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Abstract

By generalizing the overspill principle towards directed sets, a new and
extensive formalism is developed for monads and galaxies in non-standard
enlargements. It is shown that monads and galaxies can be manipulated
using order-preserving and order-reversing set-to-set maps, and that set
properties associated with these maps can be extended not only to internal
sets but to all monads and galaxies. An abstract theory of Intersections
of Galaxies is introduced. These concepts are applied to basic topology as
well (locally convex) topological vector spaces and their properties. Local
properties and completeness can be defined and characterized effortlessly.
Duality theory is studied in this framework, allowing in particular to for-
mulate brief and insightful proofs for the theorems of Mackey-Arens and
Grothendieck completeness without any technicalities.

Preliminaries

Several proposed non-standard theories of topological vector spaces can be found
in literature (Stroyan and Luxemburd [1976], Henson and Moore [1972], Young
[1972)). In this paper we introduce a new approach with new notations and more
generalized definitions. The reader is only assumed to be familiar with the basic
principles of non-standard analysis, in particular with saturated models.

1 The general theory of monads and galaxies

1.1 Directedness and cofinality

Definition 1.1. A preordered set is a pair (J,<) where J is non-empty set
and < a reflexive, transitive relation on J. If the equivalence relation defined by
< A > coincides with =, it is a (partial) order. If for any a,be J:3ce J: ¢ > a,b,
the (pre-)order is directed. If for any a,b € J, a < bva > b, the (pre-)order is
total. The tails; heads; finite and infinite points of (J,<) are (¢ € [*]J):
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If the greatest elements Jy:={jeJ:VkeJ:j>k} =@ then “"Jon*Jj =2
and both sets are external. Otherwise *J = *J; 2 *Joo = *J5,

Proposition 1.2. Assume we are using a k-saturated model. Given a pre-
ordered set (J,<) with |J| <k Then J is directed iff *Joo * @.

Proof. Since *Je = Njes*J5;, saturation implies that *Je # @ iff {*J5;}jes has
the finite intersection property, which is equivalent to directedness. o

Proposition 1.3. (Finite overspill) Assume we are using a k-saturated model.
Given a directed set J with |J| < k and an internal K € *J such that *Js € K.
Then there exists an v € J such that *Js, € K.

Proof. Since Nje;*Js; € K, ie. Njes*Js; N K = @, saturation implies {*J5; \
K} jes does not have the finite intersection property, which due to directedness
implies the existence of a j € J such that *Jy; N K =g, i.e. *J5, € K. O

Corrolary 1.4. (Infinite overspill) Assume we are using a k-saturated model.
Given a directed set J with |J| < k and an internal K ¢ *J such that *J; ¢ K.
Then there exists an w € *Jo such that *Jc, € K.

Proof. Consider the internal set L = {t € *J : *J., ¢ K}. Suppose *Jo S L,
then there exists a j € J such that *J,, € L, i.e. *Jg, ¢ K, contradicting the
assumption. Then there exists an w € *Joo \ L, i.e. *Jg, € K. O

Definition 1.5. Given preordered sets (J,<) and (K,<). Then the product-
order (J,<) x (K,<) := (J x K,<) where given j,j € J;k k' € K: (j,k) <
(J. k) = j<j' nk<k.

Definition 1.6. Given preordered sets (J,<) and (XK,<) and a mapping 1) :
J — K. Then 1 is order preserving if for any 7,7 € J: j > j' = ¢(j) > ¥ (j').
It is order embedding if for any j,j € J:j > j' < ¥(j) 2 ¥(j’'). A order
embedding bijection is called an order isomorphism. It is order reversing
if for any 7,5 € J: 5> 5 =¥(5) <¥(5").

Definition 1.7. Given a preordered set (X,>). Then Pp,(X,<) are the pre-
ordered subsets with induced pre-order [with cardinality < x| , 73[5]()( ,<) de-
notes those induced pre-ordered subsets that are directed.

Definition 1.8. Given a set X. The ordered families with cardinality < x in
X are
O0x(X) :={(aj)jes in X;(J,<) is a pre-order, |J| < k}/=

with the equivalence relation (=4 denoting an order isomorphism 6):
(aj)ng = (bj)jeK <~ JEQ K and Vj € J:aj = bg(j).

We denote O, (X) for those ordered families with a directed index (nets). We
denote O, (X, <) for those ordered families where the mapping j — x; is order
preserving. We implicitly identify P, (X,<) with the subset of O,(X,<) for
which the representing mappings are order embedding, by the injection V —
(ax)xév,s; Qg = T.



Notation 1.9. Given a pre-ordered set (X,<); *O(X[,<]) = *OL(X[,<]),
where x is a globally defined cardinality for which our non-standard model is
saturated. We denote *O,,1(X,<) for internal ordered families that have a
representant with a standard index.

Definition 1.10. Given A = (a;)jerg € “Os(X,<). The point set; restricted
point set; tails; heads; finite-indexed, infinite-indexed and standard-indexed
point sets of A are (K € *J,ve*J):
Ay ={ajtjer;  Ax ={aj}jex;  Asi={aj}jer; A ={aj}jeu;
Ai=Aajtjer;  Aw={aj}jer; A ={aj}jes.

We may also combine these notations, for instance As x = AooN Ak . In the case
(*V,<) € ?P(X, <), the notations are non-ambiguous; *V;, =7V and *Vgy = *V.

Definition 1.11. Given a pre-ordered set (X,<). Given two sets A € *X and
Bc*X. Then A is cofinal in B iff for each b € B there exists a a € A such that
a>b. Ais coinitial in B iff for each b € B there exists a € A such that a <b. In
the specific case where A is also a subset of B we denote this as A .. B for a
cofinal subset and A S..; B for a coinitial subset.

Proposition 1.12. Given a pre-ordered set (X, <), (a;)jes, (bj)jergr € “Ox (X, <)
and internal K ¢ *J, K'c*J'. The following are equivalent:

(i) Aco i coinitial in Beo k.
(ii) Aj i cofinal in By i (07’ ifK=J, K'=J: A, cofinal in Bg).

Proof. (i) = (ii): For any ke *JinK', *Joo c {j € *J: I e K : by < a, <a;}, s0
that because of overspill there exists a ¢ € *J; n K such that a, > by.

(ii) = (i): Givenve *J,, nK', *Jyc{je*J:qe K:a; <a, <b,}, so that
because of overspill there exists a w € J such that a, < b,. O

Corrolary 1.13. Given (X,<) directed and internal A, B ¢ X. The following
are equivalent:

(i) An*Xe cofinal in Bn*Xe;
(i) An*Xj; coinitial in Bn*Xj.
IfACB then An*Xoo Coot BN *Xoo <= An"X; Coor B "X},

Corrolary 1.14. Given a pre-ordered set (X,<) and directed V,W ¢ X, the
following are equivalent:

(i) V cofinal in W.
(i1) *Veo coinitial in *We;

If V €W this is equivalent to * Vo € *Woo and Voo ="V N We.



Proof. For the last statement, notice that *V n*W,, € *V,, always, hence *V,, €
*Weo implies *Voo = *V N *W,. Now assume this to be the case and suppose
there exists a b € W such that Ya € V' : a # b. Because of the transfer principle
*V n*Xe =@, a contradiction because *V,, cannot be empty. Hence V Ceof W
and thus "Veo Speoi] "Weo- O

1.2 Monads and Galaxies

From now on we will work with a set called E. For V ¢ E, respectively Ac*E
we denote V° := E'\V, respectively A° := *E'x A. For U € *O,(P(F),2),
respectively *O,(P(E),c). The directedness property is equivalent to

YUy,...,UpeUy: U eU, :U' cU;n...Uy,, resp. U 22U U...U,.

Definition 1.15. Given U = (U;)er g € *Ox (P(E),2), respectively *O, (P(E),<).
Then the n-closure, resp. U-closure U € *O,(P(E),2), resp. *Oy(P(E),c)
is

U:= (‘/j)SG*Pfin(J),Q ‘/jl-,---vjn = m Uji,I‘eSp. U Uz
i=1,...,n i=1,...,n

Note that mljlg =nl,.

Definition 1.16. Given U € O(P(E),2), respectively O(P(E),c). Then the
downward closure ‘U € P(P(E)) is

\U:={VeP(E):3UeU:V 2U, resp. VcU}.

For, U € *O(P(E),2) the internal downward closure *I/ is defined by trans-
ferring. Given U = (Uj)jerg € "O(P(E),2), respectively *O(P(E),<). Then
the external downward closure ‘U € P(P(*E)) is

U={VePCE):UeU:V 22U, resp. VcU}.

Proposition 1.17. (Cauchy principle) Given U € *Oy(P(E),2), respectively
*O,(P(E)),<). Then
VAe"P(E): UlUwuwCA < U elU,:UCcCA;
resp. AC o, < W elU,:AcU.

Proof. This follows from finite overspill. O

Theorem 1.18. (Nucleus principle) Given U € *O,(P(E),2), respectively
*O,(P(E)),2). Then

VAe*P(E): Acnly < U €lUs : ACU;
resp. UU, €A < U el : U C A.

Proof. This follows from infinite overspill. O



Proposition 1.19. Given U,V € *O,(P(E),2), respectively *On(P(E)),<).
The following statements are equivalent:

(i) "U, €NV,, resp. Uy 20UV,

(i1) Woo € UWeo, Tesp. Moo 2 NVoo;

(i) Uy cofinal in Vy,;

(1) Voo coinitial in Uss .
Proof. The equivalence (iii) <= (iv) follows from proposition [[T21 The im-
plications (iii) = (i) and (iv) = (ii) are clear. The implications (ii) = (iii) and
(i) = (iv) follow from the Cauchy, resp. nucleus principle. O
Proposition 1.20. Given U € *O,(P(E),2), respectively * O, (P(E)),<).

MUy = U = W, TESP. Uy = UU; = Nl .

Proof. The inclusion N, € Uls, follows from the nucleus principle; Nlo, <

WU, from the Cauchy principe (each time applied to a singleton). The other
inclusions are clear. O

Notation 1.21. Proposition [LT9 defines a pre-order on *Oy(P(E),2), respec-
tively *Oy,(P(E)),<), denoted as >. The equivalence relationship defined by
< A x is denoted as ~.

Definition 1.22. The (*)monads and (*)galaxies [of cofinality < k] in E are
9:n[/%] (*E) = (5[&] (P(E)a 2)/N; 'm[m] (*E) = *@U[H] (P(E)a 2)/N;
B[ ("E) = O (P(E),<)/~; Y61 ("E) =" O (P(E), )/~
We identify the left-side sets as subsets of the right-side sets. A representant
of a [*]Jmonad or [*]galaxy is called a [*]base. Since subsets are (partially)
ordered, we may assume w.l.0.g. that the index of a [*]base is ordered when this
is convenient. A [*]subbase is aUf € [*]O[,1(P(E),< [ 2) such that U is a base.
The pre-order > induces an order on the quotients, where the left (resp. right)
side of the order relation is called a finer (resp. coarser) [*]monad/galaxy.
Consider the mappings:
*MCE) >PCE): U > WU = NU,;
*S(*E) > P(CE):U—> N =Wy
Because of proposition [[L.T9 these are in fact injections, and we will consistently
use them as implicit identifications. In this identification the ‘is finer than’ order
corresponds with ¢ for monads and 2 for galaxies. Then we have:
M(CE)=M("E)=...)=61("E)(=63("E)=...) =P(F);
M E) = (CE)=...)="6("E)(="63("E) =...) ="P(E).
However, all other monads and galaxies are identified as external sets. We must

thus be careful: MM(F) and B(E) may be regarded as standard sets, but the
implicit identification of their elements as sets is external.



Proposition 1.23. M(*E)n* M. (*E) =M. (*E); S("E)n*&.(*E) =&.(*E).

Proof. Given m e M(*E) n*M,(*E). Suppose U is a standard base for m and
(Uj)jers is a *base with |J| < k. Then for any j € ?.J, let V; be a set in U such
that *V; c U;. Then (V;);es is a standard base for m. For galaxies the proof is
analogue. O

Example 1.24. Standard copies of sets are galaxies with finite sets as a base.
In particular, 7 F is the galaxy that has all finite sets of F as its base. For any
pre-ordered set X, * Xj is a galaxy and * X, is a monad.

Definition 1.25. We call @, resp. *F the trivial monad, resp. galaxy. A
*monad or *galaxy is proper if it is not trivial. The cauchy principle implies
that a monad., resp. galaxy with a given (sub)base is proper iff the (sub)base has
the (non-empty) finite intersection, resp. (non-covering) finite union property.

Definition 1.26. Given spaces Fi,...,FE,,F and an internal mapping % :
*P(Ey) x --- x *P(E,) - *"P(F) that is either order preserving in each ar-
gument or order reversing in each argument. We define, given bases (Uj, ) e+,
in En,...,(Uj,)j,era, in E, (using the product order):

Now note that order preservation or reversion and proposition imply that
given *bases Uy, ... U, V1,... Vy wehaveldy ~ Vi, ..., Up ~ Vo = (U, ..., U,) ~
fy(V1,...,Vs). Hence we may interpret the definition above of T1) as a mapping
of monads and galaxies that is independent of the representant. If the mapping
is order preserving, *9,.(F)" is mapped to *IM,(F) and *®G,(F)" is mapped
to *®&,(F). If the mapping is order reversing, *9M,(F)™ is mapped to *&,(F)
and *&,(E)" is mapped to *M.(F). If ¢ is a standard map, then standard
monads and galaxies are mapped onto standard monads and galaxies.

Proposition 1.27. Given spaces E1, ..., E,, F and a mapping 1 : P(*Ey)x---x
P(*E,) - P(*F) that is order preserving or reversing, such that i restricted to
*(P(E1) x---xP(E,)) is internal. For any my € *M(E1),...,m, € *M(E,) or
g1 €*B(E1),...,0n € *B(E,), we have (applying | to the internal restriction):

Y(my,...my) = f@[z(ml,...mn) (g1, 0n) = fw(gl,...,gn).

Proof. Assume a single argument mapping. Given monad m with base U (the
proof for a galaxy is analogue). If ¢ is order-preserving we have

fp(m) =N (Us) 29(Us) = (M) = (e ) 2 U1 (Uso) = Tt (m).
while if v is order-reversing
fp(m) = JpUs) 2 0(JUs) = 9p(m) = p(Uloo) 29 (Uoo) = T0(m).

For multiple arguments, first fixate all but one argument on an arbitrary internal
set; then use recursion for multiple monads or galaxies. o



Corrolary 1.28. Given spaces E1, ..., E,, F and an internal mapping ¢ : * Eq x
x*E, > *F. For anymy € *M(E),...,m, € *M(E,) orgr1 € *G(F1),...,0n €
*&(E,) we have

Y(my,...my) = W(ml,...mn) V(g1,.-.,0n) = W(gl,...,gn)

where we have interpreted 1 as a P(*E1) x---xP(*E,) - P(*G) mapping that
1s internal for internal sets and order-preserving.

Corrolary 1.29. *I(FE) and *B(FE) are each closed for finite union and in-
tersectionll The complement of a *monad, respectively ®galazy is a *galaxy,
respectively *monad.

Proof. Consider the mappings (A,B ¢ *E): (A,B) - AnB, (A,B) > AuB
and A — A°. The first two are order preserving in each argument; the latter
is order reversing and each is internal for internal sets; hence their {-extensions
coincides with the general set operators. O

Definition 1.30. Given an internal order-preserving mapping ¢ : *P(FE) —
*P(FE). Then the set property as defined by the set

Qu={Ve"P(E):y(V)=V}
is extendable to a f-property as follows:
TQu={ac*ME)U*G(E):TY(a) = a}.

This is equivalent to a having a *base in Ay. If 1 is defined on external sets,
then the property is also defined on external sets by

®Q,={VeP(E): (V)=V}

in which case TAw is precisely the restriction of this set to monads and galaxies.
In this case we may leave off the { symbol.

Lemma 1.31. Given an order-preserving map ¢ : P(*E) - P(*E) such that
W(A) 2 A (respectively Y(A) € A) for any A € *E and associated set property
®Q¢. Then ®Q¢, is closed for intersection (respectively union).

Proof. Given a family of sets {U,};je; € ®Q, and U its intersection. Then
$(U) =¢(NU;) e NeU;) =NU; =U.
jeJ jeJ

jeJ

If the assumption was ¥ (U) 2 U, the result follows. The other case is analogue.
O

'In fact, one can prove that M(* E), resp. &(*E) are closed for infinite intersections, resp.
unions; but this is not the case for unions of monads and intersections of galaxies.




Remark 1.32. The order-preserving extension of an internal mapping is unique
on monads and galazies, however this is not the case for other external sets. In
fact, we will later discover an example where two order-preserving mappings
coincide entirely on standard sets, internal sets, monads and galazxies, but not
on all external sets.

Proposition 1.33. (Combined Cauchy Principle) Given m € *M(*E) and g €
*&(*E). Then
mcg < JAcC'P(E):mcAcy.

Proof. The inclusion is equivalent to mng® being a trivial monad; i.e. each base
of this monad containing the empty set. Given bases U for m and V for g, the
statement is also equivalent with the existence of a U € Y and V € V such that
UcV. O

Given o = (a;)jery € *“O(E) with | J| < k. Then (2%;)je- s is a base (of tails),
hence ., € *M.(*E).

Definition 1.34. The k-thin [*]monads are the infinite point sets of [*]nets
with a standard index of cardinality < x. We denote them as [*]M*(*E) ¢
[*]M.(*FE). In particular, we call Ro-thin [*]monads sequential, they are
associated with [*]sequences.

The following propositions show that nets are fine representatives of monads
and sequences are fine representatives of monads with countable cofinality.

Proposition 1.35. Given m € M, (*F), there exists a cardinality A > k such
that m € M (*E).

Proof. Let U be a base for m. Let J = {(U,e) : U € U,e € U} with (U,e) <
(U',e') <= U < U’ and consider the net A = (a;)jers;a(v,e) = e. Then
A =m. O

Proposition 1.36. Given m e *M,(*E), there exists an m’ € *M"(m).

Proof. Let U be a *base for m. Consider a net & = (ay)yeas where ay € U is
arbitrarily chosen for each U. Then 27, € m. O

Corrolary 1.37. Any monad of countable cofinality contains a sequential finer
monad.

1.3 Properties of standard monads and galaxies

Definition 1.38. A ring of sets X over E is a family of sets ¥ in F such that
@ e, kel closed for finite intersection and union. The discrete ring is the
ring of all subsets of F.



Definition 1.39. Given aring ¥ and a set A € *E. Then the filter and monad
over X generated by A are

fily A={Ue% Ac*U};
ps(A):=((fils A) =" (fily A)e.
The ideal and galaxy over ¥ generated by A are

idly A:=={Uex,*UcAl;
I‘E(A) = Ug(ﬁlz A) = m*(ﬁlg A)OO

In the absence of an explicit ¥, the discrete ring is implied. In the case of a
singleton, we may leave off the accolades.

Now notice that for m € 9(*E) with base U, we have fil m =/ and p(m) =
m, hence m — fil m is a standard bijection into the set of filters on E. The filter
is the greatest base (for the C order) of m; the bases of m are precisely the cofinal
subsets of its filter. All properties of (standard) monads can be interpreted as
properties of filters, relating them to standard analysis. The case for galaxies
and ideals is analogue.

Definition 1.40. A non-trivial monad that does not contain any strictly finer
non-trivial monads is an ultramonad. A non-trivial galaxy that is not con-
tained in any strictly finer non-trivial galaxies is an ultragalaxy.

Proposition 1.41. The ultramonads of E are precisely {u(e):ee *E}.

Proof. We may construct a base for a strictly finer non-trivial monad iff there
exists a U € E such that fil m does not contain either U or its complement. First
consider m = p(e) for e € *E, then U € fil m iff e € *U but otherwise e € *U*¢. For
the opposite implication, suppose m contains points e, e’ such that e’ ¢ p(e),
then p(e) is a strictly finer non-trivial monad of m. O

Similarly, the ultragalaxies are precisely {T'(e®) = u(e)  : e € *E}.
Definition 1.42. The kernel of a monad m € M(*E) is

kerm:= (| U=mn?E.
Uefil m
Note that *kerm = n*(fil m)e € m. A monad is free if kerm = @. A monad is
principal if * kerm = m (which is equivalent to finite cofinality). An ultramonad
wu(e) is principal iff e is standard and free otherwise.

Definition 1.43. A galaxy g e MM(*E) is covering if °F ¢ g.
Hence free monads and covering galaxies are each others complements.

Definition 1.44. Given a ring 3. A set A ¢ *F is Y-chromatic if Va € A :
ps(a) ¢ A. Naturally, for any U € ¥, *U is ¥-chromatic. Again the absence
of an explicit X refers to the discrete ring so that a set is chromatic if it is a
union of monads.



The following is a generalization of a well-known result (Stroyan and Luxemburg
[1976], 8.2.2, p. 199):

Proposition 1.45. Given a ring X and m e *N(*E). Then

Hy(m) = U ps(e)

eem

Proof. The inclusion Ugem ttx:(€) € ps;(m) is clear, assume then that it is strict.
Take e € puy(m) N m. Let A := {ux(e') : e’ em} cM(*E) and note that for any
ae®A, ac{e}’. Using the Cauchy principle, consider the galaxy g. with base
U={UeX:JaecA:ac*Use¢ *U}. Since we have m S g., the combined
Cauchy principle gives us that m € *U with U e i/ € ¥ and e ¢ *U. This is a
contradiction because e € uy,(m). Hence we can conclude that m = py, (m).

O

Corrolary 1.46. Any m € *M(*E) or g € *&(*E) is X-chromatic iff it is
standard and has a base in 3.

Proof. If m is standard with a base in ¥, then clearly m = py,(m). If otherwise
m is Y-chromatic then m = Ugem ptx(€) = psy(m). If g is a standard galaxy
with a base in X, it is a union of ¥-chromatic sets and therefore ¥-chromatic.
Assume otherwise that g is X-chromatic. Since the complement of a chromatic
set is chromatic, the first part of the proof implies that g is standard. Take
any U €idl g, then pus;(*U) = Ueerv t5;(e) € g; hence because of the combined
Cauchy principle, there exists a V € ¥ nidl g such that U c V. O

Corrolary 1.47. Given a ring ¥ and an internal set A. Then A is X-chromatic
iff Ae?X. In particular, A is chromatic iff it is standard.

Definition 1.48. Given aring ¥ and A, B ¢ *E. Then A is ¥-distinguishable
from B iff Bnus,(A) = @ (equivalently due to the Cauchy principle, there exists
a V e ¥ such that A c*V and B ¢ *V°). Then A and B are Y-separated
iff ps(A) N px(B) = @ (equivalently due to the Cauchy principle, there exists
disjunctive V, W € ¥ with met A ¢V and B ¢ W). We apply these terms also to
points e, e’ € *E (as singletons). Note that a pair being mutually distinguishable
is strictly weaker than being separated.

Notation 1.49. Given a ring X, then the complements of sets in X are a ring
as well, denoted as . The discrete ring is of course equal to its complement.

Lemma 1.50. Given a ring 3, and e,e’ € *E: e € puy(e') = €' € ps(e).

Proof. Suppose e ¢ ps(e’), then there exists a U € ¥ with e € U and €' ¢ U.
Then U°® € %, hence €’ ¢ px(e’). The opposite implication is identical. O

Lemma 1.51. Given a ring ¥. Then A € *E is Y-chromatic iff AS is -
chromatic.
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Proof. Given e € A®, then e ¢ py(e’), then because of lemma [[L50, e’ ¢ ps(e)
for any e’ € A, hence ps(e) € A°. The opposite implication is identical. O

Proposition 1.52. Given a ring ¥. Then A € *E is X-chromatic iff for all
ecA°: AcTy(ef).

Proof. Because of lemma [[51] A € *FE is X-chromatic iff

A= U nis(e) = A= (U ()" = Ni(0)* = NTs(e).

ecA

O

In particular, a set is chromatic iff it is exactly equal to the union of all
standard monads it contains (and not larger) iff it it is exactly equal to the
intersection of all standard galaxies it contains (and not smaller).

Lemma 1.53. (Chromatic inclusion) Given two sets A,B ¢ *E where A is
chromatic. Then
AcCB < M(A) cM(B).

Proof. The = implication is trivial. For <, take e € A. Since A is chromatic
p(e) c A. Then p(e) € M(A) € M(B), hence, pu(e) € B. O
Proposition 1.54. Given m € MM (*E), Q € *E such that °E € Q. Then
mcQ@ <= mcI'(Q).

Proof. Let o = (an)nen be a sequence such that m = *@Z,,. Assume m € @Q (the
other implication is trivial). Since *, = “{anfnen C7E € Q, * )y = ", umc
Q. But then *.o7;y € T'(Q) hence m c T'(Q)

Corrolary 1.55. Given m € My, (E), Q € *F such that °E ¢ Q. Ifmc Q,
then mnT(A) + 2.

Proof. Combine with corollary [.37] O

1.4 I.o.G.-properties

Given a directed set J and a family (g;)jes in &(*E) that is order-preserving
for 2, each having a base U;. Define:

h:= () g Z:=idlh; g:=T(h)=U(NY).
jeoJ jeJ
We call h an Intersection of Galaxies (I.0.G). Now it is clear that for a
standard set V € E, we have a single set property characterized by

Vel < "Vch < "Vcg < Ve()idlg;.

jeJ
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We will consider three ways of extending this property to all (including
external) subsets of E. The x-property is naturally defined by ®Z := <*Z. The c-
extension (chromatic property) is °Z := P(h). Finally, the s-extension (standard
property) is:

ST:={AC*E:VjeJ: AeU,;}.
Each of them is (externally) downward closed.

Proposition 1.56. Given m € *M(E) with *base V, we have
meZ(mch) < me®Z < VjeJ:3VeV,, UecZ:VcU.

Proof. The first equivalence follows from fixating j € ?J and applying the com-
bined Cauchy principle on m ¢ g;. The second equivalence follows from fixating
j €7J and applying the Cauchy principle on m ¢ U for a certain U € *U;. O

Corrolary 1.57. Given any set A< *E, then A€ ‘L (Ach) iff any internal
set it contains is in °L. If A is internal, then A€ ‘T(Ach) < Ae*L.
Given g' € *®&(*E) with base U, then g' € ‘T (g’ ch) <— UCc*T.

Proposition 1.58. Given g’ € &(*F), we have
0 e® = g T (gch) — g'cg = VWeidlg': Vel

Proof. We will prove the equivalence of the first and last statement. Assume
g’ €®7 and take V eidl g’, then *V € ®Z, in fact in *Z since it is internal which
transfers to V' € Z. Assume otherwise the last statement is true. Then take any
N € *(idl g')wo, because of the transfer principle N € *Z, but then g € ®Z because
it is downward closed. The second equivalence is trivial; the third equivalence
is because of the Cauchy principle. O

Proposition 1.59. Given m e M(*F), then the following are equivalent:
(1) meg;
(i) me®Z;
(ii) fil m contains a set in Z;
(iv) m has a base in T.

Proof. (i) <= (iii): This follows from the combined Cauchy principle.

(ii) = (iii): If m € ®Z, then each U € *(fil m), is in Z, in fact *Z since they
are internal; then because of the transfer principle there exists a U € fil mnZ.

(ili) = (iv): U isabaseof mand VeZnfilm, then {UnV:Uel}isa
base of m in Z.

(iv) = (ii): Trivial. O

In this case the distinction between *-properties and s/c-properties are not
merely non-standard tools, but have particular relevance in the standard world.
For monads these carry over to two distinctive properties of filters, as will be-
come clearer in concrete examples.
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Lemma 1.60. Given a ring . If for all j € J : g; is X-chromatic, then b is
Y-chromatic.

Proof. Since the ¥-chromatic sets are closed for intersection. O

1.5 Topology and convergence

For any ring ¥, clearly if U € X, then Ve € U : ux,(e) € *U. Suppose the opposite
implication was also true, i.e. for any U ¢ E:

UeX < "U=Jpxg(e) <= VeeU:IVefilye: VU
eeU

where we used the Cauchy principle for the second equivalence (note that this
is strictly stronger than X-chromatic). It can be seen that the above statement
is equivalent to 3 being closed for the infinite union.

We will now work with a topological space (F,7), i.e. 7 is a ring that is
closed for the infinite union, i.e. the open sets. The T is closed for infinite
intersection, i.e. the closed sets.

Definition 1.61. For e ¢ E, the topological monad of e is m[,(e) = p,(e),
7 is left off when the topology is clear from the context. Then nbhp.j(e) :=
fil m[-j(e) is the filter of neighborhoods of e. Any base of m(e) is a base of
neighborhoods of e.

A set U ¢ E is thus open iff for any e € U; m(e) € *F, equivalently it contains
a neighborhood of e. It is closed if it contains any e such that m(e) n*U # @.
The interior of a set is its largest open subset and the closure of a set is its
smallest closed superset. The x-extensions of the open and closed properties are
extended to external sets by letting ®7 be the closure of *7 for infinite unions;
equivalently the *closure of any A € *E is

A ={eec*E:VYV e*nbh,(e): AnV # z}.

Since *interior and *closure are order preserving mappings, they have {-extensions
that coincide with the %-extensions on monads and galaxies. Hence, a [*Jmonad
or [*]galaxy is *closed iff it has [*]base of [“|closed sets and *open iff it has
[*]base of [*]open sets. This implies that in fact for any e € *E: @T = p=(e).
In the case of standard monads and galaxies, because of corollary *open
coincides with being 7-chromatic and *closed coincides with being 7-chromatic.

Definition 1.62. A monad m € 9M(*E) converges towards a point ¢ € F,

denoted m 5 ¢ if m € m(e), i.e. each neighborhood of e contains m.
The accumulation points of m are

V,m:=kerm’.
Proposition 1.63. Given me M(*E):

V,m={ecE:m(e)nm#g}={ecE:Im eM(m):m' > e}.
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Proof. Assume e € V,m. Take any U € *nbhe(e); since e € m there exists an
e’ e Unm, hence pu(e’) € m(e) nm. Now assume otherwise e¢ € E and there exists
an e’ e m(e) nm. Now recall that m has a base U of closed sets. Since for each
U €U we have m(e) n*U 3 €/, the closure implies e € U. Therefore e € m. O

Corrolary 1.64. Foree*E, V,u(e) = {¢' € E: p(e) 5 €'}.
Corrolary 1.65. For VcE, V' =v,'V.

Corrolary 1.66. A standard galazy is *closed iff it contain its accumulation
points.

Lemma 1.67. Given Ac*E. Then p, (A) is *closed iff for any closed V ¢ E
such that An*V =@, A and *V are T-separated.

Proof. Assume p_(A) is *closed and take a closed V ¢ E. Then . (A) is
an *open galaxy that contains *V, since it is 7-chromatic it must also contain
w-(*V); hence pu_(*V)np, (A) = @. Assume otherwise that for any closed V,
A and *V are T-separated and take an open U such that A ¢ *U. Then *US is
closed and thus contained in an open set W that is disjunctive from p._(A), i.e.
p(A)cWec*U. Hence p,(A) has a closed base. O

A topology is T1 if for any e € E, {e} is closed (i.e. kerm(e) = {e});
equivalently any standard point is 7-distinguishable from any other standard
point. A topology is Hausdorff (T2) if each pair of standard points is 7-
separated; equivalently there exist no monads that converge to more than one
point. A topology is regular if m(e) is *closed for any e € F; equivalently
(lemmal[[L67) each singleton and closed set are T-separated. Note that a topology
is Hausdorff regular (T3) iff it is (T1) and regular.

If V ¢ E, then the induced topology of V is determined by the monads
VeeV:my(e):=mg (e)n*V.

Definition 1.68. The near-standard points of *E are

ns;(*F) = LJEmT(e) ={ee’E:V,ule) + o}

Since for any e € E, ¢/ e m(e) : puy(e’) € m(e), ns(*F) is 7-chromatic. If the
topology is Hausdorff then for each e € ns,(* FE), we define st e to be the unique
element in V,p(e), i.e. p(e) 5 st e.

Hence, if the space is Hausdorff, we have for V ¢ *E
V' o=st, *V.

Lemma 1.69. Suppose E is Hausdorff. Given m € *M(*E) and g € *M(*E).
Then st m and st g are closed.
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Proof. Suppose e ¢ st m, then m(e) € m‘. Because of the combined principle
of Cauchy, there is an open neighborhood U of e such that m n*U = @. Hence
st mcst *(U) = Ex\U since its closed, hence m(e) nst m = @. Now let U be a
base for g. Then st g = Nnyay.. st U, an intersection of closed sets is closed. [

Proposition 1.70. ns(*FE) is the Lo.G. of *open covering galazies of *E.

Proof. Tt is clear that any *open covering galaxy must contain ns(*E). Suppose
then that there exists an element e € *FE contained in every *open covering
galaxy, then since wc is open it cannot be covering, hence there exists an
e evu(e). O

Proposition 1.71. Given a set V ¢ E. The following are equivalent:
(i) *V cns,(*E);
(1)) Vme MCV), m+g:V,m=g.

(iii) Each open cover of E contains a finite subcover of V.

Proof. (i) <= (ii): From the definition of ns(* E') and proposition [[.G3 follows
that mnns, (*E) +@ < V,m# Q.

(i) <= (iii): Every open cover U is the subbase of an *open covering
galaxy g. By proposition [L70] *V ¢ g, hence by the Cauchy principle there
must be finite sets in U that cover V. O

Definition 1.72. A set V ¢ E that satisfies the equivalent conditions of propo-
sition [[.7Tlis called relatively compactE E is a compact space if “F c ns(*F).
A set V ¢ F is compact if *V Cnsy (*V), i.e. the near-standard points for the
space V with the induced topology of E.

A set that that is both closed and relatively compact, is always compact
since in that case nsy (*V) =nsg(*V). If the topology is Hausdorff, a compact
set set is always closed since for e € nsg(*V): Vu(e) NV # @ < steeV.
This however does not imply that the closure of a relatively compact set is
(relatively) compact.

Lemma 1.73. If E is regular, then any 7T-chromatic A € ns(*E), p, (A) is
*closed.

Proof. Take e € A. Since p_(e) is *open, there exists an e’ € u_(e)n A. Because
of lemma e € m(e'). Since A ¢ ns(*F) there exists a é € A such that
e’ e m(é) c p,(A). Since m(é) is *closed, m(e’) € m(é), then since A is
T-chromatic e € A. O

2Since relative compactness is the associated set property of an I.o.G., we can use section
[C4lto define *relative-compact, *relative-compact and ‘relative-compact on the basis of open
covering galaxies and automatically get the implications for monads and galaxies. However,
the approach with convergence and accumulation points is natural and sufficient.
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Corrolary 1.74. If E is regular, the closure of a relatively compact set is
compact.

Proof. The lemma implies that ns(*E) itself is *closed, hence the *closure of
any subset of ns(*E) must still be in ns(*E). O

Corrolary 1.75. If E is reqular, any disjunctive pair of a relatively compact
set and a closed set is T-separated.

Proof. Combine with lemma O

Definition 1.76. The compact points of F are
comp, (*F) :=T(ns,(*F)),

i.e. the galaxy of relatively compact sets. If F is regular, it is also the galaxy
of compact sets and comp, (*F) is *closed.

Proposition 1.77. (Local property) Given a galazy g. Then the following state-
ments are equivalent:

(i) ns("E) c g

(i1) every convergent monad m has a base U cidl g.
(iii) every point has a neighborhood in U;

() g is T-chromatic;

Proof. (i) = (ii): Given a base V, because of the combined Cauchy principle it
contains a set in U €idl g, then consider the base {V nU :V € V};

(i) = (iii) = (iv): Trivial;

(i) < (iii): 7-chromatic is equivalent to *open for galaxies, so that this
follows from proposition [L701 O

Example 1.78. F is locally compact iff each near-standard point is compact
iff each point has a compact neighborhood.

Definition 1.79. Given a topological space F' and a function ¢ : *F - *F.
Then 1 is ¥ is ‘continuous if for any e € E, ¥(m(e)) ¢ m(y(e)); ¥ is
“continuous if for any e € ?E and V € “nbh(v(e)), there exists a U € “nbh((e))
such that ¥(U) ¢ (V). Finally, ¢ is *continuous if for any e € *F and
V € *nbh(¢(e)), there exists a U € *nbh(t(e)) such that ¢ (U) c ¢(V).

The Cauchy principle implies that an internal function 1 is °continuous
iff it is “continuous. For standard functions all three properties coincide with
continuity.
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2 Topological Vector Spaces

2.1 Linear monads

We work with a K-vector space (F,+,-), where K is either R or C. We have the
usual topology on K, which means that:

VaeK:mg(a)={fe¢*K:VneN:|a-3|<1/n};
ns(*K) ="K = {a € "K: 3In € °N: |a| < n}.

Given m € *E. Then for any m’ € *9(*E), m’ +m is a *monad in *E and for
any m’ € *M(*K), m’-m is a *monad in E (due to corollary [[.2])).
The balanced and convex hulls of sets have non-standard equivalents appli-
cable to external sets. Given A € *F, the *balanced hull is
bal(4) := |J aA.
e
Jarl<1
In particular, sets that are closed for the *Kj-scalar multiplication are *balanced.
In fact, a set is closed for *Kj-scalar multiplication iff it is closed for K-scalar
multiplication and is *balanced. The *convex hull of a subset A € *FE is

co(A) := { Zaixi : (%;)i<w internal in A, (a;)i<w internal in *[0,1], Z a; = 1}.
i=1

i=1

The convex and balanced hull is then

w w
cobal(A) := co(bal(A4)) = { > a;z; : (x;) int. in A, (a;) int. in "K, Y |a;| <1}
i=1 i=1
and the *closed, *convex, *balanced hull cobal(A) := cobal(A).

These properties coincide with the *-extension of their standard equivalent,
so that for a standard V' we have *(bal(V)) =bal(*V) and *(co(V)) = co(*V).
Furthermore, the two maps define set properties: A is *balanced iff A = bal(A)
and *convex iff A = co(A). Note that because of the transfer principle, an
internal set A is convex precisely iff for any two e,e’ € A and « € *[0,1]: ae+
(1 - a)e € A, however this condition is not sufficient for external sets. Then,
since the maps are order-preserving the maps and associated properties have {-
extensions that coincide with the *-extensions on *monads and *galaxies. Hence,
a [*]monad is *balanced iff it has a base existing out of [*]balanced sets and
*convex iff it has a base existing out of [*]convex sets.

Definition 2.1. Given two sets Ac *FE and B < *E. Then
B "absorbs A if Jag € R, :Va e 'K, |a| > ap : A € aB;
B *absorbs A if Jag € "R,y : Va € 'K, |a| > ap : A € aB;
B ‘absorbs A if mg(0)-Ac B.
When A is a singleton, we refer to it as a point. We call a set *absorbing if

it *absorbs all points of 7 F; “absorbing if it ‘absorbs “FE; *absorbing if it
*absorbs all points of *E.
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Proposition 2.2. Given m € *M(*FE) and g € *&(*E). Then m “absorbs g iff
any internal set containing m °absorbs any internal set contained in g.

Proof. Given an internal A ¢ g, m4 := mg(0) - A is a *monad with base ({«A :
|a] € 1/n})nen. For any internal set B, because of the Cauchy principle m4 ¢ B
is equivalent with Ine N:Va eK |o| >n: oA c B. O

Corrolary 2.3. Given internal sets A,B € *E. Then A ®absorbs B iff A
“absorbs B.

Corrolary 2.4. Given m € M(*E) and g € &(*E). Then m “absorbs g iff m
*absorbs any set in idl g.

Proof. Given m € M(*E) and V € idl g. If mg(0)-*V € m, any set in fil m
absorbs V. Transfer implies any set in *(fil m)s *absorbs *V, hence m *absorbs
*V. If otherwise m *absorbs *V, any set in fil m *absorbs *V, byt transfer it
absorbs V' and therefore it ‘absorbs V. o

A topology 7 is compatible with the vector structure if addition and
multiplication are continuous for this topology. In this case (F,7) is a topo-
logical vector space (TVS).

Proposition 2.5. Addition is continuous for T iff
1. m,(e) =m,(0) +e for each e € E;
2. m.(0) is closed for addition.

Proof. Addition is continuous iff m(e;) + m(e2) € m(e; + e2). Assume that
is true, than (2) follows from the case e; = —e2 = 0. If e; =0 en ez = e then
m(0)+ecm(e), but if e; = e5 = e then m(e) —e € m(0), proving (1). Assuming
otherwise (1) and (2) are true, then m(e;) + m(ez) = e; + e2 + m(0) = m(eg +
82). O

Definition 2.6. If addition on E is continuous, we define for any e € *E:
m;(e) :=m,(0) +e.

Note that for a non-standard e, m(e) is a *monad but not necessarily a standard
monad. As these are equivalence classes, we denote for e, e’ € *E:

enppe <= e—e em(0).

Proposition 2.7. Suppose addition on E. is continuous. Then multiplication
is continuous iff

1. m.(0) is closed for *Kj-scalar multiplication, i.e. it is *balanced and
closed for “K-scalar multiplication.

2. m.(0) is “absorbing, i.e. mg(0)-“FE cm,(0).
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Proof. Multiplication is continuous iff mg(a) - m(e) € m(ae) for each a € K
and e € E. Assume that is true, then (1) follows from the case e = 0 and (2)
from o« = 0. Assuming otherwise (1) and (2) are true, then mg(a) - m(e) =
(a+mg(0))- (e +m(0)) = ae + m(0) = m(ae). O

Corrolary 2.8. If E. is compatible with the vector structure, every neighbor-
hood of 0 is absorbing and contains a balanced neighborhood of 0.

Definition 2.9. A monad m € M(*E) is linear if it is closed and for *"Kj-
multiplication and it contains mg(0) - ?E. Any linear m € M(*E) defines a
topology 7 on E compatible with the topology by setting for e € E:

m,(e):=m+e.

We will from now on assume that F; is a Hausdorff TVS, where A,y is a base
of m,(0) existing out of absorbing, open and balanced sets. Given A € A and
a € K, m(0) € e, then applying the Cauchy principle there exists a A’ € A such
that \' ¢ aX. Furthermore, applying the Cauchy principle to m(0) + m(0) € A
gives us that for any A € A there exists a A’ € A such that A’ + X' c \.

Note that for V ¢ E, V = Nyea(V + A), while for Ac*E, A=yea(A+N).

Definition 2.10. A set A c *F is ~,-saturated if A=A +m,(0).

Note that this is not equivalent to 7-chromatic since for non-standard points
e’ € *FE, in general p_(e) # m(e); they may be larger or smaller.

Lemma 2.11. Any ~,-saturated set is *open and * closed.

Proof. Let A be a »~,-saturated set and talie e € A. For any )\ € "A., we have
e+ c A, hence A is *open. Now take e € A. For any A € *A,, we have ¢’ € A
such that e — ¢’ € A, but then ¢ e m(e’) ¢ A, hence A is *closed. O

Corrolary 2.12. m,(0) is *closed, i.e. E is reqular.

_ This means that E; has a closed base of neighborhoods of 0, in particular
{A: X eA}issuch abase. Furthermore for topological vector spaces T1=T2=T3,
i.e. E is Hausdorfl iff kerm.(0) = {0}.

Lemma 2.13. Given a closed V ¢ E and relatively compact K € E. Then K+V
is closed.

Proof. Suppose e € (V + K)‘. Then e~V nK =@. Since e -V is closed and K
relatively compact, because of regularity (corollary [LT0) p, (e—*V)np, (*K) =
@ and since m(e) - *V ¢ p_(e—*V) this implies m(e) n* (K +V) = @. O

Given e € cobal(?E). Then we have internal sequences (€;)ic, in “E and
(a)ice in *K such that Y7 o |a;| < 1 and e = Y7 aze;. But if {e;};c, is an
internal subset of “F, due to the Cauchy principle it must be standard and
finite, hence we assume w.lo.g that v € °N. Since “FE is the galaxy of finite
sets, cobal(?E) is a galaxy that has the convex, balanced hulls of finite sets
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as base. Since ns(*E) is closed for (finite) addition and *Kj-scalar multiplica-
tion, cobal(?E) € ns(*E). Since st cobal(?FE) = °F ¢ cobal(?E), the galaxy is
*closed, i.e. equal to cobal(°E). These observations leads us to the following
definition:

Definition 2.14. The quasistandard points are the *K;-span of the standard
points, i.e.

qs(*F) = cobal(“F) = {Z aie;n €N, (o)icn in "Kf, (€7)i<n in “E}.
i=0

Note that this galaxy is independent of the topology.

2.2 Boundedness and precompactness

Definition 2.15. The set of finite points is the following I.0.G.:

Fin,("E):= [ "K;-A= ) U “(aaN);

AeA - AeA; axeRy

i.e. e e *F is finite iff for any A € A there exists an a € R, such that e € aX. The
set is 7-chromatic, T-saturated, closed for addition and *Kj-multiplication. The
corresponding galaxy is the set of bounded points:

Bade(*B) = (Fin (*2)) = U] 0N a2

i.e. e € *E is bounded iff there exists a (ay)x € RY such that YA e *A:eeay.
Proposition 2.16. A point e € *E is finite iff it is absorbed by m,(0).

Proof. Assume e € Fin,.(*F) and ¢ € mg(0). For any A € A there exists an
ay € R, such that e € *(ayA). Then ee € ea(*\) € *\ since A is balanced and
leax| < 1. Assume otherwise e ¢ Fin,(*E). There exists a A € A such that
Va e K, e ¢ *(a)). Because of infinite overspill there exists an w € *Kq such
that e ¢ w(*)\), hence w™'e ¢ *\. O

The corresponding set property for V ¢ E, *V ¢ Fin(*FE) is bounded,
from section [[L4] we immediately get definitions for “bounded, *bounded and
*bounded sets: A € *E is [*|*]bounded iff for any A € [?|*]A there exists an
a € [7|"]R, such that A € aA. The section also gives us the implications for
*monads and *galaxies, in particular for a monad m € MM (* E) we distinguish:

e m c Fin(*F) is ‘bounded, *bounded or finite, i.e. or any A € A there exists
an o € R, and a U in fil m such that U ¢ a; in light of proposition
a monad is finite iff when multiplied with a monad in *K that converges
to 0, the resulting monad converges to 0;

e m c Bdd(*E) is *bounded or just bounded, i.e. fil m contains a bounded
set and therefore a base existing out of bounded sets.

20



Hence, a set in E is bounded iff each monad it contains is finite; a set in *E is
‘bounded iff each monad it intersects is finite.

Proposition 2.17. Givenm € *M(*E), the following statements are equivalent:
(i) For each e e m; m<m;(e);
(ii) there exists an e € *E such that m < m.(e);

(iii) for each A\ € A, there exists an internal (standard if m is standard) Uy 2 m
such that Uy — Uy € *\;

Proof. (i) = (ii): Trivial.

(ii) = (iii): Given A € A, take A’ such that A’ + A ¢ A. Because of the
Cauchy principle there exists an internal Uy 2 m such that Uy € e + *)\'. Then
Un-Uxc™* N +*NcrA

(iii) = (i): Given e € m and take A € A. Because of the assumption there
exists a Uy 2 m such that Uy — Uy, € * )\, since ee Uy, Uy S e+ *\. O

Definition 2.18. A [*]monad that satisfies the equivalent conditions of 217 is
called [*]Cauchy.

Definition 2.19. The set of prenearstandard points is the following I.0.G.:

pus,("E):= [ E+"A= ) U e+"X\
AeAr AeA; ee E

i.e. e € *E is prenearstandard iff for any A € A there exists an e’ € F such that
e—e€' e A\. The set is 7-chromatic, T-saturated, closed for addition and *K;-
multiplication. The corresponding galaxy is the set of precompact points:

pcomp, (*E) :=T(pns, ("E)) ={J7{() Sx + A} (5,)rePrin (E)A
AEX

i.e. e € *F is precompact iff there exists a (Sy), € Ppin(E)A such that VA e *A:
ee("S)r+A

Proposition 2.20. Given e *E. Then ecpns, (*F) iff m.(e) e M(*E).

Proof. Assume e € pns(*E). Then we can choose (ey)y in E such that for each
A€ A, e—ey € A. Then consider the monad m with base (ex+A)xea. Given A € A,
take X such that M+ X c \. Forany ¢’ eex + N, e—¢e¢'=(e—ex)— (e —en) €
A+ X c A sothat ey + A S e+ A; thus m € m(e). For any e” € e + X’ similarly
ex—€” €\, sothat e+ )\ C ey +A; thus also m(e) 2m. Hence m(e) =me M(*E).
Assuming otherwise m(e) € M(*E), then m(e) is cauchy. Given A, there exists
a U ¢ "E such that m(e) € U and U - U < A. Picking any e’ € U, we have
e-e c\ O

The associated set property for a set V ¢ E,*V ¢ pns(*E) is precom-
pact or totally bounded, from section [[.4] we immediately get definitions for
‘precompact, °precompact and *precompact sets: A € *FE is [°|* ]precompact
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iff for any A € [7]*]A there exists an S € [7]"]Pan(E) such that A ¢ S+ ).
The section also gives implications for *monads and *galaxies while proposition
implies that a standard monad is “precompact iff it is a union of Cauchy
monads. Then for a monad m € M(*E) we distinguish:

e m ¢ pns(*FE) is ‘precompact, *precompact or totally finite, i.e. for any
A € A there exists a U in fil m and a S € Pg, (EF) such that U ¢ S+ . Each
ultramonad it contains is Cauchy, i.e. for any A € A there exists a U in
fil m such that U - U c A;

e m ¢ pcomp(*FE) are *precompact or just precompact, i.e. fil m contains
a precompact set and therefore a base existing out of precompact sets.

Hence, a set in E is precompact iff each ultramonad it contains is Cauchy, a set
in *F is ‘precompact iff each ultramonad it intersects is Cauchy.

Remark 2.21. Note that because of proposition sequential monads are
finite iff they are bounded and totally finite iff they are precompact. From its
corollary follows that monads with countable cofinality that are finite, respec-
tively totally finite always intersect with a bounded, respectively precompact set.
This is the basis of many special properties of metrizables spaces where m,(0)
has countable cofinality.

Proposition 2.22. (Local property for TVS) Given a covering g € &(Fin,(*E)),
closed for K-scalar multiplication. The following statements are equivalent:

(1) m(0) < g;

(i) Fin.(*E) = g.
(#i) g is T-chromatic;
(i) g is ~,-saturated.

(v) There exists a neighborhood of 0 in idl g;
(vi) Each finite monad has a base in idl g.

Proof. (i) = (ii) : Take e € Fin(*E). Proposition2.I6 gives mg(0)-e cm(0) < g,
then there exists a a € R, (combined principle of Cauchy) such that ae € g. Since
g is closed for K-scalar multiplication, e € g..

(il) = (iii), (iv): Trivial.

(i), (iv) = (i): Trivial.

(i) <= (v): The combined Cauchy principle.

(ii) <= (vi): Chromatic inclusion and the combined Cauchy principle. [

Example 2.23. F is locally bounded, i.e. m(0) ¢ Bdd(*E) iff Fin(*E) =
Bdd(*E), in this case there exists a bounded A € A. For any X’ € A there exists
an o € R, such that o'\ c ). Hence,

m(0) = () *(aA) = mg(0) - *A.

acRy
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Looking back at the I.o.G. definition of Fin(*E) with galaxies of the form
Ua,er, ~(axA), consider that for a bounded A, this galaxy contains all the others
so that Fin(*F) is indeed a single galaxy.

Since °E < pcomp(*FE) and the latter is ~,-saturated, ns(*E) ¢ pns(*E).
Given any S € Pgn(E) and A € A; there exists an « € R, such that S+ A € a),
hence pns(*E) ¢ Fin(*E). Therefore we get

gs("E) cns("E) cpns("E) c Fin(*F);
gs(*F) € comp(*E) ¢ pcomp(*E) c Bdd(*E).

Hence, closed convex balanced hulls of finite sets are compact, compact sets
are precompact and precompact sets are bounded. Convergent monads are
Cauchy and Cauchy monads are finite. We may now derive special properties of
(subspaces of) topological vector spaces from chromatic inclusions that do not
generally hold, each with their equivalent characteristics:

e Bdd(*E) < pns(*E). Bounded sets are precompact. Bounded monads
are totally finite. Bounded ultramonads are Cauchy. Pseudo-Henson-
Moore.

e Fin(*F) c pns(*E). Finite monads are totally finite. Finite ultramonads
are Cauchy. Henson-Moore. Implies Pseudo-Henson-Moore.

e pcomp(*E) c ns(*E). Precompact sets are compact. Precompact monads
have an accumulation point. Pseudo-complete.

e pus(*E)nBdd(*E) cns(*E). Bounded sets are complete . Bounded to-
tally finite monads have an accumulation point. Bounded Cauchy monads
are convergent. Quasi-complete Implies pseudo-complete.

e pns(*E) € ns(*FE). Totally finite monads have an accumulation point.
Cauchy monads are convergent. Complete. Implies quasi-complete.

e Bdd(*E) cns(*E). Bounded sets are compact. Bounded monads have an
accumulation point. Bounded ultramonads are convergent. Heine-Borel.
Implies Quasi-complete and Pseudo-Henson-Moore.

e Fin(*F) cns(*E). Finite monads have an accumulation point. Finite ul-
tramonads converge. Henson-Moore-Complete. Implies Heine-Borel,
Henson-Moore and complete.

We immediately see that a set is compact iff it is precompact and complete.
Proposition 2.24. The following statements are equivalent:

(i) m,(0) € comp,(*E), i.e. E is locally compact;

3A set V ¢ E is complete if nsy (*V) ¢ pns(*V). Closed subsets of a complete set are
complete.
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(i) m,(0) € pcomp,. (*E), i.e. E is locally precompact.
(#i) m,(0) cqs(*F);
(i) E is finite dimensional;

In this case Fin(*E) = Bdd(*F) = pus(*F) = pcomp(*E) =ns(*E) = comp(*F) =
qs(*E). In particular, E is Henson-Moore-Complete.

Proof. (i) = (ii): Trivial.
(ii) = (iii): Let A be a precompact neighborhood of 0. Hence, there exists
an S € Pun(F) so that recursively

)\ES+é§S’+1(S+é)Ecobad(S)+é
2 2 2 4
C.... ccobal(S) + 2% (Vn e N) = X ¢ cobal(9).

(iii) <= (iv): The galaxy with base {span(S)} sep,,. () (finite dimensional
subspaces) is equal to *K-qs(* F), which is equal to *E if E is finite-dimensional.
If E is not finite-dimensional, then for any finite S ¢ E there exists an e ¢
span(.9)°, then for ¢ € mg(0), we have ee ¢ m(0). Since m(0) ¢ span(S) and S
was arbitrary, m(0) ¢ K- qs(* E).

(iii) = (i): Since ns(*E) = qs(*F) is a galaxy, then ns(*E) = comp(*E). O

Corrolary 2.25. The only topology on Hausdorff finite dimensional spaces is
the Fuclidean topology.

Proof. Indeed, if E is finite-dimensional, m(0) = m(0)ngs(* E), the mg(0)-span
of 2 E, which is uniquely defined. O

2.3 Completion

We can identify E with the quotient space ns(*E)/m(0), then st - is identified
with the projection map. Consider now E := pns(*E)/m(0) and let st - be the
projection map for this quotient space. Then FE is identified with a subspace of
E and st - is the restriction of st - to ns(* E). Now, consider the map

c:P(E) > P(E):V —»st*V.
Since ¢ is order-preserving, *c is {-extendable; so let
m(0) = Te(mp(0)).

Since projections are linear, ¢ is linear. Then it is clear that mz(0) must be

closed for addition and *Kj-scalar multiplication. Furthermore, since c(E) = E,
we find for any € € mg(0) that

e-"E=e¢Te("B) =Te(e-7F) c fe(mp(0)) = m(0).
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Hence, the monad is linear and defines a topology 7 compatible with the vector
structure. Since any e € pns(*F) is T-separated from the origin, there exists a
X € A that is 7-separated from e which implies that st e is not in m 7(0), hence
# is Hausdorff. Now for any V ¢ E, ¢(V)nE =st *V =V, hence m;(0) N E =
mpz(0), i.e. 7 induces 7 on E. If e € pns(*E), then for any A € A, e € “E+¢()\) =
fe(E + \), i.e. applying the Cauchy principle to each of these galaxies, there
exist (ex)eea in E such that e € nyc(ey +A) = fe(mg(e)) = mp(e’) for some
¢’ epns(*E). Then e ~ st ¢/ so that e € ns(*E). In other words, F is complete.
Then sAtAT - coincides with st: - on * E and ¢ coincides on E with closure in F , but
then E = E. Finally, it is clear that E is embeddable in any complete space
containing F, so that Eis (up to an isomorphism) the unique completion of
E.

We can use the st - map to generate weaker forms of completions: st Bdd(* E)n
pns(*E) is the quasi-completion; st pcomp(*E) the pseudo-completion.

Lemma 2.26. Given an internal A € E such that A is ®finite. Then st A is
finite.

Proof. There exist () € K such that A E_r‘n)\eoA*(*yA/\). Then st A
Cst Nyeop *(’7)\)\) c ﬂ)\EaA’}/)\(St *)\) = NxeA VA O

Lemma 2.27. Given an internal A € E such that A is ® precompact. Then st A
1§ precompact.

Proof. There exist (Sy)x € 7_?Fin(E)A such that A € Nyeopa Sy + *A. Then st A ¢
Maeo ASN + 5t " A =NyeaSy + A O

The two lemma’s above may be applied to st - = st; - as well. In the case
that A is *precompact, st A is compact.

Lemma 2.28. Given an internal A Sns(*E). Then st A=st A is compact.

Proof. Since A is *precompact, lemma [2.27] tells us that st A is precompact.
Furthermore, st A is closed by lemma L6 Since st - = st - on ns(*E), st A is
in fact closed in £ and therefore complete. O

2.4 Locally convex spaces

E is locally convex iff m,(0) is *convex. In this case we may assume that A is
a base existing out of absorbing, open, balanced and convex sets. Furthermore,
we will in that case interpret A as a family of continuous semi-norms, using the
Minkowski-function

le|a :=inf{re R, :eeri}.

such that the open (respectively closed) unit ball of the seminorm is precisely A
(respectively \). Then e, 0 <= YA€ A, : |e|x ~0; a single norm is sufficient
(i.e. the space is normable) (induced by a norm) iff it is locally bounded.

We will assume that E is locally convex in this section.
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Proposition 2.29. cobal(Fin,(*F)) = Fin, (*F).
Proof. Since cobal(*K;-\) = *K; - A, this follows from lemma [[311 O

Corrolary 2.30. The closed convex balanced hull of a bounded set is bounded,
hence cobal(Bdd,(*E)) =Bdd,(*E).

Proposition 2.31. cobal(pns,_(*FE)) = pns,(*E).
Proof. Since °E c qs(*E) c pns(*E),

pus(*E) = () as("E) + \.
AeA
Now cobal(qs(* E) + ) = qs(* E) + X. Indeed, the sum of two *convex, *balanced

sets is *convex and *balanced and because of lemma 2.I3] this galaxy is also
*closed. Hence, the result follows from lemma [[.3T} O

Corrolary 2.32. The closed convezr balanced hull of a precompact set is pre-
compact, hence cobal(pcomp..(*E)) = pcomp, (*E).

Proposition 2.33. cobal(ns,(*E)) = cobal(comp_(*FE)) + m(0).

Proof. Take e € *cobal(ns(*E)). There exist internal sequences (ep)n<, in
ns(*E) en (an)n<w in *K such that 3774 ]a;] <1 and e = Y5y aze;. Let U =
st {€en }nw, & compact set due to lemma 228 Now {e, },<. is “precompact, so
that because of infinite overspill there exists a A € *Ao and Sy € *Ppin (V) such
that {e,}n<w € Sx + A, For each e; we find an e} € S\ € *V such that e; — e} € A,
hence ¢; ~ €. Let €' := Y7, aii(e}). Then e’ € *cobal(V') ¢ cobal(comp(* E)).For
arbitrary A € A we find

w w
le—e'lx <3 lailles - €fllx < (3 las]) max fe; - eff[x ~ 0

i=0 =0

so that e’ » e, hence e € *cobal(V) + m(0) € cobal(comp..(*F)) + m(0).
Now since m(0) ¢ cobal(ns,(*E)) and the latter is closed for addition,

cobal(ns,(*E)) is ~ -saturated, and thus also *closed; from which the result
follows. O

Corrolary 2.34. The closed convex balanced hulls of compact sets are compact
(E has the convex convex compactness property) iff ns(*E) is * convex iff
comp(*FE) is * conver.

Proof. Note that ns(*E) and comp(*FE) are always *balanced and *closed.
Then if comp(*E) = cobal(comp(*E)); cobal(ns(*E)) = cobal(comp(*E) +
m(0)) = cobal(comp(*E)) + m(0) = ns(*F). On the other hand, if ns(*E) =
cobal(ns(*E)), convex hulls of compact sets are clearly compact. O

26



The convex compactness property may be understood as a weak form of
completeness. The smallest subspace of E containing F that has the convex
compactness property is E, = st cobal(ns(*FE)). Then for a set V ¢ E, we have
*V ¢ cobal(ns(*E)) iff all of its monads converge in E,. Furthermore, since
cobal(comp(* E)) ¢ pcomp(* E), pseudo-completeness (and quasi-completeness)
are sufficient conditions for the convex compactness property.

In general it is not so that sets contain a greatest balanced, convex subset
(for the ¢ order). In the case of a galaxy that is closed for addition there appears
to be such a thing as a greatest balanced, convex subgalaxy.

Lemma 2.35. Given g€ &(FE) that is closed for addition. Given two balanced
convex sets V,W €idl g; cobal(*V u*W) c g.

Proof. Since V and W are balanced and convex, cobal(VuW) cV + W. Since
g is closed for addition we must have *cobal(VuW)c*V +*W c g. O

Hence, there exists a galaxy g’ ¢ g that takes as its base all *convex,
*balanced sets of idl g. Then g’ must contain any *convex, *balanced sub-
galaxie of g. If g is *closed, this works for *convex, *balanced, *closed sets. In
particular for compact points, the following definition makes sense:

Definition 2.36. The convex-compact points is the galaxy of points in *F
which are contained in a convex, balanced, compact subset of E. We denote:

coco(*E) = J{*V: "V cns(*E),cobal(V) = V}.
Note that coco(* E) = comp(*E) iff E has the convex compactness property.

2.5 Linear maps

In this section we will work with a second topological vector space (G, 7") where
mg . (0) has a base K with the same assumptions as A.

For linear maps, continuity is determined in the origin. This means that a
linear map ¢ : *E — *G is ‘continuous iff ¢(mg(0)) € mg(0), as can easily be
proven using linearity. There appears to be a second characterization:

Proposition 2.37. Given a linear map ¢ : *E — *G. Then v is “continuous
iff Y(Fin(*E)) c Fin(*G).
Proof. First assume 1 is “continuous. Then since

myg (0) - ¢ (Fin("E)) = ¢ (mg(0) - Fin("E)) < ¢ (mp(0)) € mg(0)

this follows from proposition Now assume otherwise that ¢ (Fin(*E)) ¢
Fin(*G@). Since mg(0) - mg(0) is the monad of neighborhoods of 0 in E mul-
tiplied with neighborhoods of 0 in mg(0), it is in fact equal to mg(0). Then,
using proposition again,

Y(mg(0)) = ¢ (mg(0) - mp(0)) = mg(0) - (mg(0))
¢ mg(0) - ¢ (Fin(* E)) € mg(0) - Fin(*G) € me(0)
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This means that “continuity (including ®continuity for internal maps and
continuity for standard maps) is equivalent with mapping finite monads onto
finite monads. For internal maps, this implies that bounded sets are mapped
onto bounded sets, i.e. ¥(Bdd(*E)) ¢ Bdd(*G) (since galaxies are mapped onto
galaxies). The latter however does not in general imply continuity (it does so
obviously when Bdd(*G) = Fin(*G), i.e. the space is locally bounded).

Proposition 2.38. Given a linear map 0 : E — G. Then (m(0)) is a linear
monad for the subspace 0(E) of G.

Proof. Because of corollary .28 6(m(0)) is a monad in G . Due to linearity
of 0, §(m(0)) is closed for addition and Kj-scalar multiplication. We have
‘absorption since mg(0) - (E) = 6(m(0) - E) < 0(m(0)). O

Hence, a surjective linear map E — G defines a topology on G. If G is a TVS,
f is a linear isomorphism and #(mg(0)) = mg(0), i.e. 0 is a homeomorfism,
then 6 is a TVS-isomorfism.

Given a subspace H ¢ FE, and ny : E - E/H is the projection to quotient
space E/H, then mg(mg(0)) is a linear monad of E/H. Then mp/y(0) :=
7w (mpg(0)) defines a natural topology on E/H. Under this topology mp is
open and continuous. If H is closed, then my(H®) = E/H ~ {0} is open and
E/H is Hausdorfl.

Definition 2.39. A family {t;};es of linear maps F — G is equicontinuous
if for each k € K there exists a A € A such that ¢;(\) €k for all j € J.

Proposition 2.40. A family {¢;}je; of linear maps E - G is equicontinuous
iff for each j €™ J, 1, is “continuous (i.e. *continuous).

Proof. Suppose that for each j € *J, v; is ‘continuous. Take any x € K. Then
mg(0) € ()¢5 ("K).

jerJ

so that due to the Cauchy principle there exists a A € A such that *\ ¢ 1/151 (*k)
for each j € J. Assume otherwise that the family is equicontinuous and take
j € *J. There exist for each k € K a A, € A such that due to the transferring
principle 9;(Ax) € &, hence

Yi(mp(0)) () "Ax) € ¥ ("As) € () "k = mg(0).

reK reK reK

3 Duality Theory

3.1 Dual pairs and poles

The following lemma will be assumed without proof; it is Hahn-Banach for finite
dimensions and can be proven inductively by a well known argument:
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Lemma 3.1. Given an finite dimensional space E with euclidean norm |.|, a
subspace H and a linear functional v on H with || = supj¢ <, ¥(e) < 1. There

exists a linear functional ) on E such that z/AJ|H =4 and |¥] = 1.

Theorem 3.2. (Hahn Banach) Given Hausdorff TVS E, a subspace H, a
closed absorbing balanced convexr set D and a linear functional ¢ on H such
hat sup.cpnp | (e)| < 1. There exists a linear functional ¥ on E such that

1/; 5 =¥ and sup.p lp(e)| < 1.

Proof. Consider the set R of finite dimensional subspaces of F; directed for c.
For any R € R, since E is Hausdorff the induced topology is Euclidean. Now take
any Re *Re, then E ¢ R. Let Dy := *DnR, a *balanced, *convex and *closed
set. Because of the transfer principle, Dg is of the form {e € R : |e| < 1} for
some *Euclidean norm. Apply lemmal3.1] using the transfer principle, on R with
subspace Hg := *“HnR and ¢y := *w|HR. Then there is a linear functional z/JAR on

R such that sup_.p . lYr(e)| < 1. Since D is absorbing, for any e € “ E there exists
an « € R, such that e € “(aD) € aDg, hence ¥g(e) < asup,.p Yr(Dr) < a.
Hence tr(e) is finite and we can set ¢(e) := st PYr(e). O

Corrolary 3.3. Given a Hausdorff TVS E, a closed absorbing balanced convex
D < E and a point x € D°. There exists a linear functional v on E such that

Supeep [ (€)| <1 and [¢(z)| > 1.

Proof. Let H = K-z. Then there exists an r € ]0,1[ such that Hn D = {ax :
la| <7}. Let 1) be the linear functional on H defined by ¥ (ax) = ar™?. O

A dual pair (E,F) are two vector spaces E and F over a field F and a
bilinear mapping (,) : £ x F' - F such that both spaces are separated by each
other:

Vee Ex{0}:3feF:(f,e)#0; VfeF~{0}:3eecFE:(f,e)=+0.

For instance, a vector space E over K and its algebraic dual E* form a dual
pair. In fact, fixing E, any possible F' may be identified with a subset of E*
using the isomorphic embedding f — (-, f) . Note that the definition of a dual
pair is symmetric, so that we can flip the roles of F and F' in any definition or
proposition. Given a dual pair (E, F'), Given V ¢ E| its polar is

Ve:={feF:suplle, f)| <1} c F.
eeV
The bipolar of V is V°°:= (V°)°. It can be proven that for U,V ¢ E:
e UCV =U°2V° hence (UnNV)°2U°uUV?
e (UuUV)=U°NnV";
e V cV° hence V°° =V°.
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The non-standard extensions *E and *F' form a dual pair of vector spaces
over K. Because of the transfer principle *(V°) = (*V)°, hence we may write
*V° unambiguously.

Lemma 3.4. Given a dual pair (E,F) and a set A< *E closed for “K-scalar
multiplication. Then

A°={fe F:|{e, f)~0,Vee A}.

Proof. Take f e*F. Then f e A°iff |(f,ae)| <1 for any e € A and « € R, which
is equivalent with |(f,e)| < 1. Since v was arbitrary, (f,e) ~ 0. O

In particular, if F is a TVS then f € mg(0)° iff e ». 0 = (e, f) ~ 0, i.e.
f is “continuous (identified as en element of *F*). If E is a TVS, then E' is
the subset of E* containing the continuous linear functionals, the topological
dual. Then we have “FE’' = E* nmpg(0)°.

Lemma 3.5. Given a dual pair (E,F) and Ac*F. Then A° is *balanced and

* convex.

Proof. Let e1,es,...,e, be an internal sequence in A° and aq, ..., a, and inter-
nal sequence *K such that Y/, |a;| < 1 then we get for f e A:

w

(7.3 e < _°_”21|ai||<f, el <1,

O

Lemma 3.6. Suppose E is a locally convex Hausdorff TVS. Given a dual pair
(E,F) and Ac*(FnE'"). Then A° is *closed.

Proof. Since f is *continuous, there is a A € *A such that [(¢/, f)| < 1 for any
e’ € \. Take e in the *closure of A° and f € A. For any € € R, there exists a
ec € A° such that e — e, € eX. Then [{e, f)| < [{ec, f)| +|{e —ee, f})| <1+ €. Since €
was arbitrary, e € A°. O

Definition 3.7. Given a dual pair (E,F) where E is a TVS. A set V ¢ E
satisfies the bipolar identity if V°° = cobal(V).

Lemma 3.8. Suppose E is a locally conver Hausdorff TVS. Given F ¢ E*.
Suppose any convex and balanced V ¢ E satisfies for the duality (E, E*)

(Vo nF) =V,
Then (E,F) is a dual pair for which all sets in E satisfy the bipolar identity.

Proof. We know F' is separated by E. Given e € E'\ {0}. There is a A € A such
that e ¢ \. The assumption implies e ¢ (A° N F)°, i.e. there exists an fe A>nF
such that (e, f) > 1, in particular |(e, f}| # 0. Now in the duality (E, F), given

W < E lemma and order preservation imply that W°° = cobal(1W)°°. But
the assumption implies cobal(W ) = cobal(W). O
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Proposition 3.9. Suppose E is a locally convexr Hausdorff TVS. Then (E,E")
18 a dual pair for which all sets in E satisfy the bipolar identity.

Proof. We will apply lemma Given a convex, balanced V ¢ E. Suppose
e ¢ V. Because of regularity, there exists a A € A such that m(e) n(V +\) = @,
ie. e¢ V+ A Since V + A is closed, convex, balanced and absorbing we can
apply corollary B3] i.e. there exists a linear functional f € E’ on E such that
If(e)]>1and fe (V+X)P° cA°nV°c E'nV° Hence, e¢ (E'nV°)°. The
opposite inclusion follows from lemma O

By the transferring principle, all internal sets in the duality (* E,* E") satisfy
the bipolar identity. For external sets, lemma’s and apply so that their
bipolars are *closed, *convex, *balanced sets; but they can be larger than the
hulls. In many cases, the bipolar identity will apply to external sets of interest
too, with one notable exception.

Lemma 3.10. Given a dual pair (E,F), m € *IN(F), resp. g € *&(F) with
*base (Uj)jers. Then m® € *&(F), resp. g° € *IMM(F) with base (Ug)je -

Proof. The polar mapping is order-reversing and j-extendable. O
Lemma 3.11. Given a dual pair (E,F). Then (°E)°° =qgs(*E).

Proof. Take any S € Pg,(E). Note that span(.S) is closed for scalar multipli-
cation, so that span(S)° and span(S)°° are annihilators. Since F' separates
span(S), we have {f|span(S) : f e F} =span(S)*. From this observation, apply-
ing well-known principles of linear algebra, it is clear that span(.5)°° = span(S).
Let {e1,...e,} €S be a linearly independent basis of this space. Take e € 5°° ¢
span(S), i.e. there exists (a;);<, such that e = ¥_; aje;. Suppose that o] > 1
for some k < n. Applying again separation, there must exist an f € F' such
that (ej,f) =0 (j # k) and (ex, f) = 1. Then f € S° but (e, f)| = |ax| > 1, a
contradiction. We conclude that S°° = cobal(S). Then the result follows from
the fact that the bipolar map is order-preserving and f-extendable. O

Lemma 3.12. Given a dual pair (E,F) with E a TVS. * Monads and * galazies
that have a base of sets that satisfy the bipolar identity, satisfy the bipolar iden-
tity. In particular, for the dual pair (E,E") *monads and ®galazies satisfy the
bipolar identity.

Proof. The bipolar mapping is order preserving and j-extendable. If the map-
ping coincides with cobal on the sets in the base, their f-extensions must also
coincide on the monad or galaxy. O
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3.2 Dual topologies

In this section we work with a duality (E, F') without any explicit topology on E.
If ge &(*F) is closed for K-scalar multiplication, then g° is closed for Kj-scalar
multiplication and addition by lemma B4l That means we set a topology (also
denoted as g) on E that makes addition continuous, defined by m4(0) := g°,
i.e. the polar topology of g or topology of uniform convergence on g
This is the coarsest topology that makes every convergent m € M(* E') uniformly
convergent on g, which is defined as (given e € E):

mSe < mce+g® « VWeidlg: IW efilm: W -ecV®

where we applied Cauchy principle on the second equivalence. Because of lemma
B3l the topology is locally convex. For any base of g, its poles are a base of closed,
balanced, convex neighbourhoods of 0, i.e. of seminorms in the polar topology.
We will require additional conditions for this topology to be compatible with
the vector structure and Hausdorff.

Definition 3.13. The weak topology or topology of pointwise convergence
o(E, F) is defined by
mg.(0):= ("F)°.

Lemma 3.14. F = (E,)".

Proof. We denote e as the polar for the duality (E, E*). Since lemma B11]is
independent of the dual space, we find:

U(EU)I — O‘E* ﬂmEﬁg(O). = 9FE* A (G‘F)OI _ O‘E* ﬂqS(*F) =°F
O

Definition 3.15. A topology 7 on F is called compatible with the duality
if (E;) =F.

In particular, the weak topology is compatible with the duality. Hence, any
polar is weakly closed and the bipolar of any monad or galaxy is equal to the
weakly closed convex balanced hull. For topologies compatible with the duality,
the closure of any convex balanced set V ¢ E is equal to the weak closure:
V' =cobal(V) =V =V,

Proposition 3.16. A topology T on E is polar for (E, F) iff T is locally convex

and m(0) is weakly * closed.

Proof. If 7 is the polar topology of g € &(*F'), then m,(0) = g°, hence weakly
*closed. If m,(0) is convex and weakly closed, then it must be the polar topol-
ogy of m,(0)°. O

4Recall that continuous addition is sufficient to use the m-equivalence notation from defi-
nition We will in fact apply this topology to F* in its entirety (mpg«(0) := g° where we
take the polar for the duality (F*, F')), even if it is only compatible with the vector structure
on F.
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Corrolary 3.17. For any polar topology we have m(0)°° = m(0).

Hence, any polar topology 7 is the topology of uniform convergence on
m;(0)°. The polar topology of g is also the polar topology of cobal(g), i.e.
uniform convergence on the members of idl g implies uniform convergence on
their closed convex balanced hulls. Since mg ,(0) = mg ,(0)°° = qs(*E)°, the
weak topology is the topology of uniform convergence of convex balanced hulls
of finite sets.

For any polar topology, ~,-saturated sets must be weakly closed, which
includes pns(*E) and Fin(*E). But then their galaxies must also be weakly
closed, so that Bdd(*E)°° = Bdd(*E) and pcomp(*E)®° = pcomp(* E).

Proposition 3.18. Given g € &(*F) such that cobald(g) is covering. The polar
topology of g is Hausdorff. In particular the weak topology is Hausdorff.

Proof. Assume w.l.o.g. g = cobal(g), then §° is covering. Take any e € kerm(0),
then (e, f) ~ 0 for each f € g; in fact this counts for any f e g’ 2 7 F since e is
continuous for the weak topology on F. But if f € °F, (e, f) is standard and
thus exactly 0. Hence e = 0. O

Proposition 3.19. Given g € 6(*F) closed for K-scalar multiplication. Then
we have
(mk(0)-9)° =Fing("E) and Fing("E)° =mg(0) - cobal(g);
in particular (mg(0)-“F)° =Fin,(*E) and Fin,(*F)° =mg(0)-gs("E).

Hence, Fing(*E) and mg(0) - g satisfy the bipolar identity.
Proof. Given e € *E we find, because of proposition 2.16l

ee(mg(0)-g)° <= Vwe Kp:ecw-g°(=w-mpg4(0))
— mg(0)-eCmpg4(0)

> ecFing("E).

Since mg(0) - cobal(g) € (mx(0) - g)°°, by proving the bipolar identity for
mg(0) - g in case g = cobal(g) we get the result. Let U be a base of g existing
out of closed, convex, balanced sets. Given g’ € &(*F), we have mg(0)-g < ¢’
iff for any U € U, there exists an « € K and V € idl g’ such that U € V. In
other words, there exist (ay )y in Ry such that Uy, *(ay V) € g’'. Now, since
mg (0) - g is a union of monads and therefore chromatic, by proposition it
is equal to the intersection of all galaxies that contain it. Hence,

mg(0)-g= () U "(avV).

(av)veu Vel

Then using lemma [[3T] we find that mg(0) - g satisfies the bipolar identity. O

Corrolary 3.20. Given m € *M(*E) and g € B(*F) closed for K-scalar mul-
tiplication. Then m is *bounded for the polar topology of g iff g is ® absorbed by
m®. In particular, m is weakly ®bounded iff m® is ®absorbing.
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Proof. mc Fing(*F) <= m°2mg(0) - g. O

Corrolary 3.21. Given ge &(*F) closed for K-scalar multiplication. Then g°
1s linear iff g is weakly *bounded. In particular the weak topology is compatible
with the vector structure.

Proof. g° 2mg(0)-“F < gcFin,(*F). O

Hence, the finest polar topology compatible with the vector structure is
determined by the weakly bounded sets:

Definition 3.22. The strong topology b(FE, F') or topology of uniform con-
vergence on weakly bounded sets is defined by

mEyb(O) = deg(*E)O.

Proposition 3.23. mg(0)° is the galazy of equicontinuous subsets of F. In
other words, a set H ¢ F is equicontinuous iff *H € mpg(0)° or equivalently
*H° 2 mE(O)

Proof. This follows from proposition [2.40 o

Hence, closed, convex, balanced hulls of equicontinuous sets are equicontin-
uous. Each polar topology on F is the topology of uniform convergence on
equicontinuous subsets of F. In fact, each Hausdorff local convex topology is a
dual topology for the duality (E, E’), i.e. uniform convergence on equicontinu-
ous subsets of E'.

Proposition 3.24. pns, (*F) satisfies the bipolar identity.

Proof. As in the proof of proposition 231 we can write pns(*E) as an inter-
section of *closed, *convex, *balanced galaxies, so that lemma [[.3T] implies the
result. O

Proposition 3.25. pns(*E)° =m(0)°n?E”°.

Proof. Since m(0) u?E ¢ pns(*FE) we have pns(*E)° € m(0)° n?E°, leaving
only the opposite implication to prove. Take f e m(0)°n?E° and e € pns(*F).
Since f is ®continuous there exists a A € A such that (¢/, f) <1 for all ¢’ € A.
But there exists a ey € “F such that e — ey € A and therefore

(e, )l < l{ex, /)l + [{e —ex, F) S 1.

Since pns(*E) is closed for K-scalar multiplication |(e, f}| » 0 and therefore
fepns("E)°. O

Corrolary 3.26. The weak topology is Henson-Moore, i.e. Fin,(*E) = pns,(*E).
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Proof. Take f € pns,("E)° = m(0)°n“E° = gs(*"E) nmpg,,(0). Then by the
definition of gqs(*E), there are finite eo,...,e, € °F such that f = Y7, o e;
with aj ~ 0 for all j =0...n. Then for e € Fin,(*E), (e, f) = X7_; a;{e;, f) = 0.
So pus, (*E)° ¢ Fin, (*E)° from which follows that Fin, (*E) < pns, (*F) since
both sets are equal to their bipolar. O

Proposition 3.27. ns(*E)° =m(0)°n?E° = pns(*E)°.

Proof. Since m(0) u °E ¢ ns(*FE) we have ns(*E)° € m(0)° n?E°. Then we
should only prove the opposite inclusion. Take f € m(0)°n?E° and e € ns(*E).
There exists a é € ? FE such that e » é and therefore

(e, Al < (&, )| + (e e f)[ ~0.
O

Corrolary 3.28. On equicontinuous sets, the topology of uniform convergence
on compact sets coincides with the weak topology (and therefore the Mackey
topology as well).

Proof. Indeed, since
mpg(0)° ncomp(*FE)° 2mpg(0)° nns(*E)°

=mpg(0)°nmg(0)°n?E°
=mpg(0)°nm,(0).

Corrolary 3.29. ns(*F)°° =pns(*F)°° =pns(*E).

In other words, the bipolar identity of the near-standard points is only valid
for spaces where completeness and the convex compactness property coincide.
Since there exist spaces that have this property but are not complete, the bipolar
identity is not always valid for the near-standard points.

3.3 Compatibility with the duality and completeness

In this section we work with a duality (E,F) with 7 being a locally convex
Hausdorff topology on E. Identifying E as a subset of F™*, we may extend the
definition of the st - map to Fin,(*E) = pns, (*E) as follows:

(sty e, f):=st (e, f) for f e F.

Then st, - is a restriction of this map to pns_(*E). Indeed, since st, e =, e
and the topology of E is finer than the weak topology, this extension is entirely
compatible with the previous definition of st .
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Lemma 3.30. Given V ¢ E a convex balanced set. Then
(mg-(0)n*V)°c (V;'nE*) +m(0) = ns, (*(V, n EY)).

In other words, any member of *F that is °continuous on V is in the weak
topological monad (for the space E*) of a functional that is continuous on V.

Proof. Take f e (*V nmpg(0))°. Because of the Cauchy principle, there exists
a U efil mp(0) so that f e *(VnU)°. Let f:=st, € E*. Then we have for any
e e U that |(e, f)| ~ |(e, )] <1 so that |(e, )| < 1 since it has a standard value,
ie. fe(VaU)YcV'. O

Lemma 3.31. Given f € (V) nE* withV € E a convex balanced set, there
exists an f' € (mp (0) n*V;)° such that that ' ~, f. In other words, any
functional in E* that is continuous for V', is in the weak topological monad of
a member of *F that is ° continuous on V.

Proof. Notice that f € (mg(0) n*V;)®, where o is the polar for the duality
(E,E*). Since mg(0)* =mg(0)°°* = mg(0)°**, this is in fact the weak closure
in *E* (for the duality (E,E*)) of mg(0)°, implying the result. O

Theorem 3.32. A topology on E is compatible with the duality iff T > o and
mg -(0)° Sns, (" F).
Proof.
FcFE < °Fcmg(0)° < mg(0)<F°=mg,(0).

We must then only proof that mg -(0)° € ns, (*F) is equivalent with E’ ¢ F.
The <-implication is lemma B30 (with V = E). The =-implication follows from
lemma 33Tl Indeed, given f € E', we find a f' e mpg -(0)° so that f ~, f which
implies that st f’ = f and therefore f € F. O

Corrolary 3.33. (Alaoglu-Bourbaki) The equicontinuous sets of E' are weakly
relatively compact.

Corrolary 3.34. (Mackey-Arens) A locally conver Hausdorff topology T on
E is compatible with the duality iff T is a topology of uniform convergence on
covering of convex, balanced, weakly relatively compact sets.

The theorem is thus the non-standard characterization of both Alaoglu-
Bourbaki and Mackey-Arens which now appear to be trivially equivalent. The
most coarse topology that is compatible with the duality is the weak topology.
Now we know from section [Z4] that there exists a greatest galaxie and therefore
a smallest monad or finest topology 7(F, F') that satisfies this condition, namely
mg - (0) = coco, (*F)°. We call this the Mackey-topology.

Theorem 3.35. pns(*F) = (m(0)°n?E°)°.
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Proof. This follows from propositions B.24] and B.23] O

Corrolary 3.36. Given U a subbase of mg -(0)°. Then e € pns_ (*E) iff e is
weakly © continuous on each U €U (weakly referring to o(F, E)).

Proof. pnsg(*E) = (mg(0)°n?E®)° = (mg(0)° nmpg(0))°

=(UJ "Unmp,(0)°= (" (CUnmp(0))°.
veu Ueu

O

Corrolary 3.37. (Grothendieck completeness theorem) Given U a subbase of
mpg(0)°. Then E is complete iff each e € F* that is weakly continuous on
elements of U is weakly continuous on the entire space. The completion of E is
precisely

E={eeF* :VUel: e|U is weakly continuous}

Proof. The characterization of E = st, pns(*E) follows from corollary .36
combined with lemmas B30l and B.3T Lemma B.14] gives us F = st, ns(*E) =
(Fo)'. O
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