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1 Introduction

Currently, as a consequence of the rapid digitization of social-economic data, characterizing indi-
vidual heterogeneity has become crucial in the optimal allocation of scarce resources. Consider,
for instance, the medical treatment assignment problem when doctors adopt different therapeutic
approaches to different patients; the pretrial bail problem when judges decide where defendants
will await trial; the college admission problem when committees assign students to various edu-
cational programs. In order to address the heterogeneity inherent in such problems, where the
potential effects of a treatment on an outcome vary among individuals, personalized allocation is
more of a necessity than just an option.

Based on past experimental or observational data, the core objective of a typical allocation
problem is to find an allocation strategy that can perform well in the future. To achieve this goal,
at least based on experience, an effective approach of decision making is to rely on information
provided by prediction algorithms. (Kleinberg et al., 2018; Agrawal et al., 2019; Babina et al.,
2024). In empirical applications, a common practice is to form a nonrandom treatment rule using
an indicator function, in which a first step regression estimate of individual level treatment effect
is plugged-in and benchmarked against certain decision thresholds. In this case, mathematically,
optimal allocation is treated as a weighted classification problem.

A plug-in strategy is based on a population solution to the optimal allocation problem. For a

joint distribution of {X,Y}, Y = (Y},j =0,...,J), consider the social welfare potential function

Y (Ag ()= rggglﬁl ; (1)

;Aj% (X)Yj| = maxE [Zj] Aj; (X) gj (X)
where ® is the set of multi-critical functions, i.e. ¢ = (¢5,7 =0,...,J), ¢; : Q@ = R, with (2, F, u)
being a Borel probability space, such that ¢; € L* (u),0 < ¢; < 1,Vj € {0,...,J}, and such that
Z}']:O pj(x)=1forallzeQ;9(-)={g;(-),7=0,...,J} and gj (z) = E(Y;|X = z). Under very
general conditions, the problem posed in (1) admits an intuitive solution where the jth-category

receives all allocation when E (X;Y;]|X) is uniquely the largest. In other words,

1, if E(\Y;X) >E\WY|X), VI#j,
¢j (X) = (2)
0, if E(\Y;|IX) <ENYIX), 30 # .

If there exists some [ such that E ()\;Y;|X) = E (NY;|X), then ¢ (-) can be divided among all the
maximal indexes.

In this paper, we are interested in differentiating 7 (A, g) functionally with respect to both A and
g (+). The solution of such problem can help answering the core problem of the statistical treatment

rule literature, i.e. establishing probabilistic regret guarantees for treatment rules obtained from
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empirical data, as considered by Manski (2004) and the subsequent works. The regret there is
defined as the difference between the social welfare potential and the expected utility achieved by
an estimated decision rule. Our approach can also provide answers for multiple other problems
of interdisciplinary interest. For instance, we will derive asymptotic distributions for the binary
optimal allocation subject to one resource constraint and the receiver operating characteristic
(ROC) curve.

Our paper is an attempt to synthesize the methodology and perspective of several strands
of literature. Hereafter, the core nature of issues, as will be readily apparent, comes from the
statistical treatment rule literature. A widely-known surprising phenomenon in the plug-in classi-
fication literature is that the second step classification is simpler than the first step regression, in
the sense that the former usually converges faster than the latter (Devroye et al., 1996; Audibert
and Tsybakov, 2007). Built on seminar works Chen et al. (2003) and Chernozhukov et al. (2018b)
on method of moments allowing nonsmoothness, especially the latter, our paper can provide sets
of conditions to support /n and faster convergence rates of both the regret and other objective
of interest. It will be shown that our differentiation results allow for asymptotic analysis under
settings for both classical empirical processes and recent advances in double / debiased machine
learning (Chernozhukov et al., 2018a, 2022).

To get some intuition of our approach, consider the finite dimensional derivatives of (X, g)

with respect to A when J = 1. Assume that P{\1¢1 (X) = Aogo (X)} = 0. Then we can write,

¥ (A0s A1, 9) = E[1 (Aogo (X) > Aig1 (X)) Aogo (X)] +E[1 (Aigr (X) > Xogo (X)) Aigr (X)]. (3)

Formally, given the definition of v (Ao, A1, g), we expect that

W =E[1(Aogo (X) > Aig1 (X)) g0 (X)],
W =E[1(A1g1 (X) > Aogo (X)) g1 (X)].

A rigorous proof of the above is by direct calculation of the limit. It is not hard to see that the

terms of major difficulties are

mE[l (Ao +h) go (X) > Aig1 (X)) = 1(Aogo (X) > Aig1 (X)) Aogo (X)]

}lli—>0 h and (4)
limE [1(A1g1 (X) > (Ao +h)go (X)) =1 (Aig1 (X) > Aogo (X)) Ag1 (X)]
h—0 h '

We will see later in section 3 that under mild conditions, the two terms in (4) both converge to
the same integral on the level set (i.e. fiber) {z : Aogo (z) = A1¢1 ()} with opposing signs, so that
they cancel out. As a consequence, the desired partial derivatives exist and take the displayed

simple form.
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Our approach in section 3 is greatly inspired by the integration on manifold approach in
Chernozhukov et al. (2018b). In particular, we reapproach and generalize their results based on
the concept of Hausdorff measure and powerful integration formulas, i.e. area and coarea formulas
from geometric measure theory. By precise calculation, we manage to show that the Hadamard
derivative of «y (A, g) contains terms that are integrals under certain Hausdorff measure. The
Hadamard differentiability results are derived under mild primitive conditions, which differentiates
us from previous works relying on differentibility or pathwise differentibility assumptions. See for
example Sherman (1993) and Luedtke and van der Laan (2016a).

Returning to the general multivariate setting, the social welfare potential function in (1) is not
only subadditive but also positive homogeneous of degree one with respect to both A and ¢ (+),
respectively, which implies that v (A, g (+)) is convex in g (+) given A and is convex in A given g (+).

For example,

A 1—a)g) = maxE
T(Nag+(1—a)g) mex

Z Ajdj (X) (agj (X) + (1 — ) g (X))]

ped

J J
< maxE [Z adjo; (X) gj (X)] + maxE [Z (1 —a)Xo; (X)g§ (X)]
j=0
g

—i—(l—oz)’y()\,g’).

However, 7 (A, g) is not necessarily jointly convex in (A, g). We can not be assured that
YA+ (1 -a)N,ag+(1-a)d) <ay(\g)+(1—a)y(N,d).

Interestingly, the above simple observations seem to have gone completely unnoticed by the existing
literature. In section 4, we apply deep results from geometric functional analysis, in particular
those by Stegall (1978), Preiss (1990) and Lindenstrauss and Preiss (2003), to show that under
nearly no assumptions, the social welfare potential function v (), g) is Fréchet differentiable on a
generic set.

The surprising Fréchet differentiability property inpires us to reconsider the first order ap-
proximation of 7 (A, g). Section 4 shows that the primitive conditions in section 3 can also be
used to support the faster convergence rate in classical classification literature. See for example
Audibert and Tsybakov (2007) among others. Further, the same methodology can be combined
with recent double / debiased machine learning approach (Chernozhukov et al., 2018a, 2022) to
speed up the estimation of 7 (A, g). The roles of the regularity conditions clarified in this paper
are fully demonstrated when they collaborate in tandem with the insights from the corresponding

previous literature.
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2 Literature

The construction of optimal decision rules from experimental or observational data have been
considered by both the classical and recent literature in multidisciplines. Different terminology
have been used, such as treatment allocation, policy learning in econometrics and individual
treatment rule (ITR) in statistics. A large body of the literature, including Manski (2004), Qian
and Murphy (2011), Zhao et al. (2012), Swaminathan and Joachims (2015), Zhou et al. (2017),
Kitagawa and Tetenov (2018), Rai (2018), Luedtke and Chambaz (2020), Athey and Wager (2021),
Mbakop and Tabord-Meehan (2021), Zhou et al. (2023) and Ben-Michael et al. (2024), among
others, study in details this problem in an empirical risk minimization (ERM) framework. The

basic objective there is to provide probabilistic bound for

—Exy

R (q%, (;5*) =Exy [Z o7 (X)Y;

S 00|

J

for ¢ € arg maxZ@S (Xy), F (X5, Dy, Y5)),

9o i

where ¢* solves the population optimization program of (1). The function F' (X, D,Y’) usually
takes the inverse propensity weighting (IPW) or doubly robust (DR) form (see for example Kita-
gawa and Tetenov (2018) and Athey and Wager (2021)), and &y < ® is not too complex in an
entropy sense.

The difficulty involved in the optimal allocation problem is due to the indicator function in
the population solution which is hard to handle (Qian and Murphy, 2011). Our solution of such
a problem built on a divergent literature motivated by very different purposes. To address the
restoration of monotonicity in conditional quantile estimation, the functional derivative of the
sorting operator in the univariate case is studied by Chernozhukov et al. (2010). The analysis of
the sorting operator is then extended to the multivariate cases by Chernozhukov et al. (2018b)
using calculus on manifold techniques. Kim and Pollard (1990) also hinted at a rudimentary form
of calculus on manifold in the derivation of the large sample properties of cube root consistent
estimators. Sasaki (2015) incorporated the tools based on the Hausdorff measure developed in
fluid mechanics to characterize the information content of quantile partial derivatives for general
structural functions.

The optimal allocation problem has also been discussed under a plethora of different but closely
related settings. Examples include asymptotically minimax optimal decision under the limits of
experiments framework (Hirano and Porter, 2009), optimal decision under minimax regret (Stoye,
2009; Tetenov, 2012; Ben-Michael et al., 2024), uniform confidence interval (Armstrong and Shen,
2023), allocation with spillover effects (Kitagawa and Wang, 2023a,b) and binary constrained
optimal allocation (Bhattacharya and Dupas, 2012; Luedtke and van der Laan, 2016a). Our

general functional Hadamard derivative results in subsection 3.3 are applicable for solving the
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last problem above. This problem is also closely relevant to the receiver operating characteristic
(ROC) curve widely used in biostatistics and computer science. A previous literature that has
studied the inference of the ROC curves, including Hsieh and Turnbull (1996), Lloyd (1998), Li et
al. (1999), Hall et al. (2004) and Bertail et al. (2008), did not account for the estimation error in
the sample propensity score. An exception is Luckett et al. (2021), where the authors derive the
uniform asymptotic results for estimated ROC curve when the classification is done by a support
vector machine (SVM). Unlike the studies above, we derive the asymptotic properties of the ROC
curves obtained by plugging-in the propensity score estimators, which is consistent with the usage
of predictive classifiers in various disciplines.

The methodology in this paper also has intriguing connection with the faster convergence
phenomenon in the classification literature (Devroye et al., 1996; Audibert and Tsybakov, 2007).
Consider, especially, the margin assumption (MA) evoked by works including Tsybakov (2004),
Audibert and Tsybakov (2007) and Boucheron et al. (2005), i.e

P{|p(X)—c| <t} < Ct

for fixed ¢ and some constant C' > 0 and « > 0. Our conditions in section 3 directly imply the
marginal assumption with o > 1. This observation can be further combined with the recent double
/ debiased machine learning approach (Chernozhukov et al., 2018a, 2022) to form a relatively

primitive level, plug-in and non empirical process complement of the optimal allocation literature.

3 Hadamard differentiability

Following the seminal research of Chernozhukov et al. (2018b), we consider (3) as a functional
mapping from (A, g(-)) to v (A, g(-)), and are interested in the differential change in v (X, g (:))
induced by a marginal change in (X, g(-)). More precisely, we rigorously derive the Hadamard
derivative of v (A, g (+)) with respect to (X, g (-)), which justifies and generalizes the calculations in
(4). In this section, we assume that the underlying distribution of X, denoted as p, is absolutely

continuous with respect to £,,, the n-dimensional Lebesgue measure. Then we write

J
E[ZAJWQ ] ZJJ@ 2) g5 () dye EJJ@ 2) g5 () f (2) AL
j=0

where f(x) is the density function. Typically, the optimizing policy function takes the form of
¢j () = [114; 1 (Njgj () > Ngi (z)) . For simplicity, if we abbreviate A;g; (z) as g; (), then the

main object that we are going turns out to be

f @] ]1(g @) > g (x)dlnz

I#5
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which can be further generalized to a form of the following sorting operator (as defined by Cher-
nozhukov et al. (2018b)),

f 65 (@) £ @) [10u () > €) Lo, 5)

l

where the number of terms in the product should be less than n, the dimension of X.

3.1 Hausdorff measure and integration formulas

The following discussions are based on standard references by Federer (1969) and Evans and
Garzepy (2015). In order to rigorously present surface integral in Chernozhukov et al. (2018b),
this section first aims to define extrinsically the intuitive notion of length, area, and volume. For
this purpose, the Carathéodory criterion is used to construct a measure space from a o-subadditive
set function (outer measure) on power set of RV. More specifically, we introduce Hausdorff’s
construction, which does not require any local parameterization on these sets. Therefore no

regularity assumption is needed.
Definition 3.1.1. (Outer measure) For a set O, an outer measure is a function
p* 229 - [0,00] such that

(a) p* () =0.
(b) For arbitrary subsets A, B, Ac B c O, u* (A) < u* (B).

(¢) For arbitrary subsets By, Ba, ... of O,

¥ (U Bi) < >t (Bi).
=1

i=1
If an outer measure p* is defined on a metric space (O, d) and satisfies
d(A,B)>0=p*(AuB)=p*(A4)+p*(B), VA,BcO.
Then p* is called a metric outer measure.

In this paper, we use a series of metric outer measure with the following specific construction,

called HausdorfI outer measure.

Definition 3.1.2. (Hausdorff outer measure) Let d be the metric on O. For arbitrary subset
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E < O, define its diameter as diam E = sup,, ,,cp d (z1,72),diam & = 0. Let
ke N={0,1,...},

where I' () is the gamma function. For arbitrary £ < O, and for § > 0, define
diam B;\*
'Hz(;(E)zinf{Zak(mm]) Ec UBj,diamngé}.
' : 2 .
j=1 j=1

The k-dimensional Hausdorff outer measure of £ is defined as Hj; (E) = lims)o Hj 5 (£), and can

be verified to be a metric outer measure on the metric space (O, d).

Definition 3.1.3. (Hausdorff measure) Let k£ € N, My = My (O) is the o-algebra generated
by H; by the Carathéodory criterion (See Theorem T.1.1). Then the restriction of H} to My,
Hi = Hj|m,, is called Hausdorff measure on My,

In R¥, H; = L}, Hp = Ly, where L] denotes the Lebesgue outer measure and £, denotes the

Lebesgue measure on R¥. H{ (E) measures the cardinality of the set E:

number of element in £, FE is empty or finite,
Ho (B) =Ho (E) =
+00, FE is infinite.

In this application, we focus on the Hausdorff measure defined on Euclidean spaces R¥.

Definition 3.1.4. (Jacobian) For k € {1,2,...,n}, define the Jacobian at z as

\/det (Vf(a:)TVf(a:)), f:EcRF R,
T (2) =

\/det (Vf(:n)Vf(x)T), f:EcR"— Rk

The following Theorem 3.1.1 for change of variable generalizes the conventional integration
change of variable formula for invertible mapping to allow for non-invertible mapping and an

increase in dimension.

Theorem 3.1.1. Area formula
Let E < R* be an open set, k € {1,2,...,n}, ¢ : E+> R" be a C' or Lipschitz function. Then for
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all measurable S c F,
| w@aca = [ Hosnet @) d )
S ¥(S)

If a measurable function f : S — R is nonnegative or if the left hand side of (7) is finite, then the
following equality holds,

ff@ww@mmw=J [f f@Mermw- (7)
S P(S) | JSny—1(y)

Furthermore, the next curving Fubini- Tonelli theorem allows for slicing among curving surfaces

and mapping from a higher dimension to a lower dimension.

Theorem 3.1.2. Coarea formula
Let E < R™ be an open set, k€ {1,2,...,n}, p : E — R* be a C' or Lipschitz function, then for

all measurable S c F,

f Jo (z)dLyx = Hpt (S 0 ot (y)) dHry. (8)
S RF

If a measurable function f : S — R is nonnegative or if the left hand side of (9) is finite, then the
following equality holds,

| r@rewac.a - |

Rk

U f (@) cmn_kx] dHay. (9)
Snp~1(y)

Remark 3.1.1. (7) and (9) are direct corollaries of (6) and (8), respectively, by a standard simple
function approximation of measurable functions. (7), (9) and the classical R" — R" change of

variables formula, can be collectively written in a unified formula:

f f (@) Joo () dLyz = j [ f f (@) demax{n_m,O}x] Honinimom) -
S m [ JSne~i(y)

To the best of our knowledge, a result similar to Theorem 3.1.1 was first published in Federer
(1944). The coarea formula in the form of (9) was first published in Federer (1959), one of the
most important papers by Federer. Results similar to Theorem 3.1.2 were presented earlier by
Aleksandr Semyonovich Kronrod, Herbert Federer, Laurence Chisholm Young (L.C.Young), Ennio
De Giorgi and maybe even others. The statements of the area and coarea formulas in Theorems
3.1.1 and 3.1.2 are closer to Federer (1969) and the more readable Evans and Garzepy (2015).
Roughly speaking, generalizations of both Theorem 3.1.1 and Theorem 3.1.2 can still work when

the Euclidean spaces therein are replaced by certain kind of surface, e.g. Riemannian manifolds
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and rectifiable sets of Euclidean spaces. See 3.2.20-3.2.22 and 3.2.46 in Federer (1969) for classical
developments. In technical addendum T, we provide readable proofs to both Theorem 3.1.1 and

Theorem 3.1.2 together with a complete set of preliminary results needed in their derivation.

Definition 3.1.5. (Critical and regular point and value) Let n,m € {1,2,...}, E < R™ be an open
set, f: B+ R™ be a C! function. A point z € E is called a critical point if J f (x) = 0; otherwise
x is called a regular point. If ¢ = f (z) for some critical point x, then c is called a critical value;
otherwise c is called a regular value. For simplicity, in the main text we only consider regular

value c€ f (E).

The area and coarea formulas in Theorems 3.1.1 and 3.1.2 are closely related to another
important result called Morse-Sard Theorem, which essentially states that the set of critical values
is a null set. See for example Theorem T.1.10. Corollary T.3.2, which follows directly from
Theorem 3.1.1, is indeed Theorem T.1.10 when n = m. In economics, one of the most well-known
applications of the Sard type theorem is Debreu (1970) which established that except for a null
set of economies, every economy has a finite set of equilibria. For a relatively simple derivation of
the Morse-Sard theorem, see Figalli (2008). The basic ideas in Figalli (2008) is to make use of the
Morrey inequality, which is then combined with Whitney extension theorem T.1.3 to prove the
Morse-Sard theorem in a stronger Sobolev sense, which implies the C" case. Evans and Garzepy

(2015) shows in detail how to use the coarea formula (9) to develop the Morrey inequality.

3.2 Hadamard derivatives of the sorting operator

In this section, we introduce our mathematics results on the Hadamard differentiability of the

sorting operator in (5), where we intend to compute

liml {J (g9j (x) +tGj (z)) f(x) 1 (h(x) + tH () > c)dLpx — fgj () f(x)1(h(z)>c) dﬁn:z] .

t—0 t

It should be clear that the main term that needs to be accounted for is

hm1 [Jgj () f(z)1(h(z)+tH (x) > c)dLpz — Jgj () f(x)1(h(x) > c) dﬁnm} :

t—0 ¢t

Therefore we focus on the following simplified form of the sorting operator (with respect to the

Lebesgue measure):

F (h,c) :—f

h(z)>c

f(x)dLlyx = J]l (h(z) > ¢) f(z)dLyx, (10)

where, without loss of generality, the g; (z) f (z) term is replaced by f (x) above.

First, consider a special case of the sorting operator where h (z) is a scalar function, where

10
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the directions of differentiation are limited to 1. Let h be a C! or Lipschitz function, with
|IVh(z)| > 0,L, a.e. x. Suppose also that f is a integrable (nonnegative measurable) function.

Then by the coarea formula Theorem 3.1.2,

_ " f@ ,
b 2502 | Uma) Vi <x>|‘””‘"”’] .

Further, if essinf | VA (z)| > 0, and f is integrable, then

d o /(@)
& Uh(x)xf ) dﬁ"x) = R

for £1 a.e. ¢, by the Lebesgue differentiation theorem, where the derivative is conventionally

defined. The right hand side above is also a derivative in the distributional (weak) sense.

Definition 3.2.1. (Hadamard differentiability) Let X and ) be normed spaces equipped with
norms | - |x and | - ||y. Consider the map ¢ : Xy < X — ). Then ¢ is called Hadamard
differentiable at 6 € X, tangentially to Xy < X, if there is a continuous linear map ¢y : Xy — Y
such that:

— ¢ (x)

— 0, for all t,, — 0 and x,, — =, (11)

H ¢ (0 + tnn) — ¢ ()
Y

tn

as n — o0, where {z,} € X, x € Ap, and 0 + t,x, € X for n large enough.

Remark 3.2.1.

1. When Ajp is a linear subspace, by Fang and Santos (2019) Proposition 2.1, ¢, — 0 can be
replaced by by ¢, | 0 in the definition of Hadamard differentiability without loss of generality.

2. The derivative ¢} that satisfies equation (11) is necessarily positively homogeneous of degree

one but not necessarily continuous or linear. See Shapiro (1990).

To verify Hadamard differentiability and the corresponding derivative of the sorting operator,

we need to calculate
hmfﬂ@@ﬂﬂﬂﬂ@>@—ﬂﬂ@>@”@ﬂ@&

where H, — H and t, | 0 as n — oo0. Intuitively, this limit should be closely related to a
type of integral along the surface {x : h(x) = ¢}. The concept of Hausdorff measure Hy (see
definition 3.1.3) essentially defines area of surface of k-dimensional volume in n-dimensional space,

ke {1,...,n}. The important insight of Chernozhukov et al. (2018b) is represented by the integral

11
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under H,,_1.

Let E  R™ be an open set, k € {1,2,...,n}, h: E — RF be a C! function, f : E — R be
a continuous function. Let C' (E) denote the space of continuous functions on E equipped with
the sup-norm, and Cj (E) that of bounded continuous functions. We need the following technical

assumptions about h and f.
Assumption 3.2.1. The function f is continuous with compact support Ky c E.
Assumption 3.2.2. The support Ky consists of only reqular points of the function h.

Assumption 3.2.1 guarantees that K n {z : h(x) = '} is close to Ky n {z : h (z) = ¢} when
c is close to c. It can be replaced by alternative conditions, such as those in Assumption 3.2.1".
The purpose of the Assumption 3.2.2 is to guarantee that h is regular in a neighborhood of K in

order to apply the implicit function theorem.
Assumption 3.2.1'. For all c € h(E), there exists a neighborhood N, of ¢ such that

U h=1(d)c E

ceNe
and is bounded. The function f is continuous.
Theorem 3.2.1. Let h : E — R¥ be a C! function, E an open subset of R™, k € {1,2,...,n}.
Consider (10). Let Assumption 3.2.1 (or 3.2.1") and Assumption 3.2.2 hold. Let D < h(E) be a

compact subset. Then, the map F (h,c) : C (E) — R is Hadamard differentiable uniformly on D
at h tangentially to C (E) (Cy (E) under Assumption 3.2.1'). The derivative is given by

H; (z) f (=)
F/ c (H, 0) = E f [J dHp_px | dLr_1y,
& y>7-i(c) [ JhmL(<[4]) Jh (x)

)

where T—; (c) denotes the RF — R¥=1 coordinate projection except the i-th coordinate, ¢’ [i] is the

k-dimensional vector such that 7—; (¢’ [i]) =y and 7; (¢ [i]) = ¢.

The most common application of Theorem 3.2.1 is when k& = 1, which is listed separably below

as Theorem 3.2.2 with even weaker conditions.
Assumption 3.2.2". 3c € h(E) such that Ky n h™ (¢) consists of only reqular points of h.

Theorem 3.2.2. Consider when k =1, i.e. when h is a scalar-valued function. Let Assumption
3.2.1 (or 3.2.1') and Assumption 3.2.2 hold. Then, there exists a bounded closed interval D <

12



STATISTICAL INFERENCE OF OPTIMAL ALLOCATIONS I

h(E), ¢ € D, such that the map F (h,c) : C (FE) — R is Hadamard differentiable uniformly on D
at h tangentially to C (E) (Cy (E) under Assumption 5.2.1"). The derivative is given by

o [ H@I@
F, . (H,0) —LI(C) Vi @] dHp—12. (12)

Embedded in the proof of Theorem 3.2.2 is the continuity of the derivative of the sorting

operator, expressed in the following lemma, which also handle the case when k > 1.

Proposition 3.2.3. Under the conditions in Theorem 3.2.1 or Theorem 3.2.2

f ()
jhl(c) Jh (z) e

is continuous on h (E) or D.

PROOFS OF THEOREMS 3.2.1, THEOREM 3.2.2 AND PROPOSITION 3.2.3. We will prove these
three results in several parts. Before proceeding to the more general case of £ > 1 in Theorem
3.2.1, we first prove a pointwise version of Theorem 3.2.2 for the special case when k = 1. Propo-
sition 3.2.3 can be proved by a similar derivation in passing. We finalize by demonstrating the

uniformity of convergence. The following proof is derived under Assumption 3.2.1.

part 1 First consider Theorem 3.2.2.
step 1 We claim that there exists an 1 > 0 small enough such that for all ¢ with | —¢| < n, we

can get change of variable formulas simultaneously. Consider

U (2,...,2,,d) =h(z},...,2,) = .

y R

Without loss of generality, we may assume that V., ¥ (z1,..., 2y, c) is full rank. Then by the im-
plict function theorem (see for example Theorem T.1.9), there exists an open set By, X By, . 2,.c

U < R"*! where U is a neighborhood of (1, ..., 2y, c), such that for some positive vectors a, 3,

B, = {2} eR: |2} — 21| < a}

Bas,..onc = {(:C’z,...,x;l,c') eR": | (xé,...,x;l,c') —(z2,...,xn,0)| < B},
and a C' implicit function & (-) defined on By,.... a0, such that

\Il(xll,...,x;,c') =0< (:c/l) =§(xl2,...,$%,c')

for all (zf,...,2),,¢) € By, X By, z.c Foral x € =t (c) n K¢, we can find intervals like

By, x Bg,... 2, in the above. The implicit function theorem may not be always about the
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first dimension. However, an implicit function for some z/,,m € {1,...,n} always exists by
the regular point assumption 3.2.2". By the compactness of h™!(c) n Ky, there exists a finite
} of k71 (¢) n K. Now, we claim that there
exists > 0, such that for all ¢ satisfying | —c| <5, i1 () n Ky < U, Bj- This claim is

open cover denoted as {B;} = {ngm X Byjyjn
proven by contradiction. Suppose Uj Bj will not cover h™! (<) n Ky for some ¢ # ¢, such that
| — ¢| < n where n is arbitrarily chosen. In other words, Vn > 0, 3¢, |¢ — ¢| < n, such that
()N Ky & U; Bj- Then there exists a sequence {(z;, ¢;)}72, such that

x; € h_l (Cz) N Kf,:vi ¢ UBj.
J

By the compactness of h™! ([a,b]) n Ky and the Bolzano-Weierstrass theorem, there exists a
convergent subsequence {z;}7°, such that lim;_,o h(z;) = ¢ and thus lim;_,,x;, € h™ 1 (c)
U, Bj. Therefore, z;, € | J; B; for all sufficiently large [, which is a contradiction.

step 2 To calculate the change of variables formula analytically, consider
T
VB, (@ W) = (€8, (220 s 250, ) s )
where <x3-?2, e x;n> are used by the implicit function theorem to obtain the local explicit function

&8, (+) for :U;J. Then, by the generalized matrix determinant lemma (for clarity the subscript j is

omitted), as used by Chernozhukov et al. (2018b),

~1
- ! e I
JT!}B]‘ (l’é’m,n’c,) = det <|:ah:| va nh) ,In—l I:azl] 250

oh 17! T lron!
=det | n_1+ [ |=—| Va A | Va R
al'l ,,,,, n @:131 ,,,,, n

,,,,,,,,,,

(o (2112

- (det ((Vh) (Vh)T)

(2

~— [E—
!
+
—
<
8
N
3
=
‘ —
<
8
N
3
=
S
N——
N——

=Jh

14



STATISTICAL INFERENCE OF OPTIMAL ALLOCATIONS I

In the above, for simplicity, we omit the point at which the derivatives are calculated, where

oh 0
Fo = 2 (€, (h ) ) amd
Vool = Voo 1 (€8, (@, pn) s@hs ).

step 3 Consider a sequence t, | 0. First let H, = H for all n. By definition of Hadamard

differentiability, we need to calculate

n

By coarea formula Theorem 3.1.2,

1
tn

tn Jh(z)

U1(h(x)+tnﬂ<x)>c)f(x)d,cnx—f1(h(x)>c)f(a:

1 J (L(d +tn (x)>c) = 1( >¢)) f (m)d’H 1w | dLic
()nKy .

lim — Uuh(x) +toH (2) > ¢) f (2) dﬁnx—fuh (z) > ¢) f (z) dﬁnx]

)t

tn Jp1 Jh (z)

c—tn M

anM [ ! J (L(d + tnH (2) > ¢) = 1(¢ > ¢)) f (2)
“H)nKs

d’Hnlx] dLqc,

where M = maxyer, |[H (z)| < +00. Then, we can apply the area formula Theorem 3.1.1 to

calculate, for each j,

[1(d +t,H (x) >¢)—1(d >0)] f(x)
ol U I Tha) e

dﬁlc’

f (B, (@2,.n,))

f [1 (c’+th (wB (®2,...n, ’)) > c) —1(d > c)]

Bajpriyn det (20 (U5, (22,0 ))

Next by the Fubini-Tonelli theorem, the above is equal to

f 1 f[l (¢ +taH (B, (22,..0,¢)) > c) = 1(' > )] f (¥, (22,0, )

G20 in tn ‘det <8x1 (¢Bj (.7327.__77“ C/))> ’

Since

2 J [1(¢ + tH (45, (22, ¢)) > &) —1(¢ > ¢)] dLs

1 C+tnM

dl,_1x | dCic.

dﬁlc/ dﬁn_l.%'.

= — [1 (c’ +t, H (@ZJBJ. ({L‘QW.’n,C/)) > c) —1 (c’ > c)] dl,d - H (¢B]- (22, ns c)) ,

ln c—tn M

by the dominated convergence theorem (DCT) and with the help of the partition of unity theorem
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T.1.11 (as in Chernozhukov et al. (2018b)), and by the area formula again, we get

lim 1f[1 (h(z) + toH (z) > ¢) — 1 (h (z) > )] f (z) dLnz = J H(z) f(x)

dHp—12.
n—w t, h=1(c) Jh (z) Hn

step 4 Now consider functions H (x)+(, for arbitrary ¢ > 0. Since by assumption sup,p |Hy () —
H (z)| — 0, for all ¢ > 0, for sufficiently large n, H () + { > H,, (x) for all . Therefore,

F(h+thn,c)—F(h,c)< F(h+ty,(H+(),c)—F(h,c)

lim sup < li
(H (z) +¢) f (=)
= d n— .
fh—%c) Thiw)
Similarly,
liminf Tt ZF (e oy Fl i (H=0),0) = F (b o)
n—w tTL n—o0 tn
_ (H (z) =€) f (z)
_f » Th (3;‘) d'Hn71$

By the Holder inequality (integration by Hausdorff measure is also in the Lebesgue sense):

|H (x) — H' ()| f () /
L_l(c) T dHp—1x <sup|H (z) — H' ( |J

d%n 1X.
‘T) zel

Now by the arbitrariness of (,

lim =

n—00 tn

F(h+tyHy,,c)— F (h,c) J H (x) f (z)
h=*(c)

step 5 Now we can also prove Proposition 3.2.3. Note that the above proof techniques of step
1 to step 3, including the area formula, partition of unity, and generalized matrix determinant
lemma, all work for k > 1. As a result, the proof is essentially a reconstruction of the proof of

Theorem 3.2.2. Here, we only need to point out that

f (s, (2,0, ¢))
det ( h (¢, (22,...n, C’)))‘

— f (7/’Bj (za, .m, c)) )
Jo (250 (s, <z2w0)))‘dcn_1

part 2 For k > 1, we still have, by the coarea formula

[ (x) /
F(h,c) = L(x)Xf (x)dLpx = L,X [J o) Th (@ )d’Hn k] dLyc .

d,cn,ﬂE

...... Tjn
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So for all n large enough

i [1(h () + tuHy (2) > ¢) — 1(h(2) > 0)]  (2) dLnz

[1(c +tnHy (z) >c¢)—1( > )] f () ,
1 f [ f o Th dH, x| ALy’

By the telescoping identity of higher order expansion,

—=
@@\
|
L=
§
Il
[
—
£
|
E
SN—

8
+
[
pile
8
|
2
SN—
—
Q@
|
b@
SN—
E
_|_

k
e+ a—al,
i=1

i=1 i=1 I#i i%j I#4,1#] i

using a proof procedure similar to that of Theorem 3.2.2, the first order term of the difference

becomes

[1(cj + taHn,i (2) > ci) = 1(¢; > e)| Tl 1 (g > @) £ (2)
Z J [J d)nKy

/
Th (@) d?-ln_kac] dLlyc

=Z f f dLy_rxdLy_1y
i 1, Yy>T-ilc) By,

J~ [1 (cg +tnHp i (wBli (x,c')) > ci> —1(cd > Cz)] f (szi (5570/)) p <¢Bli (337C/>> idﬁ y

i (5 (o0, 0.))

where p <¢Bz~ (x, c/)) is the partition of unity, and z;, denotes that z;, is picked for locally explicit

function for change of variables by the implicit function theorem. We also note that in the above

y=17-; (), and ¢ = 7; (¢') and we use the fact that

k k
1(cl+thn()>c =ch+thm()>cz) andlc>c= lc>cl.
=1

i=1 A

Then by DCT and the area formula again, we obtain the limit of the first order difference as

Z”J e Wd%n_kx dLli_1y.

The convergence of the first order term also implies that the second and higher order terms of the
difference should vanish eventually.

part 3 By part 1 and part 2, we only need to consider the k£ = 1 case since the k£ > 1 case is
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similar. Let {c,},°_; be a sequence such that lim,_,4 ¢, = ¢. Consider

1
lim — [F (h + tyHy, ) — F (h,cp)]

n—a0 n

~ lim & J [1(h (2) + taHy () > en) — 1 (h () > e)]  (z) dLnz.

The proof in part 1 shows that we need to calculate, for M = sup,cx, [H (2) |,

1 c+tn M+|c—cp |
[1 (c' + t,H (ij (-, c’)) > cn) —1 (c’ > cn)] dlc .

tn c—tpnM—|c—cp|

Note that
. [1 (c’+tnA+c—cn >c) —1(c'+c—cn >c)]dﬁlc' = A.
n

we can obtain

1 c+tnM+|c—cn| . , , ,
J L+t (6, () > ) — 1(¢ > o) | s = H (i, ()

by simple upper and lower bound of H (¢, (-,)) on [c — t, M — |¢ — ¢u], ¢ + tn M + |c — ¢4]. So
we obtain, following the idea in Chernozhukov et al. (2018b), that the limit in the calculation
of the Hadamard derivative actually converges continuously. By Lemma T.1.12, we get that the

Hadamard derivative can be taken in a uniform sense. In other words, let D < h(FE) , then we

have

lim sup 1 J [1(h(z)+tnHy (z)>c)—1(h(z)>c)] f(x)dLpx — f Mdﬂn,w = 0.
b e |t i Jh(z)

This finishes the proof of Theorem 3.2.1. [ |

3.3 Binary treatment allocation and the ROC curve

In this subsection, we derive asymptotic pointwise and uniform distributions for binary treatment
allocation value function under a resource constraint and for the estimated ROC curve. Here, using
Hadamard differentiability results from subsection 3.2, we can directly analyze the plug-in two-
step estimator of the value function for the constraint optimal allocation problems. Our strategy
is concise. The functional delta methods alone (see for example van der Vaart and Wellner (2023)
and Fang and Santos (2019)) are sufficient to obtain asymptotic results. The discussions in this
subsection are conducted under the classical empirical process theory in the Hoffman-Jgrgensen-

Dudley sense. A most applicable result in this subsection is a computationally feasible delta
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method for bootstrap in probability consistency of the plug-in two-step ROC estimator which is
commonly used in computer science and other fields.

Alternative theories can also be developed under other settings from different perspectives.
In subsection 4.3, we visit the recent double/debiased machine learning methodology for uncon-
strained multi-classification problems. Double/debiased method under resource constraints can
also be developed. We also note that the results in this subsection and in subsection 4.3 can
be further improved to demonstrate semiparametric efficiency, which is analyzed in a follow-up
manuscript Feng et al. (2024).

In binary applications of optimal constrained treatment allocation, we consider
max E[Yi6 (X) + Yo (1 = ¢ (X)),
54 E[Z16(X) + Zo (1— 6 (X))] < o
where ® is the set of critical functions when J = 1. Obviously, the problem above is equivalent to

max E (Y1 — Yp) ¢ (X) + Yo,
ged (13)
st. E [(Zl — ZQ) ¢ (X) + Zo] < Q.

We will use the definition in (13) hereafter. By the classical Neyman-Pearson lemma (see, for
example Theorem 3.2.1 in Lehmann and Romano (2022)), for « allowing feasible ¢, the solution

of the population optimization problem (13) exists and satisfies

1, when (g1 (2) = go () > k(c1 () — o (2)),
¢ (x) =

0, when (g1 (z) —go () < k(1 (z) —co()),

for some constant k, where g1 (z) = E (Y1|X = x), go (z) = E (Yo|X =2), 1 (z) = E(Z1]X = x)
and ¢g () = E(Zp|X = x). When the fiber {z : (g1 () — go (z)) = k (c1 (x) — o (2))} is of zero

probability mass, we can express the constraint and the value function of (13) as

a (k) = Q[(z1 — 20) 1((91 (%) — go () > k(c1 () — co (7)) + 20] < v,

(14)
B (k) = Q1 —yo) 1 ({91 (x) — g0 () > k(1 (2) — co (2))) + wo] -

Here, we adopt a functional notation where (Y7, Yy, Z1, Zo, X) ~ @ and X ~ pu. The Hadamard
differentiability results established in subsection 3.2 allow us to derive asymptotic distribution of
the sorting operator expression in (14) by the functional delta method. Denote ¢ (E) as the set
of bounded real-valued functions on a set E. We need the following assumptions to validate a
functional delta method. We largely adopt the styles in Chernozhukov et al. (2018b).
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Assumption 3.3.1. The random variables (Y1, Yy, Z1, Zo, X) ~ Q, X ~ u, where p is absolutely
continuous with respect to the dim (X)-dimensional Lebesque measure. The density p' is continuous
on an open set E < RI™X) gnd supp i/ = K, c E. (Y1,Yy,Z1, Zy) is bounded and Zy > Zj.

Assumption 3.3.2. The estimators (o (), i1 (z),é (2),é1 (2))T satisfy
ra (90 (2) 1 (2) 0 (2) 21 (2))" = (95 (&) g () 165 (@) 1 (@) ) oo HL im € (E),
where r, — o0 as n — oo, H is separable and its support is included in C (E)4.

Assumption 3.3.3. The population limits satisfy (g5 (-), 97 (-),c5(-), ¢ (+) € C* (E)4, a(x) >

¢ (x), and 0 is a regular value of
A™ (z3k) = (91 (z) — g5 (x)) — k(] (2) — 5 (z))
for all k e D, D c R a bounded closed interval.

Assumption 3.3.4. Let (g (z), g% (z), ¢ (z), ¢ (2)T € G and (§o (z), 91 (x),é0 (), é1 (2)T € G
with outer probability tends to 1, where G < C (E)4. The function class

F={1((91(x) — g0 (2)) > k (c1 () =5 (2))) = (90 (), 91 ()6 ()€1 () €G,k e D}

1s Donsker, and the estimators and the empirical process converge jointly, .i.e.

go (x) 95 (2)
g1 () g7 (z) .
tn - ,Qn — Q| wo (tallL tQQ) in C(E)” x £7(F).
¢o () ch (x)
| é1 (z) ci (z) ]

In the above, t, = min{r,,/n} and lim,_,o = = tx € [0,1], lim, o % =tg € [0,1].

Tn

Theorem 3.3.1. Let Assumptions 3.3.1 to 3.5.4 hold. Assume that there exists a constant € > 0,
such that

d?—ln_lx > €

J (c1 (2) = co () (€] (z) — ¢ (2)) ' (@)
A*(z;k)=0 HVA* (.%', k) H
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for allk € D. Then, as a stochastic process on compact N' < A, A .= Q[(z1 — 20) 1 (A (z; D) > 0)],

tn (8 (Qusdia) = 8(Q, A% ) {tQ@ (51— 0) 1 (A" (2 (Q. A%, 0)) > 0) + o]
(91 () ~ g0 (2)) (L — o)/ (2)
tla [fA*(x;k(Q,A*,a))—O HVA* (CC; k (Q’ A*7 a)) H

- (01 () = g0 ) (s — W) i/ @)
A* (z;k(Q,A*%,a))=0 HVA* (gj; k (Qa A, a)) H "

dH,_1x

f,B (Q,A*,k(Q,A*,Q)) N ' .
N fa (Q, A% k(Q,A* ) {tQQ [(z1 — 20) 1 (A" (23 k (Q, A", ) > 0)) + 2]

(e1 () — co (x)) (Hy — Ho) p' ()
tia [fA*(x;k(Q,A*,a))—O HVA* (:C; k (Q’ A, a)) ”

- (c1(2) = 0 () (Fo — W) (@)
A*(z;k(Q,A*%,0))=0 HVA* (l’; k (Qv A, a)) H " ’

d’Hn_lx

(15)

where (Ho, Hy, Hy, Hs)” = H;

« oy AB(Q,AMK) (91 (z) — go (2)) (] (%) — ¢ (2)) 1 (2)
B @ANH == g = _wa;k)—o HVA*l(w;kﬂ [ : M,
o da(@ANE) (o1 (&) — 0 (@) (e} (@) — e () 4 (&)
@A Jsae VA" (i) W

The notation A (A, A*) denotes (go (), 91 (-),co (-),c1 (-)) (their estimators and the estimators’

limits), and

B (Qv A, Oé) =p (Q7 Ak (Q) A,Oé)) =Q [(yl - yO) 1 (A (I; k (Qv A, O[)) > 0) + yO] )
a(Q,A k) :=Q[(z1 —20) 1 (A(x;k) > 0) + 2],

E(Q,A,0)=inf{keR:a(Q,A k) <a}.
PrROOF OF THEOREM 3.3.1. Note that under Assumption 3.3.1 and Assumption 3.3.3, we can

evoke Theorem 3.2.1; under Assumption 3.3.4 we can evoke Lemma A.2 in Chernozhukov et al.
(2018b). Also by the chain rule of Hadamard derivative (Lemma 3.10.3 in van der Vaart and
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Wellner (2023)),

ag.asx (2, H,0) = Q[(21 — 20) 1 (A (x; k) > 0) + 2]

(c1(x) —co (x)) (Hy (x) — Ho (z)) i’ ()
+ [JA*(x k)=0 IVA* (2, k) | dHp—1x

) (e1 (2) — co () (s &) ~ Hy () ' (&) ),
L*M) . VA" (2. 1)] ).

By the assumption that

(c1 (x) — o (2)) (€] () — ¢ () 4 ()
fmk) [VA* (z;k) | e

is uniformly bounded away from zero on k € D, the Hadamard differentiability of the inverse map

in Lemma 3.10.24 of van der Vaart and Wellner (2023) and the chain rule again imply that

O/Q A* k <Q7 Ha 0)
fa (Q, A%k (Q, A%, a))’

where the Hadamard differentiability is tangential to Q x C (FE), such that Q < ¢* (F) consists

of elements that are uniformly continuous on F with respect to the L? (Q) norm.

ké&A*’ (Q,H,0) =

By exactly the same calculation, we can also get

Bo.ak (Q,H,0) = Q[(y1 — yo) 1 (A (z;k) > 0) + yo]
(91 () — g0 (2)) (H () — Ho () i (@)
* ka)_o VA" (@.h)] Az
) (91 () — g () (Hly () ~ Hy () (&) ),
Joir VA (2, 5] Ao ]

By the chain rule the third time, there is

f,B (Qv A*v k (Qa A*a O[)) /
/81 A*a(QvHaO):B/ A*k(QaHvo) B * * @ A*k(QaH7O) :
e e ey o QAR (Q AT, a) “@A" @A)
Now, (15) follows from Theorem 3.10.4 in van der Vaart and Wellner (2023). |

A useful special case of (13) is when Y7 € {0,1}, Yo = Zp =0, Z; =1 —Y3, and go = ¢ = 0,
g1 (x) =p(z), c1 (x) =1 —p(x) where p(x) = E[Y| X = z] with Y = Y;. This special case, i.e.

Iéle.‘:g{E[ng( )], st.E[1-Y)¢(X)] <a.

is closely related to the receiver operating characteristic (ROC) curve whose population definition
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is given by

< a.

_ E[Y¢(X)] E[1-Y)¢(X)]
Bla) = max —p o=, st. E(1_Y)

In the following presentation of the uniform asymptotic distribution of the ROC curve, we
differentiate between misspecified models and correctly specified models. The limit of misspeci-
fied models is essentially a direct application of the general results in Theorem 3.3.1. When the
parametric propensity score model is correctly specified, or when it is estimated by nonparametric
techniques with a sufficiently fast rate of convergence, it will be shown that the first stage estima-
tion of the propensity score model has no impact on the asymptotic distribution of the ROC curve.
This property simplifies the inference procedure when the propensity score is nonparametrically
estimated or correctly parametrically specified. In particular, it is not necessary to reestimate the

propensity score model in a bootstrap procedure.

Corollary 3.3.2. Under the conditions in Theorem 3.3.1, but let (go (z), g1 (z),co (z),c1 (x)) =
(0,p(x),0,1 —p(x)) (with the corresponding expression in Assumption 3.3.1 to 3.5./ adapting to

the change of notations). Then we have

tn(ﬁ(Qn,ﬁ,a)—ﬁ(Q,p*va))wQly{tQ@[y(l( (z) > k(Q,p"a)) — B(Q,p", )]

p(z)H(z) p' (2) 1 f5(Q.p",k(Q,p", )
dH,—
Y P } Q1 (@ F(Q.p7.0) {
“ d/Hn_lSU}

. Specially, when p* is correctly, i.e. p* (z) = p(x),

QLA ~y) (10" (@) > K (Qp", @) —a)] + tAf (K@) ||Vp <)§L

x

)>D)]

;o — QLA-y1(p*(z
on compact N' < A, A = Q1—y)

then we get

tn (B (Qn,p,a) — B(Q,p", a)) Wé;;{@ ly 1 (p(x) > k(Q,p,a)) = B(Q,p,))]

k(Q,p, )
B m@ [(1—9) (1 (p(z) > k(Q,p,a)) — a)] }

PROOF OF COROLLARY 3.3.2. The whole proof is similar to the proof of Theorem 3.3.1, we only

need to point out that by chain rule

O/Q,p*,k (Q, H7 O)

_ 1 o * (o — o * (1_
s ] CICR ISR RN B B

p(z)) H (z) p' ()
|

dHp_1x |,
[Vp* ()] ' ]
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so we get an additional o term. [ |

Under correct model specification, corollary 3.3.2 implies a computationally feasible functional
delta method for bootstrap in probability. Here, we do not need to recompute / reestimate the
first step model for every bootstrapped sample. On the contrary, the first step only need to be

trained once.
Corollary 3.3.3. Under the conditions in Theorem 3.53.1, let

(£.@0) = (p UK YOI, Qu (X, Y Yy (M)

be the first step estimator and the empirical bootstrapped sample conditional on {(X;,Y;)} ;. As-

sume also t, = /n, then

sup - [Bart (v (8 (@uip.0) = 8(@np ) ) ~ B (3 (@0.0) 0

leBLy ({* (D)

Bl (Vi (8 (Quop o) =8 (@upa))) —Earl (v (8(Qupoa) = 6(Qupia))) —0

*

in outer probability.

PROOF OF COROLLARY 3.3.3. First note that by Assumption 3.3.4, we can evoke Theorem 3.7.1
in van der Vaart and Wellner (2023) to get

p p 0
sup Eypl | v/n — —El — 0,
leBLy (1% (E)x 4% (F)) N
Qn Qx Q
*
D p p p
Eul | v/n — —Eupl | v/ — -0
Qn Qn Qn Qn

*

in outer probability. The results then follow from Theorems 3.10.4 and 3.10.11 in van der Vaart
and Wellner (2023). ]

24



STATISTICAL INFERENCE OF OPTIMAL ALLOCATIONS I

4 Sub (sup) and Fréchet differentiability

We first recall the definition of sub (sup) differentiability. Let E be an open set of R™, and
f+ E — R a function. Then f is said to be subdifferentiable at x, with subgradient p, if

f@) =) +{pa —a)y+o(|a’ —z).

The convex set of all subgradients p at = will be denoted by V™ f (z). If (—f) is subdifferentiable,
then f is said to be supdifferentiable, and the convex set of the negated subgradients for (—f) at

x is denoted as V* f.! It is well known that a convex function f is subdifferentiable with

F (@) = f(2) + o’ — )

for some convex set of p. A concave function h (-) is supdifferentiable with
h (x’) <h(z)+{p,2' —x)

for some convex set of p.

4.1 Social welfare potential function

Given the convexity in A given g (-), a subgradient of (A, g) in A is given by

PN = (Edf (X;X,9) 90 (X),...,Edh (X; X g)gs (X)) (16)

where ¢* (-; \, g) is one of the optimal allocation under the parameter (A, g). To verify by direct

calcuation,

TN g) +{pN), N =X
—ZIE)\]gbj (XX g)g; (X +ZIE i) @5 (X3, 9) g5 (X)

—ZEA’ (X;\9) g5 (X ZIE)\’ (X;X,9) g; (X) =~ (N,q).

The rest of this subsection rigorously justifies calling v (A, g) a social welfare potential function,
with p (A) belonging to the vector field generated by v (X, g).

Recall by the concept of subgradients the set-valued map Vv (), g) : R/t = R/*! where the
symbol =3 indicates that the image of a point under the map is a set. A common function is then
understood as a set-valued map where the image of a single point is a singleton set. The following

definition is needed:

'"We follow the notation convention in Villani et al. (2009).
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Definition 4.1.1. (Conservative set-valued fields, Bolte and Pauwels (2021)) Let D : RP = RP be
a set- valued map. D is a conservative (set-valued) field whenever it has closed graph, nonempty
compact values, and for any absolutely continuous loop ¢ : [0,1] — RP, such that ¢ (0) = £(1), the
Aumann integral of t =3 <€ > is {0}, namely,

L.
fo <e (t),D (¢ (t))>dt

! . . ; (17)
- { L w(t)dt : w (1) : [0,1] — R is a measurable selection of<€ (t),D (¢ (t))>} = {0}.

It is shown in Bolte and Pauwels (2021) (17) is equivalent to requiring that

max <Z U> dt =0,
o0 veD(£

where the integral is understood in the Lebesgue sense, which is possible by Theorem 18.19 and
Theorem 18.20 in Aliprantis and Border (2006). See also Lemma 1 in Bolte and Pauwels (2021).

Another equivalent requirement is

gun <€ 1)> dt =0 for all absolutely continuous loop £.
0 veE

The definition above involves an argmax (argmin) measurable selection, so for any measurable
selection v (t) : [0,1] = RP, v (t) € D (¢ (t)), we have

fol <é (t),v (t)>dt = 0.

Based on Definition (4.1.1), we introduce the following Definition (4.1.2):

Definition 4.1.2. (Potential functions of conservative fields) A function f : RP — R is called a
potential function of a conservative field whenever there exists a conservative field D : RP — RP
such that

f j G (1), D (p (1))t

for all absolutely continuous path p : [0,1] — R? with p(0) =0 and p(1) =

Bolte and Pauwels (2021) shows that a potential function must be locally Lipschitz and their
Theorem 1 states that if a function f is a potential function of the conservative field D then
D coincides with the gradient of f on Lebesgue almost every point where the gradient exists.

Therefore, we can expect that certain kind of nonsmooth functions will generate conservative
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fields by some generalized approach of taking derivatives. In addition, a real-valued convex (or
concave) function is locally Lipschitz and thus Lebesgue almost everywhere differentiable by the
Rademacher’s theorem. See for example Theorem 3.7.3 in Niculescu and Persson (2018) and also
Theorem T.1.2 in the technical addendum T.

Theorem 4.1.1. Let f : R? — R be a convex (or concave) function, then V= f (VT f) = 0f is a
conservative field, where 0f is the Clarke subgradient defined below.

Definition 4.1.3. (Clarke subgradients) Consider a local Lipschitz function f : Q@ — R, where

Q) < R™ is an open subset. For each x € €2, define

£ (2:0) = Timsup fly+ ) - F(y)

y—x A
AL0
= linésup{f(erM)}\)*f(y) :yeQmB(x,e),)\e(O,e)},VveR”,y—i—)\veQ,
el0

and the Clarke subgradient of f at x:
of (z) = {¢eR™: f°(z;v) = (v,£),Vv e R"} 2

Clarke (1975) provides an alternative characterization of Clarke subgradients in R™: Let f :
Q) — R be a function in Definition 4.1.3 , then

Of (x) = conv {khm Vf(zg):xp — 2z, Vf(xk) exists} .
—00
PROOF OF THEOREM 4.1.1. By Proposition 1.2 in Clarke (1975), for convex (concave) functions
[, V= f(VTf)=0f. Furthermore, V™ f () (VT f (z)) = dyf (z) by Proposition 8.12 in Rockafel-
lar and Wets (2009), where 0, f (x) is the general subgradient as in definition 8.3 in Rockafellar

and Wets (2009). Finally, by Theorem 10.49 in Rockafellar and Wets (2009) and Corollary 2 in
Bolte and Pauwels (2021), df is a conservative field. ]

4.2 Envelope like theorem for social welfare potential function

Consider, for a given g (),

()\,,QS* [Z)‘ ¢]gJ] - )‘/79) ’
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by construction, e (\';¢* (+; A, g)) achieves its maximum of zero at X' = X\. When there is no
arbitrariness, we also denote ¢* () := ¢*(;\,g) Note first that E [Z] )\;-qb;‘gj] is everywhere
differentiable in A given ¢* (-) and g (-). Because of the convexity of v (X', g) in X" given g (-),
v (N, g) is differentiable in A’ given g (+) in a set A such that its complement A€ is a Lebesgue null
set. Then for each A € A, and for each selection ¢* given this choice of A, e (\; ¢*) is differentiable
in M at N’ = X. Since zero must be in the set of supgradients at a point of maximum of any

function, there is 0 € V*te (\; ¢* and thus Ve (X ¢* = 0, implying

){X:)\ )|)\’:)\

= VE
N=A

Vv (X, 9) = (E¢tg;,j=0,...,0)".

2 Xidta;
J

N=A

An additional implication of the previous result is that for each A € A, ¢* (x; A, g) is unique in an
T
almost surly sense since the expectation (E(ﬁ;‘ 95,7 =0,...,J ) is uniquely defined.
Intuitively, we expect such envelope theorem like statement remains true with respect to certain

functional derivatives, so that we can discuss the functional derivatives of
e(N,g;0%) =E [Z /\}¢>§g§-] —v (X, g (18)
J

at (N, g) = (N g) (here, ¢* (1) :== ¢*(-;\,g)). This conjecture will be subsequently verified.

Surprisingly, some Fréchet differentiability arguments can be established.

Definition 4.2.1. (Fréchet differentiability) Let X and ) be normed spaces equipped with norm
|- |lx and | - |y, E < X be an open set. Consider the map & : E — Y. Then ¢ is called Fréchet

differentiable at 6 € E, if there is a continuous linear map &, : X — Y such that:

€ (@) = €(0) = & (z = 0)], = o (|2 — 0] x) .-

Before we describe the next result we need to recall several topological and measure theoretic
[¢]

concepts. In a topological space X, if a subset S € X satisfies S = (¥, i.e. the closure of S has
empty interior, then S is called a nowhere dense subset of X. If Z ¢ X is a countable union of
nowhere dense subsets of X', then Z is called a meager subset of X, or of the first category in X.
A subset A — X is called residually many (or just residual) in X if X'\ A is meager in X. A set
B c X is called a G set of X' if B is a countable intersection of open sets; it is call a F, set if it
is a countable union of closed sets.

In Lindenstrauss and Preiss (2003), the authors originate an elaborate concept to describe
the magnitude of sets, call I'-null sets. Let T = [0, 1]N, where N is the set of natural numbers,

be endowed with the product topology and product Lebesgue measure L4. By the Tikhonov
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Theorem, T is a compact space. It can also be metrized by

© Pn ($n7yn)
p(zy) = Z 2" (1 + pn (Tn, Yn))

where p,, is some distance on [0, 1].
By the product o-algebra on the space | [, s, we mean the o-algebra generated by all the

coordinate projections. The product measure then should satisfy

p|[[BiBi < &, and B; # E;,Vie I,B; = E;,Vie N\, where T N,0 < [I| <oo| = [ [ i (Bi),

i i€
where {(E;, &, 1)} is a family of measure spaces. The existence and uniqueness of the countable
product Lebesgue measure is guaranteed by the Kolmogorov extension theorem (See for example
Chapter 1 and 3 in Dellacherie and Meyer (1978)).

Now, let X be a Banach space and ' (X) = {v : T — X} be the space of continuous mappings
having continuous partial derivatives Djy. Equip I' (X) with a topology generated by ||v|lo =
supger [|7 () ||, and all ||y]|x = supwer [|Dry ()], & = 1. Equivalently, the same topology is
generated by all ||v||<x = maxo<i<k [[7]]i, k € N.

Definition 4.2.2. (I'-null) A Borel set N < X is called I'-null if L {t € T : v(t) € N} = 0 for
residually many v € I' (X). If a set A is contained in such a N, then A is also called I'-null.

Now, we can state our result. In the following theorem statement, 1 and 2 follow from the
convexity of v (A, g) in A given each g, and the convexity of v (A, g) in g given each each A, while
3 is needed to account for the non joint-convexity of 7 (A, g) in (A, g).

Theorem 4.2.1. Let v (), g) be a real valued social welfare potential function, where A\ € R7*1
g € X where X is a Banach space. Assume that~ (A, g) is continuous at a point (Ao, go) € R7TI®@X,

then we have:

1. If every separable subspace Y of X has a separable dual space Y*, then for any given X € R/,
v (A, g) is Fréchet differentiable in g on a dense G subset of X.

2. If the dual space X* of X is separable, then for any given A € R7*1 (X, g) is T'-almost
everywhere Fréchet differentiable with respect to g € X. In other words, for any given \ €
RI*L ~ (X, g) is not Fréchet differentiable in g on a T'-null set of X.

3. In addition, If every separable subspace Y of X has a separable dual space Y*, and X can be
continuously embedded into L' (Q, n) (in the sense that for all x € X, |z] 110, < Clz|x
for a constant C'), then v (X, g) is locally jointly Lipschitz in (X, g), and is also jointly Fréchet
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differentiable with respect to (X, g (-)) on a dense subset of R7+1 @ X.

When (A, g) is Fréchet differentiable (totally or partially as in the theorem), the Fréchet derivative
with respect to (A, g) can be calculated to be

(Edigo, - - - Ed5gs) , (BAods, - .., EAs¢%))T (19)

where

¢ (1) = 8" (A, g) = argmaxE [Z Aj®j (X) g (X)]
#()e® j

in the u almost surely sense, where u is the distribution of X.

PRrROOF OF THEOREM 4.2.1.
step 1 First, it is direct that ~ (A, g) satisfies subadditivity and is also positive homogeneous of
degree one with respect to both A\ and g (-), separately,

TXg+d)<vNg+r(Ng), YA+ XN, 9) <v(Ng) +v(N.9),
y(aX,g) =av(Ng), v(Aag)=ay()g), foral a=0,

implying that ~ (), g) is convex in g (-) given A and is convex in A given g (-). Note that when
X is infinite-dimensional, a real-valued convex function is not necessarily continuous (there is
always a noncontinuous linear functional on X’). Fortunately, a real-valued convex function on a
Banach space is either continuous at evey point or discontinuous at every point of its domain (see
for example Proposition 3.1.11 of Niculescu and Persson (2018)). So by assumption, 7 (X, g) is
a convex continuous function. Now, for condition 1, we can directly evoke Theroem 2 in Stegall
(1978); for condition 2, we can directly evoke Corollary 3.11 in Lindenstrauss and Preiss (2003).

step 2 From now, without loss of generality, we may assume that R/*! x X is equipped with

the norm (Hr”2 + |x|§(>% Let & be a Banach space such that every separable subspace ) has
a separable dual space Y*, Z < R/t x X be a separable subspace of R/T! x X. Then, &’ =
{z:3(r,x) € Z} is a subspace of X, R' = {r:3(r,z) € Z} is a subspace of R’*! and Z c
R’ x X'. The separability of Z implies the separability of X’. Note that the dual space of
R’ x X' isometrically isomorphic to (R')* x (X")*. Obviously, R/*! is a separable Banach space
with separable dual, so by the separability of (X’)*, (R’ x X")* is separable. Let z* € Z*, by
Hahn-Banach theorem, there exists an element (r,x)* € (R, X’)* such that (r,2)* |z = 2* and
|z*| = | (r,2)*|. Therefore, with some misuse of language, we can write that Z* < (R’ x X’)*.
Therefore, the separability of (R’ x &’)* implies the separability of Z*. In another word, if Z is

a separable subspace of R7*! x X, then Z* is separable.
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step 3 We need to prove that 7 (), g) is locally Lipschitz continuous. Note that

DNl gl ¢j] < (2 P\j\) Elgil .
7 7

7 (A g) = supE [2 Aj¢jgj] <supE
PP J ped

By the continuous embedding assumption E |g;| < C'|g;| , for some constant C'. Consider an open
neighborhood B) 4, := B (A, ) x B (g, ) for arbitrarily chosen (, g) € R7*1 x X, where open balls
B (A7) and B (g,r) are taken in R/*! and X respectively. Obviously, there exists a constant M
such that VX" € B (A, r), [|X|| < M. Therefore, for all (X, ¢') € By g, v(N,g¢') is upper bounded.
Now, we can show that v (X, ¢’) is also locally lower bounded near \,g. Let z = g + p(g0 — g)
such that gg € X', z € B(g,r) and p > 1. It is not hard to see such a point z exists. For arbitrarily

chosen X' € B (\,r), consider

Vz{v:vz(1—1>g+1Z,QEB(9aT)}~
4 p

V is equal to the ball in X with center gg = (1 — %) g+ %z and radius (1 — %) r.For all v € V,
(291 —v) € V, so there is

1
y ()\', v) + 57 ()\', 2g1 — v)

| =

Y ()‘,a gO) <

which implies that

v (N, v) =2y (N, q1) =7 (V291 —v) =29 (N, 1) — M.

Since v ()X, go) is convex with respect to A on R7*1! it is locally Lipschitz with respect to X, see
for example Lemma 14.26 in Villani et al. (2009). So we get that v (X', g) is locally bounded on a
neighborhood of (A, g). We may still denoted the bound as M.

step 4 Now, we can prove that v (-,-) is jointly locally Lipschitz. Let g1,92 € B(g,7"), g1 #
g2 where ' is taken small enough such that for all X' € B(\,r), |[y(N,¢')] < M for all g €
B (g,2r").Next, let w = g3 + % (92 — g1) where d = g1 — g2| . Obviously, w € B (g,2r") and
g2 = ﬁgl + %Liw. By the partial convexity of v (+,-) and let X' € B (A, r),

Then, we have

d d
7 (Vig2) =7 (Vog) < o (P (Vow) =y (Vogn)) < 5 ( (Vsw) =7 (Xog1))
20 2M
< oM =—7lgz —gslx-
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Therefore, there exists a constant M, a neighborhood N, of g and a neighborhood N of X such
that for all \' € Ny, v (X, -) is Lipschitz with the constant M; on N;. Similar, v (-, g) is also locally
Lipschitz in the above uniform sense with a constant M,. Now, in a neighborhood of (X, g), we

have

(N g) = (Vg <y (Vog) =7 (Xog) |+ [y (N 9") =7 (V9"
< (Ml + Mg) H(/\/7g/) _ ()\//’g//)

|RJ+1><X '

Now, we can directly evoke the Theorem 2.5 of Preiss (1990) to get that v (-,-) is Fréchet differ-
entiable at least on a dense subset of R/t x X.

step 5 In order to calculate the Fréchet derivative of y (A, g) at those Fréchet differentiable points,
we use the auxiliary function defined in (18). E [Z y )\;gZ);" gé] is continuous linear by Proposition
3.1.11 in Niculescu and Persson (2018) and thus Fréchet differentiable with respect to (A, g) with
the derivate in the right hand side of (19). Obviously, e (X, ¢’;$*) is concave and achieves its
maximum at (A, g). Therefore, by Theorem 3.6.11 of Niculescu and Persson (2018), we have
0e VTe(N,d50%) [nv,g)=(rg) So, if v (X, g') is Fréchet differentiable at (A, g), by Propsoition
3.6.9 in Niculescu and Persson (2018),

VIV 650%) lovgn=0ng) = {€ (V058" ovg-g) § = {0}
Now, the proof ends with direct calculation. [ |

The conditions for Fréchet differentiability stated in Theorem 4.2.1 originate from the partial
convexity of v (A, g) in either A or g, and the joint local Lipschitz property of v (A, ¢) in (A, g) and
make use of the key results Stegall (1978) (Theorem 2), Lindenstrauss and Preiss (2003) (Corollary
3.11) and Preiss (1990) (Theorem 2.5). Namioka and Phelps (1975) attributed a space X" such that
every separable subspace ) of it has a separable dual space Y* to Asplund (1968) as an Asplund
space.

Theorem 4.2.1 essentially shows that, under mild conditions, a generic point® can support tak-
ing the Fréchet derivative of (A, g). In Chernozhukov et al. (2018b), Hadamard differentiability
is verified by direct calculations with great details of the partial effect quantile function (called
sorted effect therein). We have demonstrated how to reformate their approach in section 3. Com-
pared with Chernozhukov et al. (2018b), the assumptions in Theorem 4.2.1 is not more restrictive
in several senses. First, Hadamard differentiability implies continuity (See for example Averbuh
and Smoljanov (1968)). Second, it is well known that for a measure space (€2, F, i) such that F
is separable or countably generated, and p is o-finite, L, (Q2) is separable for 1 < p < 0o, which
implies that L, (€2) is separable and reflexive when € is a Polish space, F is the Borel o-algebra,

and p is a probability measure. Furthermore, when €) is an open subset of R™ and F is the

3A generic property is one that holds on a residual set.
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o-algebra of Lebesgue measure, and p = £, the n-dimensional Lebesgue measure, both Ly ()
and the Sobolev space W*P (Q) is also separable and reflexive. Third, we do not directly make
assumptions about the underlying distribution pu, such as requiring compact support or having a
continuous density function.

Given convexity and local Lipschitzness, Under the conditions of Theorem 4.2.1, generic Fréchet
differentiability follows from convexity and local Lipschitzness. Consequently, Fréchet differentia-
bility (which is stronger than Hadamard differentiability) is a reasonable assumption. The generic
Fréchet differentiability property here provides a conceptual justification of the functional differ-
ential methodology in Chen et al. (2003) and Chernozhukov et al. (2015). Theorem 4.2.1 also
differs from the envelope theorems in Milgrom and Segal (2002). Milgrom and Segal (2002) char-
acterized possibly non-convex problems for finite dimensional relevant parameters, while in this
work, Theorem 4.2.1 focuses on a generic property for larger relevant parameter spaces.

Condition 2 in Theorem 4.2.1 requires that X'* is separable, which is more restrictive than the
Asplund space in condition 1. Theorem 2.4 in Lindenstrauss and Preiss (2003) shows that on R™,
a I'-null set is equivalent to a set with Lebesgue zero. By the Rademacher Theorem again, given
g, v (A, g) is I'-almost everywhere differentiable with respect to .

For a Banach space with a separable dual space, part 1 of Theorem 4.2.1 shows that the set
of non Fréchet-differentiable points is contained in a meager F, set, while part 2 of Theorem 4.2.1
shows that it is also a I'-null set. In other words, the set of non Fréchet differentiable points is a
I'-null set, and is contained in a meager F, set. However, to the best of our knowledge, there is no
general ordering between I'-null sets and meager F, sets. Even in the simplest case R, there are
interesting counterexamples. The Smith-Volterra-Cantor set (or called fat Cantor set) is closed
and nowhere dense and thus meager F;, but of positive Lebesgue measure. It is also possible to
construct a dense G5 subset B of R with zero Lebesgue measure that is not a meager F, set (by
the Baire theorem). To construct B, enumerate the rational numbers as Q = {q1, 2, . ..}, and put
P, = U;O:I B (qj, 277 /n) for positive integers n. Define B = (’r_; P,. Since P, is open for every

positive integer n, we have B is a G set. The set B has zero Lebesgue measure because

M(B)éu(Pn)SZu(B(qj,Q_j/n)):Z =%—>0asn—>oo.

It is worth noting that the concepts of meager F, sets (the complement of dense G sets) and
I'-null sets are among a collection of related definitions used to describe the smallness of sets. Part
1 of Theorem 4.2.1 describes a pure topological property of the set of g € X at which ~ (X, g) is
Fréchet differentiable, while part 2 of Theorem 4.2.1 is both topological and measure theoretic in
nature. Under the conditions of part 2 of Theorem 4.2.1, the set of g at which v (], g) is not Fréchet
differentiable satisfies other smallness properties. For example, on the one hand, by Theorem 1

in Preiss and Zajicek (1984), if X' is a Banach space with separable dual space, then a continuous
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Figure 1: Relation between different concepts of small sets

{ o-porous ) [ nowhere dense }
c
{ meager F, }
L I'1-null J

=

convex function f on X is Fréchet differentiable outside a o-porous set. By Theorem 10.4.1 in

Lindenstrauss et al. (2012), a o-porous set is also a I';-null set. On the other hand, by Proposition
5.4.3 in Lindenstrauss et al. (2012), if A ¢ X is a I'-null and F, set, then it is I';, null for every
n. To recapitulate, o-porous is a metric space concept, while I';,-null is a topological and measure

theoretic concept. These relations are illustrated in Figure 1.

Definition 4.2.3. (Porous and o-porous) A set A in a Banach space X is called o-porous if it is a
countable union of porous sets. A porous set £ — X is such that there exists 0 < ¢ < 1, and for all

x € X, and for all € > 0, there is a y € X satisfying 0 < d (z,y) < € and B (y,c-d(x,y)) n E = &.

Definition 4.2.4. (T',-null) Consider T, (X) = C!([0,1]",X) equipped with the | - | <, norm.
Then a Borel set A < X is called I',-null if

L{te[0,1]" : v (t) € A} = 0.

for residually many v € I'), (X). If A is not Borel, it is also called T',-null if it is contained in a

T',,-null Borel set.

When A is given and fixed, a stronger global Lipschitz continuity property can be seen to hold

based on |max;{a;} — max;{b;}| < max;|a; — bj|:
mae g} (2) — max \jg; (2) < max Ayl [gf (2) g (2)].

It then follows that

7 0,5) =7 (\ )] < Emax |\, (X) = g; (X)] < max ][ = gl 2 < max Al 15 = e p > 1
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where § is an estimator of g. Assuming measurability, we have
En v (X,9) =7 (X )l < max |A;[En g = glp, p =1
where E,, applies to the estimation uncertainty in obtaining g (+).

4.3 Fast convergence rates

It is also worth noting that our analysis is closely related to the fast learning rates for plug-in
classifiers in Devroye et al. (1996) and Audibert and Tsybakov (2007). To illustrate these results

consider a weighted version of the population accuracy measure defined as

y(r,p(),R) =E[rY1(X€R) +(1—7)(1-Y)1(X € R°)]
=E[1-7)A-pX)]+E[(p(X)—-(1-7))1(X € R)]

Then an optimal choice of R, which is 1 (p(x) > (1 — 7)), for a given 7 leads to
7(r,p()) = maxy(7,p (), R)
=E[Q-m)A-pX))+E[X)-(1-7)1(X)>1-7))].

The welfare regret is defined as the difference between the optimized population welfare and the

feasible welfare based on an estimate of the optimal policy R = 1 (p (z) > 1 — 7):
1 () =7 (rp (). B) =E[p(X) ~ (1 - 1) A p(X) > 1-7) = 1((X) > 1 - 7))
=E[l(p(X)-A=-m)[ApX)>1-7)-1(X)>1-7)]].

The key insight for analyzing convergence speed of above regret is that on the set where 1 (p (z) > (1 — 7))—
1(p(z) > (1 —7)) #0, or whereeither {p(z) >1—7,p(z) <1—7}or{p(x)<1—7,p(z)>1—7}

p(z) —(1—7)[<|p(z) —p()].
Therefore the regret can be bounded by,

Y p ) = (rp (), R)| < Ep(X) = p (X1 (0(X) > 1= 7) = 1((X) > 1 = 7))]

<§cg§\p(m)—ﬁ(az)lEl(1(p(X) >1-7)=1(H(X)>1-1))|

As in Chen et al. (2003), for d,, = sup,ey |p () — p (z)],

(L(p(x) >1=71)=1(p(2) > 1=7))| <117 =0, <p(2) <1 =7 +5).
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As such the regret can be further bounded by

V(Tap(‘))—W(T,p('),R)‘ <6GPA—7-0,<p(X)<1—7+0,)

Under the conditions in section 3 (see for example Proposition 3.2.3) where p (z) has a bounded

density at 1 — 7, for a constant C,
Pl—-—7—-6,<p(X)<1—-7+96,) <C4,.

In conclusion,

v(r,p () =~ (T,p () ,R)’ < C§2. Many nonparametric estimators p (z) achieves

0n = Op <n_m log n) where d is the dimension of x, and 8 a smoothness parameter, implying
that

12 () =7 (rp (). R)| = Op (v 777 log?n)

and whenever § > d/2,
() =7 (e () R)| = 0p (n77).

Note that in the above, we provide primitive conditions that offer the case of o = 1 for the margin
assumption (MA) in Mammen and Tsybakov (1999), Tsybakov (2004), Boucheron et al. (2005),
Audibert and Tsybakov (2007), Kitagawa and Tetenov (2018) and Luedtke and Chambaz (2020).

The misclassification error rate in Audibert and Tsybakov (2007) is the most important case

1

of the weighted population accuracy (20) where 7 = 3, since

P(Y#1(XeR)=1-P(Y =1(X € R))

:1_2{;EY1(XGR)+;E(l—Y)l(XeRC)}
= 1_2’}/ <;,p(')7R>’
where p (z) = E(Y|X = z).

Recall that in a general discrete allocation problem, we define welfare under policy as

J
v\ g.¢) = [Z Ajd; (X)Y;| =E [Z \io; (X) g (X)] ,
§=0

where g; (z) = E (Y;|X = z) and ¢; (z) = 0,Vj, ijo ¢j (x) = 1. Then an optimal choice of ¢ (-),

which be given by (2), for a given A leads to the social welfare potention function (1). The feasible
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analog based on an estimate § (x) should then satisfy

1, if )\]g] (X) >>\l§j (X), Vl?ﬁj,
¢; (X) =
0, if )‘jgj (X) < )\l.@j (X) , 3l # J-

If there exists some [ such that \;g; (X) = NG (X), then ¢ () can be divided among all the
maximal indexes. In the following we adopt a convention of allocating the optimal ¢* () and
qg(x) such that all the weight among the maximal indexes is allocated to the smallest index

member:

J
= ] 1Ny (@) = N (@ Hl Aigi (z) > Ngi (z)),

I=j+1 =0
J —1
= H 1<)\jgj( )\lgl Hl ]g] > /\lgl( ))
l=7+1

The welfare regret is defined as the difference between the social welfare function and its feasible

version based on the plug-in estimate of the optimal policy:

Y0 g,6%) =7 (M9.6) = i E [ Nig; (X) (65 (X) = & (X)) ]

Note that by definition, for each z, ¢} (z) is either 0 or 1 for each j = 0,...,J. Furthermore, one
and only one of ¢¥ (z) out of j =0,...,J takes the value 1. The same is also true for gzgj (x) for

each z. Therefore we can write

v(Ag,0%) =7 (/\,g, &)

= E | Y (Nigi (X) = Ajg; (X)) oF (X )@(X)]
_iij
<SE| D igi (X) = Ajg; (X) — (N (X) = Ny (X))| ¢F (X) & (X)]
z;é]
. (21)
=E Z’)‘zgz = Xjgj (X) = (Nigi (X) — Ny (X >)|1(¢z< ) = ¢j(X)—1>]
z;ﬁj
<E |3 s () = Mgy (X) = i (X) = Mgy ()1 (67 (X) # 6(X )]
z;ﬁg
SE | D] g (X) = Xigj (X) — (Mg (X) = Ajgs (X VZ\lkl_lkl‘]
REZ] k+#l

37



FENG AND HONG
where we define, for k # [, k, 01 =0,...,J,
15 (@) =1k <1)1(Mggr () = Nagi (z)) + 1 (k> 1)1 (Mggr () > Ngi (z)) .

and

L (z) = 1(k <1 (Agr (z) = Mg (z) + 1 (k> 1)1 (Aegr (z) > Ngi (x)) -

As previously, following Chen et al. (2003), for 6, = sup,cy max;—o,.. 7 |Ajg; () — A;g; ()],

’1;;[ — ikl| <1 (_2(5n < /\kgk (.Z') — )\lgl (.1‘) < 2(5n> . (22)

Then we can further bound the regret as

(A g,0%) — v (A,g,qB) <2(J + 1?6, D P (=26, < Argr (X) — Nigr (X) < 26,,) .

k#l

Under the conditions in section 3 where for each pair k& # [, A\ggr (x) — A\ig; (x) has a bounded
density at zero, P (—26, < Argr (X) — \igi (X) < 26,) < C6y, leading to

7 (A g, 9%) = (A,g,és) < Co2.

__B
Given nonparametric estimates of g; (x),j = 0,...,J achieving 6, = Op <n 28+d Jog n), there is
~ _ 28 9
’7 (A g) = (%g, ¢)‘ = Op (n 25+d log n)

and whenever 5 > d/2, |y (X, g) — v ()\,g, (;3) | = op (nfé)

The unknown social welfare potential function Sy = v (A, g) = Emax;j—_g_. s Ajg; (x) can be es-
timated by its sample analog 4 (X, g (+)) = % Zzil max;—o,..j Ajgj (X;). Following Chernozhukov
et al. (2018a) and Chernozhukov et al. (2022), we consider a Neyman-orthogonal debiased version
as, where with Y; = Zj 0 DijYij,

n J ..
j = nizz s 06) 05 060 + 508 v = g ()|

where Dij = 1if Dz = j, bj (mz) = P(DU = l‘XZ = I'Z‘), gj (.%'Z) = E(Y}’DZ] = 17Xi = 1‘Z) We
should note that Luedtke and Van Der Laan (2016b) and Luedtke and Chambaz (2020) utilize a
formula similar to the one above for the binary case under empirical process settings. In a split

sample scheme, p(-) and §(-) that are applied to each X; are obtained in a different subsample

38



STATISTICAL INFERENCE OF OPTIMAL ALLOCATIONS I

that excludes {X;}?_,. The goal is to show that

n’ J .
V! (5 - 50) = \/177151 (J;) Aoy (Xi) [gj (Xi) + ij(;j(i) (Y: — gj (Xi))] - ﬁo) +op(1).

This will follow if we can show that A = op (1), where

For this purpose we decompose A = A1 + As, where

/

n' J ) N
v IIEYOTE: [ (X)) + m—mxm—mxi)—,D”,m—mxm]
i=14=0

.

and

Ay = 1 'n zjz Aj <<Z5J (Xi) — ¢ (Xi)) [gj (X;) + p]l();](,) (Y — g; (Xi))} )

P} (Xi)

i (Xi) [(1 - pjl?;?i)) (95 (X3) — g5 (X3)) —

(Yi — g; (X)) (95 (Xi) — pj (Xi))] :
Then we can write, when p (x) and p (x) is bounded away from zero,
1 n J
/\4 . 2
A1 - Ay < OW;;O(L% (X3) = g5 (X0 + 155 (X3) =y (X))

Under suitable conditions, |[A; — Az| = op (1). To see that Az = op (1), note that by the split
sample scheme, conditional on the estimate p (-) and g (), EAs = 0,

Var (As) <2 Z /\2< [(])g))() (5 (X)) — g(Xi))* o (Xz‘)Q]

+E [ng (X:)? Var (Y;|X;, Dij = 1) (X)) (p(Xi)—p (Xi))2]>

<O (E(3(X0) — g (X)) +E( (X,) —p (X))
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Next we decompose Ay = AL + A2, where

and

To see that A} = op (1), note that EA} = 0, and

J 9 1 J 2
Var (A}) < Z [( — 6 (X)) pJ(XZ)Var(Y|XZ,DU—1] Z (4 (x0) =5 (X)),

which is bounded using the same method as in the following. Using arguments analogous to (21)
and (22), we can further bound |A3|

n' J
83— o= M0 (4 () = 65 (X)) g5 ()
1

i=14=0
< NG Pater! [ Apgp (Xi) — Aqgq (Xi) — (Apdp (Xi) — Aqdq (Xi))| & (X, ) q (Xi)
\/17, [|/\pgp — Agdq (Xi) — (Apdp (Xi) — Agdq (X4))[ 1 <¢* (Xi) # é(Xz)ﬂ
n/z:1p¢q

2 Z [p‘pgp — Ag9q (Xi) = (Mpdp (Xi) — Agdq (X 2 |1kl - 1k:l (X; )‘]
i=1p#q

2(J +1)° Z Z 1 (X)) — 1w (X5) |

z 1 p#q

Given that —A32 > 0, to show that A2 = op (1), it suffices to check that

—EA2 < ECS, V1! Z |15, (X3) — 1pg (X3)|

P#q

< CVn/ES, Y P ( < Mg (X) = Mgl (X) < 20,)
P#q

= CVI'ES =0 (1),

where we implicitly require that lim,_ o Z = p, 0 < p < 0. We should also note that in the
above, we somehow misuse the notation C. They should be understood just as some constant,

and they are not necessarily equal to each other.
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5 Conclusion

In this paper, we explore a functional differentiability approach for a class of statistical optimal
allocation problem. Inspired by Chernozhukov et al. (2018b), Hadamard differentiability is fa-
cilitated by a study of the general properties of the sorting operator. Our derivation depends
indispensably on the concept of Hausdorff measure and the area and coarea integration formula
from geometric measure theory. Based on our general Hadamard differentiability results, we have
showed in subsection 3.3 that both the asymptotic properties of the value function process of
the binary constrained optimal allocation problem and the two-step ROC curve estimator can be
directly derived from the functional delta method. When the first step propensity score estima-
tor is correctly specified, a computationally feasible bootstrap procedure is also validated for the
two-step ROC estimator. More surprisingly, utilizing deep geometric functional analysis results
on convex and local Lipschitz functional, we can demonstrate generic Fréchet differentiability for
the social welfare potential function. These intriguing results further motivate us to deliberate on
estimation methods that take into consideration the first order term of the social welfare poten-
tial function. Combining techniques from the literature of nonsmooth method of moment, plug-in
classification and the recent development of double / debiased machine learning, we provide a debi-
ased estimator of the social welfare potential function. Here, the conditions required for Hadamard
differentiability validate the margin assumption, which leads to a faster convergence rate.

We deliberately avoid aiming for more general but also more complex conditions in the appli-
cation subsections 3.3 and 4.3, in order to highlight our concise methodology. Besides the details,
a key message we would like to convey in this paper is that the value functions of the optimal allo-
cation problems are usually more regular than expected. Much can be done by taking advantage
of the regularity property. Extensions and generalizations of this paper, including semiparametric

efficiency and multiclassification ROC surfaces, are studied in follow-up work by Feng et al. (2024).
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T Technical addendum

T.1 Supplementary definitions and results
Theorem T.1.1. Carathéodory criterion
Let u* be an outer measure on a set O. A subset E < O is said to be p*-measurable if
p(T)=p* (T nE)+u* (T nE° YT cO.
Let M be the collection of all p*-measurable sets. Then M is a o-algebra, and the restriction of
w* to M: = p*|pm,p(E) =p*(E), E e M satisfies:
(a) (O, M, 1) is a complete measure space.
(b) If E< O and p* (E) =0, then E € M and thus u(E) = 0.

From now on, we may also call a p*-measurable set a p-measurable set. If u* is a metric outer

measure, then

(¢c) B(O) c M, i.e. M contains all Borel sets of O and thus (O, B (O), ) where u is implicitly

further restricted to B (O) is a Borel measure space.

Theorem T.1.2. Rademacher theorem
Let myn € {1,2,...}, E < R™ be an open set, f : E — R™ be a Lipschitz function, then f is

differentiable L, a.e. and the gradient V f is a measurable function.

Theorem T.1.3. Whitney extension theorem
Let E c R™, me {1,2,...}, E a closed set, f : E > R, g : E — R"™ be continuous functions.

Denote

f(x) = fla) —g(a)(x —a)

|z —a

R(z,a) = , v,a€ E,x # a.
If for all compact set C € F,

sup{|R (z,a)||0 < |z —a| < d,z,ae C} -0,
as 6 | 0. Then there exists a C' function f :R™ — R such that

fle=f Tle=1"

Theorem T.1.4. Lusin theroem

Let u be a Borel regular measure over a metric space X, m € {1,2,...}, f: X — R™ be a u
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measurable function, E < X be a p measurable set, p(FE) < 0. Then for arbitrary e > 0, there

exists a compact set C < E such that p (E\C) < € and f|c is continuous.

Theorem T.1.5. Egoroff theorem
Let p be a Borel reqular measure over a metric space X, m € {1,2,...}, {fn} be a sequence of u

measurable functions fp, : X - R™, f: X — R™ be a p measurable function. If

fo(x) > f(z), pae xeE,

where E < X is u measurable, u (E) < 0. Then for arbitrary € > 0, there exists a p measurable
set S < E such that pn (E\S) < € and

fn — f, uniformly on S.

Definition T.1.1. (Vitali cover) Let E < R™, m € {1,2,...}. If V is a collection of closed balls
or closed cubes in R" such that for all x € E and arbitrary € > 0, there exists B € V such that
r € B and diamB < ¢, then V is called a Vitali cover of E.

Theorem T.1.6. Vitali covering theorem
Let E < R™, V is a Vitali cover of E. Then, there exists an at most countable disjoint subset

{B;} <V, such that

ck (E\UBj) =0.

Theorem T.1.7. Isodiametric inequality
For all set E < R™, me{1,2,...},

£*(E) < am (dlam E> .

2

Theorem T.1.8. Coincidence between Spherical Hausdorff and Hausdorff outer measures
For all set E < R™, me{1,2,...},

S *
Hy' =H,,,

where Hf{", the spherical Hausdorff outer measure is defined as

diam B;\™
S . . .
HI* = 151?(()1 inf {J; Qm (23) Fc JQ Bj,diam B; <4, B; is a closed ball} .
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Definition T.1.2 (Clarke Jacobian). Let F' :  — R™ be a locally Lipschitz function, where
2 < R" is an open set. The Clarke Jacobian of F' at x € €, denoted as J.F (x), is

JoF (x) = conv {khm JF (xg) : xp — x, JF (x)) exists} :
—00

Theorem T.1.9. Nonsmooth implicit function theorem
Let F : Q — R™ be a locally Lipschitz (C*) function, where Q < R™™ is an open set. Assume
that (xg,yo) is such that

1. F(zo0,y0) = 0.

2. JeyF (x0,y0) is full rank in the sense that all matrices in JeuF (x0,y0) is full rank, where

JeyF' (x0,Y0) consists of all mxm component matrices in J.F (xo,yo) written as [Apmxn, Bmxm)]-

Then there exists an (n + m)-dimensional interval I = I x I < ), where for some positive

vectors a and 3,
I, ={zeR": |z —ao|<a}, I,={yeR™:|ly—uy|<p},

where |x — x| < a means that |x; — ;| < oy for a = (a1,...,an), and a Lipschitz (C) function
§: I} — 1 such that for all (z,y) € I x LY,

F(z,y) =0ey=_~,(2).

Theorem T.1.10. Morse-Sard theorem
Let f € C" (U,R™), where U € R™ is an open set, r > max (n —m,0), then the set of critical

values of f of zero Lebesgue measure and is meager.

Theorem T.1.11. Partition of unity
Let B4, ..., E}, be open sets in R™ and K a compact subset oij K;. Then on can find ¢; € C (Ej)
so that ¢; = 0 and Zlf ¢; < 1 with equality in a neighborhood of K.

Definition T.1.3. (Continuous convergence) Let X', be two metric spaces, and {f,} be a se-
quence of mappings f, : X — Y. Given f : X — Y then f, convergence to f continuously if

fn () — f(x) whenever {z,} c X,z e X, x, — .

Lemma T.1.12. Equivalence between uniform convergence and continuous convergence

Let X and Y be two metric spaces, and {fn}, f be mappings from X to .

1. If X is compact and f is continuous then f, — f continuously if and only if f, — f

uniformly in X.
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2. If fr, = [ continuously then f is continuous.

As a consequence, if X is compact then f, — f continuously if and only if fr, — f uniformly in

X and f is continuous.

Proor or LEMMA T.1.12.

1. If part: Let d be the metric on ). For f, — f uniformly and x,, — x we have

d (fo(zn), f(2)) < d(fo(zn), f(zn)) +d(f (20), f (2))
<supd (fu (zn) , f (zn)) + d(f (z0), f (2))-

reX

As n — oo, the first term goes to 0 by uniform convergence and the second term goes to 0 by
continuity. Only if part: Prove by contradiction. If f,, — f continuously but not uniformly. Then

there is a subsequence {ny} and € > 0 such that for all ny

sup d (fu, (2, f () > 2e.
rzeX

By the definition of sup there is a sequence {zj} such that

d(fny, (&), f (21)) > € (23)

Since X is a compact metric space there is a convergent subsequence {x/} of {z} with zx — z0.

Continuous convergence and continuity of f require

d (fu, (@w) . f(aw) < d(fa, (@), f(@0)) +d(f (20), f (zx)) =0

which violates (23).
2. Let dy be the metric on X'. Suppose {z,} is an arbitrary sequence that converges to x. For all

k, consider sequence {fn, (km)}, where dy (Tg m,xr) < % By continuous convergence,

lim fm (xk,m) = f (xk) .

m—0o0

Therefore there exist ny € N, such that for all n > ny,

1
d(fo(zrm), f(2r)) < 7
Next consider a sequence {y,}
{yn} = xl,nl 7'%.2,77,1-1-7127"‘7‘rk72§:1nj7"'
ni1—terms ng—terms
ni—terms
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Since y, — = as n — o0 by continuous convergence f, (y,) — f (z). Write Zk nj as Zk nj.

j=1
Note that Yk, = Tk fzk n (yzk nj) = fzk n (xhzk nj), we have

st r0) - £
Then by

A(f @0 f @) <d(F@n)s fr, (Bsn,)) + 4 (Frn, (Tsrn,) @)

<d
1
<E+0(1),

f is continuous. [

For the Rademacher theorem T.1.2, see Theorem 2.10.43 in Federer (1969). For the Whitney
extension theorem T.1.3, see Theorem 6.10 in Evans and Garzepy (2015) or Theorem 3.1.14 in
Federer (1969). For the form of the Lusin theorem T.1.4 and the Egoroff theorem T.1.5 used here,
see Theorem 2.3.5 and Theorem 2.3.7 in Federer (1969), respectively. For Vitali covering theorem
T.1.6, see Theorem 1.10 in Falconer (1986). For the isodiametric inequality T.1.7, see Theorem 2.4
in Evans and Garzepy (2015) or Corollary 2.10.33 of Federer (1969). For the relationship between
the spherical Hausdorff outer measure and the Hausdorff outer measure, see 2.10.6 in Federer
(1969). For the nonsmooth implicit function theorem T.1.9, see Clarke (1976) and Theorem 11
of Hiriart-Urruty (1979). For more information about the Morse-Sard theorem T.1.10, we refer
to Figalli (2008) and its renowned infinite dimensional version Sard-Smale theorem from Smale
(1965). The form of the partition of unity theorem T.1.11 is taken from Theorem 2.2 in Grigoryan
(2009). See also Theorem 3.5 of Grigoryan (2009) for a manifold version. Most of these results
have been rewritten to comply with the convention and styles used in Evans and Garzepy (2015)
and Lu (2019). The proof of part 1 of Lemma T.1.12 comes from Resnick (1987), we remove the
separable space requirement in the premise. Actually, if X' is a compact metric space, then X is

separable, a countable dense subset of X can be constructed by the totally boundedness of X.

T.2 Geometric interpretation of Hausdorff measure

In the following proposition, we explain intuitively how Hausdorff measure generalizes the usual

conceptions of area and volume.

Proposition T.2.1. Let k€ {1,2,...,n}, matriz A € R"™* then

(i) if rank (A) < k, that is det (AT A) =0, then Hy, (A(E)) =0 for all E = R*.
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(i) if rank (A) = k, that is det (AT A) > 0, then for all E < RF,
E is Lebesgue measurable < A (E) is Hy, measurable.
When either of the sides holds, Hy (A(E)) = +/det (ATA)Ly (E).

Proposition T.2.2. Let k€ {1,2,...,n}, matriz A € R¥*" then

(i) if rank (A) < k, that is JA = /det (AAT) = 0, then Hp— (E 1 A1 (y)) =0 for Ly, ae. y €
R* for all E c R™.

(ii) if rank (A) = k, that is det (AAT) > 0, then for all measurable E = R", y € R* —
Hop—k (E nAL (y)) is L1, measurable, and

JA-£n(E)—f

JA(z)dLyx = Hok (B A7 (y)) dLyy.
E RE

Proposition T.2.1 provides the geometric meaning of the Hausdorff measure. Consider the
set A ([O, 1]k) ,Ae R ke {0,1,...,n}, denote the column vectors of A as ay,as,...,ax. Let

e=(e1,e,...,ex)" € ECRF then Ae = Zle e;a;, therefore

k
A ([o, 1]’“) - {Z eiaile = (er,ea,. .. ex)" € [0, 1]’“}

i=1

is the parallelepiped spanned by vectors aj, ag,...,ar. By Proposition T.2.1,

Hy (A ([o, 1]’f)) — \/det (AT A).

We point out that 4/det(ATA) is the k-dimensional volume (in n-dimensional space) of the
parallelepiped spanned by the column vectors of matrix A. To see this, first consider the k = n
scenario. In this case 4/det(AT A) = |det (A)|. Denote the volume of the parallelepiped spanned
by A as vol (A), or more transparently as Vol (a1, az, . . ., ay) where {a;}}_, are the columns of A.
The volume of a parallelepiped is the “area’” of its base, times its height. A base is the parallelepiped
determined by arbitrarily chosen k& — 1 vectors from {ai}le, and the height corresponding to this
base is the perpendicular distance of the remaining vector from the base. Denote the remaining
vector as a;. If a; is scaled by a factor of ¢, then the perpendicular distance of a; from the base
and thus the volume will be scaled by a factor of |c|. If a; is translated to a] = a; + wa;,i # j,

since a; is parallel to the base, the height and thus the volume will not change?, i.e.

Vol (a1, ..., ca; + way, ..., a;) = |c[Vol (a1, ..., ai, ..., ax). (24)

4See https://textbooks.math.gatech.edu/ila/determinants-volumes.html for a visualization.
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Swapping two columns of A just reorders the vectors {ai}le and will not change the volume,
Vol(al,...,ai,...,aj,...,ak) :Vol(al,...,aj,...,ai,...,ak). (25)

Since | det (A) | can also be characterized by the properties (24) and (25) and | det () | = Vol (I) =
1 where Iy is the k x k identity matrix, we have 4/det (AT A) = | det (A) | = Vol (A).
When k < n, using the Singular Value Decomposition A = UXV where U,V are orthogonal

matrixes and ¥ a rectangular diagonal matrix with non-negative real diagonal:

\/det (AT A) = \/det ((UEV)T UEV) — \/det (Z7%)

where XY is a k x k diagonal matrix. We claim that the k-dimensional volume (in n-dimensional
space) of A is also 4/det (X7Y). In particular, since orthogonal transformations preserves inner

products and thus lengths (norm) and angles,

Vol (4) = Vol (USV) = Vol (ZV).

Note that, if we choose a orientation for a base and allow for signed height and volume, then we

have
Vol (a1, ...,a; + Aa;, ... ax) = Vols (a1, ...,a;...,a;) + Vol (a1, ..., Aa;,...,a)

and Vol (A) = |[Vols (A) |°. Signed volume also satisfies homogeneity similar to (24), with the scale

factor changing from |c| to ¢. Then we have
n n n
Vol (ay, az, . ..,a;) = Vol Z iy 1€ Z Ay 2€ig,s - - - s Z Qip, k€iy
i1=1 i9=1 ip=1
n
i1=1

n

n k
. Z Haij,j\/ols (ei1,€i2, c. ,Cz‘k) s
i j=1

io=1

k
=1

where each e;; is a n x 1 vector with 1 in the i;th position and zeros otherwise. When {i;}
contains repeated values, rank (e;,,e;,,...,€;,) < k and Vol (e;,, €4y, ...,€i,) = 0. Therefore,
scaling a row of n x k matrix by a factor of d also scales the volume by the factor of |d|, implying that
Vol (XV) = 1_[?:1 o;Vol (V), where o; are the diagonal elements of ¥. Intuitively, Vol ([O, l]k) =1
since volume is base times height. Thus, the volume of Vol (V) is equal to 1.

For an matrix A € R¥*" consider the geometric meaning of JA. We already know that the

k-dimensional volume of AT ([0, 1]k> is y/det (AAT). For arbitrary P € R"** the k-dimensional

®We do not explicitly distinguish k-dimensional volume and n-dimensional volume in n-dimensional space, they
are both denoted as Vol. The specific meaning is clear based on the context.
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Figure 2: Ordering of proofs for area and coarea formulas

{Proposition T.2.1 (linear case)HProposition T.2.2 (linear case)}

{Proposition T.3.1 (C! injection case)} {Proposition T.3.3 (C! case)}

LTheorem 3.1.1 (area formula)} LTheorem 3.1.2 (coarea formula)}

volume of AP ([O, 1]k> is equal to the k-dimensional volume of the AP+ ([0, l]k), where P is
the orthogonal projection of P onto the orthogonal complement of the null space of A (which, by
definition, is the span of the columns of AT). Note that det <(PL)T PL) < det (PTP). Therefore,

JA = sup YoliAh) (AP) =38 i <AP <[07 1]k>)
P

Vol(P) P (P ([o, 1]k:>) )

where supremum is taken over all k-dimensional nondegenerate parallelepiped P.

T.3 Proofs of area and coarea formulas

Figure 2 illustrates the ordering of the proofs for area and coarea formulas. Besides Federer (1969)
and Evans and Garzepy (2015), we also borrow lots of material from Jerrard (2013) and Lu (2019),
especially from the latter. Corollaries T.3.2 and T.3.4 are used to illustrate the applicability of

the area and coarea formulas 3.1.1 and 3.1.2.

PROOF OUTLINE OF PROPOSITION T.2.1.
step 1 The Hausdorff outer measure Hj is invariant under orthogonal transformations, i.e. if A

is a orthogonal transformations then
Hy (A(B)) = i (E),VE < R*
step 2 Let A = (I, O)T, prove that
Hi (A(E)) = Hy (E x {0}) = Hi (E) = Li (E)

where £} is the k-dimensional Lebesgue outer measure.
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step 3 There exists orthogonal T' € R™*",
Hi (A(E)) = M (TA(E)) = Hi (A1 (B)) x {0}) = L} (A1 (B)).
where A, e RF*k A e Rk and TA = (AF{,O)T step 4 Proof of
L (A1 (E)) = | det (A1) [LF (E) = /det (ATA) L (E) .

step 5 For all E c R*, E is Lebesgue measurable < A (E) is Hj, measurable. [

Remark T.3.1. We provide two supplementary details to assist with understanding the proof

outlines of Proposition T.2.1 and the following results.

1. Hausdorff outer measure H; has the invariance under the orthogonal transformations. This
is a direct result of the fact that Hasudroff outer measure keeps distance inequality, i.e. if
kl,mneZt EcR, map f: E— R"” and map g : E — R™ satisfies

f(@)=fy|<Clg(z)—g(y)| Vr,yek,

then H (f (E)) < C*¥H} (g (E)). This property will also be used in the following discussion.

2. A cube is a subset of R¥ in the form of

k k k k
H au z H a27 z H au z 1_[ au ’L a; < bZ,VZ € {1727 . 7k}
=1 =1 =1 1=1

Let E € R™ be a nonempty open set, then there exists a sequence of disjoint left open and
right closed cubes {Qx}7;, such that

“Ua=Ua
k=1 k=1

Proposition T.3.1. Let E c R be an open set, k€ {1,2,...,n}, ¥ : E — R™ be a C injection
and det (w’ ()" (m)) > 0 for all x € E, then for all D c ¢ (E),

D is Hy measurable < 1~ (D) is Lebesgue measurable.

When D is ‘Hy measurable,

D) = Ll(D) \/det (1/)/ ()T ! (a:))dﬁkx.
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Proposition T.3.1 plays the most essential role in a proof of more general area formula Theorem

3.1.1. Proposition T.3.1 can also be powerful when used alone.

PROOF OUTLINE OF PROPOSITION T'.3.1.
step 1 Estimates of [ (z) — 4 (y)|: Let ke {1,2,...,n}, E < R* be an open set, ¢ : E — R" be
a C! injection such that det (1,/)’ ()T (CB)) > 0 for all z € E, then:

1. if K < F is convex and compact, then there exists 0 < ¢ < C such that

e —yl <Y (@) =4 )| <Clz-yl (26)
for all x,y € K.

2. For arbitrary zg € E and for all 0 < € < 1, there exists § > 0, such that open ball
B (z¢,9) c E and

(L= (o) (@ =) <Y (@) =¥ )| <L +e) ¢ (o) (x —y)| (27)
for all z,y € B (xq,9).

step 2 Prove that, for all D c ¢ (E),
D is Hj, measurable < ! (D) is Lebesgue measurable,

by estimates (26), the fact that Hausdorff outer measure keeps distance inequality, and the fact
that if D is a Hj measurable set with H (D) < oo, then there exist a Borel set P and a Hj, zero
measure set Z such that D = P u Z°.

step 3 By (27) and Proposition T.2.1, closed cube @ ¢ E satisfies: for all xg € F, for all0 < e < 1,
there exists § > 0, such that, if diam (Q) < ¢ and zy € Q then

(1-oF \/det (" (20)" ' (0)) £4 (Q) < Hi (4 (Q)) -

< (14 ¥ et (o) 07 (20)) 4 @

step 4 Prove that, for all closed cube Q € F,

M (4(Q) = fQ ¢det (v @7 v (@))dLra

5This Borel set, zero measure set construction of #;, measurable set is also a common useful result. Actually, the
complete result states that there exist Borel sets Pi, P> and H zero measure sets Z1, Z2, such that D = P, u Z; =
P\ Z,.
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by (28).
step 5 Prove that for all bounded open set Ej such that E, ¢ E, if O c Ej, is £, measurable then

= [ \Jaet (v @ v @)

Conclude using the fact that any open set £ — R* can be decomposed to a countable disjoint

union of bounded cube. [ ]

PrROOF OF THEOREM 3.1.1.

A classical proof based on Proposition T.3.1 can be separated into three fundamental parts.
part 1 In case that 1 is not necessarily bijective, while still requiring that Jv (z) > 0 for all
x € F, by the implicit function theorem, for all x € E there exist a neighborhood U such that
is bijective in U. Take a Vitali cover V of E such that 1 is bijective in every closed ball B € V.
Then by the Vitali covering theorem, there exists an at most countable disjoint subset {B;} < V,
such that £} <E\ U, Bj) = (0. From the definition of Hy,

Zl(yelb(SﬂBj)):Ho <U(5f\3j)ﬂ¢_l(y))-

J

By the property of Lebesgue integral and Proposition T.3.1,

J JY (x d£k$_ZJ 1(ye SmB))d’Hky—f Ho (U(SmBj)m¢1 (y)) dHy.
J

Then note that

'HO(SfWﬁ ' (y)) dHry

N m -1
» ( (S B <y>) dHyy + L(S)W(s\ujm ((S\UB) >> dHyy

+ L 05 <<S\UB ) )) dHy

= Ho (U (SnBj)n P (y)) dHry + 0+ 0.
P(S) J

When Ji () = 0, let € > 0, define 1) : E — R*¥*" as

z = (ex, (),
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Crit (¢) = {x € E|J¢ (z) = 0}. Note that Ji (x) > 0 for all x € E,

f ' Je (z) dLyx = J ' Ho (C’I”it(l/]) A ¢;1 (y)) dHry
Crit(y) Ye(Crit(h))
> j dHyy = Hi (e (Crit (1))).
Ye(Crit(y))

By the fact that Hausdorff outer measure keeps distance inequality,

Hi (¢ (Crit (¥))) < Hi (¢ (Crit (¥)))

since the coordinate projection from v, (Crit (¢)) to ¢ (Crit (¢)) satisfies a distance inequality
with C' = 1. Therefore,

el (Crit@)) < [ (@) deia
Crit(y)

the right hand side converges to 0 as € | 0 if E is bounded. Then conclude that Hy, (v (Crit (v))) =
0 for (not necessarily bounded) open set £ = R* by the cube decomposition in the step 5 of the
sketch of the proof of Proposition T.3.1. Now, one can conclude that (6) is true for C' function
.
part 2 To verify (6) when 4 is a Lipschitz function but does not necessarily belong to C!, a Lusin
type approximation of ¥ can be used. To continue, we use Rademacher theorem T.1.2, Whitney
extension theorem T.1.3, Lusin theroem T.1.4 and Egoroff theorem T.1.5.

Assume first E is bounded, by Rademacher theorem T.1.2, 1 is differentiable L a.e. and the

gradient 1)’ < Lipt is measurable, where

|9 (71) — ¢ (22)

|z1 — 2|

Lipz/)zsup{ ’|1‘1,$2€E,l’1 ;ézng}.

Apply Lusin theorem to ¢, there exists a compact set C' = E such that £, (E\C) < 3€ and ¢/|¢

is continuous. Let

Y (x) =y (a) =4’ (a) (z — a)

|z —a

R(z,a) = , v,a€ Cx # a,
since v is differentiable, for all a € C,

R(a) =sup{|R (z,a)||0 < |z —a| <,z € C} — 0,

as | 0. Then by Egoroff theorem and regularity of Lebesgue measure, there exists a compact
set C' = C such that £ (C\C') < e and R (a) converge to 0 uniformly on C’. Now, we can

apply Whitney extension theorem to ¢ and ¢’ (actually, to each component function of 1) and its
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gradient), i.e. there exists a C'! function ¢ such that

Plor (@) = e (), Pler (@) =¢|or (@),

L (faldls @) # v @)}) <& L ({zf]@) # v @)}) <e

Now, one can conclude that (6) is true for Lipschitz function ¢ and set S n C”.

part 3 The final step is to verify a Lusin property (N) for
| He(snutw) d
Y(S)
Specifically, for arbitrary measurable S c F,
L(s) Ho (S A (y)) dHiy < (Lip)" £ (S).

To see this, let

and

gn () = ), 1yep(SnQ)).
Q€Qm

Since R* = Ugeo,,» and gm (y) is the number of cubes Q € Qy, such that
Ho (SN Qv (y) > 0.
Therefore, for all y € R”,

gm () T Ho (S v~ (),

as m — 00. Then by the monotone convergence theorem

lim gm (y) dH iy
M= Jy(S)

= lim > He($ (50 Q)
QeQm

< lim > (Lipy)" Ly (S0 Q)

m—00

QeQm
= (Lipy)* L, ().

| (s nut @)ty
YP(S)

o8
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Now note that,

J JY () dLrx < f Ho (S A (y)) dHry < J JY () dLx + (Lip¢)k Ly, (S\C/) ,
SnC’ P(S) SncC’

where L (S\C’) < €. Note that Jt is bounded on E due to the Lipschitz continuity of ¢ (By

Rademacher theorem, J exists for L a.e. z € F), i.e. there exists a constant M, such that
J i (2) dLye < MLy (S\C').
S\C
Therefore,

J T (&) ALy < f T () ALy
SnC’ S

< f T () dCyz + MLy (S\C')
SnC’

and (6) follows from the arbitrariness of €. The case when open set E c R¥ is unbounded follows

from the cube decomposition. [ |

Corollary T.3.2. A Sard type lemma
Let ke {1,2,...,n}, E c R¥ be an open set, v : E — R™ be a C' function and Crit(y) = {x €
E|Jy (x) = 0}, then Hy, (v (Crit(v))) = 0.

PROOF. Since 1 is a C! function, Ji : E — R is continuous. Therefore, Crit (¢) = {x €
E|J¢ (z) = 0}\{z € E|J¢ (x) > 0} is L measurable. By (6),

J T (@) de = f Mo (Crit(h) v (y) dHy
Crit(y) P(Crit(y))
> f dHry = Hi (6 (Crit (1))
B(Crit(h)

The integral in the left hand side of the first equality is 0. [

PROOF OUTLINE OF PROPOSITION T.2.2.
step 1 To prove (i), note that

Ly (AR")) = L (UoXoV(R") = LE (Uo X (R")) = L (2 (R")),

by SVD and the fact that Lebesgue outer measure is invariant under orthogonal transformation.
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Since rank (A) < k, rank (3) < k, therefore,
L3 (S (R") = £f (RC)) — g,

step 2 By SVD / PD, A = WPV, where V € R"*" is orthogonal, P : R* — R* is the coordinate

kak

projection of the first k£ dimensions, and W € is symmetric’. step 3 By the Fubini-Tonelli

theorem, y € R¥ — L, 1 ({(azl, )iz eV (E)n (P)! (y)}) is £} measurable and
Lo(B) = LoV (B) = | Lo ({@ . mnn) e eV E) 0 (P )} deyy.

Then, note that

Lok ({1 saan) 2 e VE) A (P 0)f) = Hao (V) 0 (P) ()
=H,_k (E NAT oW (y))

by A=t =V-1o (P)f1 oW1,

step 4 By Proposition T.2.1 and a standard approximation procedure,

M- o (w))dzkx=f f () dCyy.
Rk RE

for all M € R¥*¥ invertible and f nonnegative £j measurable. Therefore,

JW | Hop (EnA oW (y)dLlyy = J Hoi (B0 A7 (y)) dLyy.
Rk Rk

Proposition T.3.3. Let E < R™ be an open set, k € {1,2,...,n}, ¢ : E — R* be a C!
function, then for all measurable S, S n @~ ' (y) is Hp_1 measurable for Hy, a.e. y, y € RF

Hyi (S o™ (y)) is Hi measurable, and

L To@)dLoz = [ o (8097 ) dHa

Remark T.3.2.

1. We should note that for open set E < R, k € {1,2,...,n}, ¢ : E — RF be at least

continuous, S © F measurable, then, ¢ (5) is not necessarily #; measurable. Actually,

"We do not distinguish between linear transformation and its matrix.
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if o: EcR®" > R™ m,ne{l,2,...}, ¢ is continuous, then

@ map L, measurable subset of E to L,, measurable set in R <

@ map L, zero measure subset of E to £, zero measure set in R™.

Even if ¢ is more smooth than continuous, the right hand side of above relationship will not

be automatically satisfied.

2. Although S n ¢! (y) may not be H,,_; measurable for all y € R¥, E n o~ (y) is Hn_k

measurable for all y € R¥, since F is open and ¢! (y) is a Borel set.

Proposition T.3.3 states one of the most essential idea of more general coarea formula Theorem
3.1.2. Besides, we should first verify that the integrand on the right hand side of (8) is well defined.

A classical proof of Proposition T.3.3 can be separated into two fundamental parts.

PRrROOF OF PROPOSITION T'.3.3.
part 1 We start from verifying a Lusin property (N) for

M (S0 ) dHey.

First of all, the outer integral of f is defined as

*
f () dHrx = inf {J g () dHpz|g is Hy measurable , f < g a.e.} )
Rk Rk

For arbitrary measurable S — E, the required Lusin property (N) is provided by Eilenberg in-
equality which states that

*
[ s ne @) by < 2 Lipg) 4, (5) (30)
holds. Besides, we can also show that H,,_x (S Nt (y)) is well defined and H; measurable, and
therefore the outer integral in (30) is actually redundant.

To verify (30), we use the isodiametric inequality T.1.7 and the coincidence between spherical
Hausdorff outer measure and Hausdorff outer measure T.1.8. By the equivalence in Theorem
T.1.8, for all [ > 0, there exists an at most countable collection of closed balls {B;} such that
S c Uj Bé, diam Bg < % for all j, and

diam B\ " 1
Zan Tj < Hn(S)+ =.

J
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Define

. n—k
95 (y) = o (W) 1 (y € <B§)> :

since B; is a closed ball, gé is #* measurable. Note that {BJZ} covers A n =1 (y) for all y,
ot (S0e™ ) < 26 W)
J

Then by the Fatou lemma, the isodiametric inequality, and the fact that Hausdorff outer measure
keeps distance inequality,
*

f HE o (Sne ™ (y) dHiy = J lim #* (S Nt (y) dHiy

Rk l—00

1 f
Lk?ﬂ32% ) ey

< lim inff Zg] ) dHry

l—0

[
-t S (5 2) e (s ()
<

k
. —k : l
it S (BB (e (2)
= l—0o0 7 "

2 2
diam BL\"
Qp O . k. . j
< L 1 f _—
%L<m@1££§< ) )
Ay O .
< (Lipg)" Ha (S) .

n

Next, we should verify that S n o' (y) is H,_x measurable for Hy a.e. y, and y € R*

Hy—k (S Nt (y)) is ‘Hx measurable. First, assuming that S is compact, we can write
nek (S0 (v) =Hm T (S 0™t ) = supHy ks (S e (1)
>

Note that in this case, S ™! (y) is a Borel set and thus H,,_; measurable, therefore it suffices to
verify that y — Hy_; 5 (S Nt (y)) is Hy, measurable for all § > 0. Actually, H}_, 5 (S Nt (y))
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is upper semicontinuous. To see this, note that the spherical Hausdorff outer measure can also be
defined by open balls, and thus for arbitrary € > 0, there exits an at most countable collection of
open balls {B;} such that S n ¢~ U, Bj, for all j, diam B; < 4, and

. B. n—k
2 O <(hargj> <SHr 45 (Sne ' (y) +e
J

The compactness of S implies that if |y —¢/| small enough, then S o=t (v/) = | ; Bj. Therefore,

limsup H5 ;.5 (S N e (Y)) < He ks (S0 ! () +e (31)
y'—>y

then the upper semicontinuity follows from the arbitrariness of €. Second, let S be just measurable,
then by the regularity of Lebesgue measure, there exists a sequence of compact sets C; < Cy < ...

such that S\ U;‘il C; is of zero Lebesgue measure. By the cube decomposition of open set and the

fﬂ; Ho ks <<5\ U Ci) ne! (y)) dHry =0,
i1

Le. My ks (S\UZ1Ci ne (y))) = 0, Hi, a.e. y. The a.e. measurability of S n ¢~* (y) and
measurability of H*_, (S n ¢! (y)) follow from

Eilenberg inequality,

ok (SneTh () =Hi, (U Cinp! (y)) + My ((S\ U Cinp! (y)>> :

and now we can use H,_x (S n ¢! (y)) instead of H¥_, (S ' (y)).

part 2 Assuming that Jo (z) > 0 for all x € E. We use an estimates of ¢ (x) — ¢ (y) | similar
to (27): Let k € {1,2,...,n}, E < R™ be an open set, ¢ : E — R¥ be a C! function such that
Jo (x) > 0 for all x € E, then for arbitrary xg € E and for all € > 0, there exists 6 > 0, such that
open ball B (zg,0) ¢ F and

[ (@) — o (y) — ¢ (20) (x —y) | < €lz —y (32)

for all z,y € B (xq,0).

Let xg € E, since Jy (xg) > 0, without loss of generality, assuming that the first & columns

{%cp (z0), %g@ (o)., %gp (:L’o)} are linear independent. Define ® (z) = (¢ (z), Tg41,. .., Tn),
by the implicit function theorem, ® is a bijection on a neighborhood of xg. By definition,

P (z) = (®(z) — ¥ (20) (x — w0)) + P’ (w0) (¥ — z0)
— &' () [(<I>’ (20)) " (® () — ¥ (w0) ( — 20)) + ( — xo)] :
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denote the term in square brackets on the right hand side of the second equality as g (x), then by
estimate (32), for all € > 0 there exists § > 0 such that

I=eglz—yl<lg@) —g@|<T+e)lr—yl (33)

for all 2,y € B (x0,8). Therefore, ¢ = Aog on B (zg,d), where A = P®' (zg), P : R" — R¥ is the
coordinate projection of the first & dimensions. By (33), 1 — e < |¢/| < 1 + ¢, by definition,

(i (2))” = det (¢ ()¢ (2)") = det (Ao g/ (@) oo (2)" 0 AT) .

By SVD / PD, ¢ (z) o ¢ () = QTCQ, where C is diagonal with (1 —€)? < ¢ < (1+¢)?,
ie{l,2,...,n},QTQ = I,; A= PUT where P € R**¥ is symmetric and U € R"** is orthogonal.

Therefore,
det (A od (z)og )T o AT> — det (PUTQTCQUPT) = (det (A)) det (UTQTCQU)
Note that QU is also orthogonal, then
(1—e)* < det (UTQTCQU) < (1 + €)**.
As a result,
(1—efJA<Jp(z) < (1+erJA (34)

on B (zg,0). Compare (34) and (28), then see that the ideas of the step 4 and step 5 of the proof
sketch of Proposition T.3.1 can be used here.
When Jop (z) = 0, let € > 0, define ¢ : E x R¥ — R¥ as

(x,2) = @ () + ez,

Crit(¢) = {x € E|Jp(z) = 0}. Note that Jp. (x,z) > 0 for all (z,2) € E x R, for arbitrary
w e R¥,

» Hok (S0 o' () dHiry = ka Hor (S ™! (y — ew)) dHyy

1
_ 1 J Hon (S 0 o (y — ew)) dHpydHyw.
Qg JB(0,1) JR—F

Let P': R" x R¥ — R¥ be the coordinate projection of the last k dimensions, S’ = S x B (0,1)
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R™** Then note that for all y € R*, w e B(0,1),
S et (y) o (P) 7 (w) = (S e (y—ew)) x {w}.
Therefore, by the Eilenberg inequality and the Fubini-Tonelli theorem,
JRk Hoi (S ™! (1) dHyy

_ 1 r -1 n—1
o fB(OJ) RK ot (S nee (y) n (P) (w)) dHpydHrw

<k f (LipP")" # (5" v o (4)) dMy
Qn  JRk

< an—k:J Jpe (x,2) dHpir (2, 2) < Mﬁ” (8) sup Jpe(@,z).
an e an (z,2)eS’

The last inequality above uses the fact that H,,,r = L, .1 is the completion of £, x L. If F is
bounded, the right hand side of the last inequality converges to 0 as € | 0 Then conclude for (not

necessarily bounded) open set £ < R™ by the cube decomposition. [ |

PRrROOF OF THEOREM 3.1.2.

We show that Theorem 3.1.2 follows from Proposition T.3.3, using the Rademacher-Whitney-
Lusin-Egoroff framework as in part 2 of the proof sketch of the Theorem 3.1.1. Without loss of
generality, let £ be bounded. Suppose we already find a C' function @ and compact set C’, such
that (29) holds for an € > 0. Now, by the Eilenberg inequality,

Ho—k (S N (p_l (y)) d?-[ky = J

Jo () dLyx + f Hor ((S\C') n o' (y)) dHyy
SnC RF

Rk
< f Jo () dLoz + = (Lipp)* £, (S\C')
SnC’

n

< f Jp (x)dLyx + Mie,
SncC’

where M; is a constant that does not depend on €. Since ¢ is Lipschitz, there exists another
constant Mo, such that Jy < My, and thus,

J Jo () dLyx < Mae.
s\c

Then conclude by the same discussion as part 3 of the proof sketch Theorem 3.1.1. [ |

Corollary T.3.4. Another Sard type lemma
Let ke {1,2,...,n}, E < R" be an open set, p : E — R* be a C' function. Then for L, a.e.y €
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Rk
Hor, (Crit () n o™ (y)) =0 (35)

and =1 (y) \Crit(p) can be locally parameterized by implicit functions.

PROOF. Since ¢ is a C! function, Jy : E — R is continuous. Therefore, Crit (¢) = {x € E :
Jo(z) = 0\{zr e E: Jp(z) > 0} is £, measurable. Let y € R¥, by (8),

f Jp (x)dLyx = Har (Crit (o) 0™t () dHiy.
Crit(p) Rk

The integral in the left hand side of the above equality is 0, thus by the property of Lebesgue
integral and the fact that £, = Hj in R*, (35) holds for £y, a.e. y € R,

For arbitrary = € ¢! (y) \Crit(p) where y satisfies (35), Jo (x) > 0. Note that ¢’ () is
row full rank. Therefore, the implicit function theorem can be applied in a neighborhood of
x. Specifically, pick k linear independent columns of ¢’ (x), without loss of generality, assuming
that the first & columns {a—glgo (x), %cp(x) ey &gp (m)} are linear independent. Let U be a

neighborhood of z, define

/ / / / / / / /
\I/(xl,...,xk,xk+1,...,xn) :cp(xl,...,:rk,xkﬂ,...,:pn) — v,

where y = ¢ (2), then Vg, 2o 2,V (T1,..., Tk, Tht1, - - ., Tp) is full rank, and thus there exists a

C' implicit function ¢ in a open subset Ba,,...wr, X Beyir,.pn © U, Where

Bay...wr, = {(:U’l,,x?c) e RF . ‘(x'l,,a:;) —(acl,...,mk)‘ <a},

—k
BIIH»LM’IR - {(x;c+1’ e ’x;?) € Rn : |(‘r;€+17 ey J:/TL) - (xk-i-l; e ,$n)| < ﬁ} )
such that W (2f,... 2}, 2} 1,....2)) = 0= (2},...,2}) = g (¥hyy,.-- 7)) foralla’ € By, . o, X
Bxk+1:--~7xn' Now, define
! /) — / / / \T
Y (@hpts - 2h) = (9 (g1 Th)  Thgrs oo y)
then 1 is a C! diffeomorphism and thus a homeomorphism. -
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