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We consider a quantum particle under the dynamical confinement caused by PT-symmetric box
with a moving wall. The latter is described in terms of the time-dependent Schrödinger equation
obeying the time-dependent PT-symmetric boundary conditions. The class of the functions, de-
scribing time-dependence of the wall’s position and keeping the system as PT-symmetric is found.
Physically observable characteristics, such as average kinetic energy and the average quantum force
are calculated as a function of time. Also, geometric phase is calculated for the harmonically oscil-
lating wall regime. Experimental realization of the proposed model is discussed.

I. INTRODUCTION

Since the publication of the pioneering paper by Ben-
der and Boettcher [1], parity-time symmetric quantum
systems attracted much attention [2] - [7]. It was long be-
lieved that only Hermitian Schrödinger operators can de-
scribe physical systems. However, Bender with Boettcher
refuted such a statement. They argued that also some
non-Hermitian but PT-symmetric operators could have
real eigenvalues and play, therefore, the role of acceptable
quantum Hamiltonians.

This conjecture caused rapidly growing interest in PT-
symmetric quantum physics. Different aspects of the
topic have been studied both in quantum mechanical and
field theoretical contexts. A huge number of papers deal-
ing with various issues of PT-symmetric quantum physics
have been published during the past two decades. These
studies allowed one to construct various mathematically
consistent theories of PT-symmetric quantum systems in-
cluding even several innovative non-Hermitian but PT-
symmetric quantum field theories [8]-[47].

Experimental realization of such systems was also the
subject of extensive research. The latter has been done
mainly in optics [5, 43, 44]. Some other PT-symmetric
systems have been discussed recently in the literature
[20, 36, 37, 39]. General theory of PT-symmetric quan-
tum mechanics have been developed introducing so-called
PT-symmetric inner product. However, since such a con-
dition does not provide a positively definite norm, its ex-
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tension in terms of a PCT-symmetric inner product was
proposed in [2, 12, 13, 18, 19].

Within such a theory a PT-symmetric model can be in-
troduced either through the complex potential, or by im-
posing proper boundary conditions, which provide such
symmetry via the inner product. Different types of com-
plex potentials that provide PT-symmetry in the Hamil-
tonian have been considered in [2], [18]. Introducing PT-
symmetry in terms of proper boundary conditions was
studied for the particle-in-box systems in [22] or [28–31].

In this paper we propose a model for dynamical con-
finement in a PT-symmetric well by considering hard-
wall box with moving boundaries. The system is as-
sumed to satisfy PT-symmetric hard-wall boundary con-
ditions. The corresponding quantum dynamics is de-
scribed in terms of time-dependent Schrödinger equation
upon which time-dependent boundary conditions are im-
posed. In other words, we will solve the Schrödinger
equation endowed with PT-symmetric, time-dependent
boundary conditions.

II. HERMITIAN MODEL

We note that the conventional Hermitian Schrödinger
equation with time-dependent boundary conditions have
been the topic for extensive research during past four
decades, especially, for 1D case (see, e.g., Refs.[48]-[80]).
Early treatments of the dynamical confinement in non-
relativistic quantum mechanics date back to Doescher,
who studied basic aspects of the problem [48]. Munier
et al. studied more detailed research of the problem and
calculated physically observable quantities for the prob-
lem of time-dependent box [50]. Later, Makowsky [53]-
[55] and Razavy [51, 56] provided a systematic study of
the dynamical confinement problem, by considering one-
dimensional box with moving walls and classifying time-
dependence of the wall approving exact solution of the
Schrödinger equation with time-varying boundary con-
ditions. Unitary transformation that maps the time-
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dependent box to that with fixed walls, was found in
[51, 56]. These studies used an approach developed ear-
lier by Berry and Klein [52]. Different aspects of the
problem dynamical confinement and its applications to
dynamical Casimir effect was studied in a series of pa-
pers by Dodonov et al. [57]-[61]. Berry phase in time-
dependent box was studied in [62–64]. Šeba studied the
problem of time-dependent box in the context of quan-
tum Fermi acceleration [65]. The quantum gas under the
dynamical confinement was considered in [66, 67], where
quantum force operator for time-dependent box was in-
troduced. Hydrogen-like atom confined in a spherical
hard-wall box with time-varying radius was considered
in [68]. Different aspects of the problem of dynamical
confinement were studied also in [69] -[75]. The prob-
lem of time-dependent Neumann boundary conditions is
considered in [76]. Extension of the dynamical confine-
ment to relativistic case by considering Dirac equation for
time-dependent box was done in [77]. Time-dependent
quantum graphs have been considered in the Refs. [78–
80].
Let us now briefly recall Hermitian counterpart of our

model the one-dimensional problem of studying the quan-
tum dynamics of a particle confined in box with time-
varying wall, L(t) following the Ref. [53]. The dynamics
of the particle in such system can be described by the
time-dependent Schrödinger equation (~ = m = 1)

i
∂Ψ(x, t)

∂t
= −

1

2

∂2Ψ(x, t)

∂x2
, t ≥ 0, x ∈ R (1)

with time dependent Dirichlet boundary conditions

Ψ(x, t)|x=0 = Ψ(x, t)|x=L(t) = 0, for all t ∈ R
+. (2)

Here, Ψ(x, t) is the wave function of the quantum par-
ticle. Introducing a new coordinate, y = x

L(t) allows us

to get the wave equation imposed static boundary con-
ditions as

i
∂Ψ(y, t)

∂t
= −

1

2L2

∂2Ψ(y, t)

∂y2
+ i

L̇

L
y
∂Ψ(y, t)

∂y
(3)

with new boundary conditions given by

Ψ(y, t)|y=0 = Ψ(y, t)|y=1 = 0, for all t ∈ R
+. (4)

The Hamilton operator in the Eq. (3) is not self-
adjoint. To rebuild the self-adjointness one uses the
transformation

Ψ(y, t) =
√

2/L exp

(

i

2
LL̇y2

)

ϕ(y, t), (5)

where L̇ = dL/dt. Then we get [53]

i
∂ϕ

∂t
= −

1

2L2

∂2ϕ

∂y2
+

1

2
LL̈y2ϕ, (6)

where L̈ = dL̇/dt and ϕ(y, t) satisfies the boundary con-
ditions (4).

III. STATIC PT-SYMMETRIC QUANTUM BOX

Time-independent counterpart of our system, i.e. the
PT-symmetric particle-in-box system has been consid-
ered earlier in the Refs. [30–33]. Here we will briefly
recall its description following the Ref. [31]. For one-
dimensional Schrödinger equation given as

−
1

2

d2Ψ(x)

dx2
= EΨ(x). (7)

PT-symmetry of the system is provided by Robin type
boundary condition which is given as [31]

(

dΨ(x)

dx
+ iαΨ(x)

)∣

∣

∣

∣

x=−L

=

(

dΨ(x)

dx
+ iαΨ(x)

)∣

∣

∣

∣

x=L

= 0,

(8)

and α > 0.
The solution of Eq. (7) fulfilling the PT-symmetric

boundary condition given by Eq. (8) can be written as

Ψn(x) = An

(

sin
πnx

L
+
iπn

Lα
cos

πnx

L

)

, (9)

here the An is the normalization constant given by

An =

√

Lα2

L2α2 + π2n2
.

Corresponding eigenvalues can be written as

En =
π2n2

2L2
, (10)

where n is the quantum number.

IV. PT-SYMMETRIC QUANTUM BOX WITH A

MOVING WALL

A time-dependent version of the above PT-symmetric
boundary condition given by Eq. (8) can be written as

(

∂Ψ(x, t)

∂x
+ iαΨ(x, t)

)∣

∣

∣

∣

x=−L(t)

=

(

∂Ψ(x, t)

∂x
+ iαΨ(x, t)

)∣

∣

∣

∣

x=L(t)

= 0

(11)

for some α > 0 and for all t ∈ R
+, where the time evo-

lution is given in terms of the Schrödinger equation (1).
Following the approach from Section III, one has here a
kind of PT -symmetry. Namely let P be the parity and
T the time reversal operators, which are defined as

PΨ(x, t) = Ψ(−x, t),

TΨ(x, t) = Ψ∗(x,−t).
(12)
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If

H := −
1

2

∂2

∂x2
(13)

denotes the Hamilton operator.
Here PT -symmetry means that whenever Ψ(x, t) is a

wave function satisfying the above PT -symmetric bound-
ary condition (11), then one has

PTHΨ(x, t) = HPTΨ(x, t) (14)

and the function PTHΨ(x, t) also satisfies the PT -
symmetric boundary condition (11).
We show that this is satisfied for the Hamiltonian in

(13) and PT -symmetric boundary condition (11). In-
deed, using the definition of P and T , it is easy to see

PTHΨ(x, t) = HPTΨ(x, t) = −
1

2

∂2

∂x2
Ψ∗(−x,−t),

which shows (14). Moreover, if a wave function Ψ(x, t)
satisfies the boundary condition (11), then

PT

(

∂Ψ(x, t)

∂x
+ iαΨ(x, t)

)

∣

∣

∣

x=−L(t)
x=L(t)

=

(

−
∂Ψ∗(−x,−t)

∂x
+ iαΨ∗(−x,−t)

)

∣

∣

∣

x=−L(t)
x=L(t)

= −

(

∂Ψ(−x,−t)

∂x
+ iαΨ(−x,−t)

)

∗
∣

∣

∣

x=−L(t)
x=L(t) .

One can see from equation above, this system is PT -
symmetric, if L(t) is an even function, i.e. L(t) = L(−t),

− (Ψ′(±L(−t),−t) + iαΨ(±L(−t),−t))
∗

= 0. (15)

We note that norm conservation is broken for the
boundary conditions (11):

∂N

∂t
=

∂

∂t

∫ L(t)

−L(t)

|Ψ(x, t)|2dx =

∫ L(t)

−L(t)

∂

∂t
|Ψ(x, t)|2dx

+ L̇(t)
(

|Ψ(L(t), t)|2 + |Ψ(−L(t), t)|2
)

= (L̇(t) + α)|Ψ(L(t), t)|2 + (L̇(t)− α)|Ψ(−L(t), t)|2,

which is non-zero, hence the norm is not conserved.
Solving the Eq. (1) with the Robin-type boundary con-

ditions (11) is difficult because of the time-dependent
boundary conditions. In order to change the time-
dependent boundary conditions into static ones we use
two transformations. One of them is for the coordinate
and is given by

y =
x

L(t)
. (16)

Substituting the transformation in (16) into the equation
gives

i
∂Ψ(y, t)

∂t
= −

1

2L2

∂2Ψ(y, t)

∂y2
+ i

L̇

L
y
∂Ψ(y, t)

∂y
(17)

with
(

1

L

∂Ψ(y, t)

∂y
+ iαΨ(y, t)

)
∣

∣

∣

∣

y=−1

=

(

1

L

∂Ψ(y, t)

∂y
+ iαΨ(y, t)

)∣

∣

∣

∣

y=1

= 0

(18)

for all t ∈ R
+ and α > 0.

Using the second transformation for the wave function

Ψ(y, t) = e−iαL(t)yψ(y, t) (19)

We get

i
∂ψ

∂t
= −

1

2L2

∂2ψ

∂y2
+ i

α+ L̇y

L

∂ψ

∂y
+

1

2
α2ψ (20)

with static Neumann boundary conditions as

∂ψ(y, t)

∂y

∣

∣

∣

∣

y=−1

=
∂ψ(y, t)

∂y

∣

∣

∣

∣

y=1

= 0 (21)

for all t ∈ R
+.

Eq. (20) can be solved by expanding the wave function
in terms of the static box eigenfunctions ϕn(y) = cosπny

fulfilling the Neumann boundary conditions dϕ
dy

|y=−1 =
dϕ
dy

|y=1 = 0

ψ(y, t) =
∑

n

Cn(t)ϕn(y). (22)

By substituting (22) into Eq. (20), we obtain

iL2
∑

n

Ċn(t)ϕn(y) =
∑

n

Cn(t)

(

−
1

2

∂2ϕn(y)

∂y2

)

+ iL(α+ L̇y)
∑

n

Cn(t)
∂ϕn(y)

∂y
+

1

2
α2L2

∑

n

Cn(t)ϕn(y).

(23)

Multiplying both sides of this equation to ϕ∗

m(y), in-
tegrating over y and using the orthonormal property,
∫ 1

−1
ϕ∗

m(y)ϕn(y)dy = δmn, we obtain asystem of first or-
der differential equations for the expansion coefficients
Cn(t),

iL2Ċn(t) =
π2n2 + α2L2

2
Cn(t) +

∑

m

VnmCm(t), (24)

where

Vnm = −iLπm(αI1nm + L̇I2nm) (25)

with

I1nm =

∫ 1

−1

cos(πny) sin(πmy)dy = 0 (26)
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FIG. 1: The time dependence of average energy for harmonic
oscillating box for different values of oscillating amplitude for
L = 10 + b cos t, α = 1 (a), frequency for L = 10 + cosωt,
α = 1 (b) and parameter α for L = 10 + cos t (c)

and

I2nm =

∫ 1

−1

y cos(πny) sin(πmy)dy

=















−
1

2πn
, n = m,

−
(−1)m+n

π(m+ n)
−

(−1)m−n

π(m− n)
, n 6= m.

(27)

V. QUANTUM DYNAMICS UNDER

PT-SYMMETRIC TIME-DEPENDENT

CONFINEMENT

Quantum dynamics of a particle under PT-symmetric
confinement can be studied by analyzing time-
dependence of such characteristics as the average ki-
netic energy, average quantum force and (for adiabat-
ically evolving system), so-called geometric phase, or

Berry phase. Average kinetic energy describes acceler-
ation or deceleration of the particle under the dynamical
confinement. In case of harmonically oscillating wall, it
serves as the main characteristic of so-called Fermi accel-
eration. The average quantum force describes the expec-
tation value of the force acting by moving wall of the box
to a particle confined inside the box. Geometric phase ap-
pears in a quantum system, where the evolution is caused
by a slowly varying parameter.

0 20 40 60 80 100
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2
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b=1 b=2 b=3

0 20 40 60 80 100
1

1.5

<
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(t
)>

(b)

=0.1 =0.5 =1

0 20 40 60 80 100

t

1

1.5

(c)

=0.1 =0.5 =1

FIG. 2: The time dependence of average force for harmonic
oscillating box for different values of oscillating amplitude for
L = 10 + b cos t, α = 1 (a), frequency for L = 10 + cosωt,
α = 1 (b) and parameter α for L = 10 + cos t (c)

A. The average kinetic energy

The average kinetic energy is determined as the expec-
tation value of the kinetic energy operator:

< E(t) >= 〈Ψ|H |Ψ〉, (28)

where H is as in (13).
For PT-symmetric quantum box with a moving wall,

using Eqs. (22) and (24), the average kinetic energy can
be written as

< E(t) >=

∫ L(t)

−L(t)

Ψ∗HΨdx =

∫ 1

−1

eiαL(t)yψ∗Ĥe−iαL(t)yψL(t)dy =

1

L(t)

∫ 1

−1

eiαL(t)y
∑

n

C∗

n(t)ϕ
∗

n

(

−
1

2

∂2

∂y2

)

e−iαL(t)y
∑

m

Cm(t)ϕmdy =



5

1

L(t)

∑

n,m

C∗

n(t)Cm(t)

∫ 1

−1

ϕ∗

n

(

π2m2 + α2L(t)2

2

)

ϕmdy =
1

2L(t)

∑

n

(

π2n2 + α2L(t)2
)

|Cn(t)|
2. (29)
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E

(t
)>
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t

0.2
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0.6

0.8

1

1.2

<
F

(t
)>

(b)

FIG. 3: The time dependence of average energy (a) and force
(b) for expanding box for different values of b for L = 10+bt

2,
α = 1

It is clear that < E(t) > is a real function of time, de-
spite the complex boundary conditions in Eq. (11). Also,
it is easy to see that for α = 0 the expression for < E(t) >
coincides with that for its Hermitian counterpart (see,
e.g. Refs. [48, 66]).
The average kinetic energy as a function of time is pre-

sented in Fig. 1 for (a) different values of the amplitude,
(b) frequency and c PT-symmetric para meter, α. For
all cases, < E(t) > fluctuates in time and there is no
monotonic growth or decay of the average kinetic energy
as a function of time. This is a specific property of PT-
symmetric systems: Pumping of energy does not cause
monotonic growth, as the system undergoes to losses.

B. The average force

During its motion the wall of the box interacts with
confined particle. This interaction appears in the form
of pressure by the wall to the particle. Such pressure is
caused by the quantum force which is described in terms
of the force operator as

F = −
∂H

∂L(t)
. (30)

The expectation value of the force operator can be

0 5 10 15 20
13

13.2

13.4

13.6

<
E

(t
)>

(a)

b=0.01

b=0.015

b=0.02

0 5 10 15 20

t

0

2

4

6

<
F

(t
)>

(b)

FIG. 4: The time dependence of average energy (a) and force
(b) for contracting box for different values of b for L = 10−bt

2,
α = 1

written as [66]

< F (t) >= −
∂〈E(t)〉

∂L
=

1

2

∑

n

(

π2n2

L(t)2
− α2

)

|Cn(t)|
2.

(31)
In Fig. 2 plots of < F (t) > are presented as a function

of time for harmonically oscillating wall at different val-
ues of the oscillation amplitude (a), oscillation frequency
(b) and parameter α (c). Unlike the behavior of< E(t) >
the time-dependence of < F (t) > demonstrates certain
quasi-periodicity in (a) and (b). Even periodic time-
dependence can we observed in the plots of < F (t) >
in Fig. 2c.
An important case for the above model is monotoni-

cally expanding or contracting which is directly related,
e.g. to the problem of the behaviour of matter under the
very heavy pressure and cooling of quantum ideal gas.
Fig. 3 presents the plots of the average kinetic energy
(a) and force (b) as a function of time for quadratically
(in time) expanding box L = a + bt2 at different val-
ues of acceleration of the wall b. Unlike the case of the
Hermitian counterpart, where contracting of the box’s
size causes growth of the average kinetic energy, Fig. 3a
demonstrates decrease of < E(t) >. This happens due
to the second term in Eq. (29), which contains the factor
L(t), growing much faster than Cn(t).
Completely opposite behaviour can be seen in time-
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FIG. 5: The comparison of time dependence of |Cn(t)|
2 and

L(t) for expanding box (a) and contracting box (b) for fixed
α = 1

dependence of < F (t) > presented in Fig. 3b. Here the
average force decays in time like in case of Hermitian
counterpart of our system. This can be explained by the
fact that second term in Eq. (31) dos not depend on L(t),
while first contains the factor L2(t), which growth much
faster than that of the second term. This can be clearly
seen from Fig. 5a which compares L(t) and |Cn|

2. In Fig.
4 the average kinetic energy (a) and force (b) are plotted
as a function of time for quadratically contracting box
L = a− bt2 at different values of acceleration of the wall
b. In this case average energy decays as a function of
time, while < F (t) > decays. This also can be explained
from Fig. 5b, where L(t) and |Cn|

2 are compared as a
function of time.

C. Geometric phase

The case of slowly evolving system in the context of dy-
namical confinement is of importance. If such evolution
occurs due to a slowly varying parameter of the system it
can be considered as an adiabatic evolution. An interest-
ing feature of such a system is the existence of so-called
geometric phase found by Berry in the Ref. [81]. Berry
showed that for a quantum system evolving adiabatically
due to a slowly varying parameter, if the parameter adia-
batic changes along the closed curve, C in the parameter
space, the wave function of the system can acquire the
so-called geometrical phase in addition to the dynamical
one. This additional phase (called later ”Berry phase”)
is different from zero when the trajectory of the system
in the parameter space is located near a point at which
the states of the system are degenerate. Berry phase
for Hermitian counterpart of our model was studied ear-
lier in the Refs. [58, 63, 64]. For PT-symmetric systems
Berry phase becomes complex [82]-[85]. In our case, when
time-varying parameters is the position of the wall of the
box, this corresponds very slowly moving wall, i.e. slowly
varying position of the wall, L(t). For slowly moving wall

FIG. 6: Sketch for the experimental realization of a system
“PT-symmetric particle in time-dependent box”.

in our model, the Berry phase can be written as [81]

−
1

2

∂2Ψn(L)

∂x2
= En(L)Ψn(L). (32)

Solution of the Eq. (32) imposed PT-symmetric Robin
type boundary conditions (11) can be written as

Ψn(L) = An(L)

(

sin
πnx

L
+
iπn

Lα
cos

πnx

L

)

(33)

with eigenvalues En(L) =
π2n2

2L2 and normalization coeffi-

cient An(L) =
√

Lα2

L2α2+π2n2 .

The geometric phase can be directly computed using
its definition given in [81]:

γn = i

∮

(

∫ L(t)

−L(t)

Ψ∗

n(L)
∂Ψn(L)

∂L
dx

)

dL

= i

∫ T

0

(

∫ L(t)

−L(t)

Ψ∗

n(L)
∂Ψn(L)

∂L
dx

)

|L̇(t)|dt,

(34)

where T is the period of the function L(t).
In case of the harmonically oscillating wall L(t) = a+

b cosωt, substituting (33) into Eq. (34) gives us

γn = i ln
α2(a− b)2 + π2n2

α2(a+ b)2 + π2n2
. (35)

Indeed, γn is complex for our system. Although Berry
phase is computed for a special case of a harmonically
oscillating wall, one can do such calculation for different
regimes of the wall’s motion, provided L(t) for this regime
keeps PT-symmetry of the system.

D. A sketch for experimental realization

Here we discuss ways for experimental realization of
our model. Despite the great progress made in theo-
retical study of different aspects of PT-symmetric quan-
tum physics, experimental realization of such systems in



7

quantum mechanical processes has not yet been achieved.
The only possible way for experimental study of PT-
symmetry is using optical systems, who can ”mimic” due
to the fact that propagation of light in such media can
be described in terms of Helmholtz equation formally
coinciding with the Schrödinger equation. The sketch
we propose here also is based on the use of optical me-
dia. Most easiest and direct way could be a sketch pre-
sented in Fig. 6. It consist of absorbing (loss) and active
(gain) materials containing empty space (the void) be-
tween them. The motion of the electromagnetic wave,
(E, H) within the void is described in terms of Eq. (7),
with the PT-symmetric boundary condition, given by Eq.
(8). Moving boundaries can be provided by mechanical
way, i.e. by shifting the positions of absorbing and active
media. Another option for experimental realization of
our model can be using so-called PT-symmetric waveg-
uides [86, 87], providing Robin boundary conditions at
the edges. Mechanical motion of the waveguide can pro-
duce time-dependent counterpart of such conditions. Fi-
nally, the third option could be dynamical version of
the so-called electromagnetic analog of the PT-symmetric
box, considered in the Ref. [32], where one could consider
travelling waves insted of standing ones.

VI. CONCLUSIONS

In this work we studied dynamical confinement in a
PT -symmetric quantum system created by a quantum
box with a moving wall. The system is described in terms
of the Schrödinger equation with time-varying boundary
conditions. The exact solution of the problem is ob-
tained for different regimes of the wall’s motion. Such
physically observable characteristics as average kinetic
energy, average quantum force and average coordinate
are computed as a function of time. Geometric phase
is analytically calculated for an harmonically oscillating
wall. Experimental realization of the model is discussed
by proposing a sketch based on the use of PT-symmetric
gain and loss media, as well as PT-symmetric waveg-
uides. The model proposed in this paper can be used for
the study of different aspects of dynamical confinement
in pseudo-Hermitian systems, including Berry phase in
different regimes of the wall’s motion. The limits of adi-
abatically moving and sudden removal of the wall, as well
as the case of atom confined in PT-symmetric box are the
subjects for forthcoming studies.
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