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FORMAL DEFORMATIONS, COHOMOLOGY THEORY AND L.[1]-STRUCTURES
FOR DIFFERENTIAL LIE ALGEBRAS OF ARBITRARY WEIGHT

WEIGUO LYU, ZIHAO QI, JIAN YANG AND GUODONG ZHOU

ABsTrRACT. Generalising a previous work of Jiang and Sheng, a cohomology theory for differential
Lie algebras of arbitrary weight is introduced. The underlying L. [1]-structure on the cochain
complex is also determined via a generalised version of higher derived brackets. The equivalence
between L[ 1]-structures for absolute and relative differential Lie algebras are established. Formal
deformations and abelian extensions are interpreted by using lower degree cohomology groups.
Also we introduce the homotopy differential Lie algebras. In a forthcoming paper, we will show
that the operad of homotopy (relative) differential Lie algebras is the minimal model of the operad
of (relative) differential Lie algebras.
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INTRODUCTION

This paper studies the cohomology theory, abelian extensions, formal deformations, and L-
structures for differential Lie algebras of arbitrary weight.

0.1. Deformation theory and minimal models.

An important method to study a mathematical object is to investigate properties of this object
under small deformations. Algebraic deformation theory originated from the deformation theory
of complex structures due to Kodaira and Spencer and evolved from ideas of Grothendieck, Il-
lusie, Gerstenhaber, Nijenhuis, Richardson, Deligne, Schlessinger, Stasheff, Goldman, Millson,
etc. A fundamental idea of deformation theory is that the deformation theory of any given math-
ematical object can be governed by a certain differential graded Lie algebra or more generally
an L.-algebra associated to this mathematical object (whose underlying complex is called the
deformation complex). This philosophy has been realised as a theorem in characteristic zero by
Lurie [13] and Pridham [19]. It is an important problem to determine explicitly this differential
graded Lie algebra or L.,-algebra governing deformation theory of this mathematical object.

Another important problem about algebraic structures is to study their homotopy versions, just
like A-algebras for usual associative algebras. Expected result would be providing a minimal
model of the operad governing this algebraic structure. When this operad is Koszul, the Koszul
duality for operads [, 16, 13] gives a perfect solution. More precisely, the cobar construction of
the Koszul dual cooperad of the operad in question is the minimal model of this operad. However,
when the operad is NOT Koszul, essential difficulties arise and few examples of minimal models
have been worked out.

These two problems, say, describing controlling L.,-algebras and constructing minimal models
or more generally cofibrant resolutions, are closed related. In fact, given a cofibrant resolution,
in particular, a minimal model, of the operad in question, one can deduce from the cofibrant
resolution the deformation complex as well as its L,-structure as explained by Kontsevich and
Soibelman [12].

However, in practice, a minimal model or a small cofibrant resolution is not known a priori.
Wang and Zhou [25, 28] recently found a method to solve these two problems for a large class
of non-Koszul operads. The method is in fact the original method of Gerstenhaber [4, 5]. We
start by studying formal deformations of the algebraic structure in question and construct the
deformation complex as well as L, -structure on it from deformation equations. Then we consider
the homotopy version which corresponds to Maurer-Cartan elements in the L -structure when
appropriate spaces are graded. At last we show the differential graded operad governing the
homotopy version is the minimal model of the operad of this algebraic structure, and we also
found the Koszul dual which, in this case, is usually a homotopy cooperad.

We aim to deal with differential Lie algebras of arbitrary weight in this paper and its sequel by
using the method of [23, 2] as well as derived bracket technique.

0.2. Differential Lie algebras, old and new.
As is well known, differential operators appeared in Calculus several centuries ago. The study
of differential algebras themselves, as the algebraic study of differential equations, only began in
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the 1930s at the hands of Ritt [20), 21}]. From then on, by the work of many mathematicians in the
following decades, the subject has been fully developed into a vast area in mathematics.

By definition a differential algebra is an associative commutative algebra A endowed with a
linear operator d subject to the Leibniz rule:

d(xy) = d(x)y + xd(y), x,y € A.

The discretisation of differential operators are difference operators. The action of the difference
operator A on a real function f defined by:

Af)x) = f(x+ Ax) — f(x),
which satisfies
A(fg) = A(f)g + fA(g) + A(HA(g).

In order to unify the study of differential operator and difference operator, Guo and Keigher
introduced weighted differential operators [9]].

Definition 0.1. ([9]) Let A € k be a fixed element. A differential associative algebra of weight
A is an associative algebra A together with a linear operator d : A — A such that

d(xy) = d(x)y + xd(y) + Ad(x)d(y), x, y € A.

So an usual differential operator is a differential operator of weight 0 and a difference operator
is a differential operator of weight 1.

One of the motivations of Guo and his collaborators to introduce the concept of weighted
differential operators is to study Rota’s program. Rota [22] proposed to classify “interesting”
operators on an algebra. In order to promote this program, Guo et al. introduced the Grobner-
Shirshov basis theory for algebras endowed with linear operators [8, 1, 10, 3], and focused on
two types of operator algebras: Rota-Baxter type algebras [27] and differential type algebras
[10]. Weighted differential algebras fall into the second type.

Inspired by the above research, Guo and Keigher [J] introduced differential Lie algebras of
arbitrary weight.

Definition 0.2. ([J]) Let A € k be a fixed element. A differential Lie algebra of weight 1 is a
Lie algebra (g, [, ]) together with a linear operator d, : g — g such that

dg([x, )’]) = [dg(X), )’] + [x’ dg(}’)] + /l[dg(X), dq()’)], vx’ y € g
A related notion is that of relative difference Lie algebras.

Definition 0.3 ([2, 11}]). A LieAct triple is the triple (g, b, o), where (g,[ , 1,) and (),[, ]y) are
Lie algebras and p : ¢ — Der(}) is a homomorphism of Lie algebras, where Der(}) is the space
of derivations on b.

Let (g,b,p) be a LieAct triple. A linear map D : ¢ — I is called a relative differential

operator of weight A if the following equality holds:
D([x,y15) = p()(D(y) — p()(D(x)) + AD(x), DY)y, Yx,y€g.

There has been some papers working on differential Lie algebras with nonzero weight before,
but they mainly focus on relative differential Lie algebras of weight 1, also called relative dif-
ference algebras. When studying non-Abelian extensions of Lie algebras, Lue [14] introduced
the concept of cross homomorphisms which are just relative difference operators of weight 1.
Caseiro and Costa [2] studied the framework for the existence of cross homomorphisms: LieAct
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triple (g, b, p), and gave a differential graded Lie algebra where the Maurer-Cartan elements corre-
spond one-to-one to Lie action triples. Pei, Sheng, Tang, and Zhao [1§] defined the cohomology
theory of cross homomorphisms on Lie algebras, and used the derived bracket technique to find
the deformation of a differential graded Lie algebra where the Maurer-Cartan elements correspond
one-to-one to the cross homomorphisms. Jiang and Sheng constructed an L.,-algebra for relative
difference Lie algebra using the technique of derived brackets in [11] and they also introduced
cohomology theory for relative difference Lie algebras and absolute difference Lie algebras.

This paper is different from papers of Sheng and his collaborators, firstly generalising from
weight 1 to arbitrary weight. Moreover, our ultimate goal is to develop systematically the ho-
motopy theory for both absolute and relative differential Lie algebras of arbitrary weight from an
operadic viewpoint, including cohomology theory (or deformation complexes), L. [1]-structures,
homotopy versions, minimal models, and Koszul dual homotopy cooperads. This task will be
completed in two papers. This paper is the elementary part of this project, which contains only
cohomology theory (or deformation complexes), L.[1]-structures and homotopy versions. In a
forthcoming paper, we shall prove the operad of homotopy absolute (resp. relative) differen-
tial Lie algebras is the minimal model of the operad of absolute (resp. relative) differential Lie
algebras, thus justifying the homotopy version we found is the right one.

Apart from the cohomology theory and L.[1]-structures, in this paper we introduce a gener-
alised version of derived bracket technique which replace Lie subalgebras by injective maps of
Lie algebras. Moreover, this generalised version permits us to establish the equivalence between
L, [1]-structures for relative and absolute differential Lie algebras. This equivalence is believed
by experts and firstly presented explicitly in this paper for differential Lie algebras. In the forth-
coming paper, we will establish the equivalence between minimal models for relative and absolute
differential Lie algebras by using a coloring and decoloring procedure for (coloured) operads.

0.3. Layout of the paper.

The paper is organized as follows.

The first section is of preliminary nature, which contains results which are more or less known.
After fixing some notations in Subsection 1 .I;, we recall basic notions and facts about differential
Lie algebra and their representations in Subsection 11.2. In particular, a key descending property
for differential representations Lemma 1.7 is presented. A differential Lie algebra is the com-
bination of the underlying Lie algebra and the differential operator. In this light we build the
cohomology theory of a differential Lie algebra by combining its components from the Lie alge-
bra and from the differential operator. In Subsection 1.3, we establish the cohomology theory for
differential operators of arbitrary weight, which is quite different from the one for the underlying
algebra unless the weight is zero. In Subsection 1.4, we combine the Chevalley-Eilenberg coho-
mology for Lie algebras and the just established cohomology for differential operators of arbitrary
weight to define the cohomology of differential Lie algebras of arbitrary weight, with the cochain
maps again posing extra challenges when the weight is not zero. The proofs of this section will
be given in Subsection 5.1, once the L. [1]-structure has been established in Section 4.

As applications and further justification of our cohomology theory for differential Lie algebras,
in Section 2;, we apply the theory to study abelian extensions of differential Lie algebras of arbi-
trary weight, and show that abelian extensions are classified by the second cohomology group of
the differential Lie algebras.

Further, in Section 3, we apply the above cohomology theory to study formal deformations of
differential Lie algebras of arbitrary weight. In particular, we show that if the second cohomology
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group of a differential Lie algebra with coefficients in the regular representation is trivial, then this
differential Lie algebra is rigid.

To deal with the weight case and get L.[1]-structure in Section 4, after a reminder on L., [1]-
structures in Subsection 4.1, a generalised version of the derived bracket technique is introduced
in Subsection 4.7, and the weight A is also incorporated into the statements, which permits us to
deal with (absolute) differential Lie algebras of arbitrary weight as well as relative differential Lie
algebras of arbitrary weight. With this generalised version at hand, we build the L.[1]-structure of
relative differential Lie algebras in Subsection 4.3, generalising the result of Jiang and Sheng [11 1]
from weight 1 to arbitrary weight. In Subsection 4.4, we build the L[1]-structure of (absolute)
differential Lie algebras. The comparison with the L. [1]-structures for relative and absolute
differential Lie algebras is provided in Subsection 4.5.

At last in Section 5, based on the L. [1]-structure of (absolute) differential Lie algebras found
in Section 4, we verify that the cohomoloy theory of Section 1;is the right one in Subsection 5.1,
by using a trivial extension construction in order to deal with coefficients. In Subsection 5.7,
the structure of homotopy differential Lie algebra with weight is introduced as Maurer-Cartan
elements in the L [1]-structure of (absolute) differential Lie algebras when the spaces involved
are graded.

1. DIFFERENTIAL LIE ALGEBRAS OF ARBITRARY WEIGHT AND THEIR COHOMOLOGY THEORY

This section recalls some background on differential Lie algebras and their representations and
introduce their cohomology theory generalsing the theory introduced by Jiang and Sheng [11;]
from weight 1 to arbitrary weight.

1.1. Notations.

Throughout this paper, let k be a field of characteristic 0. Except specially stated, vector spaces
are k-vector spaces and all tensor products are taken over k. We use cohomological grading. We
will employ Koszul sign rule to determine signs, that is, when exchanging the positions of two
graded objects in an expression, we have to multiply the expression by a power of —1 whose
exponent is the product of their degrees.

The suspension of a graded space V = @,z V" is the graded space sV with (sV)" = V**! for
any n € Z. Write sv € (sV)" for v € V"1,

Let V = @,.7V" be a graded vector space. Recall that the graded symmetric algebra S (V) of
V is defined to be the quotient of the tensor algebra 7'(V) by the two-sided ideal I generated by
x®y— (=1)*My® x for all homogeneous elements x,y € V. For x; ® - - -® x,, € V¥ C T(V), write
X1 O x; ®- -0 x, its image in S (V). For homogeneous elements xi,...,x, € Vand o € §,, which
is the symmetric group in n variables, the Koszul sign &(o) := (0 x4, . . ., X;,) is defined by

X10x 00X, :8(O')Xo—(1)@XO—(Q)@"'@XO—(,,) GS(V)

Denote by §"(V) the image of V*" in S (V).

Let V = &,zV" be a graded vector space. Recall that the graded exterior algebra A(V) of
V is defined to be the quotient of the tensor algebra 7(V) by the two-sided ideal generated by
x®y+ (=1)*My® x for all homogeneous elements x,y € V. For x; ® - - - ® x,, € V¥ C T(V), write
X1 A Xy A--- A X, its image in A (V). For homogeneous elements x;,...,x, € Vand o € §,, the
sign y(o) := x(o; X1, ..., x,) is defined by

XIAXp AN A X, :)((O')Xo—(l) ANXg) N NXom) € /\(V)
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Denote by A"(V) the image of V®" in A (V). Obviously (o) = &(0)sgn(o), where sgn(o) is the
signature of o.
Recall that for a graded vector space V, S"(sV) is isomorphic to s” A" V via the map

(1 SV O SV O+ O vy, > (=)D @=2alvealgney, Ay A A ),
for vy,...,v, € V homogeneous elements in V.
Letn>1.For0<1i,...,i,<nwithi; +---+1i, =n, Sh(i},i,,...,i,)1s the set of (i, ..., i,)-

shuffles, i.e., those permutation o € S, such that
c()<o@R)<---<o(y), o+ ) <---<oli1+1i), ..., (1 +--+i,_1+1)<--- <o(n).
Let PSh(iy, i, ..., i,) be the subset of Sh(iy, i, .. ., i,) whose elements (i, . .., i,)-shuffles satisfy:

cD)<o(i+ ) <o+ +1)<--- <o+ -+i_1+1).

1.2. Differential Lie algebras with weight and their representations.
In this subsection, we recall basic notions about differential Lie algebras with weight and their
representations.

Definition 1.1. ([B]) Let A € k be a fixed element. A differential Lie algebra of weight 1 is a
Lie algebra (g, [, ]) together with a linear operator d, : g — g such that

2 dy([x, ¥D) = [dg(x), y] + [x, dg)] + Ady(x), dg()],  Vx,y €.

Such an operator d, is called a differential operator of weight A or a derivation of weight A.

Given two differential Lie algebras (g, d,), (b, d,) of the same weight A, a homomorphism of
differential Lie algebras from (g, d,) to (b, dy) is a Lie algebra homomorphism ¢ : g — 1) such
that ¢ o d; = dj o ¢. We denote by DL, the category of differential Lie algebras of weight A.

A differential operator of weight 1 is also called a crossed homomorphism and a differential
Lie algebra of weight 1 is also called a difference Lie algebra [1§, 11:].

Recall that a representation of a Lie algebra g is a pair (V, p), where V is a vector space and
p:g—gl(V), x = (v p(x)v) is a homomorphism of Lie algebras for all x,y € gandv € V.
Definition 1.2. Let (g, d,) be a differential Lie algebra.

(1) A representation over the differential Lie algebra (g, d,) or a differential representation
is a triple (V, p, dy), where dy € gl(V), and (V, p) is a representation over the Lie algebra
g, such that for all x,y € g,v € V, the following equality holds:

dy(p(x)v) = p(d(0))v + p(x)dy (V) + Ap(dy(x))dy (V).

(i) Given two representations (U, pY,dy), (V,p",dy) over (g,d,), a linear map f : U — V
is called a homomorphism of representations, if

fop’)=p"(x)of, ¥xeg, and fody=dyof.
Example 1.3. For a differential Lie algebra (g, d,), the usual adjoint representation
ad : g = gl(g), x> (y = [x,y])

over the Lie algebra g is also a representation of this differential Lie algebra. It is also called the
adjoint representation over the differential Lie algebra (g, d,), denoted by g,q.

Example 1.4. Let g be a Lie algebra and V be a representation of it. Then (g, Id,) is a differential
Lie algebra of weight —1 and the pair (V,Idy) gives a differential representation.
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Example 1.5. Let (g,d,) be a differential Lie algebra together with a differential representation
(V,dy). Then for arbitrary nonzero scalar « € K, (g, xd,) is a differential Lie algebra of weight %
and the pair (V, k dy) is a differential representation.

It is straightforward to obtain the following result:

Proposition 1.6. Let (V,p,dy) be a representation of the differential Lie algebra (g,d,). Then
(a® V,d, + dy) is a differential Lie algebra, where the Lie algebra structure on g ® V is given by

(x+uy+v:=[x,y]|+px)Vv-pu, Vx,yegqg, u,veV.
This new differential Lie algebra is denoted by g =<V, called the trivial extension of g by V.
We need the following observation which is a weighted version of [14;, Proposition 3.1]:

Lemma 1.7. Let (V,p,dy) be a representation of the differential Lie algebra (g,d,). There exists
a new representation (V, p,, dy) over (g,d,), where p, is given by:

Pa(x)v = p(x + Adg(x))v, VxegveV.
Denote the new presentation by V, := (V, p,, dy).

1.3. Cohomology of differential operators.
In this subsection, we define a cohomology theory of differential operators.
Recall that the Chevalley-Eilenberg cochain complex of a Lie algebra g with coefficients in
a representation (V, p) is the cochain complex (C{, (g, V), 0] ), where for n > 0, C{. (g,V) =
Hom(A"g, V) (in particular, Cgie(g, V) = V) and the coboundary operator
aﬁie : Cﬁie(g’ V) — Cﬁ—el(g’ V),n > 0
is given by

n+l

Tl Y1 s Xs) = D (DD Gy B X))
i=1

Lo 1 R R
+ Z (_I)H—J-HH— f([-xh-xj]’-xl’---a-xia---s-xj’---’xn+l)3

1<i<j<n+1

forall f € C{,.(8,V), x1,...,X,1 € g, where £; means deleting this element. The corresponding
Chevalley-Eilenberg cohomology is denoted by Hj, (g, V).
When V is the adjoint representation g,q, we write H, (¢) := Hf, (g, V),n > 0.

Definition 1.8. Let (g, d,) be a differential Lie algebra of weight A and (V, dy) be a differential rep-
resentation over (g,d,). The cochain complex of the differential operator d, with coefficients
in the differential representation (V,dy) is defined to be the Chevalley-Eilenberg cochain com-
plex of the Lie algebra g with coefficients in the new differential representation V,, denoted by
(C*Doﬂ(g, V), (9;501) = (C] (g, V), 0] ,.). The corresponding cohomology, denoted by Hgoﬂ(g, V),
is called the cohomology of the differential operator d, with coefficients in the representation
(Va, dy).

More precisely, for n > 0, C’[‘)O/l(g, V) = Hom(A"g, V) and the coboundary operator
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o, : Cho, (8, V) — CLy (g, V) is given by

n+l

Opo, ()(X1s oy Xpp1) = Z(_l)impﬂ(xi)f(xl, e Xiy oy Xpa1)
izl
+ Z (_1)i+j+n+1f([xi’xj]’xl’---’-ﬁi’---’-%j""axn+l)
1<i<jzn+1

n+1

= Z( D0 + Ay F X1, s Fir s Xet)

1 N
O D R L X R R ),

1<i<j<n+1

for all f € Cgol(g, V), X1,..., X1 € 6.

1.4. Cohomology of differential Lie algebras.

We now combine the classical Chevalley-Eilenberg cohomology of Lie algebras and the newly
defined cohomology of differential operators of weight A to define the cohomology of the dif-
ferential Lie algebra (g, d,) with coefficients in the representation (V,dy). In fact, we will define
the cochain complex of a differential Lie algebras as, up to shift and signs, the mapping cone of
a cochain map from the Chevalley-Eilenberg cochain complex of the Lie algebra to the cochain
complex of the differential operators of weight A.

Notice that [11] has introduced the cohomology theory of a difference Lie algebra with coef-
ficients in a representation. We in fact generalise their construction from weight 1 to arbitrary
weight.

Introduce the linear maps

0" Clig(a, V) = C'[’,Oﬂ(g, V)

by

' fGer . ox) i= AT N G dy(), s (), ) = Ay (R ),

k=1 1<ij<-<ix<n

for f € C!, (g, V), n > 1 and
6% = —dy(v), YveCl,(a, V)=V

Proposition 1.9. The linear map 6 is a cochain map from the cochain complex (C (g, V), 0},
10 (Cpp, (8, V), 0pg )-

Although a direct proof is possible, we shall deduce the above result from the L.[1]-structure;
see Proposition 5.7.

Remark 1.10. Note that Cp, (g, V) equals to Cf', (g, V) as linear spaces but they are not equal as
cochain complexes unless 4 = 0. When A is not zero, a new representation structure is needed to
define dp,, which eventually leads to the rather long and technical argument in order to establish
the cochain map in Proposition 1 -9

Now we can define the cochain complex of a differential Lie algebras (g, d,) with coefficients
in the differential representation (V, dy).
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Definition 1.11. Define the cochain complex (C’E,Lﬂ(g, V), GELA) of the differential Lie algebra
(9,d,) with coefficients in the differential representation (V,dy) to be the negative shift of the
mapping cone of the cochain map 6* : (C}, (s, V), d],,) — (C} DO, (g, V), 8Do ). More precisely, the
space of n-cochains is given by

m@W@@l@m n>1,

Cp, (8, V) :=
Pl {Ld V) = n=0.
and the differential 97, : Cf (g,V) — C’E’;[_}l (g,V) by

GBLA(f, g) Nief> GDoﬂg —-8'f), Vfe CLIe(g, V), g€ CDoﬂ(g’ V), n>1,
8%L/1V (aLleV 60V)’ Vv e CEie(Q, V)=

Definition 1.12. The cohomology of the cochain complex (CELﬂ(g, V), G*DLA), denoted by H*DLA(g, V),
is called the cohomology of the differential Lie algebra (g, d,) with coefficients in the differen-
tial representation (V, dy).

In the next two sections, we will use the following remarks.

Remark 1.13. We compute 0-cocycles, 1-cocycles and 2-cocycles of the cochain complex Cp, (g, V).
It is obvious that for all v € V, 83 v = 0 if and only if

Ny =0, dy(v)=0
For all (f,v) € Hom(g, V) ® V, dp, (f,v) = 0if and only if 3], f = 0 and
pax)y = f(dy(x)) — dv(f(x)), Vxeg.
For all (f, g) € Hom(A%g, V) @ Hom(g, V), 95 oL, (f>8) = 0 if and only if A f =0, and

3)
PA(0)E(Y) = pa(n)g(x) = g([x, yD) = =Af(dy(x), dy(y)) = f(da(x), y) = f(x, dy () + dv(f(x, y)),

for all x,y € g.

Remark 1.14. we shall need a subcomplex of the cochain complex Cp (g, V). Let

Cle@V)© Cg (a.V), n22,
C%L/[(g’ V) = Lle(g’ V) n=1,
O’ n=0.
Then it is obvious that (Cpy (s, V) = &2,,Cp b (8, V), 5, ) is asubcomplex of the cochain complex
(Cp (8, V), dp, ). We denote its cohomology by III*DL/l(g, V). Obviously, III’[’)LA(g, V) =Hp (s, V)
forn > 2.

2. ABELIAN EXTENSIONS OF DIFFERENTIAL LIE ALGEBRAS

In this section, we study abelian extensions of differential Lie algebras of weight A and show
that they are classified by the second cohomology, as one would expect of a good cohomology
theory.
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2.1. Abelian extensions.

Notice that a vector space V together with a linear endomorphism dy can be considered as a
trivial differential Lie algebra of weight 1 endowed with the trivial Lie bracket [u, v] = O for all
u,vev.

Definition 2.1. An abelian extension of differential Lie algebras is a short exact sequence of
homomorphisms of differential Lie algebras

0 v § g 0
dvl | d@l d‘l
0 V —5§ —L5g 0

where (V,dy) is a trivial differential Lie algebra. We will call (§,d;) an abelian extension of
(g9, dy) by (V,dy).

Definition 2.2. Let (§;,d;,) and (3, dg,) be two abelian extensions of (g, d,) by (V,dy). They are
said to be isomorphic if there exists an isomorphism of differential Lie algebras { : (§;,d;,) —
(62, dg,) such that the following commutative diagram holds:

0 — (V,dy) — @&1.d;) —— (g,d,) —— 0

H d |

i ~ P
0 — (V,dy) — (82,d3,) — (8,dy) — 0.
A section of an abelian extension (8, d;) of (g,d,) by (V,dy) is a linear map s : g — § such that
pos=Id,.
Now for an abelian extension (§, d;) of (g,d,) by (V,dy) with a section s : g — §, then there
exist a unique linear map 7 : § — V such that:
toi=Idy,tos=0,io0t+ sop=1Id,
then we can define
px)v :=1t[s(x),i(v)];, YVxegveV.

For convenience, we denote it by p(s(x))v, and observe that [s(x), i(v)]; € i(V), and we identify V
with i(V).
Now we get a linear map p : g — gl(V), x = (v — p(x)v).

Proposition 2.3. With the above notations, (V,p,dy) is a representation over the differential Lie
algebra (g,d,).

Proof. For arbitrary x,y € g,v € V, since s([x,y];) — [s(x),s(y)]; € V implies s([x,y];)v =
[s(x), s(y)]zv, we have

Jacobi identity
p([x, y19)(v) = p(s([x, y]I))v = p([s(x), s(y)]g)v pP()V) — p(V)P(X)(v).

Hence, p is a Lie algebra homomorphism. Moreover, d;(s(x)) — s(d,(x)) € V means that

p(di(s(x)))v = p(s(dy(x)))v.

Thus we have

dy(p(x)v) = dy(p(s(x))v) = ds(p(s(x))v)
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= p(ds(s(x0)))v + p(s(x))ds(v) + Ap(dz(s(x)))ds(v)
= p(s(dg(x))v + p(s(x))dy(v) + Ap(s(dg(x)))dy (v)
= p(dy(x))v + p(x)dy(v) + Ap(dy(x))dy (v).
Hence, (V, p,dy) is a representation over (g, d,). O

We further define linear maps ¢ : g® g — V and y : g — V respectively by

Y(x,y) = [s(x), s — s([x, ¥ly),  Yx,y€q,
X(x) = dy(s(x)) — s(dg(x)), Vxeaq.
We transfer the differential Lie algebra structure on § to g ® V by endowing g @ V with a multipli-
cation [+, -], and a differential operator d, defined by
“) [x+u,y+v]ly =[x, y] + p(X)v = p(Mu + Y(x, y), Vx,y € g, u,v €V,
5) d,(x +v) =dy(x) + x(x) +dy(v), Vx € g, ve V.

Proposition 2.4. The triple (3 ® V, [, -1y, d,) is a differential Lie algebra if and only if (), x) is a
2-cocycle of the differential Lie algebra (g, d,) with the coefficient in (V, dy).

Proof. If (g® V, [, 14, d,) is a differential Lie algebra, then [, -], implies
(6) Y(x, [y, 2]) + p(OW(y, 2) + ¥, [z, x]) + oY (2, X) + Y(z, [x, y]) + p(2DY(x, y) = 0,

for arbitrary x,y, z € g. Since d, satisfies (2), we deduce that

(D) x([x, D) = palox () + o2 (x) +dy (U (x, y)) =¥(dy (x), y) = (x, dg(v)) — AWp(dy(x), dy () = 0.

Hence, (¢, y) is a 2-cocycle, see Eq. (3).
Conversely, if (¢, x) satisfies equalities (¢) and (7)), one can easily check that (& V, [, ]y, d,)
is a differential Lie algebra. O

2.2. Classificaiton for Abelian extensions.
Now we are ready to classify abelian extensions of a differential Lie algebra.

Theorem 2.5. Let V be a vector space and dy € Endx(V). Then abelian extensions of a differ-
ential Lie algebra (g,d,) by (V,dy) are classified by the second cohomology group Hél_/l(g, V) of
(g, dy) with coefficients in the representation (V,dy).

Proof. Let (3,d;) be an abelian extension of (g,d,) by (V,dy). We choose a section s : g — § to
obtain a 2-cocycle (i, ) by Proposition 2.4. We first show that the cohomological class of (¢, x)
does not depend on the choice of sections. Indeed, let s; and s, be two distinct sections providing
2-cocycles (Y1, x1) and (5, x») respectively. We define ¢ : ¢ — V by ¢(x) = s1(x) — s2(x). Then

Yi(x,y) = [s1(x), s1()] = s1([x, yD

= [52(%) + ¢(x), 52(0) + ()] = (s2([x, y]) + &([x, ¥]))

= ([s2(x), s2(»)] = s2([x, D) + [5200), (W] + [p(x), 5201 — ¢([x, ¥])

= ([52(x), 52)] = s2([x, Y1) + [x, (0] + [¢(x), y] = ¢([x, ¥])

= U (X, y) + Bl d(x, y),

and
X1(x) = dg(s1(x)) — s1(dg(x))

= d3(s2(x) + (%)) — (52(dy(x)) + P(dy(x)))
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= (d3(s2(x) — 52(dg(x))) + d3(é(x)) — d(dy(x))
= x2(%) + dy(¢(x)) — ¢(dy(x)
= x2(x) = 6'¢(x).
That is, (W1, x1) = W2, x2) + GBLA(gb). Thus (Y1, x¥1) and (¥, x») are in the same cohomological
class in I:I2DLﬂ(g, V).
Next we prove that isomorphic abelian extensions give rise to the same element in FI%LA(g, V).
Assume that (§;, d;,) and (dy, dg,) are two isomorphic abelian extensions of (g, d,) by (V, dy) with

the associated homomorphism ¢ : (§;,d;) — (§2,ds,). Let s, be a section of (§;,d;,). As
p2 o = pi, we have

p2o({os)=pios =Id,.

Therefore, { o s, is a section of (§,,d,). Denote s, := { o s;. Since ¢ is a homomorphism of
differential Lie algebras such that |y = Idy, we have

Ya(x,y) = [52(%), 5201 = s2([x, ¥]) = [£(s1(x)), {(s1(M)] = {(s1([x, y1))

= {([s1(x), si(W] = s1([x, y]) = LW (x,y))
= lrbl(-x’ J’),

and

X2(%) = dg, (52(x) = $2(dg(x)) = d, ({(51(x))) = {(51(dy(x)))
= {(dg, (51(x) = s1(dg(x))) = {(x1(x))
= x1(%).
Consequently, all isomorphic abelian extensions give rise to the same element in III%LA(g, V).
Conversely, given two 2-cocycles (1, x1) and (2, x2), we can construct two abelian extensions

@e V. [,1y,dy,) and (g @ V, [, ]y,,d,,) via equalities (%) and (). If they represent the same
cohomological class in IZIZDLA(g, V), then there exists a linear map ¢ : ¢ — V such that

W1.x1) = W2, x2) + Op (&)
Define{: g®V — g®V by
J(x,v) i=x+ ¢d(x) +v.
Then ¢ is an isomorphism of these two abelian extensions. O

Remark 2.6. In particular, any vector space V with linear endomorphism dy can serve as a trivial
representation of (g, d,). In this situation, central extensions of (g,d,) by (V, dy) are classified by
the second cohomology group Hél_/l(g, V) of (g, d,) with the coefficient in the trivial representation

(V,dy). Note that for a trivial representation (V, dy), since 8}301\/ = ( for all v € V, we have

H3, (3, V) = H3 (3, V).

3. DEFORMATIONS OF DIFFERENTIAL LLIE ALGEBRAS

In this section, we study formal deformations of a differential Lie algebra of weight 4. In
particular, we show that if the second cohomology group HZDLA(g, g) = 0, then the differential Lie
algebra (g, d,) is rigid.
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Let (g,d,) be a differential Lie algebra. Denote by y, the multiplication of g. Consider the
1-parameterized family

o=y pity g€ Clu(9,9),  di= ) dit', d; e Chy (3,9).
i=0

i=0
Definition 3.1. A 1-parameter formal deformation of a differential Lie algebra (g, d,) is a pair

(4, d;), which endows the K[[¢]]-module (g[[?]], i;, d;) with a differential Lie algebra structure
such that (1o, do) = (144, dy).

The pair (u,,d;) generates a 1-parameter formal deformation of the differential Lie algebra
(9,d,) if and only if for all x, y, z € g, the following equalities hold:
() 0 Mo (X, 1 (5 2) + (Y, (2, X)) + (2, (X, y)),
) di((x, y)) p(di(x), y) + p(x, di(y)) + Ap(di(x), di(y)).

Expanding these equations and collecting coeflicients of ", we see that Egs. (8) and (8]) are equiv-
alent to the systems of equations: for each n > 0,

D6 (0, D) + i3 (25 2)) + i(E i, V),

(10) 0 =
i=0
() > dmey) = ) ddi0,y) + e di) + 4 Y peldi(), dn(3).

Remark 3.2. For n = 0, Eq. (10) is equivalent to the Jabobi identity of u,, and Eq. (11) is
equivalent to the fact that d, is a A-derivation. For n = 1, Eq. (10) has the form:
0 = pag(x, p11 (3, 2)) + p (v, 11 (2, X)) + phg(2, p1 (X, )
+ (X, (v, 2)) + (9 (2, X)) + (1 (2, prg (X, )
And for n = 1, Eq. (11)) has the form:
dipag(x, y) + dgp1 (x, y) = p1(dy(x), ) + pi(x, dg(v)) + pg(d1(%), y) + pg(x, di(y))
+ Ap1(dg (%), dg(v) + Apg(di (%), dg(y) + Ay (dy(x), di(y)).
Proposition 3.3. Let (g[[t]], u;, d;) be a 1-parameter formal deformation of a differential Lie al-

gebra (g,d,). Then (u;,d,) is a 2-cocycle of the differential Lie algebra (g, d,) with the coefficient
in the adjoint representation §,q.

(12)

(13)

Proof. For n = 1, Eq. (12) is equivalent to 8} u; = 0, and Eq. (13) is equivalent to Eq. (3), that is
6,130/1611 + 62/11 =0.
Thus (u;,d,) is a 2-cocycle by Remark 1.13. |

If 4, = pq in the above 1-parameter formal deformation of the differential Lie algebra (g, d,),
we obtain a 1-parameter formal deformation of the differential operator d,. Consequently, we
have

Corollary 3.4. Let d, be a 1-parameter formal deformation of the differential operator d,. Then
d, is a 1-cocycle of the differential operator d, with coefficients in the adjoint representation gu.

Proof. In the special case when n = 1, Eq. (11)) is equivalent to Géold 1 = 0, which implies that d,
is a 1-cocycle of the differential operator d, with coeflicients in the adjoint representation g,q. O
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Definition 3.5. The 2-cocycle (i, d,) is called the infinitesimal of the 1-parameter formal defor-
mation (§[[#]], s, dy) of (g, dy).

Definition 3.6. Let (g[[¢]], u;, d,) and (g[[t]_], ii;, d;) be 1-parameter formal deformations of (g, dy).
A formal isomorphism from (g[[7]], &i;, d;) to (s[[t]], s, d;) is a power series ®, = 3 .o it :
ol[#]] — gllz]], where ¢; : ¢ — g are linear maps with ¢y = 1d,, such that

Do, = po(P XD,
®,0d = d o,

Two 1-parameter formal deformations (g[[#]], &;, d_t) and (a[[#1], fi;, d,) are said to be equivalent
if there exists a formal isomorphism @, : (g[[]], iir, d;) — (all#1], s, dy).

Theorem 3.7. The infinitesimals of two equivalent 1-parameter formal deformations of (g,d,)
are in the same cohomology class in H%Lﬂ(g, a).

Proof. Let @, : (a[[t1], fi;, d;) — (al[t]1], s, d;) be a formal isomorphism. For all x, y € g, we have

D, 0 i (x,y) = pp o (O X D)(x,y),
D, 0 d_t(-x) = d; o O)(x).

Expanding the above identities and comparing the coefficients of ¢, we obtain

ai(x,y) = wi(x,y) + [91(x), y] + [x, o1 (W] = d1([x, ¥]),
di(x) = di(x) + dg(p1(x) — ¢1(dg(x)).
Thus, we have
(,dy) = (1, dy) + 8|13L/1(¢1),
which implies that [(&1,d))] = [(u1,dp)] in Hy_ (g, 9). O

Given any differential Lie algebra (g, d,), interpret u, and d, as the formal power series y, and
d, with y; = 0; 04, and d; = 6, d, respectively for all i > 0, where 6, is the Kronecker sign. Then
(ollz]], g, dy) is a 1-parameter formal deformation of (g, d).

Definition 3.8. A 1-parameter formal deformation (g[[¢]], i, d;) of (g, d,) is said to be trivial if it
is equivalent to the deformation (g[[#]], 14, d;), that is, there exists @, = }’ .. ¢it' < al[t]] — all]],
where ¢; : ¢ — g are linear maps with ¢y = Id,, such that

O, ou = /Jgo((l)[)((l)[),
®,0d, = dyod,.

Definition 3.9. A differential Lie algebra (g,d,) is said to be rigid if every 1-parameter formal
deformation is trivial.

Theorem 3.10. If IclzDLﬂ(g, 8ad) = O, then the differential Lie algebra (g,d,) is rigid.

Proof. Let (g[[t11, u;, d;) bﬁz a l-parameter formal deformation of (g,d,). By Proposition 3.3,
(uy1,dy) 1s a 2-cocycle. By H%L/l(g, 8a4) = 0, there exists a 1-cochain ¢, € Cll_ie(g, g) such that

(14) (u1,dy) = =0p, (1)
Then setting @, = Id, + ¢,¢, we have a 1-parameter formal deformation (g[[#]], i, d,), where

alx,y) = (q)t_l o u; o (P X th))(-x’ y),
d(x) = (®'od od)(x).
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Thus, (a[[?]], i, d,) is equivalent to (g[[¢]], u;, d;). Moreover, we have
A(x,y) = (dy— @it + @16 + -+ (DG + - ) ulx + ¢ (01, y + G1()D),
di(x) = (Idy =it + G0 + -+ (1)t + - )(di(x + $1(0D)).

Therefore,

f(x,y) [, y] + (i (x, ) + [x, 1] + [91(x), ¥] = 1 ([x, YD + fia(x, Y)E> + -+,
d,(x) da(x) + (da(@1(x)) + di(x) — p1(dg (X))t + () + -+ - .

By Eq. (12), we have

[, y] + o (e, )2 + -+
dy(x) + do(0)F + - - - .

pt('x’ J’)
d_t(-x)

Then by repeating the argument, we can show that (g[[¢]], i, d;) is equivalent to (g[[#]], 14, dy)-
Thus, (g,d,) is rigid. m]

4. L.[1]-STRUCTURE FOR (RELATIVE AND ABSOLUTE) DIFFERENTIAL LIE ALGEBRAS

In this section, we study the L. [1]-structure for differential Lie algebras of weight A. In order
to deal with absolute differential Lie algebras, we introduce a generalised version of derived
bracket technique; moreover, to consider the weight case, we incorporate the weight A into the
statements. These are the main differences of this paper with [18, 1], since the latter papers
consider difference operators, say, relative differential operators of weight 1.

4.1. L,[1]-algebras.
In this subsection, we recall some preliminaries on L[1]-algebras.

Definition 4.1. An L.[1]-algebra is a graded vector space € = P €' endowed with a family
ieEN

of graded linear maps [, : €% — &,n > 1 of degree 1 satisfying the following equations: for

arbitraryn > 1,0 € §, and xq,...,x, € £,

(i) (graded symmetry)

ln(-xo'(l)a CR) -xo'(n)) = S(O-)Zn(-xl’ B -xn),

(i1) (generalised Jacobi identity)

n
Z Z @) i1 (i(Xg1ys - - - s Xo(i))s Xor(in1ys -+ - » Xo(my) = 0.

i=1 o€Sh(i,n—i)

Remark 4.2. Let us consider the generalised Jacobi identity for n < 3 with the assumption of
generalised symmetry.

(i) Forn =1, then!; o l; = 0, that is, /; is a differential.
(i) Forn=2,thenlj o, + Lo (l;®Id+Id® ;) = 0, thatis , /; is a derivation with respect
to 12.
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(iii) For n = 3 and arbitrary homogeneous elements xi, x,, x3 € L, we have

L(l(x; ® x2) ® x3) + (=)D, (1) (x; ® x3) @ x1) + (=)D L (7 (0 @ X)) ® x7)
= —(11(13(?61 ® X2 ® x3)) + L(L1(x1) ® X2 ® x3) + (-5 (x; ® [1(x2) ® x3)+
(~DHHRIL(x ® X, ® 11(X3))),

that is, [, satisfies the Jacobi identity up to homotopy.

Definition 4.3. A Maurer-Cartan element of an L [1]-algebra (£, {/,},1) is an element a € £°
satisfying the Maurer-Cartan equation:

o 1
D =@ =0,
i n!

whenever this infinite sum exists. Denote MC(L) := {Maurer-Cartan elements of £}.

Proposition 4.4. [6, Twisting procedure] Let @ be a Maurer-Cartan element of Lo[1]-algebra £,
The twisted L. [1]-algebra is given by I% : 8" — & which is defined as follows:

(o0

1 .
L ® - ®x,) = E ,—'l,,+,-(a/®’®x1 ®---®Xx,), VX1,...,Xx, €L,
i!
i=0

whenever these infinite sums exist.

The following simple observation with immediate proof will be very useful while considering
differential operators of a given weight A.

Proposition 4.5. Let & = (2, {l,},1) be an L [1]-algebra and A € k. Consider I, : £*" — ,n >
1 given by

L ® - ®x,) ="' (x ® - ®x,), Vx1,...,x, €L,

then (£,{l} },51) is also an L.[1]-algebra.
If 1y = 0, then imposing l'; = 0 and I}, = 2"*1, for n > 2 also gives a new Le,[1]-structure on L.

4.2. A generalised version of derived bracket technique.

Now we introduce a generalised version of the derived bracket technique invented by Voronov
[23, 24]. Since we consider differential Lie algebras with weight A € Kk, we insert A in the
statements whenever needed by Proposition 4.5, thus modify corresponding results in [2, 1Tj].

Definition 4.6. A generalised V-data is a septuple (£, I, g, A, 1y, P, A), where

(1) (&,[-,—]) is a graded Lie algebra,

(2) (M, [—, —]m) 1s a graded Lie algebra together with an injective linear map ¢y : M — £
which is a homomorphism of graded Lie algebras,

(3) A is an abelian graded Lie algebra endowed with an injective linear map ¢g : A — £
which is a homomorphism of graded Lie algebras,

(4) P: € — Uis alinear map such that P o ¢y = Idy and Ker(P) is a graded Lie subalgebra
of £,

(5) A € Ker(P)' satisfying [A, A] = 0 and [A, tge(MN)] C 1gn(M).
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Theorem 4.7. Let (£,M, tn, U, 1y, P, A) be a generalised V-datum and A € K. Then the graded
vector space s ® W has an L.[1]-algebra structure which is defined as follows :

Li(sf) (=s[A, f1, P(f)),
L) P[A, ta(©)],
Lsf.se) = (~DVIAs[f.gl,
L(sf, 61, &) = AT'PL--[fowED] - €D i 2 2,
i, - ,&) = A7'PL--[Aw(ED] - (€))L i = 2,
for homogeneous elements f,g € £, £,&1, -+ , & € Wand all other components of (i} vanish.

Similarly, the graded vector space SEIREB?I has also an Ly [1]-algebra structure whlch is defined
as follows::

L(sf) = (=si[A ()], Pen(f)),
L&) P[A, ta(©)],
L(sf,sg) = (fl)lﬂfls[f’ glm,
L(sf, €1, &) = AP (), €D, -+ o€ 2 2,
i, ,&) = A7'PL--[Aw(E)] - L w(E)] i = 2,

for homogeneous elements f,g € M, &,&,--- ,& € Wand all other components of {1;}] vanish.

Moreover, there exists an injective Lo [1]-algebra homomorphism ¢ : sMeA — sLEB?I induced
by ty.
Proof. Obviously, the quadruple (£, tq(2), 1P, A) is a V-data in the sense of Voronov [23], by
[23, Section 3], there is an L[1]-algebra {/;}}7 on s€ @ (), where for homogeneous elements

f,geﬁ,fafl,"' 961'6%7

L(sf) = (=slA, f1, P (f)),
L (tu(€)) tP([A, ()],
L(sf,sg) = (—DVIs[f, gl
Li(sf,w(€), - sw(éim) = wPl--[f,wED) s wéin)] i 2 2,
L&), -+ (&) = wPl - [A (D], - w(éD] i > 2,

and all other components of {/;} vanish. A similar L [1]-algebra structure {/;};] on sty (M) &
() exists, as well as an inclusion sey(M) @ 1q(A) — 5L & 19q(N) of L [1]-algebras.

By Proposition 4.5, we could insert A into the construction of the higher Lie brackets. The
L., [1]-algebra structure on s€&wy(A) are given by: for homogeneous elements f, g € £, &, &, -+,
& e,

L(sf) = (=sIA, f1,wP(),
Lu(©) = wP(A, w(@®)),
L(sf,sg) = (—DYAs(f, gl
L(sfow(&), - swmEim) = APl [f, @D - wEm)l i > 2,
Li(&1), -+ sw€)) = APl [A wED]L - wléD]i > 2,

and all other components of higher Lie brackets vanish. The L. [1]-algebra structure on sty (90) @
ty(N) are given by: for homogeneous elements f,g € M, &,&,,--- ,& € U,

Lstn(f) = (=sig (A, tn()D, taPeon()),
L1 (en(€)) taP([A, 1 (E)]),
L(stm(f), stn(g)) (- 1)|f|/15bm([f glm),
Li(Gstan(f), wa(€1), -+ - 5 (€imr)) At tP- -+ [ean(f), La[(fl) (€] i > 2,
Litu(&1), -+ (&) A g Pl [A w(ED], - Qt(fi)],i > 2,
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and all other components of higher Lie brackets vanish. There exists also an inclusion sty (9t) &
t(N) — sL @ 1y (W) of L,[1]-algebras.
Then the theorem holds by the following commutative diagram

(Id o]
0
se @A _ 5L D 1y (A)

SMOA ———= 5 51n(M) @ ().
Lan 0
[ 0 LQ[]

O

Definition 4.8. Let (£, M, tgn, A, tor, P, A) and (&', 0, 1, W, 19, P’, A”) be two generalised V-data.
A morphism between them is a triple f = (fe, fon, fa), where fo : £ = &/, for : M — M’ and
Ju : A — WA are three homomorphisms of graded Lie algebras such that f o gy = wyw o fin,
fow=uwro fu, fucP =P o feand fo(A) = A

The following result is obvious.
Proposition 4.9. Given a morphism of generalised V-data
f . (Qa iIR’ Lo, 919 Ly, P9 A) - (2’/3 EIR/’ Loy, Q’I/a Ly, P/s A’)9

there exists an L[1]-algebra homomorphism

fisMoUA - s oW
induced by f.

Obviously we have the modified version of Theorem #.7 as well as a characterisation of their
Maurer-Cartan elements.

Proposition 4.10. Letr (2,0, tyn, A, t, P, A) be a generalised V-datum and A € K. If P o gy = 0
and A = 0, then there exists an Ly [1]-algebra structure on s & A, where the higher Lie bracket
{l;}) are given by

L(sf,sg) = (=DVIs[f, glm,
L(sf. & €im) = A7PPL--[an(f)s a@D]es -+ s t(Em)]en i > 2,
for homogeneous elements f,g € M, &, --- ,& € Wand all other components vanish.

Let f € M', & € . The pair (sf,&) is a Maurer-Cartan element in the Ly[1]-algebra s & A
if and only if

= 1
feMC and ) o= AP () @l -+ @)l = 0.
n=2 '

(n—1) times
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Proof. The first statement follows from Proposition 4.5. For the second statement, (sf,&) is a
Maurer-Cartan element in the L. [1]-algebra st @ A if and only if

=1
0= 21 — (1.6

1 o1
:Elz(sf,Sf)‘l';(n_l)!ln(Sf,f,...,f)
- (n—1) times

1

P (), @l @)l

(n—1) times

1 ()
= —zs[f,f]sm + ,,Z:;

if and only if

SR
[f, flw=0and ) o TPl ()@l (@l = 0.
n=2 '

(n—1) times

4.3. L[1]-structure for relative differential Lie algebras with weight.

In this subsection, by using the generalised version of derived bracket technique, we found an
L, [1]-algebra whose Maurer-Cartan elements are in bijection with the set of structures of relative
differential Lie algebras of weight A, thus generalising the result of Jiang and Sheng [11] from
weight 1 case to arbitrary weight cases.

We recall the classical Nijenhuis-Richardson brackets and basic facts about LieAct triples; for
details, see [2,11].

Given a vector space V, its exterior algebra is A(V) := @Z:o A*V and the reduced ver-
sion is A(V) := @Zl A¥V. We consider the graded vector space Hom(A(V), V), so for f €
Hom(A™1V, V), its degree is n. The graded space Hom(/\(V), V) is a graded Lie algebra [17]
under the Nijenhuis-Richardson bracket [ , [xg Which is defined as follows: for arbitrary f €
Hom(AP*'V, V) and g € Hom(AY™'V, V),

[f3 g]NR = f6g - (_I)quaf,
where fog € Hom(AP**V, V) is given by
foglxy, -+, -xp+q+l) = Z Sgn(o')f(g(xcr(l), T, Xcr(q+1)), Xo(g+2)s """ » -xa'(p+q+l))-
oeSh(g+1,p)
Definition 4.11. A LieAct triple is a triple (g, b, p), where (g, [, 1) and (, [, 1) are Lie algebras
and p : ¢ — Der(h) is a homomorphism of Lie algebras.

Remark 4.12. Given a LieAct triple (g, b, p), the Lie algebra homomorphism p : ¢ — Der()
means that h is a Lie g-module and there exists an action g® ) — b given by x - u := p(x)(u),
subject to the Leibniz rule

x-[u,vly=[x-u,vlp+[u,x-vly, Vxegandu,veb.
Given two vector spaces V and W, by the isomorphism

e N (VeW) — Do NVOAW

Vi+w) A AW +w,) B 2 SgN(O)WVoy A A Ve @ Wogs1) A+ - A Wony,
oeShkn—k)
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we have an isomorphism
Hom(A"(V @& W),V & W) == (&, Hom(A'V @ AW, V) @ (&,.o, Hom(A'V @ AW, W))).
With this isomorphism in mind, we have the following result.
Proposition 4.13. ([2]) Let g and b be two vector spaces. Let
¢ = Hom(A(g®h), s ® D)
and denote
M’ := Hom(Ag, g) ® Hom(Ag ® Ab, h) ® Hom(Ab, ).

Let tg : M’ — £’ be the natural injection. Then the Nijenhuis-Richardson bracket on (£, [—, —]nr)
induces a Lie bracket on 9t such that gy : MM — £’ is an injective homomorphism of graded Lie
algebras.

Moreover, Maurer-Cartan elements of the graded Lie algebra M’ are in bijection with the set
of LieAct triple structures on (g, ).

Definition 4.14 ([2, 11]). Let (g,b,0) be a LieAct triple. A linear map D : ¢ — D is called a
relative differential operator of weight A if the following equality holds:

D([x,yly) = p(x)(D(y) — p)(D(x)) + AD(x), D(y)]y, VYx,y€g.
The quadruple (g, b, p, D) is called a relative differential Lie algebra of weight A.

Now we exhibit an L [1]-algebra whose Maurer-Cartan elements are in bijection with the set
of structures of relative differential Lie algebras of weight A structures on (g, b)), thus generalising
the result of Jiang and Sheng [11] from weight 1 to arbitrary weight.

Let g and b be two vector spaces. As above, let

L Hom(A(g® D), g® D),
N = Hom(Ag,g) ® Hom(Ag ® Ab, h) @ Hom(AD, h),

and let

A" = Hom(Ag, h).
Denote o : A — &’ to be the natural injection and P’ : £ — U’ to be the natural surjection.
Obviously with the induced Lie bracket, 2 is an abelian graded Lie algebra, ¢y : A" — £’ is also

a homomorphism of graded Lie algebras, Ker(P’) is a graded Lie subalgebra of &', P o toy = Idyy.
Now let A’ = 0. Then the following result is easy by direct inspection and by Proposition 4. [(.

Proposition 4.15 (Compare with [11, Proposition 3.7]). The data (&', 0, ta, W, 190, P', A" = 0)
introduced above is a generalised V-datum, and an Ly [1]-algebra structure on s’ & W is given
by

L(sf,s8) = (=DVIsf, ghw,
L(sf. &, &im) = A7PPL--[f élnre - » Eimtdna 02 2,
for homogeneous elements f,g € W', &1, -+ ,&-1 € W and the other components vanish.

Theorem 4.16 (Compare with [11, Theorem 3.8]). Let a,b be two vector spaces. Let m €
Hom(A%g, ), p € Hom(g ® b, b), u € Hom(A%h,b) and D € Hom(a, ), then (s(zm + p + u), D) €
MC(sM & W) if and only if (8, b, p) is a LieAct triple and D is a relative differential operator of
weight 1 € k.
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Proof. Let y := n+p+u. By Proposition4. [0, (sy, D) € MC(sOVa&W’) if and only if y € MC(N)
(that is, (g, b. p) is a LieAct triple by Proposition 3.13) and ¥, &-=P[.... [x. Dlsr.- ... DIxg = 0.
k=2 ' —

(k—1) times

Since [y, D]xr € Hom(A%g,h) ® Hom(g ® b, b),
[[x, Dlxg> DIng € Hom(Ag, b) and [[[x, Dlxg, Dlxgs DIng = 0,

then we obtain

i /11{—2
= Pl... D ..., D
0 kzz; (k _ 1)' [ ) [/\/’ ]NR9 ’ ]NR

(k—1) times

A
=Py, D]nr + EP[[X’ D]ngr, D]ng.

For arbitrary (x, y) € Ag, we have
0= Pl Dl (5. + 5 Pl Dhw, Dlxa(x, )
= poD(x,y) ~ Do(x,y) + 5 (UsDYSD(x,)
= D, 3) = p(D), ) = DiLe Y1) + 5 (13DD(), ) = poDD), )

A
= p()D(y) = p(»)D(x) = D([x,y],) + 5( = u(D(), (D(x)) + u((D(x), D(y)))
= p()D(y) = p(»)D(x) = D([x, yly) + A[D(x), D(»)]y,

Hence D is a relative differential operator of weight A. O

4.4. Ly[1]-structure for absolute differential Lie algebras.
Let g be a vector space. We consider the graded Lie algebra

£ := Hom(A(g © ), 3 ® g)

endowed with the Nijenhuis-Richardson bracket [ , |xr. For convenience of presentation, we
shall write g’ for the second g in g @ g, that is,

L := Hom(A(g® q'), 3D g").
Let
Mt := Hom(Ag, g) and A := Hom(Ag, g).
Endow Mt with the Nijenhuis-Richardson bracket and 2 with the trivial bracket. Consider two

linear maps g : M — € and 1y : A — ¢ defined as follows: For given f : A"'g — g € M,
n+l . .

wi(f) = 3 fi where f; : A" ig®@ Alg” — ¢/, 0 <i<n+1isgiven by
i=0

Jixt A v A X1 @ Yuga—i A v s AYuat) 1= fO A A Xg1oi A Ynsa—i Ao A Yar),
for Xy A+ A Xpp1—i ® Ypaoi A -+ A Vg1 € A" Ig @ Alg’; 1y identifies A = Hom(Ag, g) with the
subspace Hom(Ag, g’) of £. Let P : £ — A be the natural projection identifying the subspace
Hom(Ag, ¢") with 2 = Hom(Ag, g).

Proposition 4.17. Let g be a vector space and A € K. The datum (2, M, tyy, A, tr, P, A = 0) defined
above is a generalised V-datum.
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Proof. Obviously, ¢y : M — L and ¢y : A — & are injective. The only unclear statement is that
Loy MM — L is a homomorphism of graded Lie algebras.
In fact, for arbitrary f : A""'g — gand g : A""'g — gin 9, we have

[e(f), (@)]Inr

n+1 m+1

| 282w,
=[fo, golnwr + (=1)"™**"! Z gjofo + Z Ji%go + Z Z[fl’gj NR Z [fis &m+1]IN

i=1 j=1

+ Z[fnﬂ, giINr + [fns1s Eme1INr
j=1

(foogo + Z Ji5go + Z Z fisgj+ Z Ji58ms1 + Z Jus188j + +fn+10gm+1]

i=1 j=1

=" [gOOfO + Z goofi + Z gJOfO + Z Z gjof + Z g]ofn+l + ngﬂof + gm+10fn+1]

i=1 j=1
=u(fog) - (—l)m”t(gOf )

=u([f, gIxr)-
Thus tgy is a graded Lie algebra homomorphism. O
n+1
Lemma 4.18. Keep the above notations, for arbitrary f = Y, f; € Hom(A"'g,g)and 1 < r <
i=0

n+ 1, take & € Hom(A™*1g, ¢’), 1 <i < r. We have

Z | +eetmjo)m;
Coegnse g =y T e e e g @ 1d

reSh(m,+1,....m+1,n+1-r)

.
where, denotet =n+ Y, m;+1, 7"
j=1

Yacts on N'V via ™ (xy, ..., x) 1= sgn(T)(Xe(1)s - - - » Xr(r))-

Proof. In fact, by definition of 5, we have

(- ((fo&1)dEr) - - - )BE ) (X1, . v s Xp)
sgn(o)((-- - (f,0€1) - - - )5§r—1)(§r(xal(1), e X (m41))s X (myt2)s -+ - -x0'1(t))

o1€Sh(m,+1,t—1-m,)

- > sgn(o)sgn(e)
o1€Sh(m,+1,t—1-m,)
opeSh(m,—1+1,t—1—m,—m,_y)

(- (fi0é1) - ‘)5§r—2)(§r—1(xm(m,.+(rz(1)), e oo Xy myptoramy g +1))s EX( X (1) -+ + s Xory (mp41))s

Xo 1 (mp+oa(my_1+3))s + + + 5 x0'1(mr+0'2(t—mr)))
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- D, sgn(cr,) -+ - sgn(oy)sgn(er)
o1€Sh(m,+1,t—1-m,)
oeSh(my—1+1,t—1-m,—m,_1)

or€Sh(my+1,n)
fr(fl (X, 402y ek (a4 (1)) = = = 5 Ky (4 (ot (b g + 1)) =+ 5
Er-1(Xar (m 42 (1)s + + + > Xory(mprors(my141))s Er(Xer (1) -+ + 5 Xy mp+1))s
KXoy (myora (my—y 44071 (Moo (mi+r41))))s « + =5 xm(mrwz(mH+---+crH(mz+crr(m1+n+1))---)))

= > (=1)"7 sgn(or))sgn(2) -+ sgn(cr,)

o1€Sh(m,+1,t—1-m;)
oeSh(my_1+1,t—2—m,—m,_1)

o €Sh(m; +1,n)
fr(é:r(x(r](l)a L) xoq(mr+1))9 fr—l(xol(mr+az(l))a ) x(rl(mr+0'2(mr_1+1)))a LR
é:l (-x0'1(mr+0'2(mr_|+-~-+0'r_1(mz+0'r(1))~-~))9 oo oo Xop(mp 0y (my— +-+0 1 (Ma+0-(my +1))-- )))9
KXoy (mp+ 0y (my_ ) ++0r_1 Mo+ (my+r+1))-+))s + + + 5 Xoo| (mp+0p(my_ | ++++0 1 (Mp+0(m +1+1))-- )))

= D (=" sgn(or)sgn(ory) -+ sgn(or)f (€, © - @ &y © 141 )

o1€Sh(m,+1,t—1-m,)
opeSh(m,—1+1,t—=2—m,—m,_y)

or€Sh(m; +1,n)
(X115 5 X m 1) Xy mereras -+ X mscrom 1l -+
Xy myora by o (D)) =+ + > Xy (mpetoramy -y 4,y (ot G+ D)= )
|xr71(mr+<Tz(mr-1+-~-+<Tr-1(mz+<7r(m1+r+l))-~-))’ <o o Xoy(myp+op(my_y ++0 oy My +0 (my+n+ 1))+ )))
(where « is given by Koszul sign)

ﬁ(m1+---+m>1)m- -
= Z (1)~ T e ® @8 @I T  (xy, . X))

TeSh(m,+1,...,m;+1,n+1-r)

By Proposition 4.10, we have:

Proposition 4.19. Keep the above notations, there exists an L,[1]-algebra structure on s & 2,
where [; are given by
b(sf,s8) = CDYISIf, glnr, b(sf,€) = [f Elng,
andfor3<i<n+?2,
iil(ml"'"""mj—l)mj

L(sf. 61, 6 = > (-1 A7 fEn @ @& @™ ),

reSh(m;_1+1,....m;+1,n+2-i)
for homogeneous elements f € Hom(A"'g, ) C M, g € Hom(A™ g, g) € M, & € Hom(A"*!g, g) C
A, and &; € Hom(A"™*'g,9) C U, 1 < j < i— 1, and all others components vanish.
Proof. The assertion follows from Proposition 4.1, Proposition #.1(, and Lemma ¢.18. Indeed,
by Propositions 4.7 and 4. [0,

L(sf, sg) (fl)l'fls[f, glng,
L(sf, &, &) = AP Lin(f)s ta(EDINRs =+ 5 tar(Eim1) IRy £ > 2.
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On one hand, for i = 2, we have

L(sf, &) = Plan(f), tu(E)Inr

n+l1 n+l

_ p( > fiow(@ = (1) ¥uy(©)s ff)
= i=0

n+l1

= P, fi3ua(€) = (<1 ea()3 o)
i=1

— faf _ (_l)lfllflé:af
= [f, €Inr-

On the other hand, for i > 3, we have

Pl [t (f), tu(ED)Ings - - -5 ta(Ei1) Inr

n+l1

= P[---[ ) fawa(&) = (=D (€)5 fo, ta(E)Inws - - talEio)w
=1
n+1

= P[--- [ (FataEN)sra(), tE)xgs - > talE ) nw
j=2
n+1

= P((--- Z (fiowu(é1)) - - - )otu(&in1))

i=ic1

= P((- - (fi-15t(£1))3 - - - )ota(€i-1))

= (- (fo€£1)5 -+ )0¢i
lil(ml+-~-+mj_1)mj

- D (=D~

reSh(m;_1+1,...,m;+1,n+2-i)

/li_zf(é:i—l ® - ® é:l ® Id®n+2_i)T_l,

where the last equality follows from Lemma 4.18. i

Example 4.20. Consider a special case where n = 1,i = 3,¢ = 2, m; = m, = 0. For homogeneous
elements 7 € Hom(A%g, g), & = & = D € Hom(g, g), we have

L(sm, D, D)(x,y) = > An(D® D)7 (x,y)
7eSh(1,1)

= An(Dx, Dy) — An(Dy, Dx)
= 2An(Dx, Dy).

Theorem 4.21. Let g be a vector space. Let 1 € Hom(A%qg,q), D € Hom(g, g), then (sm,D) €
MC(sM @ N) if and only if (g, m, D) is a differential Lie algebra of weight A € K.
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Proof. By Proposition 410, (smr, D) € MC(sM & ) if and only if [x, 7]xg = O (that is, 7 is a Lie
bracket) and

S
0= ;mlk(Sﬂ,D,...,D)

(k—1) times

A
= lz(STl', D) + 513(5‘7(, D, D)

A
= oD — Do + 513(s7r, D, D).

For arbitrary (x,y) € A%g, we have

0 = (n3D — Darxr + §l3(57r, D, D))(x,y)
= n3D(x,y) — Don(x,y) + An(Dx, Dy) (by Example 4.20)
= (D(x), y) — n(D(y), x) — D([x, y]) + AD(x), D(y)]
= [D(x), y] = [D(), x] = D([x, y]) + A[D(x), D(y)]
= [D(x), y] + [x, D(y)] = D([x, y]) + A[D(x), D(y)].

Hence D is a differential operator of weight A. O

4.5. Equivalences between L. [1]-structures for absolute and relative differential Lie alge-
bras with weight.

4.5.1. From relative to absolute.

Let (g, 1, d) be a differential Lie algebra of weight A.

Leth =g, p : g — Der(h) be the adjoint representation. Consider d as amapd : ¢ — . Then
(8, b, p,d) is a relative differential Lie algebra of weight 1. As seen in Subsection 4.3, let

g Hom(A(g@b),g@b),
M Hom(Ag, g) ® Hom(Ag ® AD, h) & Hom(AD, ),
A = Hom(Ag,b).

Denote ¢y : W — £ and ¢y : I — L to be the natural injection and P : £ — A’ to be the
natural surjection. Then (&', WV, g, ', 1o, P, A" = 0) is a generalised V-datum.
Recall that in Subsection 4.4, let ¢’ = g and let

¢ = Hom(A(g®g),3®4),
9t = Hom(Ag,g),
A = Hom(Ag,g).

Let two linear maps ty; : M — £ and 1y : A — L be defined as follows: For given f : A"g —
n+1 ) .

g €M, p(f) = 3 f; where f; : A" 1ig@ Al — o/, 0 <i < n+1isgiven by
i=0

St A A Xy 12 @ Yoomi Ao AYpat) 1= XA+ A Xpg1—i A Ynso—i A=+ A Ypat),
fOr Xy A+ A Xppi—i ® Ypaoi A -+ A Vg1 € A" Ig @ Alg’; 1y identifies A = Hom(Ag, g) with the
subspace Hom(Ag, g’) of €. Let P : £ — U be the natural projection identifying the subspace
Hom(Ag, g’) with 2 = Hom(Ag, g). By Proposition 4. 17, (£, M, 1y, A, 1o, P, A = 0) is a generalised
V-datum.
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By identifying ¢’ with b, let fo : £ — £’ and fy : A — WA’ be the identity maps, let fi; : N — I’
be exactly defined as tgy.
The following result is clear.

Proposition 4.22. The triple f = (fe, fm, fa) is a morphism of generalised V-data from (£, M, tyn, A,
ta, P,A = 0) to (&, M, 9, W, 190, P,A" = 0). It induces an injective homomorphism of L.[1]-
algebras from sM & W introduced in Proposition .19 to s’ & W introduced in Proposition 4.1 5.

The above result means that one can deduce the L.[1]-structure of absolute differential Lie

algebras from that of relative differential Lie algebras.

4.5.2. From absolute to relative.
Let (g,b, p) be a LieAct triple and D : ¢ — b be a linear map.
By [18], there exists a Lie algebra g <, b, where the Lie bracket is given by

[x+u,y+ v =[xyl + p(x)v — p(V)u + Au,vly, ¥x,y € g, u,v € h.
The map D extends to D : g<, b — g, b by D(x + u) = D(x) — u,Vx € g,u € }). Furthermore,
we have the following observation which seems to be new.

Proposition 4.23. D is a differential operator of weight A if and only if D is a relative differential
operator of weight A.

Proof. According to the definition of D, we have
D([x +u,y +v]..)
(15) =D([x, yly + p(x)v = p(Y)u + A[u, v]y)
=D([x, ylg) = p(x)v + p(Vu — Alu, v]y.
On the other hand,
[x + u, D(y + V)] + [D(x + 1),y + V.. + A[D(x + u), D(y + v)]..
=[x+ u,D(y) = vlx + [D(x) — u,y + vl + AD(x) — u, D(y) — vl
=p(x)(D(y) = v) + Alu, D(y) — vly = p)(D(x) — u) — ALv, D(x) — uly
+ A[D(x) — u, D(y) — vl
=p()(D()) — p(x)(v) + Au, DY)y — Au, vly — p(WI(D(x)) + p(y)(w) + ALD(x), vy
— Alu, vly + AD(x), DY) ]y — AD(x), vly — Alu, D)1y + Alu, v1s.

(16)

Compare the Eq. (13) with Eq. (18), it is easy to see D is a differential operator of weight A if and
only if D is a relative differential operator of weight A. O

Now let (g,b, p, D) be a relative differential Lie algebra of weight A, then (g <, b, [ , |)))
is a differential Lie algebra of weight A by Proposition 4.23. As seen in Subsection 4.4, let

(g >p b)’ =g, b and

£ = Hom(A(gx=,b® (a=,b)),a%,hd(g%,DH)),
M = Hom(/_\(g >y b)a g >p b)’
A = Hom(A(g=,b),g,bh).

The two linear maps ¢y : M — £ and 1y : A — L defined as that in Subsection 4.4. Then
(L, M, tgn, U, 19, P, A = 0) is a generalised V-datum.
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Recall in Subsection 4.3, let

g Hom(A(g @), 3@ D),
N Hom(Ag, g) ® Hom(Ag ® Ab, ) ® Hom(AD, b),
A = Hom(Ag,b).

Denote ¢y : AW — £’ to be the natural injection and P : & — A’ to be the natural surjection.
Then (&, W, o, W, 1, P, A" = 0) is a generalised V-datum.

Let for : & = &, for : M — M and fo : W — A be natural injection maps.

The following result is clear.

Proposition 4.24. The triple f = (fo, fov, far) is a morphism of generalised V-data from (&', M, 1y,
W, e, P,A = 0) to (2, M, tn, U, to, P,A = 0). It induces an injective homomorphism of L.[1]-
algebras from s’ & W introduced in Proposition .15 to sIM & introduced in Proposition #_9.

The above result means that one can deduce the L.[1]-structure of relative differential Lie
algebras from that of absolute differential Lie algebras.

5. APPLICATION OF L[1]-STRUCTURE FOR DIFFERENTIAL LLIE ALGEBRAS

In this section, we will derive from the L. [1]-structure the cohomology theory of differential
Lie algebras of arbitrary weight and the notion of homotopy differential Lie algebras of arbitrary
weight.

5.1. Cohomology of differential Lie algebras from L.[1]-structure.
Let g be a vector space. Let

Mt := Hom(Ag, g) and A := Hom(Ag, g).

Recall that we have constructed an L[ 1]-structure on s9)t @ 2 in Proposition 4.T9.

Let (g, 4, d) be a differential Lie algebra. By Theorem #.71,, (su, d) is a Maurer-Cartan element
in the L.,[1]-algebra s0t @ A. By Proposition % .4, twisting s & A by (su, d) gives a new L [1]-
algebra, whose new differential is denoted by l(l“'“ D,

Consider the cochain complex CELﬂ(g, gaq) of the differential Lie algebra (g, i, d) with coeffi-
cients in the adjoint representation g,q. Note that for each n > 1,

ChL (8, 82a) = Cl' (8, 80) @ Chg (8, 8aa) = Hom(A"g, ) ® Hom(A" g, g) = (sM @ AY"
is exactly the degree n — 2 part of st @ .

Proposition 5.1. The underlying complex of the twisted L.[1]-algebra s @ W is exactly the
double shift of the cochain complex Cp (8, 8aa), up to signs.

Proof. Tt suffices to make explicit the differential /\* D,
Forn > 1, f € Hom(A"g, g), g € Hom(A" g, g),

1"Ysf, )

o 1
D et .- (5p, ). (5£.9))
k=0 °

k times

o 1
B((sp ). (sf. 80 + D b (s D), (51, d). (5. 9))
k=2 7

k times
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= (L(s, sf), b(sp, &) + Bi(sp, d, ) + b(sf, d) + Z e (sfd.- ).

k times
It is easy to see that L(su, sf) = —s[u, fInr 18 exactly —sa7..(f).
Let us compute l,(su, g) + (su, d, g) + L(sf,d) + k§2 Hlkﬂ(sf, d,k. -, d).
times
For x4, ..., x, € g, we have
(L(sp, 8) + 3(sp, d, ) (x5 - - -5 Xn)
= [u glne(xr, .. x0) + 4 Z (g ®d)r ' (x1,. .., x,)
reSh(1,n—1)
= D DT p)g(xr, s R )
+ Z (_1)i+j+ng([xi’ Xj], Xlsenns X'i’ ] X'j, s 9xn)
1<i<j<n
FA Y (=1 pdx)IZ a1, - i )
i=1
= 0P0,(&)(x1, ..., xy).
On the other hand,
Lsf.d) + Z Sla(sfid e D)
: k times
_ k=1
- ( d f+Zk'/l fO )(xl,"',xn)
k times
= =d(f(x1, %)) + Z o > A ®deld®™ ) (x, ..., x,)
= reSh(l, - -+, 1ok k times
—

k times

= Z Sgn(o-)fk(xl"" ’-Xi'l"“ 9)@/(,'“ ’xn’d(xil)"“ ,d(Xik))—d(f(XI,”’ ’xn))

oeSh(k,n—k)
= &"(f).

That is, we have

1"V f,8) = (= 5901, 0o, (&) + () = =T, (£ 8)-
O

Let (V, dy) be a representation of the differential Lie algebra (g, d,;) with weight 4. Now we jus-
tify the cochain complex (Cj DL, (8, V), 05 DL, ) of the differential Lie algebra (g, d,) with coefficients
in the representation (V, dy) introduced in Definition 1.1 Trand Proposition 1 9.

To this end, we consider the trivial extension g < V of the differential Lie algebra (g, d,) by the
representation (V, dy) in Proposition 1.6, and we get the complex (Cj; b, (8 V, (g% V)aa), 0 ), by
Proposition 5_[i. The following result can be proved by direct inspection.
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Proposition 5.2. The cochain complex (CELA(g, V),G*DLA) of the differential Lie algebra (g,d,)
with coefficients in the representation (V,dy) introduced in Definition 1_[]i is a subcomplex of

(C*DL{(Q > V’ (g > V)ad)’ a*DLA )
Proof. For vector spaces U and W, we have an isomorphism
AN U@ W) = APU & @7 AU A'W) & APW.
Hence, there exists a natural injection from
Cp (8, V) = Hom(A"g, V) ® Hom(A" g, V)
to
Ch (8 V. (8 V).q) = Hom(A"(g @ V), g® V) @ Hom(A" (g @ V), g @ V).
Now it suffices to show that this map commutes with differentials.

5.2. Homotopy differential Lie algebras with weight.

In this section, we need to use graded Nijenhuis-Richardson brackets.

Let g be a graded vector space and denote [ = sg. Consider the graded vector space € (g, g) :=
Hom(S (1), I).

Recall that by Eq. (1)), S"(sg) is isomorphic to s A" g. When g = g = V is ungraded, then
Hom($"(sV), sV), which has degree n — 1, is isomorphic to Hom(A"V, V) as vector spaces. This
justifies why we have imposed degree n — 1 on the latter in Subsection % 3.

The graded Nijenhuis-Richardson bracket [—, —]yg on the graded vector space € ;.(g, g) can be
defined as follows: for f € Hom(S"(I), ) of degree p and g € Hom(S"(1), I) of degree ¢,

[f3 g]NR = f6g - (_I)quaf,
where fog € Hom(S™"~(1),1) of degree p + ¢ is defined by
f5g(v1, ) Vm+n—1) = Z S(O-)f(g(va(l), ey V(T(m))’ Vo(m+1)s -« s VO'(m+n—1))’
oeSh(m,n—1)

for vi,..., Vo1 € L It is well known that (€ i.(9,9),[ , Inr) is a graded Lie algebra whose
Maurer-Cartan elements correspond bijectively to L [1]-algebra structures on I.
We consider the graded Lie algebra

L:=CLi(a© 9,90 09)

endowed with the graded Nijenhuis-Richardson bracket [ , |nr-
Let
M := Hom(S (1), 1) and A := Hom(S (1), ).
Endow Mt with the graded Nijenhuis-Richardson bracket and 2 with the trivial bracket. With the
same analysis in Subsection %.4, we have:

Proposition 5.3. Let g be a graded vector space. Then we get a generalised V-datum (£, I, 1o, A,
ta, P, A = 0) and there is an L. [1]-algebra s & A given below:

L(sf,sg) = (~Ds[f, glxg, L(sf, &) = [f, Elngs

andfor3<i<n+?2,

i-1
_Zl(lé"l [+--+I€j-1DIES]
=

L(sf.é1, - €)= D, (-1 A2 fEn @ @& @™ ),

reSh(m;_;+1,...,m;+1,n+2—i)
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for homogeneous elements f € Hom(S" (1), 1) € M, g € Hom(S™!(1),1) € M, & € Hom(S" (1), 1) C
A, and ¢; € Hom(S mHMD), ) €A, 1 < j <i- 1, and all others components vanish.

Definition 5.4. Let g be a graded vector space. A structure of homotopy differential Lie alge-
bra with weight A on g is defined to be a Maurer-Cartan element of the L.[1]-algebra st & A
introduced in Proposition 53.

Theorem 5.5. Let g be a graded vector space and denote | = sg. A homotopy differential Lie
algebra with weight A € k on g is equivalent to the pair (u = {ti}iz1, D = {D;}i»1), where for each
i>1, u: S() - lis a degree 1 map such that (g, 1) is an L.[1]-algebra and for each i > 1,
D; : Si(1) — Lis of degree 0 which form a homotopy differential operator of weight A. More
precisely, forn > 1 and xy, ..., x, €|, we have

n
(I7) Z Z (O n-i1 (Ui Xe(1)s*** > Xor(i))s (i 1)s *** > Xor(my) = 0
i=1 oeSh(i,n—i)
and
n
-2
Z Z Z Z 8(0-)/11) /Jn—t+p—1(Dmp_1(x0'(1)’ ) x(r(mp_l)), Tt
p=2 t=p—1 my+-+mp_=t c€Sh(my_1, ,my,n—t)
ol;€PSh(m,_1,-- ,mp)
(18) ) Dm1 (xa(m2+-~-+m,,_1+1)’ Tt xO’(t))? Xo@t+1) *°° » x(r(n))

- Z Z &(0) D ji1 (Ui (Xo1ys =+ 5 Xo(j)s Xo(jr1)s " * s Xom) = 0
=1 ceSh(in—j)
Proof. Let p = Yu; : SA) — I, withy; : S(I) —» land D = Y. D; : S() — 1, with
i=1 i=1
D; : /() — L Then by Proposition .10, (s,u, D) € MC(sMt & N) is equivalent to
[k il = 0 and Z T 1), (su,l(),.l). D) =0.
p—1) times

It is well known that, see for instance, [2, Theorem 4.2], that [y, u]xg = 0 if and only if Eq. (17)
holds if and only if g is an L.[1]-algebra.
On the other hand, we have

:z; Y L,(su, D, ...,D)

(p—1) times
% —)! p(SZ,um,ZDml,..., ZlePI)
my_1=
) ; (p —1 D! 2, 11”(S”””D’"“ +++> Dy 1)
= m,my,...,mp_|=

(o8] (o8]

) z<|Dm1|+ 41Dy DDy
:ZZ[”’”’DJ Z _1)v mZ Z =1~

;mp-1=1 r€Sh(mp-1,....,m1,m+1-p)

p—2’um(l)mp_l ® - ® Dml ® Id®m+1 p)T—l
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:zz[um,a

m=1 j=1
-2 ®m+1— -1
p=3 Y mumy,..., mp-1=1 7€Sh(mp_1,....,m1,m+1-p)
which is equivalent to Eq. (18). |

Example 5.6. Since Eq. (17) is the well known L[1]-structure, we only need to focus on homo-
topy differential operators.
When n = 1, Eq. (18) gives

Dy = Dy

which means that D, is a cochain map.
When n = 2, Eq. (18) gives

D1 (ux(x,y)) — po(D1(x), y) — pa(x, D1(y)) — Aua(D1(x), D1(y))
= 1 (Da(x,y)) = Da(u1(x), y) — Da(x, 1 (y)).

which means that D is a differential operator (with respect to the multiplication w,), but only up
to the homotopy given by D;.
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