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Abstract. All arithmetic non-compact ball quotients by Deligne-Mostow’s unitary mon-
odromy group arise as sub-ball quotients of either of two spaces called ancestral cases,
corresponding to Gaussian or Eisenstein Hermitian forms respectively. In our previous pa-
per, we investigated the compactifications of the Gaussian Deligne-Mostow variety. Here we
work on the remaining case, namely the ring of Eisenstein integers, which is related to the
moduli space of unordered 12 points on P1. In particular, we show that Kirwan’s partial
resolution of the moduli space is not a semi-toroidal compactification and Deligne-Mostow’s
period map does not lift to the unique toroidal compactification. We give two interpre-
tations of these phenomena in terms of the log minimal model program and automorphic
forms. As an application, we prove that the above two compactifications are not (stacky)
derived equivalent, as the DK-conjecture predicts. Furthermore, we construct an automor-
phic form on the moduli space of non-hyperelliptic curves of genus 4, which is isogenous to
the Eisenstein Deligne-Mostow variety, giving another intrinsic proof, independent of lattice
embeddings, of a result by Casalaina-Martin, Jensen and Laza.
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1. Introduction

1.1. Compactifications of Mg,n. The coarse moduli spaceMg,n of smooth ordered distinct
n-pointed curves of genus g is one of the most studied objects in algebraic geometry. This
is a quasi-projective variety, which, however, is not projective as both conditions smooth
and distinct are open conditions that are not preserved under (natural) degenerations. This
poses the obvious problem to try and understand the limits of n-pointed curves in families.
This in turn leads to the notion of a compactification Mc

g,n for the moduli spaces Mg,n.
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Obviously, such compactifications are not uniquely determined and one wants to single out
those which are well-behaved from the point of view of the moduli problem. In particular,
one asks that a compactification Mc

g,n should

(A) be a moduli space itself, extending the moduli problem Mg,n naturally,
(B) have mild singularities, and
(C) have a normal crossing boundary Mc

g,nzMg,n.

In the case of Mg, the most famous and best-investigated solution is the Deligne-Mumford
compactification Mg. The situation is more complicated when one considers n-pointed
curves. In general, the Deligne-Mumford compactification Mg,n Ą Mg,n always exists. Here
the underlying limit curves are nodal curves such that the n-pointed curves have finite auto-
morphism groups. This satisfies the above conditions (A), (B) and (C). However, studying
possible limits of pointed curves pC, p1, ¨ ¨ ¨ , pnq P Mg,n, one is also led to other natural com-
pactifications, depending on the point of view one takes. Understanding this in some depth
is already an interesting problem in genus 0 with many questions unresolved. This naturally
leads to the moduli space of n distinct ordered points on P1. A very natural approach is to
take the GIT quotient MGIT

ord,n Ą M0,n, namely

MGIT
ord,n :“ pP1

q
n
{{Op1,¨¨¨ ,1q SL2pCq.

Roughly speaking, this parametrizes the tuples pp1, ¨ ¨ ¨ , pnq where at most tn{2u points
coincide. This satisfies property (A), but not necessarily (B) and (C). It is an obvious
question to ask what the difference is between M0,n and MGIT

ord,n. Many mathematicians
have worked on this, often using the log minimal model (LMMP) as a guiding principle.
This includes:

(A) Keel, Kapranov and Losev-Manin studied the birational contraction morphismM0,n Ñ

MGIT
ord,n, which can be described by combinatorial data.

(B) Hassett [Has03, Section 2] introduced the moduli space of weighted pointed stable
rational curves M0,A for a weight datum A P Qn. The compactifications M0,A
generalizeM0,n andMGIT

ord,n, providing a whole hierarchy of compactifications ofM0,n.
(C) Kiem-Moon [KM11, Theorem 1.1] studied the factorization

M0,n

φtn{2u´2
Ñ M0,Atn{2u´3

φtn{2u´3
Ñ ¨ ¨ ¨

φ2
Ñ M0,A1

φ1
Ñ MGIT

ord,n(1.1)

of the above contraction for symmetric linearizations. Here, the weight data Ai is
given by the symmetric n-tuple with value 1{ptn{2u ` 1 ´ iq ` ϵ for any small ϵ ą 0.
Below, we simply write this as Ai “ np1{ptn{2u ` 1 ´ iq ` ϵq.

Kiem and Moon used this to determine the log canonical models of M0,n, and along the
way, also obtained the following result.

Theorem 1.1 ([KM11, Theorem 1.1]). When n is even, the blow-up M0,A1 Ñ MGIT
ord,n

coincides with the Kirwan desingularization MK
ord,n of MGIT

ord,n at the 1
2

`

n
n{2

˘

polystable points:

(1.2) MK
ord,n – M0,A1 .

It is also natural to consider the case of unordered n points on P1. The GIT moduli space
is then given by

MGIT
n :“ Pn

{{Op1q SL2pCq



COMPACTIFICATIONS OF THE EISENSTEIN ANCESTRAL DELIGNE-MOSTOW VARIETY 3

where the action of SL2pCq on Pn is descended from the diagonal action of SL2pCq on pP1qn

via the isomorphism pP1qn{Sn – Pn. By taking the Sn-quotient of (1.1), we obtain a blow-up
sequence for the moduli space of unordered n points on P1, namely

ĂM0,n Ñ ĂM0,Atn{2u´3
Ñ ¨ ¨ ¨ Ñ ĂM0,A1 Ñ MGIT

n ,

where ĂM0,n :“ M0,n{Sn and ĂM0,Ai
:“ M0,Ai

{Sn. Here the spaces ĂM0,n and ĂM0,Ai
are the

moduli space of unordered distinct n points on P1 and unordered weighted pointed stable
rational curves respectively, which are compactifications of M0,n{Sn. The motivation for
the work of Kiem-Moon was to prove a conjecture by Hassett [KM11, Acknowledgment],

which says that, for n even, ĂM0,A1 is the (weighted) blow-up of MGIT
n at the unique singular

(polystable) point. Indeed, Theorem 1.1 of Kiem and Moon confirms this for the case of
ordered points. This is one of the starting points of our discussion. The above discussion
provides one solution that characterizes the blow-up, but from the perspective of GIT quo-
tients, it is also natural to consider the following question, which can be seen as an analog
of Theorem 1.1.

Question 1.2. When n is even, does the blow-up ĂM0,A1 Ñ MGIT
n coincide with the Kirwan

partial desingularization of MGIT
n at the unique polystable point?

1.2. Main results. There is also a completely different angle from which one can approach
Question 1.2: for certain values of n, the space MGIT

n also has a realization as a ball quotient
due to the Deligne-Mostow theory [DM86, Mos86]. This means that there are various period
maps

Φw : M0,n{Sn ãÑ Bn´3
{Γw

for an arithmetic non-cocompact unitary group Γw stabilizing certain Hermitian forms, ac-
cording to a weight w P Qn listed in [GKS21, Table 2, 3]. This applies in particular to
n “ 8 and n “ 12. These two cases are called the ancestral cases. The reason for this is
that all other Deligne-Mostow varieties, where the monodromy group of Appell-Lauricella
hypergeometric functions is arithmetic, and the corresponding GIT quotient has strictly
semistable points, can be realized as sub-ball quotients of these two varieties. The case
n “ 8 is the maximal ball quotient where the Hermitian form is defined over the Gaussian
integers, whereas the case n “ 12 is maximal for the Eisenstein integers. We refer the reader
to [GKS21, Section 2] for a more detailed discussion of this topic. For the case n “ 8 we
showed in [HM22] that Question 1.2 has indeed a negative answer.

The current paper is dedicated to the remaining ancestral case, namely the moduli space of
unordered 12 points on P1, which is related to the ring of Eisenstein integers. For simplicity,
we will from now on omit n “ 12 in our notation, that is, MGIT

ord means MGIT
ord,12, etc. We will

describe the relevant arithmetic group Γ acting on B9 in detail in Subsection 2.1. We also
recall that any arithmetic ball quotient Bn{Γ has two natural algebraic compactifications,

namely the Bally-Borel compactification Bn{Γ
BB

and the toroidal compactification Bn{Γ
tor
.

The latter is unique for ball quotients as the relevant fan lives in a 1-dimensional space and
this allows no choices. As the above discussion makes it clear, the ball quotient B9{Γ, which
contains the moduli space of 12 unordered points, has several interesting compactifications.
In the present paper we will mainly concentrate on the Kirwan blow-up MK, the moduli

space of unordered weighted pointed stable rational curves ĂM0,A1 and the toroidal com-

pactification B9{Γ
tor
. Obviously, it is natural to ask how these relations are related to each
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other. To simplify the terminology we say that two compactifications of (an open subset
of) a ball quotient are naturally isomorphic if the identity extends to an isomorphism of the
compactifications. We first recall that Gallardo, Kerr and Schaffler clarified the relationship

between the spaces ĂM0,A1 and the toroidal compactification B9{Γ
tor
.

Theorem 1.3 ([GKS21, Theorem 1.1]). The two compactifications ĂM0,A1 and B9{Γ
tor

are
naturally isomorphic to each other.

Our first main theorem relates the Kirwan blow-up MK of MGIT
ord and the toroidal com-

pactification B9{Γ
tor

of the Deligne-Mostow variety.

Theorem 1.4 (Theorems 2.7, 4.2, 5.9, Remark 2.8). Regarding the geometry of MK and

B9{Γ
tor
, the following holds.

(1) The Kirwan blow-up MK is not a semi-toroidal compactification.
(2) Neither the Deligne-Mostow isomorphism ϕ nor its inverse ϕ´1 lift to a morphism

between the Kirwan blow-up MK and the unique toroidal compactification B9{Γ
tor
.

(3) The varieties MK and B9{Γ
tor

are not K-equivalent and hence, in particular, not
isomorphic as abstract varieties.

Combining Theorems 1.3 and 1.4 (1) now gives a negative answer to Question 1.2 in the
unordered case.

Corollary 1.5. The two compactifications ĂM0,A1 and MK of the ball quotient B9{Γ are not
isomorphic to each other.

Moreover, in the process of showing Theorem 1.4 (3), we also obtain the following more
intuitive result from the LMMP point of view.

Theorem 1.6 (Theorem 5.9). The two compactifications MK and B9{Γ
tor

are not log K-
equivalent when taking the boundaries as the sum of the strict transform of the discriminant
divisors with its standard coefficients and the exceptional divisors with coefficient 1.

Theorem 1.4 can be approached from (at least) two angles. We will give a first proof
of Theorem 1.4 in Theorems 2.7 and 4.2. This is based on Luna slice computations and
automorphic forms, see Subsection 2.2. This proof is motivated by the aim of understanding
more detailed geometric phenomena by examining the moduli spaces M0,A, as introduced by
Hassett [Has03], and also uses automorphic forms [All00]. In Subsection 5.2, we will further
give a proof of Theorem 1.4 (1) in terms of LMMP. This uses the work of Alexeev-Engels
and of Odaka [AE21, AEH21, Oda22] who characterize semi-toroidal compactifications by
the property that they lie between the (in this case unique) toroidal compactification and
the Baily-Borel compactification. Their work uses concepts from LMMP and recent progress
in K-stability.

We also discuss the relationship between the different compactifications MK and B9{Γ
tor

of the ball quotient B9{Γ from the perspective of the derived category. One of the most
fundamental questions in derived algebraic geometry, historically proposed by Bondal-Orlov
[BO02] and Kawamata [Kaw02], is the DK-conjecture, see [Kaw02, Conjecture 1.2]. This as-
serts that for two smooth projective varieties, D-equivalence is equivalent to K-equivalence.
This was generalized to projective varieties with only finite quotient singularities by Kawa-
mata [Kaw05, Conjecture 2.2], [Kaw18, Conjecture 4.1]. By putting the boundaries as 0
there, one can conjecture the following.
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Conjecture 1.7 ([Kaw05, Conjecture 2.2], [Kaw18, Conjecture 4.1]). Let X and Y be pro-
jective varieties with only finite quotient singularities, and let X pXq and X pY q be the associ-
ated stacks (see below for the precise definition and [Kaw04, Kaw05]). Then, the varieties X
and Y are K-equivalent if and only if there exists an equivalence as triangulated categories
between the bounded derived categories of coherent sheaves on X pXq and X pY q:

Db
pCohpX pXqqq – Db

pCohpX pY qqq.

For the precise notion, see [Kaw02, Kaw04, Kaw05, Kaw18] and Subsection 1.4. It is
known that the converse direction (from D to K) is not true in general [Kaw18, Remark
2.5]. However, as an application of Theorem 1.4, we, in fact, prove the following, which is
the converse in Conjecture 1.7 in our case. Below, for a projective variety X with only finite
quotient singularities, we denote by DpX pXqq the derived category of the coherent sheaves
on the associated stack X pXq; see Subsection 1.4 for more details.

Theorem 1.8 (Theorem 6.4). The bounded derived categories of coherent sheaves on the

stacks associated with the two varieties MK and B9{Γ
tor

are not equivalent as triangulated
categories:

DpX pMK
q fl DpX pB9{Γ

tor
qq.

In other words, the two compactifications MK and B9{Γ
tor

are not stacky D-equivalent.

This result seems interesting because there is very little research on the derived algebraic
geometry of modular varieties. Moreover, Conjecture 1.7 is, to the best of the authors’
knowledge, partially known only for toric or toroidal varieties, first treated in [Kaw05, The-
orem 4.2]. This is due to a series of papers by Kawamata [Kaw06, Kaw13, Kaw16]. To avoid
confusion we remark that in Kawamata’s definition [Kaw05, Definition 4.1] all points of a
toroidal variety must have toric neighborhoods, a property which is typically not satisfied by
toroidal compactifications of locally symmetric spaces. To prove the above theorem, we use
recently developed LMMP methods and classical results on automorphic forms by Mumford.
In the case we know that the Baily-Borel compactification has finite quotient singularities,
such as the moduli spaces of cubic surface, we can moreover prove a similar assertion for
these spaces.

Theorem 1.9 (Theorem 6.5). For the moduli spaces of cubic surfaces, the three categories

DpX pMK
cubqq, DpX pB9{Γcub

tor
qq and DpX pB9{Γcub

BB
qq are not equivalent to each other as

triangulated categories. In other words, the three compactifications MK
cub, B9{Γcub

tor
and

B9{Γcub

BB
are not stacky D-equivalent to each other.

In this paper, we also compute the cohomology of the various spaces which appear in our
discussions. This was indeed the starting point of some of this work in recent years. The first
named author, together with Casalaina-Martin, Grushevsky and Laza, noticed that for both,
moduli of cubic surfaces and cubic threefolds, the Betti numbers of the Kirwan blow-up and
the toroidal compactifications of the corresponding ball quotients coincide [CMGHL23a].
This naturally led to the question of how precisely these spaces are related. In the case of 8
points on P1 the analogous question was treated in [HM22]. In our case, the result is:



6 KLAUS HULEK, SHIGEYUKI KONDŌ, AND YOTA MAEDA

Theorem 1.10 (Theorems 7.1, 7.3, 7.5). All the odd degree cohomology of the following
projective varieties vanishes. In even degrees, their Betti numbers are given by:

j 0 2 4 6 8 10 12 14 16 18

dimHjpMK
ordq 1 474 991 1618 2410 2410 1618 991 474 1

dim IHjpMGIT
ord q 1 12 67 232 562 562 232 67 12 1

dimHjpMKq 1 2 3 4 5 5 4 3 2 1

dim IHjpMGITq 1 1 2 2 3 3 2 2 1 1

dimHjpB9{Γ
tor

q 1 2 3 4 5 5 4 3 2 1

dim IHjpB9{Γ
BB

q 1 1 2 2 3 3 2 2 1 1

In particular, all Betti numbers of MK and B5{Γ
tor

coincide.

We recall that MGIT – B9{Γ
BB

and hence these spaces must obviously have the same
Betti numbers.

In Section 8 we shall slightly change the perspective and complete the picture by inves-
tigating two related automorphic forms, one of which was found by Allcock in [All00]. In
particular, we construct an automorphic form on another important 9-dimensional ball quo-
tient B9{Γnh. To put this into perspective we first recall some facts about the moduli space of
cubic threefolds. Allcock, Carlson and Toledo [ACT11], and Looijenga and Swiestra [LS07],
realized this moduli space as a ball quotient. More precisely, the moduli space of smooth
cubic threefolds is isomorphic to an open subset of a 10-dimensional ball quotient B10{Γ1,
where the complement consists of two irreducible Heegner divisors, namely H 1

n (the locus
of singular cubics, also referred to as the nodal or discriminant locus) and H 1

h (the locus of
chordal cubics, also referred to as the hyperelliptic locus). Both of these divisors are closely
related to 9-dimensional ball quotients, namely B9{Γnh and the ball quotient B9{Γ which we
have been considering so far and which contains the moduli space of 12 unordered points or,
equivalently, the moduli space of hyperelliptic curves of genus 5. The ball quotient B9{Γnh

(see below and Subsection 8.1 for more details) maps to the discriminant locus H 1
n which

is a normalization onto the image by [CMJL12, Proposition 5.3]. It contains the moduli
space M4 of curves of genus 4 as an open subset. When the discriminant locus H 1

n is re-
stricted to B9{Γnh, it decomposes into two divisors Hn “ Hn{Γnh and Hvt “ Hvt{Γnh which
in turn are ball quotients, as we shall discuss in Subsection 8.1. We remark here that the
birational isomorphism between B9{Γnh and M4 was given by using the theory of periods of
K3 surfaces.

Accordingly, in Section 8 we construct related automorphic forms and show a non-trivial
relationship between Heegner divisors on B9{Γnh. Here Γnh :“ UpΛnhq where Λnh is the
Hermitian form over Zrωs associated to the lattice L :“ U ‘ Up3q ‘ E‘2

8 . In this paper, we
give two proofs and an interpretation in terms of vector-valued modular forms; see below and

Subsection 8.4. In particular, we prove the following theorem, where rO`pLq is the stable
orthogonal group of L of real spinor norm 1 (or, equivalently, fixing a chosen connected
component of the homogenous domain associated to L). We refer to Subsection 8.2 for more
details.

Theorem 1.11 (Theorem 8.3, Corollary 8.4). There exists a holomorphic automorphic form

ΨB on B9 of weight 51 and with character det (with respect to rΓnh :“ Γnh X rO`pLq) whose
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zero divisor is given by

3pHn ` 28Hh ` 3Hvtq.

Moreover, we can write ΨB “ Ψ|B9 for an automorphic form Ψ on DL (type IV domain)
where Ψ is the Borcherds lift of a weakly holomorphic modular form.

We remark that the claim ΨB “ Ψ|B9 for the Borcherds lift Ψ of a weakly holomorphic
form on B9, is different from constructing the form ΨB as a quasi-pullback. Indeed, this
particular claim follows from Bruinier’s converse theorem [Bru02, Bru14, Ma19]. Moreover,
we compute the vector-valued modular form whose Borcherds lift is Ψ explicitly in Subsection
8.5 in terms of theta functions.

The first proof uses quasi-pullbacks of automorphic forms similar to [CMJL12]. Though
they take the quasi-pullback of Φ12 to B9 directly, based on the communication with the
second named author [CMJL12, Acknowledgements], in this paper, we pass through DL (a
type IV domain). The method of the second proof is due to [AF02, Fre03]. This approach has
the advantage that it can be applied regardless of an embedding L ãÑ II2,26. In this sense,
our second proof gives a new intrinsic proof of [CMJL12, Theorem 5.11]. Moreover, not
taking quasi-pullbacks, we show that the automorphic form is obtained from the Borcherds
product.

The Heegner divisors Hn,Hh,Hvt correspond, in terms of moduli of genus 4 curves, to the
nodal locus, to hyperelliptic genus 4 curves together with a pair of points conjugate under
the hyperelliptic involution, and the locus with a vanishing theta constant respectively. For
details see (8.2) and the discussion therein, in particular Proposition 8.1. Note that the
moduli space of non-hyperelliptic curves Mnh

4 pg13q of genus 4 endowed with a g13 is an open

subset of B9{rΓnh. We give two rational maps πarith, πgeom from Mnh
4 pg13q to B9{Γ, one of them

defined lattice-theoretically and the other geometrically (Remarks 8.2, 8.12). It would be
interesting to investigate their relationship (Question 8.13). For a more detailed discussion
of the relationship between the above moduli spaces from the point of view of ball quotients,
we refer to Remark 8.2. Finally, we would like to mention a recent paper by Looijenga
[Loo23] in which he gave a different ball quotient structure on Mnh

4 pg13q without resorting to
the theory of periods of K3 surfaces.

1.3. Relation to previous work. Here we would like to discuss how our current paper
relates to previous work. Obviously, some of the results and the techniques in this paper
involved are related to the cases of cubic surfaces [CMGHL23a], and of 8 points which we
treated in [HM22]. There are, however, also a number of differences and new aspects which
have not been treated before. First of all, we would like to point out that the situation is
more complicated here, compared to the case of 8 points. The reason is that the latter case
satisfies the INT condition, while in our case it corresponds to the ΣINT condition in the
notion of the Deligne-Mostow theory [DM86, Mos86, KLW87]. In the case of 8 points the
relationship between the unordered and the ordered cases is very straightforward. Both are
ball quotients and the unordered ball quotient model is an S8 quotient of the ordered model.
This extends to the Baily-Borel and the toroidal compactifications. In the case of 12 points,
we do not know whether the moduli space of ordered points has a ball quotient model with
respect to a suitable period map. In fact, we conjecture that this is not the case (Remark
2.2 and Question 2.3). As a consequence, some of the arguments used in the 8 points case
are no longer available here. We replace them by using the results of Keel and MacKernan
on the birational geometry of moduli spaces of weighted sets of points on P1.
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In this paper, we also study some aspects of derived algebraic geometry. This was not
treated in either [CMGHL23a] or in [HM22]. In fact, to the best of our knowledge, very
little systematic research has been done on the topic of derived algebraic geometry of ball
quotients or, in fact more generally, modular varieties. The current paper further contains
a detailed discussion of the construction of some automorphic forms that arise as Borcherds
lifts.

Finally, a very good reason to study the case of 12 points in some detail is that it is the
second ancestral Deligne-Mostow variety. Having thus completed both ancestral cases, for
the Eisenstein as well as for the Gaussian integers, allows us to study the other Deligne-
Mostow varieties more systematically. We are planning to return to this in a future paper.

1.4. Basic concepts used in the present paper. At this point, we would like to comment
on some important concepts that play a role in this paper and the proof of our theorems. First
of all, we refer the reader to Section 2 for a more precise description of the ball quotient B9{Γ
and the GIT quotient MGIT. The Kirwan blow-up was introduced in the seminal work of
Kirwan [Kir85]. For a discussion of the Kirwan blow-up in the related cases of cubic surfaces,
cubic threefolds and of 8 points on P1, we refer to [CMGHL23b, CMGHL23a, HM22].
Second, in view of Theorems 1.4, 1.6, 1.8, 1.9 and Conjecture 1.7, we would like to recall

the fundamental notions of K-equivalence and D-equivalence. As we mention in Subsection
6.1, these concepts are expected to coincide under suitable conditions through the Serre
functor (Remark 1.12), but this has not yet been fully understood. In this paper, a pair
pX,Aq shall mean that X is a normal projective Q-Gorenstein variety, A is a Q-divisor on
X and KX ` A is Q-Cartier. We recall that two normal projective Q-Gorenstein varieties
X and Y (resp. pairs pX,Bq and pY,Cq) are called K-equivalent (resp. log K-equivalent)
if there is a smooth projective (resp. normal projective) variety Z dominating X and Y
birationally

Z
fX

~~

fY

��
X oo // Y

such that f˚
XKX „Q f˚

YKY (resp. f˚
XpKX ` Bq „Q f˚

Y pKY ` Cq). If the latter condition is
satisfied for Z “ X and a fixed birational morphism fY : X Ñ Y , we use the terminology
fY log-crepant. We note that for K-equivalent varieties, the top intersection numbers of the
canonical divisors are equal: Kn

X “ Kn
Y , where n is the dimension of X and Y .

For a smooth projective variety X, we can define the associated derived category DpXq :“
DbpCohpXqq of bounded complexes of coherent sheaves onX. Of course, we can also consider
DpXq for a singular variety X, but this cannot be expected to contain much information
about KX or satisfy the original DK-conjecture; see Remark 1.12. This leads us to the
notion of derived categories of associated stacks. For a projective variety X with only finite
quotient singularities, one can define an associated stack X pXq, taking local covers, and its
derived category DpX pXqq :“ DbpCohpX pXqqq following Kawamata [Kaw04]. We call two
smooth projective varieties X and Y (resp. projective varieties X and Y with only finite
quotient singularities) D-equivalent (resp. stacky D-equivalent) if there exists an equivalence
DpXq – DpY q (resp. DpX pXqq – DpX pY qq) as triangulated categories. Note that if X and
Y are smooth, then the two notions coincide. The categories DpXq and DpX pXqq are known
to encode important information on the canonical divisor KX .
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Remark 1.12. We briefly recall why we work with smooth stacks, rather than the original
singular variety:

(1) Let X be a smooth projective variety. Then it is known that DpXq has the (unique)
Serre functor SXp´q :“ ´ b OpKXqrdimXs. This functor encodes information on
the canonical divisor KX and is useful for studying derived categories. For exam-
ple, a fully faithful functor between derived categories, commuting with SX , gives
a categorical equivalence of triangulated categories. Combining this with Orlov’s
representability theorem [Orl97, Theorem 2.2], one can obtain that, if KX or ´KX

is big, D-equivalence implies K-equivalence [Kaw02, Theorem 2.3]. However, if X
is not smooth, then DpXq does not necessarily admit a Serre functor, which is one
of the reasons why one considers the associated smooth stack X pXq. For a projec-
tive variety X with only finite quotient singularities, there exists the Serre functor
SX pXqp´q :“ ´bωX pXqrdimXs on the derived categoryDpX pXqq, which enables us to
analyze the connection between canonical bundles and derived categories. Analogous
to the case of smooth projective varieties, it is known that for projective varieties
with only finite quotient singularities, having big (anti-)canonical bundles, stacky D-
equivalence implies K-equivalence, a fact which we will use in the proof of Theorem
6.4.

(2) The definition of the associated stacks originally arose from the study of the Francia
flop [Kaw18, Example 4.3]. By generalizing this, the log version of Conjecture 1.7
(from K to D) holds for toroidal varieties in relation to the derived McKay corre-
spondence; see [Kaw16, Theorem 1.1] [Kaw18, Sections 8, 9].

We shall also use semi-toroidal compactifications, a concept first introduced by Looijenga
in a series of papers [Loo85, Loo86, Loo03a, Loo03b]. His main motivation was to define a
more flexible notion of compactifications of locally symmetric varieties that appear naturally
in the context of certain moduli problems. In recent years Alexeev, Engel and Odaka, in
particular, have renewed the study of these compactifications from a different modular point
of view. Roughly speaking, semi-toroidal compactifications use semi-fans rather than fans
(in the case of the type IV domains). They lie between the Baily-Borel and toroidal compact-
ifications (both of which are special cases of semi-toroidal compactifications), and can in fact
be characterized by this property; see also Subsection 5.9. Semi-toroidal compactifications
are closely related to hyperplane arrangements and can be given as the projective spectrum
of a suitable ring of automorphic forms with poles along the hyperplane arrangements.

In the light of these discussions, we shall propose a number of questions (Questions 2.3,
5.2, 6.7, 8.13), concerning such diverse areas as automorphic forms, singularities, derived
algebraic geometry and moduli theory.

1.5. Organization of the paper. We will now outline the structure of the paper. We first
recall the ball-quotient model and the Deligne-Mostow isomorphism in Section 2. There we
give a proof of Theorem 1.4 (2) by using local computation via the Luna slice theorem. In
Section 3 we recapitulate part of the Hassett-Keel program and use this to compute the
canonical bundle of the Kirwan blow-up of the moduli space of ordered 12 points. We also
study the geometry of the exceptional divisors of the ball-quotient model in the ordered case.
Section 4 contains one of the main results of the paper, namely Theorem 1.4 (3) which states

that the Kirwan blow-upMK and the toroidal compactification B9{Γ
tor

are notK-equivalent
and hence not isomorphic as abstract varieties. We then discuss connections with the LMMP
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and semi-toroidal compactifications in Subsection 5.2, where we show in Theorem 1.4 (1)
that MK is not a semi-toroidal compactification. As applications, in Section 6, we give
another proof of Theorem 1.4 (2) and prove that these spaces are not stacky D-equivalent
(Theorem 1.8). The cohomology of the varieties concerned is computed in Section 7. In
the rest of the paper, we consider automorphic forms related to our varieties. Section 8 is
devoted to a discussion of the moduli space of non-hyperelliptic curves of genus 4 and the
construction of an associated automorphic form. Finally, we will review the automorphic
form by Allcock, observe that it can be obtained by quasi-pullback and compare it with our
automorphic form.

1.6. Notation and Diagram. Throughout the paper, we will work over the complex num-
bers C. To improve the readability of the paper and to fix the notation we provide a list of
the moduli spaces which play a role in this paper:

‚ The space MGIT
ord :“ pP1q12{{ SL2pCq is the moduli space of ordered 12 points on P1.

‚ The spaces MGIT :“ MGIT{S12 – P12{{ SL2pCq – B9{Γ
BB

are the moduli space of
unordered 12 points on P1 and the corresponding realization as a ball quotient.

‚ The space B9{Γ
tor

is the unique toroidal compactification of B9{Γ.
‚ The space MK

ord (resp. MK) is the Kirwan blow-up at 1
2

`

12
6

˘

(resp. 1) polystable
point(s) introduced in [Kir85].

‚ The compactified space M0,12 is the Deligne-Mumford compactification of the con-
figuration space M0,12.

‚ The compactified space M0,12pwq is the Hassett space of 12 points on P1 with sym-
metric weights pw, . . . , wq P Q12. Note that (1.1) is now written as

M0,12
φ4
Ñ M0,12p 1

4
`ϵq

φ3
Ñ M0,12p 1

5
`ϵq

φ2
Ñ M0,12p 1

6
`ϵq

φ1
Ñ MGIT

ord .

Each morphism is a blow-up whose center is the locus where certain points coincide
and the exceptional divisors are vital divisors; see Section 3.

The relationship between the spaces appearing in this paper is described in Figure 1.6. Before
discussing the properties of the morphisms and varieties appearing in this diagram we will
explain the arrows appearing in this figure. The morphisms φi are contractions defined in
the blow-up sequence (1.1). The morphism Φ12p 1

6q was introduced in [GKS21, Theorem 1.1],

compactifying the Deligne-Mostow period map Φ12p 1
6q : M0,12{S12 ãÑ B9{Γ. The morphisms

φ1 : MK
ord Ñ MGIT

ord and f : MK Ñ MGIT are the Kirwan blow-ups introduced in [Kir85].
The Kirwan blow-up f and the toroidal blow-up π are blow-ups whose centers are the same
point (the cusp). The birational map g is the lift of the Deligne-Mostow isomorphism ϕ and
the birational map which we are particularly interested in.

For the arrows and varieties in the figure, the following properties hold:

(1) The morphisms ϕ and Φ12p 1
6q are isomorphisms given by [Mos86] and [GKS21, Theo-

rem 1.1].
(2) The varieties M0,12p 1

6
`ϵq and MK

ord are isomorphic by the construction of the blow-up

sequence (1.1); see [KM11, Theorem 1.1] and Theorem 1.1.
(3) The Kirwan blow-up MK

ord is nonsingular [KM11, Section 4].

For the discussion in Subsection 2.2 and Section 5, we introduce the notation of discriminant
divisors and vital divisors.
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MK
ord

M0,12p 1
6

`ϵq

M0,12

B9{Γ
tor

MGIT
ord B9{Γ

BBMGIT

MK

MK
ord{S12 “ ĂM0,12p 1

6
`ϵq

„

ϕ

„

Φ12p 1
6 q„

{S12

φ1 f

g

π

{S12

φ2 ˝ φ3 ˝ φ4

Figure 1. Relationship between the compactifications of moduli spaces

‚ The divisor H is defined in (2.2). It is a Heegner divisor in B9, whose Γ-quotient is
denoted by H. We write its closure in the Baily-Borel and toroidal compactifications

by H
BB

and H
tor

respectively.

‚ The divisor D is the discriminant divisor in MGIT and is isomorphic to H
BB

through
the Deligne-Mostow isomorphism ϕ.

‚ We denote the strict transform of D with respect to the Kirwan blow-up f by rD .
‚ In the case of ordered points, we use a similar notation as above, adding the subscript

“ord”: Dord, ĄDord and ∆ord.

‚ The divisors D
pℓq
k lie in the space M0,12pϵ` 1

7´ℓ
q, which are called vital divisors studied

in [Has03, KM11, KM13]. Roughly speaking, these are the strict transform of the
locus where at least k points coincide on MGIT

ord through some composition of φi’s.
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2. Preliminaries

In this section, we recall some details about the Deligne-Mostow isomorphism and perform
some local computations.

2.1. The Deligne-Mostow isomorphism. We denote the ring of Eisenstein integers by
Zrωs, where ω is a primitive cube root of unity. The Hermitian forms that we will consider
have values in 1?

´3
Zrωs. More precisely, we consider the Hermitian lattice Λ of signature

p1, 9q whose underlying integral lattice is U‘2 ‘E‘2
8 . In this paper, we follow the convention

that root lattices, such as E8, are negative definite lattices, a convention which we also use
in Section 8. More concretely, this is given by the Gram matrix

1
?

´3

ˆ

0 1
´1 0

˙

‘
´1

?
´3

¨

˚

˚

˝

?
´3 0 ´1 ´1
0

?
´3 ´1 1

1 1
?

´3 0
1 ´1 0

?
´3

˛

‹

‹

‚

‘2

;

see also [CMGHL23a, Subsection 7.1.1]. We denote by p´,´q the Hermitian form. Let
Γ :“ UpΛq be the integral unitary group. This group acts on the 9-dimensional ball

B9 :“ tv P PpΛ bZrωs Cq | pv, vq ą 0u,

which is a type I Hermitian symmetric domain. By the work of Allcock [All00, Theorem 5.1]

pMGIT
ord {S12 –qMGIT

– B9{Γ
BB

.(2.1)

Under the isomorphism (2.1) the unique polystable point c6,6, corresponding to two different
points with multiplicity 6 each, is sent to the unique Baily-Borel cusp. Now, let

H :“
ď

r

trvs P B9
| pv, rq “ 0u(2.2)

where r runs p´1q-vectors in Λ (it should be borne in mind that we use the 1?
´3

Zrωs-valued

Hermitian form here). Then, the discriminant divisor in MGIT, parametrizing stable but
not disctinct 12-tuples, corresponds to H :“ H {Γ, see [Loo03a, Subsection 7.3], and this is
irreducible. In other words, the isomorphism (2.1) extends the isomorphism between open
varieties:

M0,12{S12 – pB9
zH q{Γ.

By Deligne-Mostow theory this is essentially the period map for the abelian varieties con-
structed from the quotient of the Jacobian of a µ6-cover of P1 branched along unordered 12
points.

Remark 2.1. For future use, we remark that there is a connection with semi-toroidal com-
pactifications. By [Loo03a, Definition 4.2] the Baily-Borel compactification of any ball quo-
tient or locally symmetric space of type IV is a semi-toroidal compactification, namely the
one obtained by taking the empty hyperplane arrangement, see [Loo03a, Definition 4.2].
Hence, in our case, starting with the isomorphism

pP12
q
s
{{ SL2pCq – B9

{Γ

and applying [Loo03a, Theorem 7.1] to the empty hyperplane arrangement, we recover (2.1),
corresponding to the Baily-Borel system [Loo03a, Definition 4.2]. In this framework, more-
over, it is known that the Deligne-Mumford compactification M0,12 is known to be the
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minimal normal crossing blow-up of MGIT with respect to the hyperplane arrangement D
[Loo03a, Subsection 7.3] (see also [KM11]). In other words, D can be stratified by loci de-

scribing how points collide, corresponding to lower dimensional ball quotients in B9{Γ
BB

, and
M0,12 is the minimal compactification in the sense that all strata become normal crossing

divisors. Note that the toroidal compactification B9{Γ
tor

is the first step of this sequence of
blow-ups, see [GKS21, Theorem 1.1].

Remark 2.2. It should be noted that the case of 12 ordered points behaves differently from
the other ancestral case, namely 8 points. In the latter case, both the moduli of unordered
and ordered points are Deligne-Mostow varieties. Indeed, these two moduli spaces have 5-
dimensional ball quotient models B5{Γord and B5{Γ respectively. The arithmetic groups Γ and
Γord are the unitary group UpU ‘Up2q ‘D‘2

4 q and its stable subgroup. The latter is defined
as the subgroup acting trivially on the discriminant pU ‘ Up2q ‘ D‘2

4 q˚{U ‘ Up2q ‘ D‘2
4 –

pZ{2Zq6. Here and below, we denote by M˚ the dual lattice of a given lattice M . Note that
Γ{Γord – S8 acts on the set of non-isotropic vectors pZ{2Zq3 Ă pZ{2Zq6 transitively, and
that S8 – O`p6,F2q is the even orthogonal group over F2 in dimension 8, see also [Con85,
p. 22]. The action of the group S8 on B5{Γord corresponds to the permutation on the set of
8 points.

The situation is also similar for 5 and 6 points where both the moduli spaces of ordered
and unordered points are ball quotients with the covering map given by a suitable quotient
of arithmetic groups. For 6 points this is O´p4,F3q – Z{2ZˆS6 (cf. [Con85, p. 4], [Kon13])
where O´p4,F3q is the odd orthogonal group. Finally, for 5 points we have Op3,F5q –

Z{2Z ˆ S5 (cf. [Con85, p. 2], [Kon07]). In both cases, the factor Z{2Z goes to the identity
under the projection to the projective unitary group and hence acts trivially on the complex
ball. Note that in all of these cases (n “ 5, 6, 8q the condition INT of [DM86] is satisfied,
which implies that the moduli space of ordered points is also a ball quotient.

However, in the case of 12 points, the INT condition is not satisfied, hence this moduli
problem does not appear in [DM86, (14.4)], but it does appear in [Mos86, Section 5] (see
[Thu98, Appendix] for a complete list of INT and ΣINT). This fits with the fact that the
symmetric group S12 does not have an exceptional isomorphism as above; see [Con85, p.
91]. It is, however, conceivable that the moduli space of 12 ordered points still has a ball
quotient model, e.g. via a different period map. We do not know whether this is the case.
We state this as a formal problem below.

Question 2.3. Does the moduli space MGIT
ord of ordered 12 points on P1 have a ball-quotient

model? In other words, is there an arithmetic subgroup Γord so that

MGIT
ord – B9{Γord

BB
?

A stronger question is to ask, whether such a Γord exists, with the additional property that
Γ{Γord – S12 and the above isomorphism is compatible with the natural action of S12 on

M0,12 – pB9
zH q{Γord.

Note that the two ball models may come from a different period map.

2.2. Computations involving the Luna slice. In this subsection, we collect the result
regarding the local computations and conclude Theorem 1.4 (2). We will keep this discus-
sion short since many of the arguments are similar to analogous considerations in [HM22,
Section 3]. We denote by x0, x1 the homogeneous coordinates on P1. Let p6,6 be the point
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corresponding to x6
0x

6
1, which is mapped to the unique polystable orbit c6,6 in MGIT. First,

we recall the local description in terms of the Luna slice theorem.

Lemma 2.4. (1) The stabilizer R of p6,6 and its connected component of the identity are
described as

R :“ Stabpp6,6q “

!

ˆ

λ 0
0 λ´1

˙

P SL2pCq

)

ď

!

ˆ

0 λ
´λ´1 0

˙

P SL2pCq

)

– Cˆ
¸ S2,

R˝ :“ Stabpp6,6q
˝

– Cˆ.

(2) A Luna slice for p6,6, normal to the orbit SL2pCq ¨ tp6,6u Ă P12, is isomorphic to C10,
spanned by the 10 monomials

x12
0 , x12

1 , x11
0 x1, x0x

11
1 , x10

0 x2
1, x2

0x
10
1 , x9

0x
3
1, x3

0x
9
1, x8

0x
4
1, x4

0x
8
1

in the tangent space H0pP1,OP1p12qq. Projectively,

P10
“ tα0x

12
0 ` α1x

12
1 ` β0x

11
0 x1 ` β1x0x

11
1 ` γ0x

10
0 x2

1 ` γ1x
2
0x

10
1

` δ0x
9
0x

3
1 ` δ1x

3
0x

9
1 ` ϵ0x

8
0x

4
1 ` ϵ1x

4
0x

8
1 ` kx4

0x
4
1u

Ă PH0
pP1,OP1p12qq “ P12.

Proof. Since these follow from straightforward calculations which are similar to those in
[CMGHL23a, Subsection 4.3.1], [CMGHL23b, Lemma 3.3, 3.4] and [HM22, Lemma 3.1, 3.2],
we omit the details. □

The following Theorem turns out to be a crucial observation.

Theorem 2.5. The strict transform rD of the discriminant divisor D Ă MGIT and the excep-
tional divisor ∆ of the Kirwan blow-up MK Ñ MGIT do not meet generically transversally
in MK.

Proof. This is a local calculation using the Luna slice from Lemma 2.4. The structure of
the proof is the same as in the proof of [HM22, Theorem 3.4]. Recall that the exceptional
Kirwan divisor lies over the point c6,6 which is the orbit of the point p6,6 given by x6

0x
6
1.

This brings the versal deformation of x6 into play, which is given by the sextic polynomilal
x6 ` α0x

4 ` β0x
3 ` γ0x

2 ` δ0x ` ϵ0. A computer-based calculation implies shows that the
discriminant dpα0, β0, γ0, δ0, ϵ0q is of the form

´46656ϵ50 ` pterms of degree ě 6q.(2.3)

The rest of the argument is then a lengthy, but straightforward, calculation as in the proof
of [HM22, Theorem 3.4]. □

Remark 2.6. We find it noteworthy that this situation can be observed for moduli of cubic
surfaces, 8 points on P1 and again for 12 points on P1, but that the situation changes each
time one goes to the natural level covers of marked cubic cases and ordered sets of points
respectively.

Next, we give a first proof of Theorem 1.4 (2) in the spirit of [CMGHL23b, Section 4.3].

Theorem 2.7. Neither the Deligne-Mostow isomorphism ϕ nor its inverse ϕ´1 lift to a

morphism between the Kirwan blow-up MK and the toroidal compactification B9{Γ
tor
.
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Proof. We first note that the birational lift g of ϕ is not an isomorphism. This follows,
since by Theorem 2.5 the Kirwan exceptional divisor ∆ and the discriminant D do not

intersect transversally in MK, whereas the closure H
tor

of the discriminant H and the toric

boundary T intersect generically transversally in B9{Γ
tor

by Remark 3.1. Now assume that

g : MK Ñ B9{Γ
tor

is a morphism. Since we know that the restriction of g induces an

isomorphism g|MKz∆ : MKz∆ – B9{Γ
tor

zH, it follows that the exceptional Kirwan divisor

∆ must be mapped to the toric boundary T . Since MK and B9{Γ
tor

are normal varieties, g
can not be a bijection and must hence be a small contraction. However, this contradicts the

fact that B9{Γ
tor

is Q-factorial. The same argument also applies to g´1. □

Remark 2.8. (1) We remark that in our previous paper [HM22, Theorem 1.1, Remark
3.6], we used the coincidence of Betti numbers of two spaces to prove the nonexistence
of a morphism. We found that this point can be avoided by discussing the geometry
as in the above proof.

(2) Using recent developments in K-stability and the LMMP, another proof for the part
of Theorem 2.7, saying that ϕ´1 does not lift to a morphism can be derived from
Theorem 5.9 and [AE21, AEH21]; see [HM22, Remark 4.8].

3. The Hassett-Keel program and an application

The Hassett-Keel program aims at giving a modular interpretation of the configuration
spaces and their log canonical models. We want to give two applications for this program:
the geometry of the toroidal compactification and the description of the canonical bundles.

For the precise definition of the spaces M0,A and the vital divisors D
pkq

ℓ , see [Has03, Sections
2, 7] and [KM11]. In this context, [KM11, Theorem 1.1] gives the following blow-up sequence:
(3.1)

M0,12 – M0,12p 1
3

`ϵq
φ4
ÝÑ M0,12p 1

4
`ϵq

φ3
ÝÑ M0,12p 1

5
`ϵq

φ2
ÝÑ M0,12p 1

6
`ϵq – MK

ord
φ1
ÝÑ MGIT

ord .

Here the right-hand isomorphism is (1.2) in Theorem 1.1. As mentioned in the introduc-
tion, the Deligne-Mumford compactification M0,12 is a normal crossing compactification of
pP12qs{{ SL2pCq. Note that the number of the strictly semi-stable orbits of MGIT

ord is 1
2

`

12
6

˘

.

These correspond to the cusps of MGIT
ord (and are singular points of this space). These cusps

are blown up in the Kirwan blow-up).
By [KM11, Proposition 5.4, Lemma 5.5] the canonical bundles of all spaces in the blow-up

sequence 3.1 are known:

KMGIT
ord

“ ´
2

11
D

p0q

2

KMK
ord

“ ´
2

11
D

p1q

2 `
14

11
D

p1q

6

KM
0,12p 1

5 `ϵq
“ ´

2

11
D

p2q

2 `
13

11
D

p2q

5 `
14

11
D

p2q

6

KM
0,12p 1

4 `ϵq
“ ´

2

11
D

p3q

2 `
10

11
D

p3q

4 `
13

11
D

p3q

5 `
14

11
D

p3q

6

KM0,12
“ ´

2

11
D

p3q

2 `
10

11
D

p4q

4 `
5

11
D

p4q

4 `
13

11
D

p4q

5 `
14

11
D

p4q

6 .
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Here the number 11 comes from n´1 “ 11. Note that D
p1q

2 {S12 (resp. D
p1q

6 {S12) is the unique

discriminant divisor H
tor

(resp. the exceptional divisor T ) of the toroidal compactification

π : B9{Γ
tor

p– MK
ordq Ñ B9{Γ

BB
.

Remark 3.1. Comparing the stability conditions in the sense of Deligne-Mumdord in
[AL02], the quotientM0,12{S12 is exactly the Deligne-Mumford compactification ofM0,12{S12,

and hence a normal crossing compactification of M0,12{S12. Hence, the divisors D
p1q

2 {S12 and

D
p1q

6 {S12 intersect generically transversally. This implies that the boundary and discriminant

divisors generically intersect transversally on the toroidal compactification B9{Γ
tor
, which is

an analog to [HM22, Theorem 3.14].

Additionally, from [KM11, Lemma 5.3], the pullback of the blow-up φ1 can be described
as

φ˚
1pD

p0q

2 q “ D
p1q

2 ` 15D
p1q

6 .(3.2)

Hence, substituting this in the above, it follows that

KMK
ord

“ ´
2

11
φ˚
1pD

p0q

2 q ` 4D
p1q

6(3.3)

where we have used the identification MK
ord – M0,12p 1

6
`ϵq. Let Dord be the union of the

discriminant divisors inMGIT
ord and denote their strict transforms inMK

ord by
ĄDord. We further

denote the exceptional divisor in MK
ord by ∆ord. Then (3.2) and (3.3) can be rewritten as

φ˚
1pDordq “ ĄDord ` 15∆ord

KMK
ord

“ ´
2

11
φ˚
1pDordq ` 4∆ord.(3.4)

The boundary of MK
ord consists of 1

2

`

12
6

˘

components ∆ord,i – P4 ˆ P4. The latter iso-

morphism follows from the moduli interpretations of M0,A [Has03, Remark 4.6]. Applying
a similar computation as in [HM22, Proposition 4.3], we can describe the normal bundle of
the boundary in the Kirwan blow-up.

Proposition 3.2. The normal bundle of the irreducible components of the boundary divisors
∆ord,i – P4 ˆ P4 in MK

ord is

N∆ord,i{MK
ord

– OP4ˆP4p´1,´1q.

Proof. From (3.4), we have

pKMK
ord

` ∆ord,iq|∆ord,i
“ p´

2

11
φ˚
1pDordq ` 4∆ord ` ∆ord,iq|∆ord,i

.

Since MK
ord is smooth, the left-hand side is

pKMK
ord

` ∆ord,iq|∆ord,i
“ KP4ˆP4

“ Op´5,´5q

by the adjunction formula. The right-hand side is

5∆ord,i|∆ord,i
,

which proves the claim. □
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4. Discrepancies and the failure of (log) K-equivalence.

We are now ready to prove one of the main results of our paper, namely the claim thatMK

and B9{Γ
tor

are not K-equivalent. For this purpose, we first compute the top intersection of

the toroidal boundary T of B9{Γ
tor
.

Lemma 4.1. The top intersection number of the toroidal boundary T of B9{Γ
tor

is given by

T 9
“

`

8
4

˘

¨ 1
2

`

12
6

˘

12!
“

7

144 ¨ 6!
.(4.1)

Proof. We first recall that there is an isomorphism B9{Γ
tor

– MK
ord{S12. This follows from

Diagram 1.6, more precisely the fact that Φ12p 1
6q is an isomorphism, as shown in [Mos86]

and [GKS21, Theorem 1.1]. The rest is a straightforward calculation using Proposition 3.2,
together with pOP4ˆP4p´1,´1qq8 “

`

8
4

˘

and the fact that the number of the polystable points

in MGIT
ord is 1

2

`

12
6

˘

. □

We shall now compute the canonical bundles of these spaces in terms of discrepancies. As
we saw in the proof of Theorem 5.9 we have, using the notation of [CMGHL23b, Lemma 6.4],
c “ 10 and |GX | “ |GF | “ 2; there is no divisorial locus having a strictly bigger stabilizer
than GX . Note that the GIT quotient is Q-Gorenstein by Proposition 5.1. Hence, on the
one hand, it follows that

KMK “ f˚KMGIT ` 9∆.(4.2)

On the other hand, the proof of [CMGHL23b, Proposition 5.8] leads to

KB9{Γ
tor “ π˚K

B9{Γ
BB `

2 ` ap∆,MGIT
ord q ´ rpT q

rpT q
T,(4.3)

where rpT q is the branch index of the finite quotient map π : MK
ord Ñ MK

ord{S12 – B9{Γ
tor

along T and ap∆,MGIT
ord q is the discrepancy of ∆ defined by

f˚
pDordq “ ĄDord ` ap∆,MGIT

ord q∆ord.

By (3.2), we have ap∆,MGIT
ord q “ 15. In the case of 8 points, the ramification order rpT q was

computed in [HM22] using the ball quotient model for the ordered case. This argument is
not available here. Instead, we use the diagram in Figure 2.

M0,12

rΠ
ÝÝÝÑ ĂM0,12 “ M0,12{S12

§

§

đ

§

§

đ

MK
ord

Π
ÝÝÝÑ MK

ord{S12 – B9{Γ
tor

Figure 2. Blow-up sequence and symmetries

In Figure 2, the two morphisms Π and rΠ are S12-quotients and the vertical morphisms
are blow-ups along the locus where points coincide, as described in Section 3. By [KM13,

Lemma 3.4], the quotient map rΠ is unramified in codimension 1 outside the discriminant
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divisor D
p3q

2 . This implies that Π is unbranched along the toroidal boundary T , thus we have
rpT q “ 1. Hence Equation (4.3) can be rewritten as

KB9{Γ
tor “ π˚K

B9{Γ
BB ` 16T.(4.4)

We can now prove Theorem 1.4 (3).

Theorem 4.2. The varieties MK and B9{Γ
tor

are not K-equivalent.

Proof. If these two varieties were K-equivalent then, as we recalled in the introduction, the
top intersection numbers of their canonical bundles would be the same. By (4.2) and (4.4)
this is equivalent to

p9∆q
9

“ p16T q
9 .

Combined with (4.1), this implies

∆9
“

169 ¨ 7

99 ¨ 144 ¨ 6!
.(4.5)

Our calculations in Subsection 2.2 for the Luna slice show that the order of the stabilizer of
a point in ∆ is not divisible by 3. Hence, arguing as in [HM22, Proposition 3.7], it follows
that ∆9 P 1

e
Z with 3 ∤ e, and this is a contradiction. □

Using the classical results of Mumford, we shall now discuss the relation with automorphic
forms.

Remark 4.3. The uniformization map B9 Ñ B9{Γ is ramified in codimension 1 along the
discriminant divisor H with branch index 6, see (2.2). This can be proven by a lattice
theoretic computation of which we give a sketch here. For a p´1q-vector ℓ P Λ and unit
element ξ P Zrωsˆzt1u, we define a unitary reflection by

σℓ,ξprq :“ r ` p1 ´ ξq
pℓ, rq

2
r P Λ b Qpωq, r P Λ.

Note that all branch divisors of the morphism B9 Ñ B9{Γ arise as the fixed divisors by such
a reflection; see [Beh12, Cororally 3] for the classification of unitary reflections. One easily
checks that the element σℓ,ξ is not contained in Γ, except for ξ “ ´ω. If ξ “ ´ω, this
reflection σℓ,´ω is an element of order 6 in UpΛ b Qpωqq and hence called a hexaflection. Its
fixed point set is a Heegner divisor H0. By a straightforward computation one can prove
that this hexaflection is contained in Γ, more precisely σℓ,´ω P Γ. The ramification divisor
H is the union of all Γ-translates of H0. We denote its image in B9{Γ by H. The map
B9 Ñ B9{Γ is branched exactly along H with ramification order 6.

By the Hirzebruch proportionality principle, the canonical bundle of our ball quotient can
be described as

K
B9{Γ

BB “ 10L ´
5

6
H

BB
(4.6)

KB9{Γ
tor “ 10L ´

5

6
H

tor
´ T(4.7)

where L is the automorphic Q-line bundle of (arithmetic) weight 1 on the Baily-Borel

compactification B9{Γ
BB

. By abuse of notation, we use the same notation L as the Q-line
bundle on the Baily-Borel compactification and its pullback to the toroidal compactification.
The coefficients 10 in the above presentation come from the fact that the compact dual of B9 is
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P9, whose canonical bundle is Op´10q. Here, we need to be careful with the notion of weight.
On the one hand, a section of kL for a k P Z defines an automorphic form of weight k, which
means that the function satisfies the modular symmetry with respect to the automorphic
factor to the power of k, and this quantity k is called the arithmetic weight. On the other
hand, Mumford et. al. [AMRT10, Chapter IV] studied the extendability of pluricanonical
forms to toroidal boundaries. The weight they used there is now called geometric weight,
which emphasizes the power of the canonical bundle of which a given pluricanonical form
is a section. Explicitly, the geometric weight k corresponds to the arithmetic weight 10k in
our case.

Combining (4.4), (4.6) and (4.7), we now obtain

π˚H
BB

“ H
tor

´ 18T.(4.8)

Remark 4.4. Allcock [All00, Theorem 7.1] constructed an automorphic form ΨA, a third
root of Ψ1 (Example 8.7 (2)), of weight 44 with respect to the group Γ, vanishing exactly
on the ramification divisor H Ă B9 with multiplicity 1 (see also Subection 8.6). For the
Baily-Borel compactification, this implies that

44L “
1

6
H

BB
,

Combining this with (4.6), we obtain

K
B9{Γ

BB “ ´210L .(4.9)

Now, we can deduce

44L “
1

6
H

tor
´ 3T

on the toroidal compactification by (4.8). Substituting this to (4.7), we have

KB9{Γ
tor “ ´210L ´ 16T.(4.10)

5. Log minimal model program and semi-toroidal compactifications

5.1. Review of the log minimal model program. In this section, we will briefly re-
call the relevant notions of LMMP which are necessary for the discussion of semi-toroidal
compactifications later on. For the basic definitions see [Fuj17, Section 4] and also [HM22,
Subsection 4.3], where we use this in an analogous situation.

Before stating our claims and giving the proofs, we will review the various notions of
singularities. For a pair pX,∆Xq, we use the notion of kawamata log terminal, divisorial log
terminal, purely log terminal and log canonical as defined in [KM98, Definitions 2.34, 2.37].
In short, we often call these klt, dlt, plt and lc. If ∆X “ 0, then klt, dlt and plt are called
log terminal. A pair pX,∆Xq is said to be quasi-divisorial log terminal if there is a finite
surjective morphism f : Y Ñ X for a dlt pair pY,∆Y q such that KY ` ∆Y “ f˚pKX ` ∆Xq.
The reason why we introduce this notion is that in the above situation, given f as stated,
pX,∆Xq is klt (resp. plt, lc) if and only if pY,∆Y q is klt (resp. plt, lc), but a similar argument
does not hold for dlt; see [Kol13, Corollary 2.43].

Now, we start with the singularities of the compactifications of the ball quotient B9{Γ.

Let T be the exceptional divisor of the blow-up π : B9{Γ
tor

Ñ B9{Γ
BB

. A classical result of
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Mumford implies that the blow-up

π :

ˆ

B9{Γ
tor
,
5

6
H

tor
` T

˙

Ñ

ˆ

B9{Γ
BB

,
5

6
H

BB
˙

(5.1)

is log-crepant.

Proposition 5.1. (1) The varieties B9{Γ
BB

and B9{Γ
tor

are Q-Gorenstein. Moreover,

B9{Γ
tor

is locally Q-factorial. In particular, K
B9{Γ

BB ` 5
6
H

BB
and KB9{Γ

tor ` 5
6
H

tor
`T

are Q-Cartier.

(2) pB9{Γ
BB

, 5
6
H

BB
q has log canonical singularities.

(3) pB9{Γ
tor
, 5
6
H

tor
` T q has quasi-divisorial log terminal singularities.

(4) B9{Γ
BB

has log terminal singularities. Moreover, B9{Γ is rationally connected and
pB9{ΓqzH is affine.

Proof. We take a neat normal subgroup Γ1 ◁Γ so that B9{Γ1 is smooth and there is a finite

surjective Galois cover f : B9{Γ1
tor

Ñ B9{Γ
tor

with covering group Γ{Γ1. By T 1 we denote

the toroidal boundary of the neat cover B9{Γ1
tor
, which is simple normal crossing.

(1) Since B9{Γ1
tor

is smooth, it follows from [KM98, Lemma 5.16] that B9{Γ
tor

is Q-
factorial. For the Baily-Borel compactification, (4.9) implies that K

B9{Γ
BB is Q-Cartier be-

cause L is a Q-line bundle.
(2) Since there is a finite surjective morphism B9{Γ1 Ñ B9{Γ, [Kol13, Corollary 2.43]

implies that the pair pB9{Γ1
BB

, 0q is log canonical if and only if pB9{Γ
BB

, 5
6
H

BB
q is. Hence,

it suffices to prove that pB9{Γ1
BB

, 0q is log canonical. This follows from the existence of the

log-crepant resolution pB9{Γ
tor
, T 1q in a similar way as (5.1).

(3) By the choice of a suitable finite cover B9{Γ1
tor

the pair pB9{Γ1
tor
, T 1q is dlt. To prove

the claim it is enough to show that

(5.2) KB9{Γ1
tor ` T 1

“ f˚

ˆ

KB9{Γ
tor `

5

6
H

tor
` T

˙

.

For this we denote by H 1
tor

Ă B9{Γ1
tor

the closure of the ramification divisor (with index 6)

mapping to H
tor

Ă B9{Γ
tor
. We then have f˚H

tor
“ 6H 1

tor
and f˚T “ nT 1 where n is the

ramification index of the toroidal divisors (which are all the same since we have chosen a
normal subgroup). The Riemann-Hurwitz formula then tells us that

KB9{Γ1
tor “ f˚KB9{Γ

tor ` pn ´ 1qT 1
` 5H 1

tor
“ f˚

ˆ

KB9{Γ
tor `

5

6
H

tor
` T

˙

´ T 1,

thus showing (5.2).

(4) In our case, by the moduli interpretation, the closure of the discriminant divisor H
BB

contains the unique Baily-Borel cusp. Hence, B9{Γ
BB

contains no naked cusp in the sense of
[MO23, Definition 2.7]. Note that the automorphic form given by Allcock as in Remark 4.4
satisfies the assumption in [MO23, Theorem 2.4 (1)]. Hence, [MO23, Corollaries 2.8, 2.10]

implies that B9{Γ
BB

is log terminal and rationally connected, and pB9{ΓqzH is affine. □
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We note that in general the Baily-Borel compactifications have bad singularities along the
cusps. However, in some special cases, they can be explicitly computed; the moduli space of
cubic surfaces is isomorphic to Pp1, 2, 3, 4, 5q and the cusp is even a smooth point, see the
proof of [CMGHL23b, Lemma 3.1]. On this basis, we propose the following problem.

Question 5.2. Does B9{Γ
BB

have finite quotient singularities?

Not only is this interesting for the geometry of the ball quotient, but there is also an
application concerning derived algebraic geometry; see Subsection 6.2. Now, we can restate
the results of Baily-Borel and Mumford, specializing them to our case.

Theorem 5.3. The Baily-Borel compactification and the toroidal compactification of B9{Γ
have the following properties in LMMP:

(1) pB9{Γ
BB

, 5
6
H

BB
q is the log canonical model and a minimal model of itself.

(2) pB9{Γ
tor
, 5
6
H

tor
` T q is a log minimal model of itself.

Proof. These statements follow from the classical results of Baily-Borel and Mumford; see
[Ale96, Corollaries 3.3, 3.5]. In other words, the first (resp. second) statement follows from
the projective construction of the Baily-Borel compactification, which implies the ampleness

of L (resp. the fact that π˚L coincides with KB9{Γ
tor ` 5

6
H

tor
` T on the toroidal com-

pactification, which can be obtained as a corollary of Hirzebruch’s proportionality principle
by Mumford). The coefficient 5{6 comes from the lattice-theoretic computation discussed in
Remark 4.3, see also (4.6), (4.7), and [Ale96, Theorems 3.3, 3.5]. We already know that the
two pairs are log canonical pairs by Proposition 5.1. □

Since we have a dominant rational map from Sym12
pP1q – P12 to the moduli space of

unordered 12 points on P1 the ball quotient B9{Γ
BB

is clearly unirational and thus has
Kodaira dimension ´8. In fact, it is even known to be rational [Kat84]. In the following
remark, we give a different argument for the statement concerning the Kodaira dimension
by using Allcock’s automorphic form, see also [GHS08, Theorem 4.4] where a similar method
was employed.

Remark 5.4. One can use Allcock’s automorphic form to show κpB9{Γ
BB

q “ κpB9{Γ
tor

q “

´8. We prove this by contradiction. Let X be a smooth projective model of B9{Γ
BB

which admits a non-trivial k-fold pluricanonical form. By the usual correspondence between
automorphic forms and pluricanonical forms on locally symmetric varieties, such a form
comes from a form F10kpdZqk on B9 where dZ is the standard volume element and F10k is
a cusp form of weight 10k vanishing of sufficiently high order at the cusp. Since we have
ramification of order 6 along H, it follows that F10k must vanish of order 5k along H, see also
the expression (4.6) for the canonical bundle. On the other hand, we know from Remark 4.4
that Allcock’s automorphic form ΨA, which has weight 44, vanishes exactly along H with
vanishing order 1. Now dividing F10k by Ψ5k

A we obtain an automorphic form of negative
weight, a contradiction.

Next, we shall move on to the Kirwan blow-up. Let ∆ be the exceptional divisor of the
Kirwan blow-up f : MK Ñ MGIT. Further, let D be the discriminant divisor on MGIT and

let rD be its strict transform. We first prove an analog of Proposition 5.1 (1).
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Proposition 5.5. The Kirwan blow-up MK is locally Q-factorial and log terminal. In

particular, KMK ` 5
6

rD ` ∆ is Q-Cartier.

Proof. By the construction of MK, all points in MK are stable. Hence, the stabilizer of any
point is finite and thus, locally, MK has finite quotient singularities. This implies that MK

is locally Q-factorial by [KM98, Proposition 5.15]. Also, it is known that a finite quotient
singularity is log terminal. □

Below, for a pair pY,∆Y q and a birational map f : X 99K Y , we denote by apEi, Y,∆Y q

the discrepancy as given by

KX ` pf´1
q˚∆Y “ f˚

pKY ` ∆Y q `
ÿ

i

apEi, Y,∆Y qEi

where the Ei are the exceptional divisors of f .
Below, we shall compute discrepancies explicitly. We denote by ap∆,MGIT, 5

6
Dq P Q the

discrepancy of the Kirwan blow-up f : pMK, 5
6

rD ` ∆q Ñ pMGIT, 5
6
Dq:

KMK `
5

6
rD “ f˚

ˆ

KMGIT `
5

6
D

˙

` a

ˆ

∆,MGIT,
5

6
D

˙

∆.(5.3)

One can characterize semi-toroidal compactifications by using discrepancies.

Proposition 5.6. If the discrepancy a
`

∆,MGIT, 5
6
D

˘

ą ´1, then pMK, 5
6

rD ` ∆q is not a

log minimal model (of itself). Hence, MK is not a semi-toroidal compactification.

Proof. By a similar computation, as in the proof of [HM22, Proposition 4.7], we can show

that if the discrepancy is greater than ´1, then pMK, 5
6

rD `∆q is not the log minimal model

of itself. This assumption exactly corresponds to a
`

∆,MGIT, 5
6
D

˘

ą ´1. Hence we conclude

that MK is not a semi-toroidal compactification by [Oda22, Theorem 3.1]. □

We conclude this subsection with a discussion concerning the relation between discrepan-
cies and log K-equivalence. It is known that any two log minimal models of a given variety
are (log) K-equivalent by the negativity lemma [Fuj17, Lemma 2.3.26]; see also [Fuj17,
Lemma 4.3.2]. Here, we shall discuss the converse.

Proposition 5.7. Let pX,Aq and pY,Bq be two pairs. We assume that there is a birational
map p : Y 99K X with p˚KY “ KX , p˚B “ A and KY ` B “ p˚pKX ` Aq ` E for a divisor
E ‰ 0 in PicpY q b Q. Then the two pairs are not log K-equivalent.

Proof. For any birational morphisms fX : Z Ñ X and fY : Z Ñ Y from a projective variety
Z, we have

f˚
Y pKY ` Bq “ f˚

XpKX ` Aq ` f˚
YE.

Since fY is a proper birational morphism and Y is normal, it follows that fY,˚OZ “ OY .
This implies that the induced morphism between the Picard groups f˚

Y : PicpY q Ñ PicpZq

is injective by the assumption on the normality of Y . By our assumption on E, it follows
that f˚

YE ‰ 0. Therefore, the pairs pX,Aq and pY,Bq are never log K-equivalent, □

Corollary 5.8. Let pX,Aq and pY,Bq be pairs. Assume the following:

(A) pX,Aq is a log minimal model of itself.
(B) There is a birational map f : Y 99K X so that p˚KY “ KX , p˚B “ A, and p is not

log-crepant.
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Then, these two pairs are not log K-equivalent.

Proof. We can write

KY ` B “ p˚
pKX ` Aq `

ÿ

mαEα

where the Eα are exceptional divisors. By an application of the negativity lemma [Fuj17,
Lemma 4.3.2], since pX,Aq is a log minimal model (A), we see that E “

ř

mαEα is an
effective divisor, i.e. all coefficients mα ě 0. By (B), we also know that E cannot be the
trivial divisor, i.e. at least one mα ą 0, and hence E ‰ 0 P PicpY qbQ. We can now conclude
the claim from Proposition 5.7. □

5.2. Proof of the main result. In this subsection, we will prove that MK is not a semi-
toroidal compactification. For this, we shall first compute the discrepancy of the Kirwan

blow-up. Let f 1 : ČpP12qss Ñ pP12qss be the Kirwan blow-up (before taking quotients). Its

center is SL2pCq ¨ tp6,6u. By Kirwan’s theory, the action of SL2pCq lifts to ČpP12qss and all
points are stable. Let D 1 (resp. ∆1) be the discriminant (resp. exceptional) divisor on

pP12qss (resp. ČpP12qss). Taking GIT quotients, we denote by D (resp. ∆) the corresponding
discriminant (resp. exceptional) divisor on MGIT (resp. MK).

Theorem 5.9. The following holds:

(1) The discrepancy ap∆,MGIT, 5
6
Dq “ 2

3
ą ´1 and hence MK is not a semi-toroidal

compactification.

(2) The two pairs pMK, 5
6

rD ` ∆q and pB9{Γ
tor
, 5
6
H

tor
` T q are not log K-equivalent.

Proof. From Lemma 2.4 (2), we find that c “ 10 in the notation of [CMGHL23b, Lemma
6.4] and hence we obtain

K
ČpP12qss

“ f
1˚KpP12qss ` 9∆1

“ f
1˚

ˆ

KpP12qss `
5

6
D 1

˙

`
2

3
∆1

´
5

6
ĂD 1.

In other words,

K
ČpP12qss

`
5

6
ĂD 1 “ f

1˚

ˆ

KpP12qss `
5

6
D 1

˙

`
2

3
∆1.

Combined with [CMGHL23b, Remark 6.7] and a similar discussion as in the proof of [HM22,
Proposition 4.7], this calculation descends to the GIT quotient and implies that the dis-
crepancy ap∆,MGIT, 5

6
Dq “ 2

3
and hence MK is not a semi-toroidal compactification by

Proposition 5.6. This proves item (1).
Item (2) essentially follows from item (1), Theorem 5.3 (1) and Corollary 5.8. Indeed,

item (1) implies that (B) in Corollary 5.8 are satisfied for two pairs pMK, 5
6

rD ` ∆q and

pMGIT, 5
6
Dq. Theorem 5.3 (1) implies (A) for the GIT pair. Now, we can apply Corollary

5.8 to pMK, 5
6

rD ` ∆q and pMGIT, 5
6
Dq with the exceptional divisor E “ ∆. It follows

that these two pairs are not log K-equivalent. Here we note that by the transitivity of

K-equivalence, the three pairs pMGIT, 5
6
Dq, pB9{Γ

BB
, 5
6
H

BB
q, pB9{Γ

tor
, 5
6
H

tor
` T q are log

K-equivalent. Therefore, we conclude that pMK, 5
6

rD ` ∆q and pB9{Γ
tor
, 5
6
H

tor
` T q are not

log K-equivalent. □
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As a corollary of the computation of the discrepancies we can now clarify the singularities;
compare with Proposition 5.1.

Corollary 5.10. (1) pMK, 5
6

rD ´ 2
3
∆q is log canonical, but not purely log terminal.

(2) pMK, 5
6

rD ` ∆q is not log canonical.

Proof. (1) Our assertion follows from the following statements:

(A) pMGIT, 5
6
Dq is log canonical. (Proposition 5.1 (2)).

(B) The discrepancy ap∆,MGIT, 5
6
Dq is equal to 2

3
. (Theorem 5.9 (1)).

We shall show that pMK, 5
6

rD ´ 2
3
∆q is log canonical, but not purely log terminal. Here, we

adopt the definition in [KM98, Definition 2.34], and hence negative coefficients of boundaries

are allowed. To prove that pMK, 5
6

rD ´ 2
3
∆q is log canonical but not purely log terminal, let

us first take any resolution of singularities g : X Ñ MK and denote its exceptional divisors
by tEiu so that

KX ` pg´1
q˚

ˆ

5

6
rD ´

2

3
∆

˙

“ g˚

ˆ

KMK `
5

6
rD ´

2

3
∆

˙

`
ÿ

i

aiEi(5.4)

where ai “ apEi,MK, 5
6

rD ´ 2
3
∆q. Below, we shall prove that ai ě ´1 for any i and aj “ ´1

for at least one j.
By considering the composition of g : X Ñ MK and f : MK Ñ MGIT, item (A) leads us

to the following representation

KX ` pf ˝ gq
´1
˚

5

6
D “ pf ˝ gq

˚

ˆ

KMGIT `
5

6
D

˙

`
ÿ

i

biEi ` bpg´1
q˚∆(5.5)

“ g˚

ˆ

KMK `
5

6
rD ´

2

3
∆

˙

`
ÿ

i

biEi ` bpg´1
q˚∆

where bi “ apEi,MGIT, 5
6
Dq ě ´1 and b “ appg´1q˚∆,MGIT, 5

6
Dq ě ´1 by the claim that

pMGIT, 5
6
Dq is log canonical. The last equation follows from

KMK `
5

6
rD “ f˚

ˆ

KMGIT `
5

6
D

˙

`
2

3
∆,(5.6)

which is deduced from (5.3) and Theorem 5.9 (1).

We write g˚
rD “ rD 1 `

ř

i diEi and g˚∆ “ r∆ `
ř

i eiEi where rD 1 and r∆ are the strict

transform of rD and ∆ via g. Comparing the coefficients of Ei in (5.4) and (5.5), it follows

that ai “ bi, which implies that pMK, 5
6

rD ´ 2
3
∆q is log canonical because bi ě ´1. Now, since

∆ is singular by the local description, there is some j such that gpEjq Ă ∆. In other words,

for such an index j, we have that f ˝ gpEjq is the unique Baily-Borel cusp in B9{Γ
BB

. We

also know from [MO23, Lemma 2.9 (1)] that the log canonical center of pB9{Γ
BB

, 5
6
Dq is the

unique Baily-Borel cusp. This implies that aj “ bj “ ´1 and hence the pair pMK, 5
6

rD ´ 2
3
∆q

is not purely log terminal.

(2) By [KM98, Lemma 2.27] we now obtain apEi,MK, 5
6

rD ´ 2
3
∆q ě apEi,MK, 5

6
rD `∆q in

general. Setting i “ j in this inequality, [KM98, Lemma 2.27] also implies that the inequality

is strict. However, we have already seen that apEj,MK, 5
6

rD´ 2
3
∆q “ ´1. Therefore, it follows

that apEi,MK, 5
6

rD ` ∆q ă ´1 and thus pMK, 5
6

rD ` ∆q is not log canonical.
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□

Remark 5.11. Here we summarize some observations surrounding Propositions 5.1, 5.5 and
Corollary 5.10, concerning the singularities of the compactifications of modular varieties.

(1) We remark that toroidal compactification Bn{Γ
tor

of ball quotients are always locally
Q-factorial since they have finite quotient singularities. This follows from the same
proof as given in Proposition 5.1 (1).

(2) Similarly, Kirwan blow-upsMK of GIT-quotientsMGIT are always locallyQ-factorial.
The reason is that the Kirwan blow-up replaces the singularities of the GIT quotient
with finite quotient singularities, since, in the course of the consecutive partial blow-
ups, all polystable points are replaced by stable points

(3) The last part of Propositions 5.1 (1) and 5.5 can be also deduced from (4.2) and (4.4)
respectively. This gives Q-Gorensteiness directly and does not require Q-factoriality.

(4) The last part of Proposition 5.1 (4) is an analog of the quasi-affiness of the moduli
space of K3 surfaces [BKPS98] and cubic surfaces [DvGK05, Section 2.7].

(5) Propositions 5.5 and Corollary 5.10 above shed some light on the properties of the
Kirwan blow-up in connection with LMMP. By construction, the singularities of

MK are typically better than those of MGIT. However, the pair pMK, 5
6

rD ` ∆q

behaves worse than the log canonical pair pMGIT, 5
6
Dq, which means that the pair

pMK, 5
6

rD ` ∆q is not well behaved from the point of view of LMMP. This may be
due to the fact that the factor 5{6 arises from the ball quotient picture, but has no
natural explanation from a GIT point of view. Note that this is different from the

case of the toroidal compactification, where the factors of the boundary 5
6
H

tor
` T

arise naturally from the ball quotient picture and the role of the toroidal boundary
in the theory of Mumford et al. concerning toroidal compactifications. The resulting
pair is quasi-dlt and can be treated in the framework of LMMP. We also refer to
the example discussed in [CMGHL23b, Section 2] for a related example in another
setting.

(6) More generally, if there is a reflective automorphic form that vanishes exactly on
the branch divisors with multiplicities according to the ramification order, called a
special reflective modular form in [MO23], then we can prove that the associated
Baily-Borel compactification is Q-Gorenstein, as in [MO23, Theorem 2.4] and the
proof therein. The authors do not know of good criteria which guarantee that the
Baily-Borel compactification is Q-factorial. We note, however, that special reflective
modular forms also exist in the case of cubic surfaces and 8 points on P1, as treated in
[CMGHL23b, HM22]. Moreover, in the case of moduli of cubic surfaces, the (unique)
cusp is even a smooth point.

6. Two applications: another proof and failure of stacky D-equivalence

6.1. Another proof of the non-liftability of the period map. As an application of
Theorem 5.9, we now give another proof of our claim concerning the non-liftability of the
Deligne-Mostow period map.

Corollary 6.1. The inverse ϕ´1 : B9{Γ
BB

Ñ MGIT of the Deligne-Mostow isomorphism

does not lift to a morphism g´1 : B9{Γ
tor

Ñ MK.



26 KLAUS HULEK, SHIGEYUKI KONDŌ, AND YOTA MAEDA

Proof. Assume g´1 : B9{Γ
tor

Ñ MK is a morphism. Then the map π : B9{Γ
tor

Ñ B9{Γ
BB

factors through MK. Now this implies that MK is a semi-toroidal compactification from
the proof of [AEH21, Theorem 3.23], which in turn is based on [AE21, Theorem 5.14]. More
precisely, this says that a normal compactification of B9{Γ, is a semi-toroidal compactification

if and only the map π : B9{Γ
tor

Ñ B9{Γ
BB

factors through it. This, however, contradicts
Theorem 5.9. □

Remark 6.2. Here we add some comments on various logical implications. Corollary 6.1, a
partial statement of Theorem 2.7, is in fact equivalent to the claim of Theorem 5.9 asserting
that MK is not a semi-toroidal compactification. This is because [AE21, Theorem 5.14]
provides a necessary and sufficient condition for a compactification to be semi-toroidal. Hence
we can obtain Theorem 5.9 (the latter part of) (1), (2) by a Luna slice calculation only,
without an explicit calculation of discrepancies.

6.2. Failure of stacky D-equivalence. We shall now apply our results to the derived

algebraic geometry of MK and B9{Γ
tor
. We refer to Subsections 1.2 and 1.4 for a discussion

of DK-equivalence and the terminology concerning derived categories. Here we shall use

that we have already shown in Theorem 4.2 that the two varieties MK and B9{Γ
tor

are not
K-equivalent. We start with the following lemma.

Lemma 6.3. The Q-line bundle ´K
B9{Γ

BB is ample and ´KB9{Γ
tor is big.

Proof. By (4.9) we know that ´K
B9{Γ

BB “ 210L , where L is the automorphic Q-line bun-

dle, which is ample on B9{Γ
tor
. Hence ´K

B9{Γ
BB is ample. For the toroidal compactification,

equation (4.10) leads to
´KB9{Γ

tor “ 210L ` 16T,

which implies that ´KB9{Γ
tor is big because 210L is big on B9{Γ

tor
, and the sum of a big

divisor and an effective divisor is also big. □

We proved in Theorem 4.2 that the two varieties MK and B9{Γ
tor

are not K-equivalent.
Hence, by the generalized DK-conjecture (Conjecture 1.7), it is expected that DpX pMKqq fl

DpX pB9{Γ
tor

qq. This is indeed correct, as we shall show now.

Theorem 6.4. The two categories DpX pMKqq and DpX pB9{Γ
tor

qq are not equivalent as

triangulated categories. In other words, the two varieties MK and B9{Γ
tor

are not stacky
D-equivalent.

Proof. The claim follows from Kawamata’s work, combined with Theorem 4.2 and Lemma

6.3. SinceMK and B9{Γ
tor

have finite quotient singularities, we can define associated smooth

stacks X pMKq and X pB9{Γ
tor

q as in [Kaw04]. Moreover, we know that MK and B9{Γ
tor

are not K-equivalent (Theorem 4.2) and ´KB9{Γ
tor is big (Lemma 6.3). It then follows from

[Kaw04, Theorem 7.1 (2)], which is an application of Orlov’s type representability theorem for
varieties with only finite quotient singularities [Kaw04, Theorem 1.1], that the two varieties
are not stacky D-equivalent □

We remark that Theorem 6.4 also holds for the moduli spaces of 8 points on P1 and
cubic surfaces, which complements the results of [HM22] and [CMGHL23b], combined with
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Remark 5.11 (1), (2). In general, Baily-Borel compactifications need not necessarily have
finite quotient singularities at the cusps. However, in some special situations, this is known to
be the case. In such cases, the derived categories of the associated stacks can be investigated
by the same method that we already employed for Theorem 6.4. We note, however, that we

do not know whether B9{Γ
BB

has finite quotient singularities or not (Question 5.2).
We illustrate this approach in the case of the moduli space of cubic surfaces, which was

investigated in [CMGHL23b]. The GIT compactification

MGIT
cub :“ PH0

pP3,OP3p3qq{{Op1q SL4pCq

of the moduli space of smooth cubic surfaces is isomorphic to the Baily-Borel compactifi-

cation of a 4-dimensional ball quotient B4{Γcub

BB
. By a classical result of invariant the-

ory, MGIT
cub is isomorphic to the weighted projective space Pp1, 2, 3, 4, 5q. Hence the spaces

B4{Γcub

BB
– MGIT

cub have only finite quotient singularities and we can define an associated

stack X pB4{Γcub

BB
q according to [Kaw04]. Following our standard notation, we shall denote

the Kirwan blow-up of MGIT
cub by MK

cub and the toroidal compactification by B4{Γcub

tor
. In

this case, we can even make a stronger statement than in Theorem 6.4 above, including a
result on autoequivalence groups of derived categories.

Theorem 6.5. For the moduli spaces of cubic surfaces, the following holds.

(1) The three categories DpX pMK
cubqq, DpX pB4{Γcub

tor
qq and DpX pB4{Γcub

BB
qq are all

different as triangulated categories. In other words, no two of the three varieties

MK
cub, B4{Γcub

tor
and B4{Γcub

BB
are stacky D-equivalent.

(2) The group of autoequivalences AuteqpDpX pB4{Γ
BB

cubqqq is isomorphic to the semidirect

product of AutpB4{Γ
BB

cubq and PicpX pB4{Γ
BB

cubqq ˆ Z.
Proof. (1) The claim concerning the first two varieties can be proven in essentially the
same way as in Theorem 6.4. For this we note that ´KB4{Γcub

tor is big by [CMGHL23b,

Proposition 5.2.(i)]. Since B4{Γcub

BB
– Pp1, 2, 3, 4, 5q, this space has Picard group has rank

1 and ´K
B4{Γcub

BB “ 15OPp1,2,3,4,5qp1q is ample. By the description of [CMGHL23b, Corol-

lary 6.8] (resp. [CMGHL23b, Proposition 5.8]), and the fact that the top self-intersection
numbers of the respective exceptional divisors are non-zero (see [CMGHL23b, Theorem 2.2]

for a precise computation of these numbers), it follows that the pairs (MK
cub,B4{Γcub

BB
)

and (B4{Γcub

tor
,B4{Γcub

BB
) are not K-equivalent. Again, using [Kaw04, Theorem 7.1 (2)]

this implies that the categories DpX pMK
cubqq fl DpX pB4{Γcub

BB
qq and DpX pB4{Γcub

tor
qq fl

DpX pB4{Γcub

BB
qq.

(2) We have already remarked that ´K
B4{Γcub

BB is ample. Hence this is a direct conse-

quence of [Kaw04, Theorem 7.2]. □

Note that the explicit description of the derived category of the associated stack of the

weighted projective spaces, including DpX pB4{Γcub

BB
qq, can be found in [Kaw04, Section 5].

It is indeed natural to ask about derived categories for pairs. In fact, Kawamata [Kaw05]
defined these, generalizing the stacky construction in [Kaw04], for special classes of klt pairs.

However, our pairs pB9{Γ
tor
, 5
6
H

tor
` T q and pMK, 5

6
rD ` ∆q are not klt, and hence a priori,

there is no analog of Theorem 6.4 for these pairs.
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Remark 6.6. In view of the original DK-conjecture, not taking associated stacks, we
can also ask whether the original, which means non-stacky, derived categories DpMKq and

DpB9{Γ
tor

q are equivalent as triangulated categories. We do not know the answer but would
like to comment on the question.

(1) By [Bal11, Theorem 2], generalizing [BO01, Theorem 3.5] for projective Gorenstein
varietiesX with mild singularities andKX or ´KX ample, the derived categoryDpXq

recovers the original variety X. Unfortunately, the varieties appearing in this paper
are Q-Gorenstein and not a priori Gorenstein. Nevertheless, one can describe the

canonical bundles via automorphic forms. The Baily-Borel compactification B9{Γ
BB

has ample anti-canonical bundle by (4.9). On the toroidal compactification, the
canonical bundle is also big and can be represented as in (4.10). In this situation,
the ampleness of the anti-canonical bundle fails because L is not ample (only big
and nef) and there is an obstruction to ampleness due to the toroidal boundary T .

(2) Ballard, Favero and Katzarkov proved that there is a full exceptional collection
for DpMn¨ϵq. Related to this, Castravet and Tevelev [CT20a, Question 1.1] asked
whether there is an Sn-invariant full exceptional collection in DpM0,nq, which was
indeed shown to exist in [CT20b, Theorem 1.1]. Moreover, they constructed an S12-
invariant full exceptional collection forMK

ord in [CT20b, Theorem 1.2], hence we know

that DpB9{Γ
tor

q has a full exceptional collection. If we can show that there is no full

exceptional collection in DpMKq, then this would show that DpMKq fl DpB9{Γ
tor

q.
(3) For a projective variety or Deligne-Mumford stack X, if DpXq has a full exceptional

collection, then DpXq admits a non-trivial semi-orthogonal decomposition. Hence,

in order to show that DpMKq fl DpB9{Γ
tor

q, it suffices to prove that DpMKq admits
no such decomposition. There are sufficient conditions that might be helpful [KO15,
Theorems 3.1, 3.3]. However, these criteria are currently only known for smooth
schemes or stacks, and hence cannot immediately be used forDpMKq butDpX pMKqq

and DpX pB9{Γ
tor

qq.

Here we summarize some remaining open problems concerning the derived categories in
our cases.

Question 6.7. The above discussion leads to the following questions:

(1) Does DpMKq have a full exceptional collection?

(2) Determine whether the non-stacky categories DpMKq and DpB9{Γ
tor

q are equivalent
or not?

(3) Can one give another proof of Theorems 6.4 and 6.5 (1) in terms of semi-orthogonal
decompositions?

(4) Does a full exceptional collection in DpB9{Γ
tor

q induce one in DpX pB9{Γ
tor

qq?

7. Computation of the cohomology

We shall now determine the cohomology groups of the spaces appearing in this paper.

7.1. The cohomology of the spaces except MK and B9{Γ
tor
. Due to the work of

Kirwan [Kir89] and Kirwan-Lee-Weintraub [KLW87], the topology of all spaces except MK

and B9{Γ
tor

is known:
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Theorem 7.1 (Kirwan-Lee-Weintraub [KLW87, Table III, Theorem 8.6], Kirwan [Kir89,

Table, p.40]). All the odd degree cohomology of MK
ord, MGIT

ord , MGIT and B9{Γ
BB

vanishes.
In even degrees, the Betti numbers are as follows:

j 0 2 4 6 8 10 12 14 16 18

dimHjpMK
ordq 1 474 991 1618 2410 2410 1618 991 474 1

dim IHjpMGIT
ord q 1 12 67 232 562 562 232 67 12 1

dimHjpMGITq 1 1 2 2 3 3 2 2 1 1

dim IHjpB5{Γ
BB

q 1 1 2 2 3 3 2 2 1 1

7.2. The cohomology of the Kirwan blow-up MK. The seminal work of Kirwan [Kir84,
Kir85, Kir89] is the fundamental tool to compute the cohomology of GIT quotients and their
Kirwan blow-up. Here we follow the set-up of [CMGHL23a], which is based on Kirwan’s
work. For X :“ P12, acted on by G “ SL2pCq with the symmetric linearization induced

via Sym12
pPq – P12, let rXss be the blow-up of the semi-stable locus Xss whose center is the

unique polystable orbit G ¨ Zss
R . Here, Z

ss
R is the fixed locus of the action of the stabilizer R,

computed in Lemma 2.4 (2), on Xss. The main idea for computing the cohomology of the

Kirwan blow-up MK is to reduce the problem to a calculation on rXss. In our case, MK is a
blow-up of MGIT at the unique cusp, see [Kir85, Lemma 3.11]. The space MK is defined as

the GIT quotient rXss by G (with respect to a suitable linearization). The Poincare series of

MK is given by the G-equivariant cohomology of rXss:

PtpMK
q “ PG

t p rXss
q.

Moreover, from [Kir89, Section 3 Eq. 3.2] or [CMGHL23b, Subsection 4.12, (4.22)], the

Poincare series of rXss can be computed from that of Xss as

PG
t p rXss

q “ PG
t pXss

q ` ARptq,

where ARptq is a correction term. This consists of a “main term” and an “extra term” with
respect to the unique stabilizer R; see [CMGHL23b, Section 4.1.2] for precise definitions. We
shall outline how to determine these terms, for full details see [CMGHL23a, Chapter 3, 4].
Let B be the set of points that are closest to the origin of the convex hull spanned by some
weights in the closure of a positive Weyl chamber in the Lie algebra of a maximal torus in
SOp2q (as introduced in [Kir84, Definition 3.13]). Let tSβuβPB be the stratification defined
in [Kir84, Theorem 4.16] and dpβq :“ codimXssSβ. Let N be the normal bundle to the orbit
G ¨ Zss

R . Then, for a generic point x P Zss
R , we have a representation ρ of R on Nx. Let Bpρq

be the set consisting of the closest point to 0 of the convex hull of a non-empty set of weights
of the representation ρ. For β1 P Bpρq, let npβ1q be the number of weights less than β1.

The following proposition allows us to determine PG
t p rXssq.

Proposition 7.2. The following holds:

(1) The equivariant cohomology of the semi-stable locus is given by

PG
t pXss

q ” 1 ` t2 ` 2t4 ` 2t6 ` 3t8 mod t10.

(2) The main correction term in ARptq is

p1 ´ t4q´1
pt2 ` t4 ` t6 ` t8q ” t2 ` t4 ` 2t6 ` 2t8 mod t10.
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(3) The extra correction term vanishes modulo t10, i.e., does not contribute to ARptq.

Proof. (1) We decompose the equivariant cohomology of the semistable locus as

PG
t pXss

q “ PtpXqPtpB SL2pCqq ´
ÿ

0‰βPB
t2dpβqPG

t pSβq

by [Kir89, Eq. 1]. We can determine the set B of the weights and show 2dpβq ě 10 for
β ‰ 0 using the same method as in the proof of [CMGHL23a, Proposition 3.5] or [HM22,
Proposition 5.3]. Thus it follows that

PG
t pXss

q ” PtpXqPtpB SL2pCqq mod t10

” p1 ´ t2q´1
p1 ´ t4q´1 mod t10

” 1 ` t2 ` 2t4 ` 2t6 ` 3t8 mod t10.

(2) Let NpRq be the normalizer of R. Then, the main correction term (modulo t10) is
given by

P
NpRq

t pZss
R qpt2 ` t4 ` t6 ` t8q mod t10

by [CMGHL23a, (4.24)]. Next we claim that P
NpRq

t pZss
R q “ p1 ´ t4q´1 (compare to [HM22,

Proposition 5.4]). Indeed, since the normalizer of R is NpRq – T ¸ Z{2Z, it follows that
H‚

NpRqpZ
ss
R q “ pH‚

TpZss
R qq

Z{2Z

“ pH‚
pBRq b H‚

T{RpZss
R qq

Z{2Z

“ pH‚
pBRq b H‚

p˚qq
Z{2Z

“ Qrc4s

where ˚ denotes a set of 1 point and the degree of c is 1. The last equation follows from
[CMGHL23a, Proposition 4.4]. This implies our claim.

(3) By [CMGHL23a, (4.25)], the extra correction term is a multiple of t2dp|β1|q for any
0 ‰ β1 P Bpρq. Note that dp|β1|q “ np|β1|q, where np|β1|q is the number of weights less than
|β1|; see [CMGHL23a, Proof of Proposition 4.19]. Hence, it suffices to determine the weight
set Bpρq, which follows from the description of the normal bundle Nx for x P Zss

R . However,
in our case, since Zss

R “ tp6,6u, we only need to compute the weights for an element in R
acting on Tp6,6C13. Lemma 2.4 (2) implies that the weights are

0,˘2,˘4,˘6,˘8,˘10,˘12

and Tp6,6pG ¨ tp6,6uq is generated by the weights t0,˘2u. Hence, it follows that

Bpρq “ t˘2,˘4,˘6,˘8,˘10u

and thus we have
np|β1

|q ě 5.

□

It follows that

PtpMK
q “ PG

t p rXss
q

” p1 ` t2 ` 2t4 ` 2t6 ` 3t8q ` pt2 ` t4 ` 2t6 ` 2t8q mod t10

” 1 ` 2t2 ` 3t4 ` 4t6 ` 5t8 mod t10,

and hence we obtain
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Theorem 7.3. All the odd degree cohomology of MK vanishes. In even degrees, its Betti
numbers are given as follows:

j 0 2 4 6 8 10 12 14 16 18

dimHjpMKq 1 2 3 4 5 5 4 3 2 1

7.3. The cohomology of the toroidal compactification B9{Γ
tor
. Next, we compute the

cohomology of the toroidal compactification B9{Γ
tor
. Recall that T is the toroidal boundary

of B9{Γ
tor
, which is isomorphic to P4 ˆ P4{pS6 ˆ S6q ¸ S2; see [Has03, Remark 4.6].

Proposition 7.4. All the odd degree cohomology of the boundary T vanishes. In even de-
grees, its Betti numbers are given as follows:

j 0 2 4 6 8 10 12 14 16

dimHjpT q 1 1 2 2 3 2 2 1 1

Proof. We have to compute the cohomology ring

H‚
pT q “ H‚

pP4
ˆ P4

q
pS6ˆS6q¸S2 “ H‚

ppP4
{S6q

2,Qq
S2 .

A similar calculation can be found in [CMGHL23a, Proposition 7.13] Since H‚pP4{S6q –

Qrxs{px5q, it sufficies to determine S2-invariant part of the tensor product Qrxs{px5q b

Qrys{py5q. The invariant part spanned by the invariant polynomials 1 in degree 0, x ` y in
degree 1, x2 ` y2, xy in degree 2, x3 ` y3, x2y ` xy2 in degree 3, x4 ` y4, x3y ` xy3, x2y2 in
degree 4. Hence, the invariant cohomology is given by

PtpT q “ 1 ` t2 ` 2t4 ` 2t6 ` 3t8 ` 2t10 ` 2t12 ` t14 ` t16.

□

Combining this with the decomposition formula [GH17, Lemma 9.1], we finally obtain

Theorem 7.5. All the odd degree cohomology of B9{Γ
tor

vanishes. In even degrees, its Betti
numbers are given as follows:

j 0 2 4 6 8 10 12 14 16 18

dimHjpB9{Γ
tor

q 1 2 3 4 5 5 4 3 2 1

8. Automorphic forms

So far, we have dealt with the canonical bundles of modular varieties mostly from a
geometric point of view. At the same time, pluricanonical forms on modular varieties are
closely related to automorphic forms. In our case, we have seen this in Remark 4.4 and the
paragraph before it.

In this section, we will consider the aspect of automorphic forms. First, we shall give a
new construction of an automorphic form on another, but closely related 9-dimensional ball
quotient. For this, we will recall in Subsection 8.1 the complex ball uniformization of the
moduli spaceMnh

4 of non-hyperelliptic curves of genus 4 given in [Kon02], and then construct
an automorphic form whose zero divisor has an interesting geometric interpretation. Second,
we review the automorphic form Ψ1 “ Ψ3

A on B9{Γ, where ΨA is the form constructed by
Allcock [All00, Theorem 7.1], see also Remark 4.4. We give a new construction of this form
as a quasi-pullback of Borcherd’s automorphic form Φ12. This allows us to compare the
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automorphic forms we and Allcock construct on B9{Γnh and B9{Γ respectively; see Remark
8.12. This result is independent of, and not strictly necessary, for our previous discussion,
but we believe that it contributes to our overall understanding of the situation.

Below, for any lattice M of signature p2, nq let us denote by

DM :“ trws P PpM b Cq | xw,wy “ 0, xw,wy ą 0u
`

the associated hermitian domain, where x , y denotes the hermitian form and the superscript
+ indicates that one chooses one of the two connected components. The manifold DM is
the n-dimensional Hermitian symmetric domain of type IV associated with M . For positive
integers m,n with m ´ n ” 0 pmod 8q, we denote by IIm,n the even unimodular lattice of
signature pm,nq. For an even lattice M , let AM “ M˚{M be the discriminant group and

qM : AM Ñ Q{2Z, qMpx ` Mq :“ x2 mod 2

bM : AM ˆ AM Ñ Q{Z, bMpx ` M, y ` Mq :“ xx, yy mod Z.

We call qM (resp. bM) the discriminant quadratic form (resp. the discriminant bilinear
form) of M .

An even lattice M 1, containing M , is called an overlattice of M if M is of finite index in
M 1. Let H Ă AM be an isotropic subgroup with respect to qM , that is, qM |H “ 0. Then,

MH :“ tx P M˚
| x ` M P Hu

is an even lattice with AMH
“ pM˚

H{Mq{H and qMH
“ pqM |HKq{H. Conversely, for any

overlattice M 1 of M , M 1{M is an isotropic subgroup. Thus isotropic subgroups in AM

correspond bijectively to overlattices of M .
Let M be a primitive sublattice of an even lattice L, that is, L{M is torsion free. Let N be

the orthogonal complement of M in L which is also primitive in L. Then L is an overlattice
ofM‘N and hence the subgroup L{pM‘Nq Ă AM ‘AN is isotropic with respect to qM ‘qN .
The primitiveness implies that the two projections L{pM ‘Nq Ñ AM and L{pM ‘Nq Ñ AN

are injective. In particular, if L is unimodular, then |L{pM ‘Nq| “ |AM | “ |AN |, and hence
these projections are isomorphisms. Thus, we obtain a canonical isomorphism : AM Ñ AN

with qN ˝ φ “ ´qM . For more details, we refer the reader to Nikulin [Nik80, Section 1].

8.1. Moduli of curves of genus 4. Let C be a non-hyperelliptic curve of genus 4. Then
the canonical model of C is the intersection of a non-singular quadric surface or a quadric
cone Q and a cubic surface S in P3: C “ Q X S. It is known that C has two (resp. one)
g13 (= a pencil of degree 3) if Q is non-singular (resp. a quadric cone), induced from the
ruling(s) of Q. The canonical class KC is the sum of the two g13 in case Q is non-singular,
and KC “ 2g13 in case Q is a cone. In the latter case, we say that the curve C has a vanishing
theta constant. In case C is hyperelliptic any g13 has a base point q and g13 “ g12 ` q where g12
gives the hyperelliptic involution.

For a smooth quadric Q, there exists a triple covering of Q branched along C whose
minimal resolution is aK3 surface X. Let σ be the covering transformation of X Ñ Q. Since
Q is rational, σ is a non-symplectic automorphism of X of order 3, that is, σ˚pwXq “ ωwX

where wX is a nowhere vanishing holomorphic 2-form on X and ω is a primitive cube root
of unity. Note that PicpQq – U is generated by the classes of fibers of two rulings. The two
rulings induce two elliptic fibrations on X whose general fibers F1, F2 satisfy F1 ¨ F2 “ 3.
Thus, PicpXq contains the primitive sublattice Up3q generated by the classes of F1, F2. The
order 3 automorphism σ acts trivially on Up3q.
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Recall the K3 lattice

LK3 :“ II3,19,

which is (abstractly) isomorphic to H2pX,Zq equipped with the cup product. Since PicpXq

is primitive in LK3, there exists a primitive embedding of Up3q into LK3. It follows from
Nikulin’s analog of the Witt theorem [Nik80, Theorem 1.14.4], that a primitive embedding
of Up3q into LK3 is unique up to isomorphisms, and hence the orthogonal complement is also
uniquely determined by its genus. Now we define L as the orthogonal complement of Up3q

in LK3. Since the three lattices L, U ‘ Up3q ‘ E‘2
8 and U‘2 ‘ E8 ‘ E6 ‘ A2 have the same

discriminant form isomorphic to qUp3q “ ´qUp3q, it follows that LK3 is an overlattice of the
orthogonal direct sum of Up3q and any one of these three lattices. In other words, the three
lattices are the orthogonal complement of Up3q in LK3. Thus we have

L – U ‘ Up3q ‘ E‘2
8 – U‘2

‘ E8 ‘ E6 ‘ A2.

Let e, f (resp. e1, f 1) be a basis of Up3q (resp. U) with e2 “ f 2 “ 0, xe, fy “ 3 (resp.
e12 “ f 12 “ 0, xe1, f 1y “ 1). Let θ1 be the isometry of Up3q ‘ U of order 3 defined by

θ1peq :“ ´2e ` 3e1, θ1pfq :“ f ` 3f 1, θ1pe
1
q :“ ´e ` e1, θ1pf 1

q :“ ´f ´ 2f 1.

Note that θ1 has no non-zero fixed vectors and that the action of the discriminant group of
Up3q ‘ U is trivial. Similarly, A2 has an isometry of order 3 without non-zero fixed vectors
which acts trivially on AA2 . In fact, if we denote by e1, e2 a basis of A2 with e21 “ e22 “ ´2,
xe1, e2y “ 1, then the isometry g defined by gpe1q “ e2, gpe2q “ ´e1 ´ e2 is such an isometry.
By taking an isotropic subgroup of AA‘4

2
of order 32, we obtain an overlattice which is an

even unimodular negative definite lattice of rank 8, that is, E8. Since the isometry pg, g, g, gq

of A‘4
2 preserves the isotropic subgroup, it can be extended to an isometry of the overlattice.

Thus we have an isometry θ2 of E8 of order 3 without non-zero fixed vectors. In this way,
we can define an isometry θ of L by setting θ :“ pθ1, θ2, θ2q. This has no non-zero fixed
vectors in L and acts trivially on the discriminant group AL of L. A similar argument shows
that θ can be extended to an isometry of LK3, which we will denote by the same symbol
θ, satisfying θ|Up3q “ 1. Then there exists an isomorphism φ : H2pX,Zq Ñ LK3 satisfying
φ ˝ σ˚ ˝ φ´1 “ θ or θ2; see [Kon02, p. 386] for a proof. We now consider the eigenspace
decomposition L b C “ Lω ‘ Lω2 of θ and the subdomain of DL defined by

BLω
:“ trvs P PpLωq X DL | xv, v̄y ą 0u Ă DL.

Note that xv, vy “ 0 for any v P Lω because xv, vy “ xθpvq, θpvqy “ ω2xv, vy. This is
equivalent to taking a Hermitian lattice Λnh over Zrωs of signature p1, 9q such that the
composition of the Hermitian form and the trace map Qpωq Ñ Q is equal to L. Since the
Hermitian form xv, v̄y has signature p1, 9q, the space BLω is nothing but the complex ball B9

of dimension 9, which we also considered earlier. Let

Γnh :“ tg P OpLq
`

| g ˝ θ “ θ ˝ gu(8.1)

“ UpΛnhq.

The Torelli theorem for K3 surfaces then implies that the above correspondence gives an
injection

Mnh
4 Ñ B9

{Γnh.

Next, we consider the discriminant locus, that is, the complement of Mnh
4 in B9{Γnh. It is

easy to see that AL – pZ{3Zq2 consists of the following 9 vectors:
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type p00q : qLpαq “ 0, α “ 0; #α “ 1,

type p0q : qLpαq “ 0, α ‰ 0; #α “ 4,

type p4{3q : qLpαq “ ´
2

3
; #α “ 2,

type p2{3q : qLpαq “ ´
4

3
; #α “ 2.

For each r P L b Q with r2 ă 0 and for α P AL, n P Q, we define Heegner divisors (of

discriminant n) on DL by

Dr :“ rK :“ trωs P DL | xω, ry “ 0u, Dα,n :“
ď

r`L“α
r2“n

Dr;

D´2 :“ D0,´2, D´2{3 :“ Dα,´2{3, D´4{3 :“ Dα,´4{3.

Note that Dα,n “ D´α,n and there are only two vectors of type p4{3q and of type p2{3q,
which differ by a sign, and hence D´2{3, D´4{3 are independent of the choice of α. We recall
that we also used the notation D for the discriminant locus in the Kirwan blow-up MK, but
as these spaces will not play a role in what follows, we trust that this will not cause any
problems. Similarly, we obtain and define

H “ B9
X D´2, Hh :“ B9

X D´2{3, Hvt :“ B9
X D´4{3.(8.2)

We consider Dα,n as a divisor on DL by attaching multiplicity 1 to all components Dr and also
call it a Heegner divisor. By [Hof14, Lemmas 3, 4] the intersection H˚ of a Heegner divisor
D˚ and the ball B9 is also a Heegner divisor. It is known that H {Γnh is the complement of
Mnh

4 in B9{Γnh, and hence we call H the discriminant locus. We shall see below that H
decomposes into two components, one of which is Hh.
In the following, we recall some details concerning the discriminant locus. For r P L

with r2 “ ´2, let Λr be the lattice generated by r and θprq. It follows from the equation
θ2 ` θ ` 1L “ 0 that xr, θprqy “ 1, and hence Λr is isomorphic to a root lattice of type A2.
Let ΛK

r be the orthogonal complement of Λr in L and M the orthogonal complement of ΛK
r

in LK3. Recall that the first projection

L{pΛr ‘ ΛK
r q Ñ AΛrp– AA2 – Z{3Zq

is injective. Thus we have

rL : Λr ‘ ΛK
r s “ 3 or L “ Λr ‘ ΛK

r .

For example, if Λr is a primitive sublattice of E8 in a decomposition L “ U‘Up3q‘E‘2
8 , then

the first case occurs. If Λr is the last component of the decomposition L “ U‘2‘E8‘E6‘A2,
then the second case occurs. Altogether, we get the following two cases:

(i) M – Up3q ‘ A2 and ΛK
r – Up3q ‘ U ‘ E8 ‘ E6;

(ii) M – U ‘ A2 and ΛK
r – U ‘ U ‘ E8 ‘ E6.

Accordingly, the divisor H decomposes into two components H “ Hn ` Hh.
Recall that the sublattice Up3q Ă PicpXq is generated by two elliptic curves. In other

words, there are two elliptic fibrations on X. Now assume PicpXq “ Up3q. If these fibrations
have a reducible fiber, the Picard number is at least three, which we have just excluded.
Hence all fibers must be irreducible in this case. Since the covering transformation σ over
Q preserves the fibers, a non-singular fiber is an elliptic curve with an automorphism of
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order 3. This implies that the fibration is isotrivial and the irreducible singular fiber is of
type II in the sense of Kodaira. Since the Euler number of a K3 surface is 24 and that of
a singular fiber of type II is 2, there are exactly twelve singular fibers of type II on each
fibration. We also note that this property is an open condition as we vary the K3 surface in
its 9-dimensional moduli.

We shall now consider the special cases, starting with (i). Hence we consider K3 surfaces
X whose Picard group PicpXq contains Up3q‘A2 as a primitive sublattice and which further
admit a non-sympletic automorphism σ acting trivially on the sublattice Up3q ‘ A2. This
corresponds to the period domain Hn. We further claim that this corresponds to a nodal
curve C of arithmetic genus 4. Indeed, the triple covering of Q branched along C has a
rational double point of type A2 over the node. The corresponding smooth K3 surface X is
its minimal resolution. It is obtained as follows. We first blow up the node of Q and denote
it by E0. Next, we blow up the two points which are the intersection of E0 and the proper
transform of C. Finally, we take the triple covering of Q branched along the proper transform
of C and that of E0. The pre-image of E0 has self-intersection number ´1 and hence we can
contract it to a point q0, giving us the desired surface X. Let ℓ1, ℓ2 be two lines on Q passing
through the node. The pre-images Li of ℓi pi “ 1, 2q are the triple coverings of ℓi branched
at two points, namely the intersection points with the proper transforms of E0 and C, and
are p´2q-curves on X. Let E1, E2 be the preimages of the exceptional curves of the second
blow-ups, which are also p´2q-curves on X. The four p´2q-curves meet exactly at one point
q0 transversally and generate a sublattice M “ Up3q ‘ A2, where Up3q is generated by the
classes of L1 ` E1 ` E2, L2 ` E1 ` E2 and A2 is generated by E1, E2. The linear systems
|L1 ` E1 ` E2| and |L2 ` E1 ` E2| define two elliptic fibrations with one reducible singular
fiber of type IV. The fixed sublattice of the covering transformation is M “ Up3q ‘ A2. In
this case, Λr is the component A2 of M .

We now turn to case (ii), where we again want to establish a relationship with K3 surfaces.
For this, we considerK3 surfacesX whose Picard group PicpXq contains U‘A2 as a primitive
sublattice and which further admit a non-sympletic automorphism σ acting trivially on the
sublattice U‘A2. The period domain of these surfaces is Hh. In the case of non-hyperelliptic
curves of genus 4, we used its canonical model to obtain a correspondence between genus 4
curves and K3 surfaces by taking a triple covering of a rational surface. This is not available
to us in the hyperelliptic case, but we shall give another geometric construction, which leads
to pairs pC, pq`, q´qq with C a hyperelliptic curve of genus 4 and two points q`, q´ on C
conjugated under the hyperelliptic involution. The assumption on the Picard lattice implies
that X has an elliptic fibration π : X Ñ P1 with a reducible singular fiber of type I3 or
type IV and a section (the classes of a fiber and the section generate the sublattice U and
the irreducible components of reducible fibers not meeting the section generate a sublattice
A2). Thus, there exist four p´2q-curves E0, E1, E2, E3 on X such that E1 ` E2 ` E3 is the
reducible fiber and E0 is the section. We assume that E0 meets E1. By assumption, the
order 3 automorphism σ preserves the elliptic fibration.
It follows from the topological Lefschetz fixed point formula that the Euler number of the

set of fixed points of σ is 2 ` 4 ` 9pω ` ω2q “ ´3. If σ were to act non-trivially on the
base of the fibration, then the fixed point would be contained in the two invariant fibers,
implying that its Euler number is non-negative. Thus σ acts trivially on the base and hence
acts on each fiber as an automorphism. This implies that the reducible fiber is of type
IV and all irreducible singular fibers are of type II. Thus, the fact that the Euler number
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epXq “ 24, shows that π has one singular fiber of type IV (contributing Euler number 4) and
ten singular fibers of type II (each contributing Euler number 2). By using the topological
Lefschetz fixed point formula, one can further see that the fixed point set of σ is the disjoint
union of a non-singular curve C of genus 4, E0 and the singular point p0 of the fiber of type
IV. The restriction of π to C gives a double covering C Ñ P1 and hence C is hyperelliptic.
The ramification locus of π|C consists of 10 singular points of singular fibers of type II, and,
in addition, C meets the fiber of type IV at a point q` on E2 and q´ on E3. In this way, we
obtain a pair pC, q “ pq`, q´qq. To realize X as the minimal model of a cyclic covering of

degree 3 over a rational surface, we first blow up rX Ñ X at p0 and denote the exceptional

curve by E. Then σ induces an automorphism rσ of rX whose fixed point set consists of E

and the proper transforms rE0, rC of E0, C, respectively. The images of E1, E2, E3 on rX{xrσy

are p´1q-curves and we can blow down them. In this way, we obtain a Hirzebruch surface

H5 on which the p´5q-curve is the image of rE0. For more details, see [Kon02, Example 2].
Finally, there is another important divisor, namely the one parametrizing non-singular,

non-hyperelliptic curves C of genus 4 with a vanishing theta constant. This is also sometimes
called the theta null locus. The reason is that such a curve has a vanishing theta constant.
Alternatively, these curves can be characterized by having an effective theta characteristic.
In this case the two g13’s coincide, KC “ 2g13 and the canonical model of C is the intersection
of a quadric cone Q0 and a cubic surface S in P3. The minimal resolution of the triple
covering of Q0 branched along C is a K3 surface X such that PicpXq primitively contains
a lattice isomorphic to U ‘ A2p2q. The K3 surface X contains three disjoint p´2q-curves
E1, E2, E3 which are exceptional curves over the vertex. The pencil of lines passing through
the node of Q0 induces an elliptic fibration on X. In the generic case, the fibration has twelve
singular fibers of type II and three sections E1, E2, E3. Here U is generated by the classes
of a fiber F and E1, and A2p2q is generated by E2 ´ E3 and 2F ` E1 ´ E2. The invariant
lattice under the action of σ˚ is generated by F and E1 ` E2 ` E3 and isomorphic to Up3q.
The orthogonal complement of Up3q in PicpXq is isomorphic to A2p2q and is generated by
E1 ´ E2, E3 ´ E1. Note that the discriminant group AUp3q of Up3q is isomorphic to pZ{3Zq2

generated by pE1`E2`E3q{3, F {3, and AA2p2q is isomorphic to pZ{2Zq2‘Z{3Z generated by
pE1´E2q{2, pE3´E1q{2, p2E1´E2´E3q{3. Further note that qUp3qppE1`E2`E3q{3q “ ´2{3,
qA2p2qpp2E1 ´E2 ´E3q{3q “ ´4{3, and that the class E1 mod Up3q ‘A2p2q is a generator of
U ‘A2p2q{Up3q ‘A2p2q using that E1 “ pE1 `E2 `E3q{3` p2E1 ´E2 ´E3q{3. This implies
that the period of X is contained in B9 X D´4{3. We denote the corresponding Heegner
divisor B9 X D´4{3 by Hvt. We can summarize the above discussion as follows.

Proposition 8.1. The moduli space of non-singular and non-hyperelliptic curves of genus
4 is isomorphic to pB9zH q{Γnh. The discriminant locus H decomposes into Hn and Hh,
where a general point of Hn corresponds to a nodal curve of arithmetic genus 4 and that of
Hh to a pair consisting of a hyperelliptic curve of genus 4 and two points on it conjugated
under the hyperelliptic involution. A general point of the Heegner divisor Hvt corresponds
to a non-singular curve of genus 4 with a vanishing theta constant.

Remark 8.2. The moduli space of genus 4 curves is closely related to the ancestral Eisenstein
Deligne-Mostow variety parametrizing 12 (unordered) points. For this let C be a non-
singular, non-hyperelliptic curve of genus 4. Then the correspondingK3 surfaceX has one or
two elliptic fibration corresponding to the number of g13’s. Let Mnh

4 pg13q be the moduli space
of non-singular, non-hyperelliptic curves of genus 4 endowed with a g13. This is the double
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covering of Mnh
4 , branched along Mvt

4 , the moduli space of non-singular, non-hyperelliptic
curves with a vanishing theta constant. Recall that in the Picard group of the associated
K3 surface, Up3q is generated by two fibrations. Note that, if we denote the automorphism
group of AL preserving qL by OpqLq, then OpqLq is isomorphic to Z{2Z, and this is generated
by the isometry interchanging the two fibrations. Let

rΓnh :“ KerpΓnh Ñ OpqLqq.

The above implies that Mnh
4 pg13q is isomorphic to pB9zH q{rΓnh. Each point in Mnh

4 pg13q gives
an elliptic fibration structure on the associated K3 surface. In the general case, the fibration
has twelve singular fibers of type II and hence we obtain twelve points of P1. Note that the
sum of the Euler numbers of fibers coincides with the Euler number of X: 12 ¨ epIIq “ 24.
Dividing by 12, we obtain twelve points with weight 12

ˆ

1

6

˙12

“

ˆ
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˙

which is nothing but the notation of Deligne-Mostow.
Thus we get a rational map

πgeom : Mnh
4 pg13q 99K B9

{Γ.

In the case C is a nodal curve or hyperelliptic curve, the corresponding K3 surface has an
elliptic fibration with a singular fiber of type IV and ten singular fibers of type II. Note that
the Euler number of a fiber of type IV is 4 and thus we have

ˆ
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˙

,

which is a degenerate case. In the case C is a general non-singular curve of genus 4 with a
vanishing theta constant, as mentioned above, X has an elliptic fibration with twelve singular
fibers of type II. Therefore this case is included in the general case.

8.2. Automorphic forms associated to L “ U ‘ Up3q ‘ E‘2
8 . We keep the notation of

the previous subsection. Let M be an even lattice of signature p2, nq and let

rDM “ tω P L bZ C | xω, ωy “ 0, xω ¨ ω̄y ą 0u
`

be the affine cone over DM . A holomorphic (resp. meromorphic) function F : rDM Ñ C is
called a holomorphic (resp. meromorphic) automorphic form of weight k with respect to a
group Γ and with character χ, if F satisfies the following two conditions:

(1) F pγpωqq “ χpγqF pωq for any ω P rDM and γ P Γ,

(2) F pc ¨ ωq “ c´kF pωq for any ω P rDM and c P Cˆ,

where Γ is a finite index subgroup of O`pMq and χ is a character of Γ. Here O`pMq

is the subgroup of OpMq which fixes the connected component DM (or alternatively the
subgroup of elements with real spinor norm 1). In the present paper, we call a holomorphic
automorphic form simply an automorphic form. Automorphic forms on balls Bn are defined
in an analogous way.

We recall that the group rO`pLq is the stable orthogonal group of L which fixes the chosen
component DL. Here stable means that it acts trivially on the discriminant AL “ L˚{L. We
will show the following theorem.
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Theorem 8.3. There exists a holomorphic automorphic form Ψ on DL of weight 51 (with

respect to rO`pLq and with character det) whose zero divisor is given by

D´2 ` 27D´2{3 ` 3D´4{3.

In addition, Ψ is the Borcherds lift of a weakly holomorphic vector-valued modular form.

We recall that in genus 1 the Koecher principle does not hold. This means that a modular
form is not automatically holomorphic at the cusps. This leads to the notion of a weakly
holomorphic modular form which is defined as a holomorphic automorphic form on the
complex upper half-plane which has poles of finite order at infinity. Note that the latter part
of Theorem 8.3 follows from the converse theorem of Bruinier [Bru02, Theorem 5.11], [Bru14,
Theorem 1.2]. In other words, there exists a weakly holomorphic form f with Ψ “ Bpfq in
the notation of [Bru02]. This sheds new light on Ψ. Note that L satisfies the assumption
of [Bru02, Theorem 5.11] and by the proof therein, we can apply the converse theorem to
automorphic forms with any character. This modular form f can be explicitly computed
by a result of [Ma19, Theorem 1.1]. In Subsection 8.5 we give the explicit form of this
vector-valued modular form by using theta functions.

Using Theorem 8.3, we can now construct a specific automorphic form on B9.

Corollary 8.4. There exists a holomorphic automorphic form ΨB on B9 of weight 51 whose
zero divisor is given by

3pHn ` 28Hh ` 3Hvtq.

Proof. If we restrict Ψ to the complex ball B9, its weight is the same, but the multiplicity
of zeroes is multiplied by 3. This follows from the fact that if r P L with r2 ă 0, then r, ϕprq

and ϕ2prq define the same hyperplane in B9. For Hh, the function Φ|B9 has multiplicity
p1 ` 27q ˆ 3 coming from D´2 and D´2{3. □

We will give two proofs of Theorem 8.3. One of the two proofs uses quasi-pullbacks of
automorphic forms due to [BKPS98]. This was already used in Casalaina-Martin, Jensen,
Laza [CMJL12]. Their idea, based on a communication with the second named author (see
[CMJL12, Acknowledgements]), is to take the quasi-pullback under the embedding B9 ãÑ

DII2,26 . In this paper, we pass through B9 ãÑ DL ãÑ DII2,26 . The other method is due
to [AF02, Fre03] based on the results of Borcherds [Bor98, Bor99]. This is useful as it is
independent of the embedding DL ãÑ DII2,26 . In other words, this strategy can be applied to
any lattice. In this sense, our second proof gives a new proof and interpretation of [CMJL12,
Theorem 5.11].

Remark 8.5. Let H˚ :“ H˚{Γnh (in this remark only). Casalaina-Martin, Jensen and

Laza showed that Hn
BB

` 14Hh
BB

` 9
2
Hvt

BB
is an ample divisor on B9{Γnh

BB
. Corollary 8.4

recovers this result as follows. The complex uniformization map B9 Ñ B9{Γnh ramifies along
the divisors Hn, Hh, Hvt with indices 3, 6, 2. In combination with Corollary 8.4 it follows
that

51L “ Hn
BB

` 14Hh
BB

`
9

2
Hvt

BB
.

Since L is ample, this shows the claim.
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8.3. First proof of Theorem 8.3. Recall that

L – U‘2
‘ E8 ‘ A2 ‘ E6

and define

R :“ E6 ‘ A2.

It is known that there exist primitive embeddings of E6 and A2 into E8 and such an embed-
ding is unique up to isometry. Here we fix a primitive embedding of R into II2,26 such that
E6 is a primitive sublattice in one component E8 of II2,26 “ U‘2 ‘E‘3

8 and A2 is a primitive
sublattice of another component E8 of II2,26. Since the orthogonal complement of A2 (resp.
E6) in E8 is isomorphic to E6 (resp. A2), L is isomorphic to the orthogonal complement of
R in II2,26. Since II2,26 is unimodular, there exists a canonical isomorphism φ : AL Ñ AR

with qR ˝ φ “ ´qL as mentioned at the beginning of this section.
Borcherds [Bor95] constructed a holomorphic automorphic form Φ12 of weight 12 on the

domain DII2,26 such that Φ12 vanishes exactly along p´2q-hyperplanes (= the hyperplane
perpendicular to a p´2q-vector) with multiplicity 1. Under the inclusion L Ă II2,26 the
domain DL is naturally embedded in DII2,26 . The restriction of Φ12 to DL vanishes identically
becauseR contains p´2q-vectors. However, by first dividing by linear functions corresponding
to p´2q-vectors in R, and then by restricting Φ12 to DL, we obtain an automorphic form
Ψ on DL which is called a quasi-pullback of Φ12; see [Bor95, p. 200], [BKPS98, Section 2].
Since the weight is increased by 1 each time we divide Φ12 by a linear function, the weight of
Ψ is equal to the weight of Φ12 plus the number of positive roots in R “ A2 ‘ E6. Since the
number of positive roots of A2 (resp. E6) is 3 (resp. 36), the weight of Ψ is 12` 3` 36 “ 51.
Next, let us consider the zeroes of Ψ. Let r P II2,26 with r2 “ ´2. Then Φ12 vanishes

along rK, the orthogonal complement of r, with multiplicity 1. If r is in L, the quasi-pullback
Ψ vanishes along Dr “ rK X DL with multiplicity 1, and, in this case, Dr Ă D´2. Next we
consider the case r “ r1 ` r2 where r1 P L˚ with r21 ă 0 and r2 ‰ 0 P R˚. Since R is negative
definite and there are only two types of non-isotropic vectors in AL – AR, that is, vectors
with norm ´2{3 or ´4{3, we have pr1q

2 “ ´2{3,´4{3 and pr2q
2 “ ´4{3,´2{3, respectively.

Fix one such r1. Then take any r2 P R˚ with φpr1 ` Lq “ r2 ` R and r21 ` r22 “ ´2. Then
r “ r1 ` r2 P II2,26, and hence Φ12 vanishes along rK. This implies that Ψ vanishes along rK

1

with multiplicity k, where k is the number of such r2. Since there are exactly two vectors in
R˚{R with the same norm p´2{3q or p´4{3q, which are the same up to a sign, k is equal to
half of the number of vectors in R˚ with norm p´2{3q or p´4{3q. If r22 “ ´2{3, then r2 P A˚

2

and one can calculate the number of such r2 directly, that is 6. Hence in this case k “ 3. If
r22 “ ´4{3, then r2 P E˚

6 . The number of p´4{3q-vectors in E˚
6 is 54; see [CS99, Chapter 4,

Subsection 8.3 (122)]. Hence in this case k “ 27. Note that if r21 “ ´2{3 (resp. ´4{3), then
rK X DL “ Dr1 Ă D´2{3 (resp. Ă D´4{3). Thus we have finished a proof of Theorem 8.3.

8.4. Second proof of Theorem 8.3. In the following, for simplicity, we assume that M
has even rank, that is an even lattice of signature p2, 2nq. We denote by S, T the standard
generators of SLp2,Zq:

T “

ˆ

1 1
0 1

˙

, S “

ˆ

0 ´1
1 0

˙

.
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Let ρ be the Weil representation of SLp2,Zq on the group ring CrAM s :“ ‘αPAM
C ¨eα defined

by

ρpT qpeαq “ eπ
?

´1 qM pαqeα, ρpSqpeαq “

?
´1

n´1

a

|AM |

ÿ

βPAM

e´2π
?

´1 bM pβ,αqeβ.

A holomorphic function f : H Ñ CrAM s from the upper-half plane H to CrAM s is called a
vector-valued modular form of type ρ if, when we write fpτq “

ř

αPAM
fαpτqeα, each compo-

nent fα satisfies

fαpτ ` 1q “ eπ
?

´1 qM pαqfαpτq, fα

ˆ

´
1

τ

˙

“ τ k`1´n

?
´1

n´1

a

|AM |

ÿ

βPAM

e´2π
?

´1 bM pβ,αqfβpτq

and each fα is meromorphic at the cusp. The weight of f is k ` 1 ´ n. For simplicity, we
denote this by f “ tfαuαPAL

and denote by fαpτq “
ř

m cαpmqqm the Fourier expansion of
fα. Note that cαpmq “ c´αpmq by the invariance under S2.
In this situation, Borcherds [Bor98] constructed a meromorphic automorphic form associ-

ated with f , called the Borcherds product.

Theorem 8.6 ((Borcherds [Bor98, Theorem 13.3])). Let f “ tfαpτq “
ř

m cαpmqqmu be a
weakly holomorphic vector-valued modular form of weight 1 ´ n and of type ρ. Assume that
cαpmq P Z for m ă 0 and c00p0q P 2Z. Then there exists a meromorphic automorphic form
Φ of weight c00p0q{2 whose divisor is given by

1

2

ÿ

αPAM

¨

˝

ÿ

mă0, mPqM pαq`Z

cαpmqDα,m

˛

‚.

In our case, namely L “ U ‘ Up3q ‘ E‘2
8 , we have p2, nq “ p2, 18q and |AL| “ 32, and

hence

fαpτ ` 1q “ eπ
?

´1 qLpαqfαpτq, fα

ˆ

´
1

τ

˙

“
τ k´8

3

ÿ

βPAL

e´2π
?

´1 bLpβ,αqfβpτq.

Example 8.7. Here, we recall two famous examples of the Borcherds products which play
a major role for us.

(1) (Borcherds [Bor95, Section 10, Example 2]) Let M “ II2,26 . Then AM “ 0 and a
vector-valued modular form is a usual modular form. If we take the modular form

1{∆pτq “ q´1
` 24 ` ¨ ¨ ¨

of weight ´12, where ∆pτq “ ηpτq24 and ηpτq is Dedekind eta function, we get
a holomorphic automorphic form Φ12 with respect to O`pII2,26q and the character
determinant whose weight is 12 (= half of the constant term 24) and which vanishes
along the hyperplane perpendicular to a vector with the norm ´2 (= 2 times the
exponent of a negative power of q) with multiplicity 1 (= the Fourier coefficient of
the negative power of q). This is called the Borcherds form, used in Proposition 8.11.

(2) (Allcock [All00, Proof of Theorem 7.1]) If we consider M “ II2,18 and take a modular
form of weight ´8:

E4pτq{∆pτq “ q´1
` 264 ` ¨ ¨ ¨ ,
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we get a holomorphic automorphic form on DII2,18 of weight 132 with respect to
O`pII2,18q whose zero divisor is D´2. By the construction of Allcock [All00, Theorem
7.1] this automorphic form has trivial character

In general, there are as good as no methods to construct vector-valued modular forms.
Instead of constructing such an f directly, we employ another approach, which goes back to
[Bor99, AF02, Fre03], to show the existence of an automorphic form.

For this, we first introduce the obstruction space, which is a complex vector space, consist-
ing of all vector-valued modular forms tfαuαPAL

of weight p2 ` 18q{2 “ 10 and with respect
to the dual representation ρ˚ of ρ:

fαpτ ` 1q “ e´π
?

´1 qLpαqfαpτq, fα

ˆ

´
1

τ

˙

“
τ 10

3

ÿ

βPAL

e2π
?

´1 bLpα,βqfβpτq.

We shall apply the next theorem to show the existence of some Borcherds products.

Theorem 8.8 (Borcherds [Bor99], Allcock-Freitag [AF02], Freitag [Fre03, Theorem 5.2]). A
linear combination

ÿ

αPAL{˘1
nă0

cα,nDα,n pcα,n P Zq

is the divisor of a meromorphic automorphic form on DL of weight k if for every cusp form

f “ tfαuαPAL

where
fαpτq “

ÿ

nPQ

aα,ne
2π

?
´1nτ

paα,n P Cq

is in the obstruction space, the relation
ÿ

αPAL
nă0

aα,´n{2cα,n “ 0

holds. In this case, the weight k is given by

k “
ÿ

αPAL
nPZ

bα,n{2cα,´n

where bα,n are the Fourier coefficients of the Eisenstein series in the obstruction space with
the constant term b0,0 “ ´1{2 and bα,0 “ 0 for α ‰ 0. If all cα,n are non-negative, then it is
the divisor of a holomorphic automorphic form.

For each u P AL, we denote by m0 (resp. m1, m2) the number of vectors v P AL of
given type with bLpu, vq ” 0 (resp. 1{3, 2{3). Then m0,m1,m2 are given in Table 1. In the

u 00 00 00 00 0 0 0 0 4{3 4{3 4{3 4{3 2{3 2{3 2{3 2{3
v 00 0 4{3 2{3 00 0 4{3 2{3 00 0 4{3 2{3 00 0 4{3 2{3

m0 1 4 2 2 1 2 0 0 1 0 0 2 1 0 2 0
m1 0 0 0 0 0 1 1 1 0 2 1 0 0 2 0 1
m2 0 0 0 0 0 1 1 1 0 2 1 0 0 2 0 1

Table 1.
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following, we shall study the divisors
ÿ

αPAL{˘1
nă0

cα,nDα,n

where cα,n depends only on the type of α. Thus we consider the 4-dimensional representation

V :“ teα ` e´α | α P ALu

induced by ρ˚. It follows from Table 1 that the following is the matrix representation of V :

(8.3) ρ˚
pT q “

¨

˚

˚

˝

1 0 0 0
0 1 0 0
0 0 ω 0
0 0 0 ω2

˛

‹

‹

‚

, ρ˚
pSq “

1

3

¨

˚

˚

˝

1 4 2 2
1 1 ´1 ´1
1 ´2 ´1 2
1 ´2 2 ´1

˛

‹

‹

‚

.

We denote by
h00, h0, h4{3, h2{3

the sum of fα’s according to their types.

Lemma 8.9. The dimension of the space of modular forms of weight 10 and of type ρ˚ is 4.
The dimension of the space of the Eisenstein series of weight 10 and of type ρ˚ is 2.

Proof. In general, the dimension of the space of modular forms of weight k ą 2 and of type
ρ˚ is given by

d `
dk

12
´ αpekπ

?
´1{2ρ˚

pSqq ´ αppekπ
?

´1{3ρ˚
pST qq

´1
q ´ αpρ˚

pT qq

by [Bor98, Secion 4], [AF02] and [Fre03, Prop. 2.1]. Here

d :“ dimtx P V | ρ˚
p´Sqx :“ p´1q

kxu

and
αpAq :“

ÿ

λ“e2π
?

´1t

t

where λ runs through all eigenvalues of the unitary matrix A with 0 ď t ă 1.
In our situation, k “ 10 and d “ dimpV q “ 4. An elementary calculation shows that

αpe10π
?

´1{2ρ˚
pSqq “ 1, αppe10π

?
´1{3ρ˚

pST qq
´1

q “ 4{3, αpρ˚
pT qq “ 1.

On the other hand, the space of Eisenstein series is isomorphic to the subspace of V given
by

ρ˚
pT qpxq “ x, ρ˚

p´Sqpxq “ p´1q
kx;

see [Fre03, Remark 2.2]. This proves the assertion. □

Next, we shall determine the Eisenstein series thαuαPAL
of weight 10 and of type ρ˚. By

(8.3), the functions thαuαPAL
should satisfy the following:

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

h00pτ ` 1q “ h00pτq, h0pτ ` 1q “ h0pτq, h4{3pτ ` 1q “ ωh4{3pτq, h2{3pτ ` 1q “ ω2h2{3pτq,

h00p´1{τq “ τ10

3
ph00 ` h0 ` h4{3 ` h2{3q,

h0p´1{τq “ τ10

3
p4h00 ` h0 ´ 2h4{3 ´ 2h2{3q,

h4{3p´1{τq “ τ10

3
p2h00 ´ h0 ´ h4{3 ` 2h2{3q,

h2{3p´1{τq “ τ10

3
p2h00 ´ h0 ` 2h4{3 ´ h2{3q.
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Let

E1 “ G
p0,1q

10 pτq, E2 “ G
p1,0q

10 pτq, E3 “ G
p1,1q

10 pτq, E4 “ G
p1,2q

10 pτq

be the Eisenstein series of weight 10 and level 3; Koblitz [Kob93, p.131]. Here p0, 1q, p1, 0q,
p1, 1q, p1, 2q P pZ{3Zq2. The actions of S, T on tEiuαPAL

are as follows:

S : E1 Ñ τ 10E2 Ñ τ 20E1, E3 Ñ τ 10E4 Ñ τ 20E3; T pE1q “ E1, T : E2 Ñ E3 Ñ E4 Ñ E2.

Thus the Eisenstein series thαuαPAL
are given by

$

’

’

’

&

’

’

’

%

h00 “ aE1 ` a`b
3

pE2 ` E3 ` E4q,

h0 “ bE1 ` 4a`b
3

pE2 ` E3 ` E4q,

h4{3 “ 2a´b
3

pE2 ` ω2E3 ` ωE4q,

h2{3 “ 2a´b
3

pE2 ` ωE3 ` ω2E4q,

where a, b P C are parameters. We assume that the constant terms of h00, h0, h4{3, h2{3

are ´1{2, 0, 0, 0, respectively, by choosing a, b appropriately. On the other hand, the Fourier
expansions of Ei are as follows, see [Kob93, Chapter III, Section 3, Proposition 22]:

$

’

’

’

’

&

’

’

’

’

%

E1 “ ζ1p10q ` ζ´1p10q ` c10ppω ` ω2qq ` ¨ ¨ ¨ q,

E2 “ c10pq
1{3 ` p29 ` 1qq2{3 ` 39q ` ¨ ¨ ¨ q,

E3 “ c10pωq
1{3 ` p29 ` 1qω2q2{3 ` 39q ` ¨ ¨ ¨ q,

E4 “ c10pω
2q1{3 ` p29 ` 1qωq2{3 ` 39q ` ¨ ¨ ¨ q,

where

c10 “
´20ζp10q

310B10

“ ´
10 ¨ p2πq10

310 ¨ 10!
, ζ1p10q ` ζ´1

p10q “

ˆ

2π

3

˙10

¨
1

10!
¨
2 ¨ 5 ¨ 11 ¨ 61

3
.

Therefore the desired Eisenstein series is given by
$

’

’

’

’

&

’

’

’

’

%

h00 “ aE1 ` a
3
pE2 ` E3 ` E4q “ ´1

2
` 310´3

2¨11¨61
q ` ¨ ¨ ¨ ,

h0 “ 4a
3

pE2 ` E3 ` E4q “ 2¨310

11¨61
q ` ¨ ¨ ¨ ,

h4{3 “ 2a
3

pE2 ` ω2E3 ` ωE4q “ 3
11¨61

q1{3 ` ¨ ¨ ¨ ,

h2{3 “ 2a
3

pE2 ` ωE3 ` ω2E4q “
3p29`1q

11¨61
q3{2 ` ¨ ¨ ¨ ,

(8.4)

where

a “ ´
1

2

ˆ

3

2π

˙10
3 ¨ 10!

2 ¨ 5 ¨ 11 ¨ 61
.

The obstruction space has dimension 4 and it contains a 2-dimensional subspace of cusp
forms; see Lemma 8.9. In order to calculate the cusp forms in the obstruction space we
consider the following two types:

(A) tη8pτqgαuαPAL
,

(B) tη16pτqgαuαPAL
,

where ηpτq is the Dedekind eta function.

Case (A): we denote by

F1 “ G
p0,1q

6 pτq, F2 “ G
p1,0q

6 pτq, F3 “ G
p1,1q

6 pτq, F4 “ G
p1,2q

6 pτq
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the Eisenstein series of weight 6 and level 3; Koblitz [Kob93, p.131]. Their Fourier expansion
is as follows, see ([Kob93, Chapter III, Section 3, Proposition 22]:

$

’

’

’

&

’

’

’

%

F1 “ ζ1p6q ` ζ´1p6q ´ c6q ` ¨ ¨ ¨ ,

F2 “ c6pq
1{3 ` p25 ` 1qq2{3 ` 35q ` ¨ ¨ ¨ q,

F3 “ c6pωq
1{3 ` ω2p25 ` 1qq2{3 ` 35q ` ¨ ¨ ¨ q,

F4 “ c6pω
2q1{3 ` ωp25 ` 1qq2{3 ` 35q ` ¨ ¨ ¨ q,

where

c6 “
´6p2πq6

36 ¨ 6!
, ζ1p6q ` ζ´1

p6q “
26p2πq6

37 ¨ 6!
.

The action of S, T on the functions tFiu is as follows:

S : F1 Ñ τ 6F2 Ñ τ 12F1, F3 Ñ τ 6F4 Ñ τ 12F3; T pF1q “ F1, T : F2 Ñ F3 Ñ F4 Ñ F2.

Recall that η8pτ ` 1q “ ωη8pτq and η8p´1{τq “ τ 4η8pτq. If we write hα “ η8pτqgα, we need
to find tgαuαPAL

satisfying:

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

g00pτ ` 1q “ ω2g00pτq, g0pτ ` 1q “ ω2g0pτq, g4{3pτ ` 1q “ h4{3pτq, g2{3pτ ` 1q “ ωg2{3pτq,

g00p´1{τq “ τ6

3
pg00 ` g0 ` g4{3 ` g2{3q,

g0p´1{τq “ τ6

3
p4g00 ` g0 ´ 2g4{3 ´ 2g2{3q,

g4{3p´1{τq “ τ6

3
p2g00 ´ g0 ´ g4{3 ` 2g2{3q,

g2{3p´1{τq “ τ6

3
p2g00 ´ g0 ` 2g4{3 ´ g2{3q.

By solving linear equations, we obtain a one-dimensional subspace of cusp forms and their
expansions as follows:

(8.5)

$

’

’

’

&

’

’

’

%

h00 “ aηpτq8pF2 ` ωF3 ` ω2F4q “ 3p25 ` 1qac6q ` ¨ ¨ ¨ ,

h0 “ ´2aηpτq8pF2 ` ωF3 ` ω2F4q “ ´6ac6p2
5 ` 1qq ` ¨ ¨ ¨ ,

h4{3 “ aηpτq8p3F1 ´ F2 ´ F3 ´ F4q “ 3apζ1p6q ` ζ´1p6qqq1{3 ` ¨ ¨ ¨ ,

h2{3 “ 2aηpτq8pF2 ` ω2F3 ` ωF4q “ 6ac6q
2{3 ` ¨ ¨ ¨ ,

where a P C is a parameter.

Case (B): Let

G1 “ G
p0,1q

2 pτq, G2 “ G
p1,0q

2 pτq, G3 “ G
p1,1q

2 pτq, G4 “ G
p1,2q

2 pτq

be the Eisenstein series of weight 2 and level 3, see [Sch74, Chapter VII, Section 2]. We
remark that the Gi are not holomorphic, but also that their non-analytic parts are all equal.
The actions of S, T on tGiu are:

S : G1 Ñ τ 2G2 Ñ τ 4G1, G3 Ñ τ 2G4 Ñ τ 4G3; T pG1q “ G1, G2 Ñ G3 Ñ G4 Ñ G2.
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Write hα “ η16pτqgα. Since η16pτ ` 1q “ ω2η16pτq, η16p´1{τq “ τ 8η16pτq, the functions
tgαuαPAL

satisfiy:
$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

g00pτ ` 1q “ ωg00pτq, g0pτ ` 1q “ ωg0pτq, g4{3pτ ` 1q “ ω2g4{3pτq, g2{3pτ ` 1q “ g2{3pτq,

g00p´1{τq “ τ2

3
pg00 ` g0 ` g4{3 ` g2{3q,

g0p´1{τq “ τ2

3
p4g00 ` g0 ´ 2g4{3 ´ 2g2{3q,

g4{3p´1{τq “ τ2

3
p2g00 ´ g0 ´ g4{3 ` 2g2{3q,

g2{3p´1{τq “ τ2

3
p2g00 ´ g0 ` 2g4{3 ´ g2{3q.

An easy calculation shows that the gα can be written as a linear combination of the tGiu as
follows:

$

’

’

’

&

’

’

’

%

g00 “ apG2 ` ω2G3 ` ωG4q,

g0 “ ´2apG2 ` ω2G3 ` ωG4q,

g4{3 “ 2apG2 ` ωG3 ` ω2G4q,

g2{3 “ 3aG1 ´ apG2 ` G3 ` G4q,

where a P C is a parameter. Note that the non-analytic parts are canceled. The Fourier
coefficients of the Gi, up to their non-analytic parts, are as follows ([Sch74, Chapter VII,
Section 2]):

$

’

’

’

’

&

’

’

’

’

%

G1 “ 4π2

27
` 0 ¨ q1{3 ` ¨ ¨ ¨ ,

G2 “ ´4π2

9
q1{3 ` ¨ ¨ ¨ ,

G3 “ ´4π2ω
9

q1{3 ` ¨ ¨ ¨ ,

G4 “ ´4π2ω2

9
q1{3 ` ¨ ¨ ¨ .

Thus we have
$

’

’

’

’

&

’

’

’

’

%

h00 “ ηpτq16g00 “ ´4π2a
3

q ` ¨ ¨ ¨ ,

h0 “ ηpτq16g0 “ 8π2a
3

q ` ¨ ¨ ¨ ,

h4{3 “ ηpτq16g4{3 “ 0 ¨ q ` ¨ ¨ ¨ ,

h2{3 “ ηpτq16g2{3 “ 4π2a
9

q2{3 ` ¨ ¨ ¨ .

(8.6)

Theorem 8.10. A divisor

m00D´2 ` m4{3D´2{3 ` m2{3D´4{3

is a divisor of a meromorphic automorphic form on DL if m2{3 “ 3m00, m4{3 “ 27m00. In
this case, the weight is given by 51m00. The automorphic from is holomorphic if and only if
m00 ą 0.

Proof. The first assertion follows from Theorem 8.8 and the equations (8.5), (8.6):

´
4π2

3
m00 `

4π2

9
m2{3 “ 0, 3p25 ` 1qc6m00 ` 3pζ1p6q ` ζ´1

p6qqm4{3 ` 6c6m2{3 “ 0.

By using Theorem 8.8 and the equation (8.4), we can see that the weight of F is given by

310 ´ 3

2 ¨ 11 ¨ 61
m00 `

3

11 ¨ 61
m4{3 `

3p29 ` 1q

11 ¨ 61
m2{3 “ 51m00.

□
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By putting m00 “ 1 in Theorem 8.10, we have now finished the second proof of Theorem
8.3.

8.5. Explicit construction of the input of the Borcherds lift. Here we provide an
explicit calculation of the vector-valued modular form f which leads to the Borcherds lift
Ψ “ Bpfq which we discussed in Subsection 8.2. Our calculations follow [Ma19]. Let
L “ U ‘ U ‘ E8 ‘ E6 ‘ A2 as before. Then L is the orthogonal complement of a primitive
sublattice K “ E6 ‘ A2 in II2,26. By the construction of Ψ as in Subsection 8.3, this form
is obtained by the quasi-pull back of the Borcherds form Φ12 to DL. Here, we recall that
∆pτq is the Ramanujan delta function: ∆pτq “ q

ś

ną0p1 ´ qnq24 as in Example 8.7(1).
The Borcherds form Φ12 is the lift of 1{∆. As we remark just after Theorem 8.3, [Ma19,
Theorem 1.1] implies that Ψ is the Borcherds lift of a weakly vector-valued modular form
f “ tfαpτquαPAL

where AL “ L˚{L. Below, we construct f explicitly.
Let M be a negative definite lattice M and M˚ its dual. Define the theta series associated

with M :

θMpτq “
ÿ

xPM

q´xx,xy, θM˚pτq “
ÿ

xPM˚

q´xx,xy, θM`αpτq “
ÿ

xPM˚, x`M“α

q´xx,xy.

Note that
θM˚pτq “ θMpτq `

ÿ

αPAM , α‰0

θM`αpτq, θM`α “ θM`p´αq.

In case M “ A2, E6, the finite group M˚{M consists of three elements 0,˘1. Thus we
have four theta series

θA2pτq, θA2`r1spτq “ θA2`r´1spτq, θE6pτq, θE6`r1spτq “ θE6`r´1spτq.

Their Fourier expansions are given by

θA2pτq “ 1 ` 6q ` 6q3 ` ¨ ¨ ¨ ,

θA2`r1s “ θA2`r2s “ 3q1{3
` 3q4{3

` ¨ ¨ ¨ ,

θE6pτq “ 1 ` 72q ` 270q2 ` ¨ ¨ ¨ ,

θE6`r1s “ θE6`r2s “ 27q2{3
` 216q5{3

` ¨ ¨ ¨ .

(see [CS99, p.111, Equations (61), (63); p.127, (121),(123)].)
Ma [Ma19, Theorem 1.1] gave a recipe for how to get a weakly holomorphic modular form

from the data of lattices (in our case, L “ U2 ‘ E8 ‘ E6 ‘ A2, K “ E6 ‘ A2 and II2,26).
Applying this, the explicit form of f is given by

fαpτq “
θA2pτqθE6pτq

∆pτq
“ q´1

` 102 ` ¨ ¨ ¨ pα : type p00qq,

fαpτq “
θE6`r1spτqθA2`r1s

∆pτq
“ 81 ` 729q ` ¨ ¨ ¨ pα : type p0qq,

fαpτq “
θE6`r1spτq

∆pτq
“ 27q´1{3

` 648q2{3
` ¨ ¨ ¨ pα : type p4{3qq,

fαpτq “
θA2`r1spτq

∆pτq
“ 3q´2{3

` 75q1{3
` ¨ ¨ ¨ pα : type p2{3qq.

Now, it follows from Theorem 8.6 that the corresponding Borcherds product Ψ1 of f has
weight 51 (= half of the constant term of f00), has divisors along the Heegner divisors
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D´2 with multiplicity 1 (= the coefficient of q´1 of f00), D´2{3 with multiplicity 27 (= the

coefficient of q´1{3 of f4{3) and D´4{3 with multiplicity 3 (= the coefficient of q´2{3 of f2{3).
It thus follows from the Koecher principle that Ψ “ Ψ1 up to constant.

8.6. Allcock’s automorphic form. Allcock constructed an automorphic form directly on
the ball quotient B9{Γ using Borcherds infinite products. This is similar to Example 8.7
(2). By pulling-back the automorphic form to B9 constructed there, one obtains a cusp
form Ψ1 on B9, which has weight 132 vanishing on H with multiplicity 3. This can also
be interpreted as a Borcherds product on unitary groups [Hof14]. Here we interpret this as
a quasi-pullback, which can be considered as a special case of [Ma19, Theorem 1.1]. In our
case we work with the Hermitian lattice Λ of signature p1, 9q whose associate integral lattice
is II2,18 “ U‘2 ‘ E‘2

8 (see Subsection 8.2). We have a natural embedding B9 ãÑ DII2,18 .

Proposition 8.11. Up to constant multiple, the automorphic form Ψ1 coincides with the
pullback to B9 of the quasi-pullback of the Borcherds form Φ12 on the 26-dimensional type
IV domain DII2,26.

Proof. We use the embedding B9 ãÑ DII2,18 from above. Then, since the number of roots in
E8 is 240, the quasi-pullback of the Borcherds form Φ12, the Borcherds lift of the inverse of
the Ramanujan delta function on DII2,18 , has weight 12 ` 120 “ 132. Here we note that the

quasi-pullback increases the weight by 1{2 the number of roots orthogonal to U‘2 ‘ E‘2
8 .

As the orthogonal complement is E8, this is 1{2 of the 240 roots of E8. We also remark
that the level of this automorphic form is Γ because Λ is unimodular. Then, pulling back
to B9 via the embedding B9 ãÑ DII2,18 , we obtain that the resulting cusp form on B9 has
weight 132. Its vanishing order along the Heegner divisors on B9 has multiplicity 3 because
|Oˆ

Qpωq
{ ˘ | “ 3.

Since Ψ1 and the automorphic form constructed above have the same weight and vanishing
loci it follows they are sections of the same line bundle defining the same divisor differing
only by a non-zero multiplicative scalar. This gives a description to Ψ1 as (the pullback
of) the quasi-pullback of the Borcherds form. Note that by applying Ma’s method, we can
recover the weakly holomorphic modular form f “ θE8{∆ “ E4{∆ (Example 8.7). □

To conclude the present paper, we compare the automorphic form we constructed with
that of Allcock.

Remark 8.12. The two arithmetic subgroups Γ and Γnh are commensurable by the second

named author’s result [Kon02, Theorem 3], and hence Γ and Γnh X rO`pLq are also commen-
surable. Thus the two automorphic forms Ψ1 and Ψ2 :“ ΨB share the following properties:

(1) They are automorphic forms on B9 with respect to the same arithmetic subgroup.
(2) Both forms are obtained via a quasi-pullback of the Borcherds form Φ12 (Subsection

8.3 and Proposition 8.11).
(3) Moreover, both are obtained by the Borcherds lift of weakly holomorphic modular

forms (Theorem 8.3 and Example 8.7).

It would be interesting to investigate the relationship between M4 and the ancestral Eisen-
stein Deligne-Mostow variety MGIT parametrizing 12 (unordered) points further, especially
between our and Allcock’s automorphic forms. More concretely, we present the following

question. Consider II2,18 as an overlattice of L “ Up3q‘U ‘E‘2
8 . Then rO`pLq Ă O`pII2,18q



48 KLAUS HULEK, SHIGEYUKI KONDŌ, AND YOTA MAEDA

and hence rΓnh Ă Γ. Thus, on the one hand, we have a map

πarith : B9
{rΓnh Ñ B9

{Γ

which gives us a lattice theoretic relation between Mnh
4 pg13q and the Deligne–Mostow variety

B9{Γ. On the other hand, we gave a rational, geometrically defined map πgeom from Mnh
4 pg13q

to B9{Γ in Remark 8.2.

Question 8.13. What can one say about the relation between the maps πarith and πgeom ?
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