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Results are presented for the dynamics of edge modes in interacting Floquet Ising chains. It
is shown that in addition to the quasi-stable 0 and 7 edge modes, a third long lived edge mode
arising from the operator product of the 0 and 7 edge modes exists. Depending on the microscopic
parameters, this Floquet product mode is shown to have a substantially longer lifetime than the
individual 0 and 7 modes. This is triggered by a scattering process which converts a 0 mode into a
7 mode while scattering two bulk excitations. This process can lead to a rapid decay of both 0 and

7 mode without affecting the product mode.

Introduction.—Floquet Ising chains with open bound-
ary conditions, and weak integrability breaking, host op-
erators localized at the edges known as almost strong
modes [1-11]. These operators have the property that
they are quasi-conserved, i.e, their infinite temperature
autocorrelations functions are long lived in the theromo-
dynamic limit, with the lifetime approaching infinity as
the size of the integrability breaking perturbations are
reduced. In addition, one can have two flavors of almost
strong modes [12-26], those that almost commute with
the Floquet unitary, also known as almost strong zero
modes, and those that almost anti-commute with the
Floquet unitary, also known as almost strong 7 modes
[3, 7-9].

While dynamics of 0 and m modes are well studied,
here we report on a very general observation. When two
or more conserved quantities exist, additional conserved
quantities can be constructed from the operator product
of the individual conserved quantities. For the Floquet
Ising model, in the phase where both 0 and 7 modes
exist, we construct the Floquet product mode from the
operator product of the strong zero and 7 modes. We
show that this is not a trivial object as it can have dy-
namics which is qualitatively different from the dynamics
of the constituent objects. Surprisingly, it is possible for
the Floquet product mode to be more stable than the 0
and 7 modes.

We also show that even when the decay of the 0,7
edge modes is given by the same functional power of the
integrability breaking term, the existence of one mode
can strongly modify, the scattering matrix elements, and
therefore the magnitude of the decay rate of the other
mode.

Model—We study stroboscopic time-evolution of an
open chain of length L according to the Floquet unitary
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FIG. 1. The phase diagram of the unperturbed Floquet sys-
tem. In the presence of perturbations, both 0-mode (t)0) and
m-mode (¢~ ) have finite lifetimes in the thermodynamic limit.
When both 0 and 7 modes exist, they can scatter with bulk
modes, and also with each other. The two different colors
in the 0-m phase represent two different decay rates for 0-m
scattering. In addition, when both modes are present, a prod-
uct mode ¥V = iy, also exists, whose lifetime, depending
on the location in the phase diagram, can be much longer
than that of the 0 and m-modes (example, the blue cross).
The four dashed curves are chosen such that the localization
length of the 0-mode (left curves, cyan) or the m-mode (right
curves, green) is fixed, but all three modes, 0, 7 and the prod-
uct mode, show a strong variation in their decay rates along
the curves.
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Above o;¥"* are Pauli matrices on site ¢, g is the strength
of the transverse-field and J, . is the strength of the
Ising interaction in the z,z-direction. 7T denotes the
period where as T — 0, one recovers Hamiltonian dy-
namics. The model has a Z; symmetry D = o7 ...07.
For J, = 0, the Floquet unitary Uy = U|j.—¢ becomes
non-interacting, i.e, it can be expressed entirely in terms
of Majorana fermion bilinears [3, 7, 9, 22]. In addition,
two types of Majorana edge modes, 0 and 7-modes (g



and 1), are allowed, with the phase diagram [25, 27]
shown in Fig. 1. These edge modes anti-commute with
the Z5 symmetry, and in the thermodynamic limit obey
[Uo, ¥o] = 0 and {Up, ¥} = 0, and hence have an infinite
lifetime. Their analytic expressions are [9]
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where Ay and N, are normalization prefactors. o; =
cos(¢gT/2)a; + sin(¢gT/2)b; and B = sin(¢T/2)a; —
cos(gT'/2)b;, which are linear combination of Majoranas
on the odd (a;) and even (b;) sites [28]. The local-
ization length of the edge modes are given by & =
tan(g7T'/2) cot(J,T/2) and &, = — cot(gT/2) cot(J,T/2).
The phase boundaries in Fig. 1 correspond to [£y/-| = 1,
when the modes cannot be normalized.

When both 0 and m Majorana edge modes are present,
there is another mode with an infinite lifetime. We dub
this mode the Floquet product mode because it is a prod-
uct of the two Majorana edge modes, ¥ = igt),,. How-
ever, the product mode is not a Majorana mode since it
does not obey Majorana anticommutation relations. As
the perturbation is turned on, J, # 0, all these three
modes now have finite lifetime. However, these are still
long-lived quasi-stable modes, where the 0,7 modes are
known as almost strong modes. To probe this phenom-
ena, it is useful to study the infinite temperature auto-
correlation function [1, 3, 4, 6, 9, 10, 29] of o7 and of

AZ () = g Trlof (m)of) A% (n) = o Teloi (o], (4

where n is the stroboscopic time-period. Both 0 and 7-
modes are localized on the edge with O(1) overlap with
o7 which is the same operator as a; in the Majorana rep-
resentation. As for the product mode, ia1 81 = —ia1b; =
—iof{oy = of, and therefore the product mode is also
localized on the edge, but with O(1) overlap with o%.

Fermi Golden Rule and Beyond.—Denoting the per-
turbation as

J.
V=_2=

L
J.
5 H.. = 3 ;alﬂlaHlﬂHla (5)

the lifetime of edge modes can be calculated from per-
turbation theory in V. In particular, the Fermi Golden
Rule (FGR) decay rate I'gr) of the 0(m) mode, is 2nd

order in the perturbation [9]
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(Ug)”iﬁo/ﬂUgl, |i) are the many-particle eigenstates of the
unperturbed Floquet unitary Uy with eigenvalues e 7,
and the dp function encodes energy conservation mod-
ulo 27/T, with 0p(e) = >, 0(e + m27/T). The ma-
trix element is determined by the norm square of the
commutator between the edge mode and the perturba-
tion V. The Majoranas {a;} and {b;} are superpositions
of Majorana edge modes and bulk degrees of freedom:
o = (volag)o+ay and By = (Vx| B1)¢r+P1, where &; and
B; denote bulk degrees of freedom. The inner product be-
tween two operators is defined as (A|B) = Tr[AtB]/2F.
For a non-zero commutation of the 0-mode (m-mode),
[V,4o] # 0 ([V,¥=] # 0), one requires one of the four
Majoranas in (5) to be a 0-mode (m-mode) and the oth-
ers could be a m-mode (0-mode) or bulk degrees of free-
dom. Therefore, one can further separate the FGR de-
cay into different channels. For example, the perturb-
ing term woﬂaﬂ corresponds to 0-mode scattering with
three bulk modes, while the term wowﬂaﬂ corresponds
to the 0-mode scattering with the m-mode and two bulk
modes. Thus the FGR decay rate of the 0,7 modes can
be split into the following scattering channels: y-bulk,
Y.-bulk and tp-1, channel. However, the FGR decay
of the product mode only involves the y-bulk and .-
bulk channel since [¥, 1)gtp-a5] = 0. Thus, in 2nd order,
the product mode decays when the 0 and ™ modes decay
independently by bulk channels.

In summary, the FGR decay rates for 0, 7 and product
modes are the sum of the following different channels [28]

To=Tog+Tl0x; I'n =Txp+Tr0; I'v =T +1T7B.
(8)

Above [y p is the FGR decay of the 0(7) mode through
three bulk quasi-particles, while I'g »(I'z0) is the decay
of the 0(r) mode due to scattering with 7(0) edge mode
and two bulk quasi-particles. The FGR decay of 0-mode
(m-mode) consists of ¥g-bulk (¢ -bulk) and 1g-1), scat-
tering, while the FGR decay of product mode consists of
1po-bulk and v,-bulk scattering only.

There are parameters where FGR is no longer valid,
needing one to perform higher order perturbation the-
ory. Here we simply provide a simple counting argument
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FIG. 2. Plot of the exponent m characterizing the decay via three different channels: 0-mode scatters with bulk excitations
(left panel), m-mode scatters with bulk excitations (middle panel) and the 0-mode and w-mode scatter with each other via bulk
excitations (right panel). The decay rate is predicted to be proportional to JI* for J. — 0 where the exponent m is encoded
in the color of the plot. The exponent m = 2n is determined from the smallest n satisfying the quasi-energy conversation (10)
for each panel separately. The blue cross highlights the case where the dominant scattering channel is the scattering between
the 0 and m-modes, and is investigated in Fig. 3. The four dashed curves (identical to Fig. 1) correspond to the case where
the scattering between the edge mode and bulk excitations is 2nd order while the scattering between the edge modes (1o-1)x
channel) is 2nd order for the inner curves and 4th order for the outer curves. The corresponding FGR calculations are presented
in Fig. 4 (left dashed curves) and in Fig. 1 of the Supplementary Material (right dashed curves).

1.0

0.5
0.8
0.4 o J,=0.1J; 0.4 -~ J=01J, =
~ 03 ~ - =~ 0.6 o J;=0.3J,
Clhae o J:=0.05J, £ 03 o J=0.05], %
Yoz J=002, <02 o0y, S 04 - Ji=0.2J
o J,=0. 0. =0.02], T
o1 : * - L=14ED o S=002 T 0.2+ ED L=14 o J.=0.14J,
: o= J,=0.01J, 0.1 o J.=0.01J, - .
L=12 ED L=12ED ¢ ’ - o J=0.
0.0} % & o J.=0.005J, 0.0} o J.=0.005J, 0.0p< EDL=12 X x
10 100 102 10° 10t 10° 10° 100 102 10° 10t 10° 10°
n n n
1.0 1.0 Z 10
= o J=0.1J, - J=01),
£ J,=0.05J, e J=o0ss, = 8
E 0.6 . ;—0.02 ¢ 0.6 :—0.02 '« _I 06 - J=0.3J;
ER o J,=0.02J, v o J,=0.02J, 3 04 J.=0.2J,
5oz L=14 o J.=0.01J 02 L=14 o J.=0.01J, % 02 o J=0.14J,
= = 2 _
o0 - =0005s - J=0005) & o - J=0.1,
102 10" 10 10 10> 10° — FGR 102 10" 10 10" 10> 10 — FGR 10! 10° 109 10’ 10°
J.T)’n (J.T)’n (J.T)*n
FIG. 3. The autocorrelations for different strengths of the integrability breaking term J., and for J,T = 2.8, g7 = 1.6 (blue

cross in Figures 1, 2). Top panels: The autocorrelation for system sizes L = 12,14 for almost strong 0-mode (left), almost
strong m-mode (middle) and the product mode (right). The lifetime increases as J. decreases.For J, = 0.1 J,, the lifetime
of the product mode is more than 4 orders of magnitude larger than the lifetime of the 0 or 7 modes. Bottom panels: The
autocorrelation function is rescaled to be 1 in the quasi-stable region. The time is rescaled to (J.T)?*n (all panels) and the
autocorrelations is compared with the FGR result T' = 0.86J2T (left and middle panels) because the scattering is dominated
by the 1o-1» channel. The lifetime of the product mode (right) is much longer than almost strong 0 and m-modes and the
rescaled autocorrelation suggests a decay rate beyond FGR. Due to strong system size effects, the numerical results only probe
up to J. = 0.1J, and therefore we cannot conclude the scaling of the the autocorrelations for small J./J, < 1.

for quasi-energy conservation that allows us to determine
the leading power of V' controlling the decay. For this we
need the bulk dispersion of the unperturbed Floquet uni-
tary Uy with periodic boundary conditions [9]

cos(exT) = cos(gT) cos(J,T) + sin(¢T) sin(J,T') cos /E :
9

Since the perturbation V is a four-Majorana interac-
tion, there are 4n Majoranas in 2n-th order perturbation.
Note that the decay rate should stay positive when the

perturbation coupling flips sign, and therefore only even
order of the perturbation contributes to the decay rate.
We consider three cases: (i) 0-mode scatters with 4n — 1
bulk excitations corresponding to ¢o-bulk channel, (ii) 7-
mode scatters with 4n — 1 bulk excitations corresponding
to 1r-bulk channel, and (iii) 0 and 7 modes scattering
with each other and 4n — 2 bulk excitations, correspond-
ing to 9g-1, channel. These correspond respectively to
the following quasi-energy conservation conditions (mod-
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where €, is the single particle bulk dispersion (9) and
=+ signs reflect that the scattering can involve either cre-
ation or annihilation of a bulk excitation. In Fig. 2, the
colors show the lowest power of the perturbation con-
trolling the decay rate, as determined by quasi-energy
conservation (10). There exists a region where the prod-
uct mode survives much longer than 0 and m-modes, e.g.,
the blue cross in Fig. 2, where 1p-1¢ channel is 2nd or-
der while the other channels are 4th order. This suggests
the higher order decay rate of the product mode due to
(8). In addition, even in the region where all channels are
2nd order, the product mode might have a longer lifetime
compared to 0 and m-modes since the decay rate also de-
pends on the localization lengths &, and &,. Therefore,
below we also study the dynamics keeping &, or &, fixed,
which are the four dashed curves with arrows in Fig. 2.

Results and Discussion.—The autocorrelation of of
detects the decay of 0 and m-mode at the same time.
In the non-perturbed case, the autocorrelation obeys
A% (n) ~ c1 + ca(—1)", where ¢; and ¢y are constants.
The 0 (7)-mode contributes to c¢j(cz). Therefore, even
with the perturbation, the decay of the 0 and m modes
can be studied through the following decomposition

AZ (n+1) + AZ (n)

A (n 4 1/2) = ) SNGEY
AT (n 4+ 1/2) = Azt 1; —AXM) (g9

We utilize the data points where n is odd in (11) and
(12) ensuring a positive sign for AZ . The parameters
are chosen to be J,T = 2.8 and ¢gT = 1.6, corresponding
to the blue cross in Figures 1, 2. The results A% are
shown in the left and middle panels of Fig. 3. The right
panels shows the autocorrelation (—1)" A% . The bottom
left and middle panels are rescaled plots that highlight
the agreement with FGR for small J,. Due to strong fi-
nite size effects, we cannot probe small J,/J, < 1 for the
decay of the product mode. However the plots already
show a much longer lifetime for the product mode, even
for the larger values of J,, as compared to 0, 7 modes in
Fig. 3. This is consistent with the quasi-energy conser-
vation calculation in Fig. 2.

We also perform the FGR calculation along the four
curves in Figures 1,2. The FGR results of the left curves
(fixed &y) are shown in Fig. 4. The top panels in Fig. 4
explore the decay rate when it is dominated by bulk chan-
nels such that I'y = I’y + I'z. From (9), the bulk disper-
sion is invariant under reflection about ¢7' + J,T = 7
and g7 = J,T, and the z-axes reflect this. The asymme-
try in the decay rate of the 0-mode in the top panel of
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FIG. 4. FGR results for fixed localization length of the 0-
mode, & = 0.1 (top) and & = 0.2 (bottom) for L = 50, and
corresponding respectively to the upper and lower left curves
in Fig. 2. Due to rapid oscillations at long times, the numeri-
cal accuracy of the FGR result is ~ 107°. For & = 0.1 (top),
the FGR decay only arises from 1p-bulk and % r-bulk chan-
nels, with the decay rate of the product mode being the sum
of 0 and 7m-mode decay rate according to (8). The asymmetry
of the 0-mode decay rate indicates the suppression of the ma-
trix element due to the presence of the m-mode. The decay
rate of m-mode is suppressed faster, reflecting the approach to
the higher order region in Fig. 2. For £, = 0.2 (lower-panel),
all scattering channels contribute in FGR. However, the ma-
trix element is dominated by o-1» channel as the m-mode is
localized. Therefore, the decay rate of 0 and m-mode are the
same for the data points on the right. The product mode has
a much smaller decay rate on the right because it only decays
via scattering with bulk excitations, see (8).

Fig. 4 indicates that the existence of m-mode suppresses
the ¥g-bulk channel. This can be understood in the lim-
iting case of completely localized edge modes, 1y = a3
and ¢, = (1. The perturbation now is purely in the
1o-1r channel, 1/}01/)ﬂ€v252, and bulk channels are fully
suppressed. In general, although the bulk channels are
the leading contributions in the top panels of Fig. 4, it is
suppressed for the right data points, because of the local-
ized edge modes. This effect also appears in the bottom
panels of Fig. 4, where all three channels obey FGR, and
yet, the product model is more robust than both 0 and
m-modes since it only senses the bulk channels.

The results for the right curves in Figures 1,2 (fixed
&x) share the same features as Fig. 4 and are presented
in the Supplemental Material, where the details of the
numerical computation are also discussed. Due to oscil-



lations in time, decay rates of the O(107°) and smaller
are not accurate, yet these data points are presented in
order to indicate a slow decay channel.

Conclusions.—We have presented a new mode, dubbed
the Floquet product mode, that arises from the prod-
uct of two existing modes, but nevertheless has dynam-
ics which is independent of the modes from which it is
constructed. We have shown that the product mode can
have parametrically longer lifetimes than the constituent
modes. From the viewpoint of diagrammatic perturba-
tion theory, the life-time of the constituents Majorana
states is encoded in their self energies. Therefore, the
long lifetime of the product mode reflects a cancellation
of vertex- and self-energy corrections.

While we presented this model for a non-integrable
Floquet Ising chain, we expect that similar effects oc-
cur in periodically driven topological superconductors
[30]. The model investigated by us can be realized in
a straightforward way on present-day quantum comput-
ers, however, additional decay channels arising from noise
and dephasing effects will play a role in this case.
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I. DECAY CHANNELS IN FGR

Here we provide the detailed derivation of the different decay channels of the edge modes within a Fermi Golden
Rule (FGR) approximation. In Ref. [1], the FGR decay rate when only a 0 or m-mode is present, was derived. These
were shown to be

Lo = ZT( [votho] + ETY{% wo})=2LZ ildol)Pror (e — ) M
Lo = 5o (570 i) + i(—l)“ﬂ[wn)m})=2LZ|<¢|¢ﬂ|j>2wsF(ei—ej+;), e

where 1/}0/,T =i[V,1bo/x] and V = J. H.. /2. We define 1/}0/,r(n) = (Ug)"zﬁo/,rUgL with the unperturbed Floquet unitary

77;6iT

Uy. |i) are the many-particle eigenstates of Uy with eigenvalue e and the dr function encodes energy conservation
modulo 27/T, with 0p(e) =3, i 6(€ +m27/T). The analytic expression of edge modes are [1]

o = Ny Z {cos <g2T> a; + sin (gQT) bl} 6*1; Ve = Ny Z |:SiI1 <g2T> a; — cos (92T) bl} 55:17 (3)
=1 =1

where Ny and N, are normalization prefactors and the localization length of edge modes are: &, = tan(g7"/2) cot(J,T/2)
and &; = — cot(gT/2) cot(J,T/2). The Majoranas are defined according to the following convention

-1 -1
a; = Hojof; b = Hojoly. (4)
=1 =1

By rotation of the basis, we define the Majoranas as

T gl . T T
o = cos (92) a; + sin ( 5 ) by; B; = sin (92) a; — cos <92) b;. (5)

In the new basis, the edge modes and the perturbation V have simple expressions

o0 B o0 B JZ o0
vo=No) ey e = N2 ) B V=-= zljalﬁlamﬁm. (6)

=1

Now, one can proceed to calculate FGR (1) and (2) with the above expressions.

The Majoranas {ay, 8;} consist of edge and bulk degrees of freedom, i.e., oy = (Yo|ay)tbo+a; and 5 = (Vr|B1)Vr +5
with the inner product between two operator defined as (A|B) = Tr[ATB]/2EF. Let us first focus on the 0-mode.
The perturbation can be separated into terms commuting or non-commuting with the 0-mode by employing a; =

(Yolau)bo + ay,

J o0
?Z Z (Yolaq) x YoB1dus1Bier + (Yolaig1) X @Bivofisr] + terms commuting with 1o (7)
=1

Only terms containing one v lead to [V, ] # 0. Therefore, the tho term in the FGR decay rate is given by

o =i [Vl =iJ2 Y [(olow) X Bidusa Bir + (Yolaurs) X @uBiBisa] - (8)
=1



Moreover, using that the f Majoranas have an overlap with the 7 mode and the bulk modes, 8; = (V= |81)¢x + Bl;
the above expression can be further expanded into the sum of two channels 1/)0 = 1/)0 p_ 1/)0 By Where

Z { tolew) (x| B1) X VrbuaBiir + (olew) (x| Bisr) X Biugr1tbn
+ (V| Br) (Yol eus1) X Qutbm s + (Yolous) (V| Brgr) X dlﬁﬂﬂn}? (9)
o g =il Z {(1/)0\041) X Biéus1 B + (Yolous) X BByt
=1

— (tola) (Vx| B1) (W= | Big1) X dugr + (V| Br) (olousr) (Wr | Big1) X 541]~ (10)

Above, 1/}0’7T describes scattering between the 0 and 7-modes and ¢07B accounts for scattering of the 0 mode with the
bulk modes. Substituting the above expressions in (1) and (2), the FGR decay rate of the zero mode now consists of
two parts, Fo = Fo,ﬂ- + F()J_D,7

Tor = 2T< Tr [0 tho ] + > {1/}0,#(")1/}0,WD = o 3 lildo AlimSr (e — ). (1)
-

Ton = g7 (3T [dosts] + ZTr[%B Vo) ) = 5z S llé,
,J

RIACETIE (12)

Note that the cross term Tr[l/).oml/}ovB] = 0 since Tr[¢),] = 0 and only a single 1, enters inside the trace of the cross
term.
Similarly, for the case of m-mode, one expands the perturbation with 8; = (V= |81)¢x + B, and derives 1 as

o0

U =i [Vyhe] = i, Z {(ww\ﬁl) X 1 Bi41 + (Ur|Bisr) ¥ OélBlOélJrl] (13)

1=1
The above can be further separated into two channels by using oy = (Yo|ay)o + ay,

o= =i 3 [ (180 (Wolar) X odusa fre + (VelB) (Wolarin) x ditofia

=1

+ (VrlBis1) Wolow) X YoBiduss + (VrlBir1) (Wolousn) x dzﬁzwoy (14)

Y g = —iJ. Z [(wﬂ‘ﬁl) X G16us1 Bt + (V| Brgr) x duBrdusa

=1

+ (x| B1) (olw) (olaus1) X Brgr — (| Bi1) (olew) (holaug1) x 51] (15)
Hence, the FGR is the sum of two channels, I'y =I'z o + 'z B,
T >0 ) ) 1 )
Iro = 2L( [Ur 0¥ir0] + > (1T [ww,o(nmo}) = g7 LGl oy (6-e+7) (16)

Pep = QT( [t6n e 6] + Z D" [tr p(n )@,B}):;LZ<wﬂ,g|y’>|2wap(ei—ej+;)- (a7

Finally, we consider the FGR of the product mode, ¥ = iig,.. Since ¥ behaves like a m mode, UJ\IJUO = —U, the
FGR of V¥ follows

o0

Ty = ;(;Tr [\m} +3 (1) {\i/(n)\DD = 5z 2_ (i1l Prdr ( i+ %) : (18)

n=1 1,7



Using chain rule, ¥ can be expressed as
U = iothr + ipotn = itho p¥n + iotr 5 + 1 (Y0 £ Pr + Potbr o)- (19)

Note that w'omw,r —|—’(/)0¢.ﬂ—70 = 0, which can be checked directly from (9) and (14). Here we provide a simple argument.

Since the commutator [y, 1/)0@/1#&5] = 0 forbidding the scattering between 0 and 7w-modes, it implies that non-zero
commutations only come from the bulk channels. Therefore, the FGR of the product mode can be expressed as

Iy = 27; { L (TYWJO s%o B+ Tr[¢r B¢7r B ) i (Tr Yo B( n)vo Bl+ (= 1)nTr[1/’.w,B(”)1/’.w,B])}
=T +IxB : (20)

Note that the cross terms are not allowed since trace of odd numbers of ¥y or ¥ is zero. In summary, the FGR decay
rates for the 0, 7 and product modes are given by

I'o=ToB +Lo,x; =Tz +Tro; Iy =Ty +I'xB. (21)

II. NUMERICAL COMPUTATION OF FGR

In this section, we present the numerical method to perform FGR calculations for large system sizes. The FGR

is related to the autocorrelation Tr [1210 /,r(n)il}o /ﬂ], and it leads to products of maximally six operators in the trace,

e.g., Tr [00504030504] /2F. Each operator is a single Majorana evolving with the unperturbed Floquet Uj. The
latter is a matrix of size 2L x 2L, and is much easier to compute compared to a 2 x 2F matrix in the many-
particle basis. However, the matrix is represented in the single Majorana basis, and one cannot multiply and trace
the matrices directly since multiplication and trace is defined on the many-particle basis. Instead, we will utilize the
anticommutation property of Majoranas to calculate the trace. First, we perform the Gram-Schmidt orthogonalization
of the six operators

Ol = 0101 (22)
1—1

0; = Z(OJ|01)OJ + CiO_i, for ¢ > 2, (23)
j=1

where we introduce coefficients {c;} such that {O;} are normalized and {O;,0;} = 25;;. One can show that the
following operators
0} =10 (24)
1
O; = (OJ|01)O; + CiOg, for ¢ > 2, (25)

j=1

where {0}, 0} = 20,5, leads to the same result of the trace,

Tr [04050,050501] /D = Tr [06050,030501] /2F, where {O.} are D x D matrices and {O;} are 2¢ x 2F matrices.
The precise value of D is explained below. Inside the trace, only the algebra between {O;} matters and one can
replace them by any other operators {O} as long as the algebraic structure stays the same. Numerically, one first
performs the Gram-Schmidt to obtain the coefficient (O_j|Oi), and then computes the trace of the operator O; by
setting {O}} = {a1,b1,az, ba, as, by}, the first six Majoranas. Since the six Majoranas can be expressed as Pauli strings
of a 1D spin chain on three sites, each of them is a 8 x 8 matrix, thus D = 8.

In Fig. 1 below, we perform numerical FGR calculations for £, = 0.1,0.2. This corresponds respectively to the upper
and lower right curves in the phase diagram of the main text and share the same features as the FGR computation in
the main text with £, = 0.1,0.2. Numerically, one computes the decay rate by truncating the summation of discrete
time up to some discrete time n* in the FGR expressions (1) and (2). In Fig. 2, we show I'g and I'g g for different n*
for gT'= 1.8 and J,T = 2.65, corresponding to the rightmost data in the right panel of Fig. 1. For Iy, it saturates at
n* ~ 40 and starts to fluctuate at n* ~ 190. The fluctuation at late times are from revivals in any finite size system.
Therefore, we numerically determine the decay rate by setting n* to be some value before the revivals occur, with n*
varying for different ¢g7" and J,T. When the decay rate is small compared to the fluctuation, e.g., for I'gp g in Fig. 2,



we estimate the decay rate by taking the average from n* = 100 to some n* before revivals occur. As shown in the
right panel of Fig. 2, the scale of the fluctuation is about 107¢ and sets the accuracy of the numerical computation.
Nevertheless, we still present data points for these small decay rates (smaller than 107°) to indicate the existence of
a much slower decaying channel.
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FIG. 1. FGR results for fixed localization length of the w-mode, & = 0.1 (left) and & = 0.2 (right) for L = 50. Due to rapid
oscillations at long times, the numerical accuracy of FGR result is ~ 107°%. Similar to the examples of fixed & in the main
text, FGR arises from 1)o-bulk and t¥.-bulk scattering channels for £ = 0.1 (left) while all channels are allowed in FGR for
& = 0.2 (right)
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FIG. 2. FGR results of I'g and I'g,p with ¢7" = 1.8 and J,T = 2.65, corresponding to the rightmost data in the right panel
of Fig. 1. Left panel: Numerical computation of decay rate by summing up to n* in (1) and (12). The late time oscillations
are due to revivals in a finite size system. Right panel: T'g,p shows oscillations with n* of order 107% between n* = 110 and
n* = 190.
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