10], which are proved to achieve the performance upper
bound with the minimum circuit complexity. The enhanced
performance achieved by BD-RIS with different modes and
architectures highly depends on accurate channel state infor-
mation (CSI), while none of the above-mentioned works [5]—
[10] study the channel estimation of BD-RIS. Therefore, it
remains an open problem to effectively obtain the CSI for
BD-RIS aided wireless systems.

In conventional RIS literature on channel estimation, there
are in general two strategies to obtain the instantaneous CSI
[13]. The first strategy is to separately estimate the channels
between the base station (BS)/users and the RIS by partially
“activating” RIS elements using RF chains. In this strategy,
the separate channels can be estimated by leveraging channel
reciprocity and time division duplex (TDD) and applying
conventional estimation approaches, such as the estimation
of signal parameters via rotational invariance technique (ES-
PRIT) and multiple signal classification (MUSIC) [14], and
compressed sensing (CS) [15], [16]. This strategy generally
has low training overhead regardless of the number of RIS
elements, and can be directly used in BD-RIS aided commu-
nication systems, since the structures of separate channels do
not depend on RIS architectures. Once the channel estimates
are obtained, the existing BD-RIS design algorithms [[7]]-[9]]
based on perfect and separate channels can still be utilized.
However, the drawback is that the equipment of RF chains
will result in additional cost and power consumption, which
violates the original motivation of employing RIS in wireless
communication systems. The second strategy is to estimate
the cascaded user-RIS-BS channels relying on purely passive
RISs [17]]. In this strategy, the BS estimates the cascaded
channel through proper design of the pilot sequence and
RIS patterns, such as the ON/OFF-based design [[18] and the
orthogonality-based design [19], [20]. To reduce the training
overhead, other estimation schemes, such as a three-phase
framework [21] and an anchor-assisted channel estimation
[22], are further proposed making use of the common BS-RIS
channels for different users. With the same motivation, a novel
cascaded channel estimation scheme is proposed by exploiting
the sparsity and correlations of millimeter wave channels [23].
However, adapting this strategy to BD-RIS aided scenarios



raises the following challenges: First, the structure of the cas-
caded channels is tightly coupled to the BD-RIS architectures
and thus different from conventional RIS cases, such that
the existing channel estimation schemes cannot be directly
used for BD-RIS aided scenarios. Second, the dimension of
the cascaded channel is larger than that for conventional RIS
cases due to the inter-element connections of BD-RIS, such
that significant training overhead for channel estimation is
required. Third, the BD-RIS training pattern should also be
re-designed due to the different constraints on the scattering
matrix induced by different BD-RIS architectures. Fourth,
existing BD-RIS design algorithms [7]], [8]] based on separate
channels are not applicable, such that algorithms suitable for
cascaded channels should be developed. Therefore, it remains
a challenging problem to develop efficient channel estimation
methods for BD-RIS aided scenarios with affordable overhead
and to study corresponding beamforming design algorithms
with cascaded channel estimates.

To address the above challenges, in this work, we study
the channel estimation and beamforming design for BD-
RIS aided wireless communication systems. Specifically, we
investigate the cascaded channel estimation for BD-RIS aided
wireless systems. With only the cascaded channel estimate,
we re-consider the BD-RIS design and propose corresponding
algorithms for different scenarios. The contributions of this
work are summarized as follows.

First, we propose a novel channel estimation scheme for
a reflective BD-RIS aided multiple input multiple output
(MIMO) system, where the joint design of pilot sequence and
BD-RIS matrix during the training process is investigated. The
proposed pilot sequence and BD-RIS design differs from that
for conventional RIS cases due to the new structure of the cas-
caded channel and new constraints originating from the unique
BD-RIS architectures. The proposed design is applicable for
arbitrary channel fading. Specifically, we propose a closed-
form pilot sequence and BD-RIS design which theoretically
guarantees to achieve the minimum mean square error (MSE)
of the least square (LS) estimator. A comprehensive analysis
of the training overhead of the proposed channel estimation
scheme is also provided.

Second, we generalize the proposed channel estimation
scheme to different BD-RIS aided scenarios. On one hand, we
show that the proposed channel estimation scheme can be used
for reflective BD-RIS aided multi-user systems. On the other
hand, we illustrate that the proposed scheme is also readily
generalized to BD-RIS with hybrid transmitting and reflecting
mode and multi-sector mode by assuming each sector of the
hybrid/multi-sector BD-RIS works in turns.

Third, we investigate the beamforming design for a reflec-
tive BD-RIS aided point-to-point MIMO system based on the
cascaded channel estimates. The proposed design differs from
[7] since only the CSI for cascaded channels is required.

Fourth, we study the beamforming design for a hybrid and
multi-sector BD-RIS aided multi-user multiple input single
output (MU-MISO) system with cascaded channel estimates.
The proposed design is a generalization of the algorithm in
[8]], with modifications adapting to the cascaded CSI.

Fifth, we present simulation results to verify the effective-

ness and accuracy of the proposed channel estimation scheme
and evaluate the performance of the proposed beamforming
design algorithms. Simulation results verify that the proposed
channel estimation scheme achieves the theoretical minimum
MSE. Simulation results also show that with the estimated
channel obtained by the proposed channel estimation scheme,
the proposed beamforming design algorithms can achieve
satisfactory performance close to the perfect CSI cases. More
importantly, there exists a practical trade-off between the
channel estimation and the performance for data transmission,
indicating that the improved performance of BD-RIS architec-
tures is achieved at the cost of increasing the training overhead.

Organization: Section [ll| describes the channel model and
transmission protocol for a BD-RIS aided communication
system. Section [lII|introduces the proposed channel estimation
scheme for BD-RIS. Section |[IV] illustrates the beamforming
design of BD-RIS based on estimated channels. Section
evaluates the performance of the proposed channel estimation
and beamforming design. Section |VI| concludes this work.

Notations: Boldface lower- and upper-case letters indicate
vectors and matrices, respectively. C, R, and N denote the
sets of complex numbers, real numbers, and natural num-
bers, respectively. E{-} represents the statistical expectation.
R{-} denotes the real part of complex numbers. (1), (-)*,
(), and (-)~! denote the transpose, conjugate, conjugate-
transpose, and inversion operations, respectively. ® and ®
denote the Kronecker product and Hadamard product, respec-
tively. blkdiag(-) represents a block-diagonal matrix. ||, ||-||2,
and || - || denote the absolute-value norm, the Euclidean
norm, and the Frobenius norm, respectively. vec(-), rank(-),
and tr(-), respectively, are the vectorization, rank, and trace of
a matrix. vec(-) is the reverse operation of the vectorization,
which reshapes the vectorized matrix into the original matrix.
circshift(a, V) rearranges vector a by moving the final N en-
tries to the first V positions. mod (M, N) returns the remainder
after M is divided by N. I;; denotes an M x M identity
matrix and 1,; denotes an M x 1 all-one vector. F'j; and
D)y, respectively, denote M x M discrete Fourier transform
(DFT) matrix and Hadamard matrix. [A];.;s ;.;» extracts the
i-th to i’-th rows and the j-th to j'-th columns of A. [a];.;/
extracts the i-th to i’-th entries of a.

II. CHANNEL MODEL AND TRANSMISSION PROTOCOL

In this section, we illustrate the uplink and downlink channel
models of general BD-RIS assisted MIMO systems, and
introduce the transmission protocol of the whole system.

A. Channel Model

We consider a narrowband system which consists of an N-
antenna BS, an M -antenna BD-RIS with reflective mode, and
a K-antenna user, as illustrated in Fig. E} The M antennas
of the BD-RIS are connected to an M-port group-connected
reconfigurable impedance network [5]], where the M ports are
uniformly divided into G groups with each containing M =
GM] ports connected to each other. Mathematically, the BD-
RIS with group-connected architecture has a block-diagonal
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Fig. 1. A paradigm of a BD-RIS assisted MIMO system.

scattering matri ® € CM*M with each block ®, € CMxM
Vg € Gi ={1,...,G1}, being unitary [3], i.e.,

® = blkdiag(®1,..., ®q,), @) P, =1, Vg€ G (D)

In this work, we assume the direct user-BS channel is blocked
and focus purely on the estimation of the cascaded user-RIS-
BS channeﬂ In the uplink scenario, we denote G € CNV*M
and H € CM*K a5 the channel from the BD-RIS to BS, and
from the user to BD-RIS, respectively. The uplink user-RIS-
BS channel H, € CN*X is

H,=G®H= ) G,®H,

9€G1
:ﬁ( Z H§®Gg vec(tf’g)>, @
9g€G1 5’_{2
=Q,EeCNKxM
where Gy = [G] _nyir1gm € CN*M  gpd H, =
H](g_1)mr+1:951, € CM*K Vg € G,. Alternatively, in the
downlink scenario, we denote G’ = [G/,....GZ ]! €

CM>*N and H' = [HY,..., Hy | € CF*M respectively, as
the channels from BS to BD-RIS, and from BD-RIS to the
user. The downlink BS-RIS-user channel Hy € CE*V s

H,2HeG =Y H,0,G,
9€G1
Qe (Y (Hy @ G )vec(©])),

ISIA

3)

where (a) holds by defining the BD-RIS matrix for downlink
data transmission as @ = blkdiag(®1,...,0¢g,); (b) holds
by the property of vectorization.

IThe group-connected architecture is a general case including both single-
and fully-connected architectures as special cases. Specifically, G; = M
boils down to single-connected architecture with diagonal scattering matrices;
G1 = 1 represents fully-connected architecture with full scattering matrices.

2When the direct BS-user channel exists, the direct channel can be
effectively obtained by turning off the BD-RIS and using conventional channel
estimation strategies.
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Fig. 2. Illustration of BD-RIS antenna ports, groups, and tiles. Left: BD-
RIS with M = 36, G1 = 18 and G2 = 9; right: BD-RIS with M = 36,
G1 = 12 and G2 = 4. For example, in the left figure, BD-RIS antenna
ports with indices {1, 2} and {3, 4} form two different groups, each of which
consists of antenna ports connected to each other by reconfigurable impedance
components. These two groups further form one tile, within which the groups
share the same BD-RIS pattern.

When the communication occurs with TDD and the reci-
procity between the uplink and downlink user-RIS and RIS-BS
channels exists, i.e., H = HT and G’ = GT, we have

Hy = mT( 3 ngec(égT)), &)

9€G1
which indicates that thq2 channel estimate Q =
[Q1,...,Qq,] € CNEXM'Gi obtained by the uplink

training can be used for downlink data transmissimﬂ This
motivates us to estimate Q instead of separate channels
H and G, and design the BD-RIS beamforming with the
knowledge of Q for data transmission.

B. Tile-Based Channel Construction

Estimating Q requires extremely high complexity and train-
ing overhead due to the large number of channel coefficients
growing linearly with Gy and quadratically with M. To effec-
tively reduce the channel estimation complexity and training
overhead, we generalize the methods used in conventional RIS
channel estimation works [18], [24]], by introducing the
concept of file, which consists of adjacent groups, each having
M ports connected to each other. The groups in the same tile
share the same BD-RIS pattern during the training. To ease
understanding, we provide two examples in Fig. [2] to illustrate
antenna ports, groups, and tiles. Here, we define G5 as the
number of tiles and G = % as the tile size. We further define
the shared pattern ®; € CM*M for tile i with @7 ®; = I,
Vi € Go = {1,...,Go} and rewrite the BD-RIS matrix & as

P = blkdiag(Is @ ®4,...,1s ® ®¢,). %)
The user-RIS-BS channel ) can thus be re-written as

Ho=vec( 33 Quone vec@®)).  ©

1€G2

=Qi€(CNK><M2

3We should clarify here that ® # ®7 since the BD-RIS matrices are
designed focusing on different metrics, i.e., minimizing the channel estimation
error and maximizing the data transmission rate.



As such, we estimate the combined cascaded channel of each
tile, referred to as the tile-based channel, which leads to the
reduction of training overhead since the channel parameters
to be estimated reduces from QtoQ=1[Q1,...,Q¢,] €
CNKxM*Gz  However, this is achieved at the expense of
obtaining reduced CSI, which will limit the beamforming
flexibility of BD-RIS and further degrades the performance
for data transmission. The impact of estimating the tile-
based channel instead of the original cascaded channel on the
beamforming flexibility of BD-RIS is mathematically reflected
in the downlink channel Hy, which is re-written as

Hy = WT< Z inec(@iT)>7 @)
1€G2
with a reformulation of the BD-RIS matrix as

LIa®0g,). ®)

This indicates that with the knowledge of Q, we should design
®;, ¢ € Go, which provides less beam manipulation flexibility
compared with designing @g, Vg € G, as in perfect CSI cases,
resulting in performance loss for downlink data transmission.

Remark 1: The trade-off between the training overhead for
channel estimation and the performance for data transmission
comes from twofold perspectives. On the one hand, due to
the tile-based channel construction, the larger G5 reduces the
dimension of channels to be estimated, i.e., from Q to Q,
which further reduces the overhead. Meanwhile, the larger G
reduces the dimension of BD-RIS matrices to be designed,
ie, from @, Vg € Gy to ©;, Vi € Go. On the other
hand, due to the BD-RIS architectures, the larger M increase
the dimension of channels to be estimated and further the
overhead. Meanwhile, the larger M provides more flexibility
to BD-RIS design, which further enhances the performance.
This overhead-performance trade-off will be qualitatively and
quantitatively studied in the following sections.

O = blkdiag(Is ® Oy, ..

C. Transmission Protocol

With the tile-based channel construction, we instead es-
timate the reduced dimensional cascaded channel Q and
design the beamforming with the estimate of Q for data
transmission. This results in the following protocol [[17], [18],
[20] with each transmission frame divided into three phases
as illustrated in Fig. 3] based on the assumption that user-RIS
and RIS-BS channels remain approximately constant within
one transmission frame.

Phase 1: The BS estimates Q by uplink training, where
the pilots are consecutively transmitted from the user and
reflected by the BD-RIS with varied ®;, Vi € Gy within T3
symbol durations. In this phase, the difference compared to
conventional RIS comes from the design of the varied BD-
RIS pattern due to the different constraint of the scattering
matrix, whose details will be given in Section [III

Phase 2: The BS optimizes the transceiver beamformers,
and ©;, Vi € G, based on the estimated channel Q, and feeds
back the optimized ®;, Vi € G5 to BD-RIS requiring 75 sym-
bol durations. This phase is also different from conventional
RIS cases due to the more general unitary constraint of the
BD-RIS, whose details will be given in Section

==un |
One Transmission Frame with T Symbol Durations

. eoe
[H Training and Estimation T Processmgl T; D link Data Ti issi

and F

Fig. 3. One transmission frame consisting of three phases with 7" = 77 +
T> + T3 symbol durations.

Phase 3: The BS performs the downlink data transmission
for T35 symbol durations based on the optimized beamformers
and ©,, Vi € G, in Phase 2.

III. CHANNEL ESTIMATION FOR BD-RIS

In this section, we describe the proposed channel estimation
strategy based on the LS method, formulate the BD-RIS design
problem to minimize the MSE of the LS estimator, and provide
the closed-form solution.

A. LS Based Channel Estimation
The channel estimation strategy is described as follows.
Assuming the user sends pilot symbol vector X, € CK*1!
with |[X]ix] = 1, VE € K = {1,...,K}, at time slot ¢,
Ve e T ={1,...,T1}, the signal received at the BS is
Ye =V PuGitH)_(t + n;
=1/ Pu()_(? X IN) Z inec(tl)m) =+ n;
i€G2
= VP! @In)Q: + 1y
= /P, (¢f 9% @ Ix)vec(Q) +ny,Vt € T,
———

:&;t ECNXNEKM2Gy

€))

where P, denotes the transmit power at each user antenna,
®;, = blkdiag(lg ® ®41,...,1c ® ®;q,) with &, €
CM*M  denoting the i-th tile of the BD-RIS matrix at
time slot t, and n;, € CN*! with n; ~ CN(0,0%Iy),
Vt € T denotes the noise. The vector ¢, is defined as
¢ = [vecT(®,1),...,vecl (®,0,)]T € CPM° vt e T.
To uniquely estimate the cascaded channel Q in (), 77 >
K M?@G;, pilot symbols should be transmitted from the user.
Combining the data from such pilots together, we have
y = [Y{""vygl}T
= \/>u [:I\’{,...,(/I\)%]T q+ [n{,...,n%]T7

—neCNTyx1

(10)

—PcCNTIXNKM2Gy

where q = vec(Q) € CNKM’Gz The simplest way to
estimate q is to use the LS method, yielding the LS estimator
of q as the following form

4= (VP.,) '@y = (VP) (7)1 Bly

=q+ (VP,) {(@7®) 'd"n. (11)
:qee(cNKM2G2><1
Then the MSE of the LS estimator is
2
~ g S,
eg = E{l[a — a3} = E{[la.[3} = Ftr((i’H‘I’) H, (12)



which implies that the MSE of channel estimation depends on
the values of x; and ¢, Vt € T, such that a proper design of
them is required. As such, we formulate the following MSE
minimization problem

min tr((:f'H‘i')*l) (13a)
{X¢,P¢ }ve

st. @@, =15,V €T, Vi€ G, (13b)

& = 1,Vt € T,Vk € K, (13¢)

rank(®) = NKM>G, (13d)

where we set 71 = K M?G4 to minimize the overl/l\ead without
introducing estimation ambiguities, which yields ® a full-rank
square matrix. Problem (I3) is difficult to solve due to the in-
verse operation in the objective and the non-convex constraints
of group-connected BD-RIS. In the following subsection, we
will first simplify the objective function and then propose an
efficient approach for optimal X, and ¢, Vt € T.

B. Solution to Problem

We start by simplifying the inverse operation in objective
(I3a). To this end, we derive the minimum of the objective
(I3a) based on the following lemma.

Lemma 1: The objective function in (T3a) achieves its
minimum, i.e., min tr((®7®)~1) = NM, with the condition
P = Pl = KMGoIykreg,-

Proof: Please refer to Appendix A. O

With Lemma 1, we deduce that achieving the minimum
MSE in problem @ is equivalent to finding a unitary matrix
3, ie, 1P = &7 = KMGoly 2, Problem (13) is
thus transformed into a feasibility-check problem

fa 72 72
find P GCNKM Gox NKM*Go

st. P = KMGylygp2c,, (130), (130).

(14a)
(14b)

Given_the large dimension and complicated structure of
matrix ®, which is constructed by a coupling of ¢; and
X, Vt € T, it is difficult to directly find such a matrix to
simultaneously satisfy the three constraints in problem (T4).
To decouple the design of ¢, and %, Vt € T, we apply
the most common training approach [26]], which breaks the
training time into 7Ty = % = M?G5 blocks of length K, as
illustrated in Fig. ] Specifically, the same BD-RIS pattern,
¢, repeats K times within each block s € § = {1,...,Ts},
while it varies from block to block. Meanwhile, the pilots
X = [x1,-.. ,XK]T are chosen as an orthogonal sequence,
ie, XHX = KIg, and repeat over the Ty blocks. In other
words, we establish the BD-RIS pattern set ¢, Vs € S, and
the pilot sequence set xy, Vk € IC, for periodicity. Specifically,
we have the mappings between ¢, and ¢, and between X,
and xy, respectively, as

B(s—1)k+k = Do, K(s—1)K+k = Xk, Vk € K, Vs € S, (15)

T; Training and Estimation

1tblock with ¢,
repeating K times

T.% block with ¢7.
repeating K times

o o, Xe Sequence xl,'---,xK ) C e o
repeats T, times

Fig. 4. Training breaking the training time into 7§ blocks of length K.

This allows us to rewrite ®7 & in the following form
KM?G,
o= 3 (¢id)) @ (xix{) @1y

t=1

T K
(Y giel) o (Doxixl) oLy
s=1 k=1

Q K(@"®) © Iy,

where (a) holds due to the mappings in @]}; (b) holds with
XHX = Klg, and by defining ® = [¢1,...,¢7]7 €
CM?G2xM*G2 Based on (16), we transform designing ¢; and
x; in (I4) into designing matrices ® and X. Specifically, the
feasible solution of X can be easily obtained, such as using
DFT or Hadamard matrices. The design of ®, meanwhile, can

be formulated as the following feasibility-check problem

(16)

ﬁnd (I’ 6 CNIQGQXI\;[2G2
st. ®71® = MGol g, (130).

Problem is still difficult to solve due to the constraint from
BD-RIS architectures and the large dimension of matrix ®. To
further simplify the design, we propose to decouple problem
(T7) into two reduced-dimensional sub-problems with simpler
constraints. This leads to the following lemma.

Lemma 2: The feasible matrix ® from problem (17) can be
constructed as ® = A @ ®, where A € CF2%G2 ig obtained
by solving the following problem:

(17a)
(17b)

find A € CY2xC2 (18a)
st. AFA = G21G2, (18b)
[[Als,ir] = 1,Vi,i" € Go. (18¢)

& € CM**M* i5 obtained by solving the following problem:
find & ¢ CM*xM? (192)
st. D = ST = M0, (19b)
vecH ([87). ,n)vee([®7)..m) = L, ¥m € M, (19¢)

where M = {1,..., M?}.

Proof: Please refer to Appendix B. ]

With Lemma 2, we decouple problem into two reduced-
dimensional problems and (I9). The feasible solution to
problem (T8)) can be easily obtained by using a G2 x G2 DFT
matrix Fg, or a Hadamard matrix Dg,, i.e., APYT = Fg
or Affadamard — 1y, However, the solution to problem
is not that straightforward since we need to find a matrix
such that each row constructs a unitary matrix, i.e., constraint
(19¢)), and that different rows are orthogonal to each other,
i.e., constraint (19b). In other words, the matrix & should



include two-dimensional (intra- and inter-row) orthogonality,
which motivates us to construct ® with two orthogonal bases.
This brings the following theorem.

Theorem 1: The matrix & satlsfylng and -| can be
constructed such that each row, i.e., [<I>](m Ditny: = = P
Ym,n € M ={1,..., M}, has the following structure:

émn:dmmm@aT@gxn—DM)@Q%h“®1%%)
where Z; € CM*M and Zy € CM*M gre referred to as base
matrices satisfying the following constraints:

1) Z; is a scaled unitary matrix, i.e., Z#Z = Z,Z = a1
with o € R, oy # 0 a scalar;

2) Z5 is a scaled unitary matrix whose entries have identical
modulus, i.e., ZgIZQ = Zng = aol; with ag € R,
oy # 0 a scalar, |[Zo]mn| = /. Vm,n € M; )

3) The product of two scalars is a constant, i.e., vjg = M.

Proof: Please refer to Appendix C. ]
Based on Theorem 1, we transform problem @I) into
finding two base matrices Z; and Z, satisfying the above three
constraints in Theorem 1, which can be easily satisfied using
DFT/Hadamard matrices. More specifically, we can simply set

ZDFT FM or ZHadamard D]LI and ZDFT 1A’4FM or
Ztladamard WD iz to construct @, and further construct

® = A®® with APTT or AHadamard,

With solutions to construct pilot sequence X and matrix ®,
the procedure of the proposed channel estimation scheme is
straightforward, which is summarized as the following steps:
S1: Generate pilot sequence X such that X7 X = KI.

S2: Generate A by APYT = Fg, or Afladamard — .
S3: Set Z; by ZPFT = Fy; or ZHadamard —p o
S4: Set Z, by ZP¥T = \/LFM or ZHadamard \/%D -

S5: Construct ® by (2 . from Theorem 1.
S6: Construct ® by & = A ® & from Lemma 2.
S7: Map X and ® to %X, and ¢, Vt € T by (15).
S8: Construct ® by (9) with ¢, and %;, Vt € T.
S9: Obtain q by (LI).
Remark 2: Note that either using DFT matrices or Hadamard
matrices to generate ®, we achieve the minimum MSE of the
LS estimation, i.e., eg‘“‘ = No?P7'M, and avoid the time-

consuming inversion by &1 = (KM G5)~'®H . Nevertheless,
the two ways have pros and cons from different aspects.
On one hand, the matrix ® constructed by Hadamard bases
has the additional advantage of requiring only two states of
each entry, which indicates that practical group-connected BD-
RIS with discrete values can be effectively tuned to perform
accurate channel estimation. However, the values of G and M
should be chosen from the set {1,2,4n,n € N} to guarantee
the existance of Hadamard matrix. On the other hand, ®
constructed by DFT bases requires more states of each entry
of group-connected BD-RIS, which complicates the practical
implementation of BD-RIS, while there is no such limitation
of the values of G5 and M.

C. Overhead, MSE, and Circuit Complexity

The training overhead 7} to estimate q, the estimation error

eE““, and the circuit complexity C' of the group-connected

TABLE I
TRAINING OVERHEAD, ESTIMATION MSE, AND CIRCUIT COMPLEXITY
OF BD-RIS WITH GROUP-CONNECTED ARCHITECTURES

l Metrics ‘ Value ‘ Property ‘
Training Overhead Ty = KMMG—! 4 with M; | with G
Estimation MSE eglin = %N Y, 1 with M
Circuit Complexity | C' = (M + 1)L [5] 1 with M

BD-RIS indicated by the number of impedances to realize
the circuit topology, are summarized in Table [l We can
observe that with fixed number of RIS antennas M and other
parameters, the training overhead, estimation MSE, and circuit
complexity all increase with the group size M of the group-
connected architecture. Interestingly, the training overhead can
be effectively reduced by introducing tiles (increasing tile size
@), although the larger M decreases the number of possible
G. More importantly, the larger M provides more beam
manipulation flexibility to BD-RIS to enhance the transmission
performance, while the larger G leads to reduced CSI and
further limits the transmission performance. This phenomenon
which will be numerically studied in Section Therefore, it
is important to properly choose the values of M and G to
achieve satisfactory channel estimation performance and data
transmission performance with affordable training overhead
and circuit complexity.

D. Multi-User Scenarios

The proposed channel estimation scheme can be easily
generalized to multi-user cases by assuming all users transmit
orthogonal pilot sequences such that channels from all users
can be simultaneously estimated by the BS. This can be simply
done by setting K as the total number of antennas at all users.
Alternatively, cascaded channels from different users can be
successively estimated by assuming users transmitting pilots
in a TDD manner. In this case, each user can transmit the same
pilots and adopt the proposed channel estimation scheme to
estimate the cascaded channel.

E. BD-RIS with Hybrid/Multi-Sector Modes

While the proposed channel estimation is based on BD-
RIS with reflective mode, that is the user is located at the
same side as BS, it is also readily generalized to BD-RIS
with hybrid/multi-sector modes [8], [9]. Assume that an L-
sector BD-RIS with M antennas in each sector, L € L =
{1,...,L},L > 2, is adopted in a downlink MU-MISO
system with an /N-antenna BS and K single- antenna users.
Each sector covers K; users indexed by K; = {Zl 1K+

YK, > e Ki = K. In addition, the L-sector
BD RIS with group-connected architecture is, mathematically,
characterized by matrices ®, = bIkdiag('i>171,...,'i>l7gl) S
CM*M | ¢ [, satisfying the following constraint [9]

Z‘i)ﬁg(i)l,g =1Iy,Vg € Gi. (21)
lec
Let G = [Gy,...,Gg,] € CNXM gnd hy, =
[h{,p . hZ;Gl]T € CMx*1 denote the channel from BD-RIS
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Fig. 5. Illustration of channel estimation for BD-RIS with hybrid mode.

to BS, and from user k, Vk € IC, to BD-RIS, respectively.
Then the user-RIS-BS uplink channel can be expressed as

h, = Z hag ® Gy vec(<i>l,g)7w<: e, vlie L. (22)
—_———

g9€G1 _
=Qy, ge(ch1W2

Applying the tile-based channel constructimﬂ proposed in
Section [ B, we instead estimate the channels
G
Qri =Y Qi i-1)Gs: Vi € Ga,Vhk € Ky VI € L.

j=1

(23)

This can be done according to the following steps.

S1: Inevery T ; = K, 1 M2G5 time durations, the K cascaded
channels Qy ;,Vi € Go,Vk € K, can be simultaneously
estimated assuming
a) that &, = 0, VI # [, within the T ; durations,

b) that 'i>l and the pilots transmitted by K; users are
designed using the proposed scheme.
This yields the channel estimates Q;” Vi € Go, VEk € K.

S2: Repeat S1 for all L sectors.

To facilitate understanding, we provide a simple example for
how to estimate the cascaded channels for BD-RIS with hybrid
mode (L = 2) as illustrated in Fig. EL Based on the above
strategy, we can obtain the cascaded channels for BD-RIS with
hybrid/multi-sector modes with a total training overhead 7} =
ZZGL' Tl,l = ZIGL K1M2G2 = KM2G2 = KMMG1.

IV. BEAMFORMING DESIGN FOR BD-RIS

In this section, we formulate two beamforming design prob-
lems for BD-RIS with reflective and hybrid/multi-sector modes
and different scenarios, and propose efficient beamforming
design methods relying on the cascaded channel estimates. The
considered problems are different from that in previous works
[7]], [8]] since, in this work, only cascaded channel estimate
is available, while the proposed algorithms [7], [8] rely on
separated BS-RIS and RIS-user channels.

A. Reflective BD-RIS Aided Point-to-Point MIMO

We first consider a point-to-point MIMO system aided by
a BD-RIS with reflective mode. Assume the N-antenna BS

4For BD-RIS with hybrid/multi-sector mode, the group is formed by the
antenna ports from the same sector which are connected to each other. The
tile is formed by groups from the same sector.

transmits the symbol vector s € CV=*! to the K -antenna user,
E{ss”} = I,, where N denotes the number of data streams,
Ng < min{N, K}. Based on (7) and (8), the processed signal
at the user is given by

S= WH@T( Z inec(GiT)>Ps +Whn',
i€G2

where W € CE*Ns and P € CV*®: denote the combiner
at the user and the precoder at the BS, respectively, and n’ €
CE>1 with n’ ~ CN(0, 1) denotes the noise.

1) Problem Formulation: Based on the channel estimate
q=vec(Q), Q=1[Q1, - ,Qqg,] with Q; being the estimate
of Q;, the joint transceiver and BD-RIS design problem to
maximize the spectral efficiency is given byﬂ

(24)

R, (1 S s TQ) log, (‘INS + (o?WHW)'wH
X WT(QG)PPHW*(QB)WD (252)
st. ©F@;, =1,,Vic G, (25b)
IP||% < P, (25¢)

where P, denotes the transmit power at the BS, and 8 =
vec(OT), ..., vec” (©F)]". Proble is not easy to
solve due to the non-convex constraint (25b)) and the coupling
of the BD-RIS constraint, the precoder, and the combiner. To
simplify the joint design, the objective function is decoupled
into two separate optimizations. Specifically, we first focus on
the BD-RIS design to maximize the channel strength. Then,
having the effective channel, we determine the precoder and
the combiner to further maximize the spectral efficiency.

2) Solution to Problem (23)): For simplicity, we propose to
design the BD-RIS to maximize the channel strength without
considering the inter-stream interference, which will be further
arranged by the precoder and combiner once 6 is determined.
This allows us to formulate the BD-RIS design problem

6* = arg max tr(vec’ (QO)vec*(Q9)) (26a)
1O, =1y Vi
@ arg max Z ZGZ»TVi,i/HZ‘,, (26b)

OHe,;=Iy Vi i'€Go i€Go

where (a) follows with 6; = vec(®F) and V,; =
Q"Q%)z.7,, T = (i—1)M2+1:iM?, Vi, i’ € L. Note that
0; and 6/, Vi # i/, 1,7’ € G2, have separate constraints, while
they are coupled in the objective function (26b), which makes
it difficult to determine 8;, Vi € Go. To simplify the design,
we split the objective with respect to each 6; out from (26b)
with fixed others. This results in the sub-problem for 6; as

max 07V, .07 +2%{0] x.} (27a)

s.t. vec*(0;)vec’ (0;) = 1, (27b)

SHere, and in the following subsection, we involve the term 1 — % to
account for both channel estimation efficiency and data transmission accuracy,
while we ignore the effect of channel estimation error for simplicity and
directly solve the optimization problem based on channel estimates. However,
the effect of channel estimation error will be taken into account in the
performance evaluations.



where x; = >, Vi0; € CM*x1 v € G,. Constraint
constructs a M?2-dimensional complex Stiefel manifold
such that problem can be formulated as an unconstrained
optimization on the Stiefel manifold. Then, the problem can
be effectively solved by the conjugate-gradient methods on the
manifold space [27].

After the BD-RIS has beAen designed, we obtain the effective
channel as HY = vec’ (Q*). To obtain the precoder and
combiner, we adopt the singular value decomposition (SVD)
of the effective channel H} as H5 = U;XU¥, where
U, € CK*K and Uy € CV*N are unitary matrices, and
3 € CK*N is a rectangular diagonal matrix containing
eigenvalues of H} on the diagonal. Accordingly, we have the
precoder and combiner as

P* _ \/Fd [Ul]:,lst

[LSPFEBA S

For clarity, the above beamforming design algorithm is sum-
marized in the following steps:

S1: Initialize 6.

S2: With fixed other terms, update 8; by solving problem (27).
S3: Repeat S2 until the convergence of 6 is guaranteed.

S4: Obtain P* and W* by (28).

5 W* = [UQ]:,1:N5~ (28)

B. Hybrid/Multi-Sector BD-RIS Aided MU-MISO

In this subsection, we consider a MU-MISO system aided
by a BD-RIS with hybrid/multi-sector mode, as illustrated
in Section [MIIC. Assume the N-antenna BS transmits the
symbols § = [sy,...,sk] € CE*! to K single-antenna users,
E{ss”} = I. Based on and (23), the received signal at
each user covered by sector [, VI € L, is given by

Yk = Z vec”(©7,)Qf ;pksk
i€G2
+ Z Z VeCT(@;‘,:i)Qiipk/Sk/ +ng, Vk € Ky,
k' #£k i€G2
where ©;; € CM*M, Vi € L, satisfies Y., OO0, = Iy,
Vi € Go, Pr € CN*1 denotes the precoder for user k, and
ng € C with ny, ~ CN(0,0'?) denotes the noise.
1) Problem Formulation: Based on the channel estimates

Qi VE € K, Vi € Gy, the joint transmitter and BD-RIS
design problem to maximize the sum-rate is given by

(29)

T+ T
 max (1 - g) S logy(l+ ) (30a)
Ou,9Lpr, vk T i ik,

st. Y O/10,; =1Iy,Vic g, (30b)

lec
> lpslls < Pa, (30c)

kek
where v, = 107 Qi * denotes the signal-to-

. Zh’;ék |9~LTQ;‘CPM |2+0'2 .
interference-plus-noise ratio (SINR) with the fresh nota-

tons 6, = [vec”(®])),... ,vec”(®])]" and Qi =
[Qii,-- -, Qrc,). Yk € Ky, VI € L. Although problem
is a challenging optimization with complicated ratio terms in
the log(+) function and non-convex constraints of BD-RIS, we
show that the algorithm proposed in [8]] can be easily adapted
to solving (30) with slight modifications.

2) Solution to Problem (30): By introducing auxiliary vari-
ables ¢, and 1, Vk € K, VI € L to each ratio term in
based on the fractional programming [28]], we can transform
(30a) into a four-block optimization with a more decent
objective function as f({0;}vi, {Px}vr, {trfvr, {7 bvi) =
Yier Drex, loga(L+ur) — i+ 2T+ uR{7;0 Q{'pr} —
1762 (X exc 107 QFpir 2 + '2)). The four blocks are iter-
atively updated in sequential until convergence. Under the
iterative design framework, the solutions to the blocks {¢f }vi
and {7 }vx can be easily obtained by checking the first-order
conditions of f({0;}vi, {Px }vis {tk vk, {7k }vk). Meanwhile,
the solution to block {px}vr can be obtained based on the
Karush-Kuhn-Tucker (KKT) conditions. The detailed deriva-
tions can be done following [8]], [28].

When blocks {tx }vk, {7k }vk, and {pg }vi are determined,
the sub-problem for designing {él}vl can be formulated as

O = _ arg max 37 (2R(6]vi) — 67 Vi)

Z ®ﬁ£®l7i:Iﬂf,Vi lel

el
=  arg max Z (2 Z R{O]vi:i}

z;ﬁ 010,:i=IyVijcr * icg,

- Z Z OlT,iVl»ivi/OZi’)

i€G2 i/ €G2
(31

where we d?ﬁne v, = Zkglcl \/1—|-Lk7']:Q£pk-, VvV, =
Yker, |TePQE X ek PrPE QL. VL E L, 01y = vec(OF),
viig = [Vilz,, and Vi, = [Viz,z,, Vi,i' € Go.
Analogous to the derivation in Section [[VIA, we propose
to split the objective with respect to each {6;;}y; from
the objective in (3I) with fixed others. Defining x; =

[X{l, e 7X€,i]T with Xli,i = Vii — Zi’;éi Vlm:é)l*’i,, and
V,; = bIkdiag(VLi’i, ..., Vi), we can construct the sub-
problem for 8; = vec([®7;,..., 07 ]) as
max 2R{6] X:} — 6] V.6; (32a)
0;
s.t. vec*(6;)vec! (6;) = 1,7, (32b)

where constraint constructs a M?2L-dimensional com-
plex Stiefel manifold. Therefore, problem can be solved
by the manifold based methods [27].

For clarity, the above beamforming design algorithm is
summarized in the following steps:

S1: Initialize 6, VI € £, and py, Vk € K.
S2: With fixed other terms, update {vx }vx by solving problem
{ti}ve = argmax f({01}vi, {Pr bk, {tk bvrs {7k Fvr)-
S3: With fixed other terms, update {74 }v by solving problem
{T]:}Vk = argmax [({0}vi, {Pr}ve, {tk bvr, {7h fve)-
S4: With fixed other terms, update {py}vi by solving the
constrained convex optimization problem {pj}vi =
argmax  f({0}vi, {Pr v, Lt fvrs {7r }vi)-
Zke){ HpngSPd .
S5: With fixed other terms, iteratively update 8;, Vi € Go, by
solving problem until the convergence of {6, }v;.
S6: Repeat S2-S5 until the convergence of the objective func-

tion f({60;}vi, {Pr bvis {tk Yvi, {7k }vi) is guaranteed.



V. PERFORMANCE EVALUATION

In this section, we perform simulation results to verify the
effectiveness of the proposed channel estimation scheme and
evaluate the performance of the proposed beamforming design.

A. Simulation Setup

The simulation setup is illustrated as follows. Both BS-RIS
and RIS-user channels are assumed to have Rician fading with
Rician factor K = 0 dB accounting for the small-scale fading
and distance-dependent path loss model [9] accounting for
the large-scale fading. Specifically, we assume each BD-RIS
antenna has an idealized radiation pattern [9]], such that the
path loss model is expressed aﬁf = o(1 — cos %)2, where
0 = 374 d@ A\ TAG G is calculated by the BS-RIS
distance d; = 30 m and RIS-user distance ds = 10 m, path
loss exponents €; = 2.5 and €5 = 2.5, wavelength \ = ? with
f = 2.4 GHz, antenna gains at the BS side Gy = 1 and the user
side G, = 1. More details of the analysis for the BD-RIS aided
path loss model can be found in [9]. The noise powers for
uplink channel estimation and downlink transmission are set as
0% = 0’2 = —100 dBm. In the following simulations, we set
the group size M of the group-connected architecture for BD-
RIS as M € {1,2,4} with an affordable circuit complexity.
More comprehensive studies of different BD-RIS architectures
and their circuit complexities can be found in [[10].

B. Performance for Channel Estimation

We evaluate the channel estimation performance by plotting
the normalized MSE versus signal-to-noise ratio (SNR) with
different group size of group-connected BD-RIS and different
numbers of BS/user antenna Spe(nﬁcally, the normalized
MSE is calculated by &5 = E{ ‘TI ‘qH"’} For fair comparison,
the SNR is defined as the ratio f)etween the total power
received at each antenna from each transmit antenna through
each RIS element for the whole uplink training and the
noise power, i.e., Luly - From Fig. @ we have the

7= e
following observations. First, the matrix & with DFT base or
Hadamard base to generate Z;, Zs, and X achieves exactly
the same performance, which verifies Theorem 1. Second,
the matrix ® with DFT/Hadamard bases achieves exactly
the same performance as the theoretical minimum, which
verifies Lemma 2. Third, the normalized MSE performance
increases with the group size M of group-connected BD-RIS,
which verifies Lemma 1. The intuition behind is that the same
amount of power is split to estimate more channel coefficients,
which leads to increasing channel estimation error. Fourth,
the normalized MSE decreases with SNR, which indicates
that larger received SNR leads to smaller channel estimation
error. Fifth, the matrix E designed by the proposed scheme
achieves better MSE performance than that constructed by
random unitary matrices, which demonstrates the effectiveness

of the proposed design for channel estimation.

%For the case of BD-RIS with reflective mode, we calculate the path loss
by setting the number of sectors as L = 2, which indicates that BD-RIS with
reflective mode covers half of the space.

"Here we only plot the case of BD-RIS with reflective mode since, as
explained in Section mE, the same scheme can be used in BD-RIS with
hybrid/multi-sector modes with the same closed-form MSE performance. The
effect of channel estimation error will be studied in the performance evaluation
of beamforming design.
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Fig. 6. Normalized MSE versus SNR (M = 32, G=4, N=K = 2).
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Fig. 7. Spectral efficiency versus the number of BD-RIS elements M (N =
K = Ng =2, P, =250 mW, Py = KP,).

C. Performance for Beamforming Design

1) Reflective BD-RIS Aided Point-to-Point MIMO: We start
by evaluating the performance of the proposed algorithm from
Section [V}A in Fig. [/} For comparison, we simulate the
performance achieved by perfect CSI QQ as an upper bound. We
also ignore the term 1 — % in the objective function
for the ease of analyzing the effect of beamforming design.
From Fig. we have the following observations. First, the
performance achieved based on both the perfect CSI and the
estimated CSI increases with increasing group size M of the
group-connected architecture, which aligns with the results in
151, 17, 8]. Second, with the fixed group size M, increasing
the tile size G during the channel estimation induces the
performance degradation due to the reduction of CSI, which
further limits the BD-RIS design. Third, the performance gap
between the perfect CSI case and the estimated CSI case
increases with increasing number of BD-RIS elements. This
comes from the fact that more BD-RIS elements provide more
flexibility in beamforming design, while the beamforming
design performance is more sensitive to CSI conditions.
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2) Hybrid/Multi-Sector BD-RIS Aided MU-MISO: We next
evaluate the performance of the proposed algorithm from
Section B in Fig. |8 where the term 1 — % in the objec-
tive function (30a) is also ignored for the ease of evaluating
the beamforming performance. In addition, in the following
simulations, we fix the total number of elements M L for BD-
RIS with hybrid mode (L = 2) and multi-sector mode (L = 4).
For BD-RIS with hybrid and multi-sector modes, every K /L
users are located within the coverage of each sector. From Fig.
[l we have the following observations. First, for both perfect
and estimated CSI cases, BD-RIS with multi-sector mode
outperforms BD-RIS with hybrid mode thanks to the use of
antennas with narrower beamwidth in the multi-sector mode,
which aligns with the results in IEI] Second, the performance
achieved by BD-RIS with hybrid/multi-sector modes increases
with M due to the increasing beam manipulation flexibility,
which aligns with the results in [4]].

D. Overhead and Transmission Performance Trade-Off

To get more insights on the trade-off between the training
overhead for channel estimation and the performance for
data transmission, we take into account the term 1 — %
in the following simulations. For simplicity, we ignore the
symbol duration for processing and feedback, i.e., 75 = 0,
since the channel estimation overhead 77 and the symbol
duration for data transmission 73 are generally much larger
than 75. In addition, we set the symbol duration for one
transmission frame 7" as 7' € {600, 1000,2000}. In practice,
the value of T depends on multiple factors, such as the
carrier frequency of transmit signals, phase differences in the
multipath propagation, and mobility [29].

1) Reflective BD-RIS Aided Point-to-Point MIMO: We first
plot the spectral efficiency defined in (25a) versus the tile
size G for BD-RIS with different architectures in Fig. EL
from which we have the following observations. First, for
a relatively small symbol duration, e.g., T € {600, 1000},
the spectral efficiency achieved by the proposed design in
general first increases and then decreases with the increasing

tile size G. This is because a larger tile size leads to a
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Fig. 9. Spectral efficiency versus tile size G (M =64, N = K = Ng = 2,
Py =250 mW, Py = KP,).

smaller training overhead 7} but a reduced beam manipulation

flexibility of BD-RIS. For example, wh_en T = 600, the
best spectral efficiency is achieved at G = 2 for group-
connected BD-RIS with M = 2, and at G = 8 with

M = 4. In this case, the performance improvement by more
flexible BD-RIS design is overwhelmed by the large training
overhead. Second, for a relatively large symbol duration, e.g.
T = 2000, the spectral efficiency achieved by the proposed
design decreases with the increasing tile size. This is because
the large 1" weakens the impact of training overhead, while the
beamforming performance keeps decreasing with increasing
tile size. Third, for a relatively small tile size, e.g. G € {1,2},
the spectral efficiency achieved by BD-RIS with larger group
size performs worse due to the significant traning overhead
in channel estimation. Foueth, for a relatively large tile size,
e.g. G € {8,16}, the spectral efficiency achieved by BD-
RIS with larger group size performs better thanks to the
additional beam manipulation flexibility supported by the
group-connected architecture. Therefore, the tile size G' and
M should be carefully chosen to balance the training overhead
for channel estimation, the beamforming performance, and the
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circuit complexity for BD-RIS implementation.

2) Hybrid/Multi-Sector BD-RIS Aided MU-MISO: In Fig.
[T0] we plot the sum-rate defined in (30a) as a function of
G for BD-RIS with hybrid/multi-sector modes. From Fig.
we observe that, in addition to the findings obtained from
Fig. [0l BD-RIS with multi-sector mode is more robust to
the symbol durations 7" and the tile size. This is because the
significant performance enhancement provided by high-gain
antennas compensates for the effects of the training overhead
and the beamforming flexibility.

VI. CONCLUSION

In this paper, we propose a novel channel estimation scheme
for BD-RIS aided multi-antenna systems. Specifically, the BD-
RIS has different (single/group/fully-connected) architectures
and (reflective/hybrid/multi-sector) modes, which, mathemati-
cally, generate unique constraints and complicate the channel
estimation. To tackle this difficulty, we propose an efficient
pilot sequence and BD-RIS design to estimate the cascaded
BD-RIS channel, which achieves the minimum MSE of the
LS estimator. The analysis and extensions of the proposed
channel estimation scheme are also illustrated.

With the cascaded channel estimates, we consider two BD-
RIS scenarios, that is reflective BD-RIS aided point-to-point
MIMO, and hybrid/multi-sector BD-RIS aided MU-MISO,
and propose efficient algorithms to design the transceiver and
BD-RIS with different architectures and modes.

Simulation results demonstrate the advantages of the pro-
posed design. Specifically, the effectiveness of the proposed
channel estimation scheme and beamforming algorithms are
verified by comparing with the design for perfect CSI cases.
In addition, the trade-off between the training overhead for
channel estimation and the performance for data transmission
is analyzed with different parameter settings.

APPENDIX A
PROOF OF LEMMA 1

The objective (I3a) has the following lower bound
tr((®7®)~1)
NKM?G»
Yo (@) >
i=1
@ N2K2G2M4 N2K2G2M4
SR, w(dE)
N2K2G3M*
(S (61 0 % 9 Iy)(¢] @ %] @ In))
© N2K2G2M4
tr( KM “(grdl) @ (x;xT) ® Iy)
@ NKGQM4 © N7

KAEGs (T

where the equality of (a) can be attained when PP isa diag-
onal matrix [30[]; (b) holds due to the relationship between the
harmonic mean and the arithmetic mean with equality achieved
when @2 & has identical diagonal entries; (c) holds by the
property of the Kronecker product; (d) holds due to the prop-
erty of the trace operation and the assumption that |[x¢]x| = 1,
sz, yielding tr(x;x]) = K, Vt; (e) holds due to the constraint
which yields tr(¢; ¢l) = G2Z\4 , Vt. Based on the above
derlvatlons we have that mintr((®2®)~!) = NM with
the condition ®7® = ®®H = KMGolyg 2, which
completes the proof.

i=1

(33)

APPENDIX B
PROOF OF LEMMA 2

With A satisfying , and & satisfying ,

l) we have ® = A ® ® such that
»7® = (AT o d") (A2 &)= (ATA) 2 (&7 d)
= (Galg,) ® (MIMQ) = GQMIG2M2,

which aligns with (14b).
In addition, we define the i-th sub-block rows of the s-th
row of ® by ¢, Vs € S, Vi € Go, ie.,

(34)

bsi = [Pl i1yirzanrz = (08 -1y wrzanez. (35)
Meanwhile, from (T3) we have
Gei = D] N 1ynrzinre = vec (®¢4), (36)

where ¢ = (s — 1)K + k, Yk € K. Furthermore, from Lemma

2 we have ¢, ; = [A i,’l[tI)]m ., where s = (i’ — 1)M? +m,
VYm € M. Hence, (13b) is satisfied, i.e.,

B @1 = |[Aly il vec ([@7]. ) vec([®7].m) = Iy
(37
The proof is completed.
APPENDIX C

PROOF OF THEOREM 1
We start by proving qvbmm, Vm,n € M satisfies || To
this end, we define @ pi = [Pmnl—1)m41:0010 Vi € M.
We have

&m,n,i = [ZQ]m,i[Z{]mod(ifn,M%H,:' (38)



Then we calculate

1 iT H
¢:n,n,i m,n,i T [Zl ]mod(ifn,M)+1,:[Zl]:,mod(i’fn,]\zH»l

=Z21,i.i'\n
X (Lo, i[Z2]m.i,
N————

=Z22.4,i'\m

(39)
yielding the following two conditions:
1) when ¢ = ', we have 21, = a1 and 224 m = 52 such
7 ;T _1.
that @7, by, 0 = 15 }
2) when i # ¢/, we have z1,, ., = 0 such that Drni X
v
n,i .

Therefore, is_guaranteed. y
We next prove ® constructed by ¢,, , satisfies (19b). To
this end, we calculate

Brn P = Y, Pani®in
mmnrm’ n’ — m,n, i rm’ n’

ieM
— H _ _
- Z [Zl ]mod(i—n,]V[)+1,:[Zl]:,mod(i—n/,M)+1
ieM
=21 n,n’ i

X [Zaly, i[Z2]m: i,
—— ———

=Zo ’

(40)
yielding the following three conditions:

1) when m = m’/ and n = n/, we have 21/ 5, n; = @1 and
22/ ,;m,m,i = T such that (Z)jinn vﬂ’n = M, 5

2) when n # n’, we have 21/, v ; = 0 such that ¢y, , ¥
cz)rj;L’,n’ = 0;

3) when m # m' and n =
a1 such that éjn’n uﬁl,nz
Oél[Z;]M,:[ZQT]:,m’ =0.

Therefore, (I9b) is guaranteed. The proof is completed.

/!

n', we have z1/ . =

aq ZiEM 22! mym’i  —
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