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Abstract—Well-designed current control is a key factor in
ensuring the efficient and safe operation of modular multilevel
converters (MMCs). Even though this control problem involves
multiple control objectives, conventional current control schemes
are comprised of independently designed decoupled controllers,
e.g., proportional-integral (PI) or proportional-resonant (PR).
Due to the bilinearity of the MMC dynamics, tuning PI and PR
controllers so that good performance and constraint satisfaction
are guaranteed is quite challenging. This challenge becomes
more relevant in an AC/AC MMC configuration due to the
complexity of tracking the single-phase sinusoidal components of
the MMC output. In this paper, we propose a method to design
a multivariable controller, i.e., a static feedback gain, to regulate
the MMC currents. We use a physics-informed transformation to
model the MMC dynamics linearly and synthesise the proposed
controller. We use this linear model to formulate a linear matrix
inequality that computes a feedback gain that guarantees safe
and effective operation, including (i) limited tracking error, (ii)
stability, and (iii) meeting all constraints. To test the efficacy of
our method, we examine its performance in a direct AC/AC MMC
simulated in Simulink/PLECS and in a scaled-down AC/AC
MMC prototype to investigate the ultra-fast charging of electric
vehicles.

I. INTRODUCTION

Modular multilevel converters (MMCs) are novel voltage
source converters that offer high efficiency, scalability, and
low harmonic distortion [1]–[4]. Well-designed current control
is a key factor in ensuring their safe and efficient operation
[5]. This control problem involves multiple control objectives,
i.e., regulating the grid current, the MMC output current, and
the sum of the capacitor voltages in each arm. In this case,
regulating both currents controls the power transmitted from
the grid to the MMC output. Furthermore, the safe operation
depends mainly on stabilising the sum of the capacitor voltages
of each arm, i.e., total arm voltage [6].

The conventional control schemes (CCSs) of the MMC
currents, as defined in [5] and [6], consist of a set of in-
dependently designed controllers for each control objective.
In this case, these controllers are usually single-input, single-
output (SISO) controllers, such as proportional-integral (PI) or
proportional-resonant (PR) controllers, which are not designed
to deal with constrained multivariable control problems. As
MMCs are multivariable systems with bilinear dynamics and
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constrained control inputs, a major issue in the design of CCSs
is tuning the controllers to ensure the desired performance,
stability, and constraint satisfaction. Commonly, these tunning
procedures are based on trial-and-error methods. As a conse-
quence, when compared with multivariable control solutions
as linear quadratic regulator (LQR) or model predictive control
(MPC), the CCS’s performance is lower ( see e.g. [7]–[11]).

Furthermore, the complexity of the CCS depends on the
waveform shape of the MMC output. For MMCs operating un-
der AC outputs, i.e., AC/AC MMC, this complexity increases
due to the challenges of tracking single-phase AC signals. A
usual solution, i.e., PI, can stabilize sinusoidal signals as in
[12]–[14], but they can not achieve zero error tracking. The
alternative, i.e., PR, has a narrow frequency band around the
resonance frequency. Hence, perturbations in the resonance
frequency can reduce the controller performance dramatically
[15].

Guaranteeing convergence of the controlled variables while
meeting constraints is another of the challenges of the CCS. In
[16], it is shown that using PI controllers can ensure MMC’s
safe operation, i.e., having stable total arm voltage. In this case,
unconstrained continuous-time PIs used in AC/DC MMCs are
considered. However, [16] does not discuss tuning methods
or performance of the controllers. An alternative approach is
multivariable control, i.e., state feedback gain [17], [18]. These
solutions also use a linear model of the MMC in the dq-
reference framework. Despite having better performance and
being robust against model uncertainty, they are unconstrained
and only compatible with AC/DC MMCs. Nowadays, MPC is
the only implemented solution that offers high performance,
convergence, and constraint satisfaction [3]. However, its use
is minimal due to its computational complexity, especially in
AC/AC MMCs [5].

In this paper, we propose a framework to design a mul-
tivariable controller, i.e., static feedback gain, to control the
MMC currents in the abc-reference framework regardless of
the configuration. We use a physics-informed transformation
to model the MMC dynamics linearly and synthesise the
proposed controller. Using linear matrix inequalities (LMIs)
inspired by [19, Theorem 1 c.f.], we synthesise a controller
that, in closed-loop with the linear model, reaches zero-error
tracking while recursively meeting constraints inside a level
set. This level set, i.e., an invariant domain of attraction,
is a byproduct of the LMI. Moreover, we prove that, in
a closed loop with the MMC, this controller guarantees a
bounded tracking error of the MMC currents while keeping the
total arm voltage stable, i.e., safe operation. We demonstrate
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the controller efficacy in two scenarios: (i) simulation in a
Simulink/PLECs environment and (ii) a scaled-down MMC
prototype of direct AC/AC MMC for ultra-fast chargers.

A. Basic Notation:

Let N, N+, R, R+, and Z denote the set of natural numbers,
the set of natural numbers excluding 0, the field of real
numbers, the field of non-negative real numbers and the set
of integer numbers, respectively. For a set S ⊆ Rn define
S[a,b] := {s ∈ S : a ≤ s ≤ b}. Define an n-dimensional
vector filled with ones as 1n and one filled with zeros as
0n. The identity matrix is denoted as In. A block diagonal
matrix with matrices A1 to Am on the diagonal is denoted
by diag (A1, ..., Am). For matrices A,B ∈ Rn×m, horizontal
and vertical concatenation are defined as [A,B]=[A B] and
[A;B]=[A⊤, B⊤]⊤, respectively.

We write A ≻ 0 (A ≽ 0) for a symmetric, positive
(semi)definite matrix A = A⊤∈Rn×n. The i eigenvalues of a
matrix A∈Rn×n are denoted by λi(A) and the spectral radius
of A is ρ(A) := max {|λ1(A)|, ..., |λn(A)|}. A discrete-
time state-space model, i.e., x(k + 1) = Ax(k) + Bu(k), is
represented as x+ = Ax + Bu, where x+ := x(k + 1) and
x := x(k).

II. MMC AVERAGE MODELLING

A standard MMC is comprised of three-phase legs, labelled
by m∈{a, b, c}, each of which consists of two arms, labelled
by n∈{u, l} corresponding to the upper and lower arm, respec-
tively. The arms are composed of N modules (SM) connected
in series, an arm inductor (Lm), and an arm resistance (Rm)
that models the conduction losses of the arm. This paper
considers an MMC equivalent circuit as in [12], [20], see
Figure 1. The arm current dynamics, i.e., ιnm, for all phases
m∈{a, b, c} yields

Lm
d

dt
ιum +Rmιum = uu

m + vgm − vz, (1a)

Lm
d

dt
ιlm +Rmιlm = ul

m − vgm − vz, (1b)

with

un
m =

N∑
i=1

s
{n,m}
i · v{n,m}

Ci
, ∀n ∈ {u, l}, (2a)

d

dt
v
{n,m}
Ci

= − 1

Cγ
s
{n,m}
i · ιnm, ∀i ∈ {1, ..., N}, (2b)

where un
m∈R is the arm voltage, Cγ∈R+ is capacitance of

the module, and for each i module, s
{n,m}
i ∈Z[−1,1] is the

switching signal, v{n,m}
Ci

∈R+ is the capacitor voltage, and vz

and vgm are the output and the grid voltage, respectively. In this
case, we can represent the grid and the MMC output currents
as a linear combination of the arm currents, i.e.,

ιgm = ιum − ιlm and ιz =
∑

m={a,b,c}

ιzm, (3)

where, for all m ∈ {a, b, c}, ιgm are the grid currents and
ιzm := (ιum + ιlm)/2 are the MMC output currents per phase.

SMN

SM1

+

-

MMC OutputGrid MMC

-+

+

+

+++

Fig. 1: Schematic of a three-phase bidirectional direct AC/AC
MMC topology with full-bridge submodules as presented in
[12].

The complexity and dimension of the model resulting from
using (1) and (2) are high due to the bilinear influence of
the integer control signal (s

{n,m}
i ). An accepted solution to

reduce the model complexity and dimension is using the model
approach as in [21], [22]. In these cases, it is assumed that
the capacitor voltages are balanced in each arm n∈{u, l} for
all the phases m∈{a, b, c}, such that

v
{n,m}
Ci

= v
{n,m}
Cj

, ∀(i, j) ∈ {1, ..., N}. (4)

Consequently, the arm voltage, i.e., un
m, yields

un
m = ηnmvnm, ∀n ∈ {u, l} (5)

with

vnm=

N∑
i=1

v
{n,m}
Ci

, and ηnm=
1

N

N∑
i=1

s
{n,m}
i , (6)

where ηnm∈R[−1,1] is the insertion index and vnm∈R is the total
arm voltage. As in [22], we approximate the insertion index
to a continuous signal to remove the discontinuities.

Based on (1) and (5), let us define a state vector, i.e., x =
[xa, xb, xc]

⊤∈R12, output vector, i.e., y = [ya, yb, yc]
⊤∈R6,

insertion index vector, i.e., η = [ηa, ηb, ηc]
⊤∈R6, and exoge-

nous input vector, i.e., w = [wa, wb, wc, wz]
⊤∈R8; where for

each phase m ∈ {a, b, c}, they are defined as

xm=
[
ιum ιlm vum vlm

]
, ym=

[
ιgm ιzm

]
, (7a)

ηm=
[
ηum ηlm

]
, wm=

[
vgm vg

′

m

]
, (7b)

and
wz=

[
vz vz

′ ]
. (8)

In this case, ιgm and ιzm are the grid current and the output
current, and vg

′

m and vz
′

m are obtained from the 90◦ phase
delay of vgm and vzm, respectively. The resulting MMC bilinear



average model yields a discrete-time state-space model as
follows

x+ = A (η)x+Ew,

y = Cx,
(9)

with

A(η) = diag
(
A(ηu,la ), A(ηu,lb ), A(ηu,lc )

)
, (10a)

E = [diag(Ea, Eb, Ec), Ez], (10b)
C = diag(Ca, Cb, Cc), (10c)

where, for all phases m ∈ {a, b, c},

A
(
ηu,lm

)
=


K1 0 K2η

u
m 0

0 K1 0 K2η
l
m

K3η
u
m 0 1 0

0 K3η
l
m 0 1

 ,

Em =

[
K2 0
−K2 0

]
,

Cm =

[
1 −1 0 0
0.5 0.5 0 0

]
,

and Ez =
[
−K216 06

]
. The constants K1=1− RmTs

Lm
,

K2=
Ts

Lm
, K3=−NTs

Cγ
were obtained by discretizing (1) with

sampling time Ts, using the forward Euler method.
The complements of the grid and MMC output voltages, i.e.,

vg
′

m and vz
′
, allow to model the dynamics of the exogenous

inputs as an autonomous system, i.e.,

w+ = Sw, (12)

with S = diag(σ(ω1Ts), σ(ω1Ts), σ(ω1Ts), σ(ω2Ts)), where
σ(·) : R → R2×2, such that

σ(ωTs)=

[
cos (ωTs) sin (ωTs)
− sin (ωTs) cos (ωTs)

]
, (13)

Ts∈R is the sampling time, ω1 = 2πf1 ∈ R is the grid angular
frequency, and ω2 = 2πf2 ∈ R is the MMC output angular
frequency.

Albeit accurate, (9) is not commonly used when designing
conventional control methods for the MMC [5], [6] due
to the bilinear dynamics. A physics-informed transformation
that simplifies (9) is to assume the arm voltages as the
control inputs, i.e, disregard the capacitor voltage dynamics.
Consequently, by defining a control input vector, i.e., u =
[ua, ub, uc]

⊤ with

um =
[
uu
m ul

m

]
, ∀m∈{a, b, c}, (14)

the total arm voltage dynamics are disregarded. This results
in a reduced state vector, i.e., x̄ = [x̄a, x̄b, x̄c]

⊤ with

x̄m =
[
ιum ιlm

]
, ∀m∈{a, b, c}, (15)

and in a linear state-space model, i.e.,

x̄+ = Āx̄+ B̄u+Ew,

y = C̄x̄,
(16)

with

Ā = diag(Āa, Āb, Āc), (17a)
B̄ = diag(B̄a, B̄b, B̄c), (17b)
C̄ = diag(C̄a, C̄b, C̄c), (17c)

where for all phases m ∈ {a, b, c},

Ām =

[
K1 0
0 K1

]
, Bm =

[
K2 0
0 K2

]
, (18a)

C̄m =

[
1 −1
0.5 0.5

]
. (18b)

III. MMC CONTROL PROBLEM DESCRIPTION

Figure 2 shows the most common hierarchical control
scheme of MMCs [5]. This scheme has three stages: (i) current
control, (ii) modulation, and (iii) voltage balancing, which are
described in detail in [5], [6]. This paper focuses on the first
stage, i.e., current control, which directly regulates the grid
and the MMC output current as follows:

lim
k→∞

egm := ιgm(k)− ιg∗m (k) = 0, ∀m ∈ {a, b, c}, (19a)

lim
k→∞

ezm := ιzm(k)− ιz∗m (k) = 0, ∀m ∈ {a, b, c}, (19b)

such that the desired per-phase power transfer is achieved, i.e.,

pg∗m = vgmιg∗m , pz∗m = 2vzιz∗m , ∀m ∈ {a, b, c} (20)

with

ιg∗m = Îg∗m cos(ω1t+ ϕ1), vgm = V̂ g
m cos(ω1t), (21a)

ιz∗m = Îz∗m cos(ω2t+ ϕ2), vz = V̂ z cos(ω2t), (21b)

where pg∗m and pz∗m are the desired instantaneous power of
the grid and transformer corresponding to the phase m; Îg∗m ,
Îz∗m , V̂ g

m and V̂ z the peak-to-peak value of each corresponding
variables; and ϕ1 and ϕ2 are the phase angle of the currents.

Current Control

Current
Controller

Insertion Index

Sorting
Algorithm

MMC 

 Voltage BalancingModulation 

Reference
Generator

Grid

MFT System

Fig. 2: Typical hierarchical control scheme of CCSs, as in
[5], for MMCs connected to the grid and a medium frequency
transformer (MFT).



To design the references ιg∗m and ιz∗m , we use the common-
and differential-mode decomposition presented in [12], i.e.,

ι∆m =
ιum − ιlm

2
, u∆

m =
uu
m − ul

m

2
, v∆m =

vum − vlm
2

, (22a)

ιΣm =
ιum + ιlm

2
, uΣ

m =
uu
m + ul

m

2
, vΣm =

vum + vlm
2

, (22b)

where the superscripts ∆ and Σ label the differential and
common-mode components, respectively. This decomposition
decouples the dynamics of the grid and the MMC output
currents, since ιgm = 2ι∆m and ιzm = ιΣm [9], [12]. Using
(22) and the MMC dynamics in (16), we propose a quadratic
optimization problem to compute the optimal references. In
this case, given ι∆m, we can compute ιΣm, such that

min
IΣ
m

∥∥∥∥∥∥
Nt(f1)∑
k=1

(
vgm(k)ι∆m(k)

)
Nt(f1)

−
Nt(f2)∑
k=1

(
vzm(k)ιΣm(k)

)
Nt(f2)

∥∥∥∥∥∥ ,
(23a)

s.t.
Nt(f1)∑
k=1

(
u∆
m(k)ι∆m(k)

)
Nt(f1)

+

Nt(f2)∑
k=1

(
uΣ
m(k)ιΣm(k)

)
Nt(f2)

= 0,

(23b)

where Nt(f) = 1/fTs ∈ N is the number of samples in a
period, i.e., T = 1/f . Using the power equations in [23],
we calculate ι∆∗

m and assume that 2ι∆∗
m = ιg∗m . Since (23)

considers the dynamics of (16), we compute an optimal ιΣm,
i.e., ιΣ∗

m , which minimizes the power difference between grid
and the MMC output while keeping the average of the arm
power equal to zero. As explained in [12], imposing (23b)
ensures stable dynamics of the total arm voltage, such that,
for all phases m ∈ {a, b, c},

NT∑
j=1

v∆m(k + j) = 0, and
NT∑
j=1

vΣm(k + j) = V̂g
m + V̂z. (24)

Hence, by tracking these references, the current controller
generates arm voltages that guarantee safe operation of the
MMC. From (21), we infer the linear relationship between
the exogenous inputs and the reference vector for the current
controller, i.e., r = [ra, rb, rc]

⊤ with

rm = [ιg∗m ιz∗m ], ∀m ∈ {a, b, c}, (25)

such that
r = Ow (26)

with O = [diag(Oa, Ob, Oc), [Oz;Oz;Oz]], where

Om=

[
o1 o2
0 0

]
, ∀m ∈ {a, b, c}, (27a)

Oz=

[
0 0
o3 o4

]
. (27b)

The coefficients of O are o1 = K4 cos (ϕ1), o2 =
−K4 sin (ϕ1), o3 = K5 cos (ϕ2) and o4 = −K5 sin (ϕ2) with
K4=2Î∆∗

m /V̂ g
m and K5=ÎΣ∗

m /V̂ z
m, as in [23].

As in (16), the control input of the current controller is the
arm voltage (un

m). Thus, to transform the arm voltage into an
insertion index, we use the formulation from [16], i.e.,

ηnm = sat

(
un
m

V̂g
m + V̂z

m

)
,∀n ∈ {u, l},m ∈ {a, b, c} (28)

with sat(·) : R → R[−1,1], i.e.,

sat(ξ) :=

 1 if ξ > 1
ξ if |ξ| ≤ 1
−1 if ξ < −1

. (29)

Using (23) will ensure the stabilising properties of (28) as we
will show in the next sections.

IV. MIMO CURRENT CONTROL FOR MMC

In this section, we present a framework to design a multiple-
input, multiple-output (MIMO) controller to track the currents
of the MMC as in (19), while stabilising the total arm voltage
as in (24). In this case, we aim to reach zero tracking error
(e(k)), such that

lim
k→∞

e(k) := y(k)− r(k) = 0, (30)

while meeting performance and safety constraints, i.e.,

x(k) ∈ X ⊆ R12, u(k) ∈ U ⊆ R6 ∀k ∈ N. (31)

Working in the abc-reference framework implies tracking
time-varying references. Hence, the constraints are easily
formulated as the error between the measurements and the
ideal dynamics. In this paper, we define the ideal dynamics of
the arm currents as the steady-state corresponding to reaching
zero tracking error as in (30), i.e.,

x̄ss+ = Āx̄ss + B̄uss +Ew, (32)

where x̄ss is the reference steady-state, such that r = C̄x̄ss

and uss is the steady-state of the control input. Then, let us
define the state tracking error as

ex(k) := x̄(k)− x̄ss(k), (33)

and control input tracking error as

eu(k) := u(k)− uss(k). (34)

Then, the controller must meet the error constraints, i.e.,

ex(k) ∈ X and eu(k) ∈ U, ∀k ∈ N, (35)

with

X := {ex ∈ R6 : g⊤txex ≤ 1,∀tx ∈ {1, ..., s}}, (36a)

U := {eu ∈ R6 : h⊤
tueu ≤ 1,∀tu ∈ {1, ..., l}}. (36b)

In this case, ex(k) ∈ X =⇒ x ∈ X and eu(k) ∈ U =⇒ u ∈
U , i.e., we define a bound for tracking the MMC arm currents
such that the total arm voltage is also kept bounded within a
certain operation region.



To design the proposed controller, we consider a compact
representation of the MMC, grid and transformer described by
(16) and (12), i.e.,

Σ̄ :


x̄+ = Āx̄+ B̄u+Ew,
y = C̄x̄,

w+ = Sw,
r = Ow,

. (37)

In [19], the authors discussed an unconstrained solution for
(30) when linear dynamics as in (16) are considered, i.e.,
the linear output tracking problem (LOTP). From [19], it is
known that there exists a solution to the LOTP if the following
assumption holds.

Assumption IV.1 (Sylvester’s equation for the LOTP [19])
There exist matrices Π and Γ such that

ΠS = AΠ+BΓ + E, (38a)
CΠ = O, (38b)

where A, B, C, E, are the matrices of the state space model
of a linear system, and S and O are the matrices describing
an autonomous exogenous system, as in (37).

Theorem IV.2 (Controller Synthesis) Suppose that
Assumption IV.1 holds for system (37). Consider the following
linear matrix inequalities:[

Z (ĀZ + B̄Y )⊤

(ĀZ + B̄Y ) Z

]
≻ 0, (39a)

∀tx ∈ {1, . . . , s} ,
[

Z (Zgtx)
⊤

(Zgtx) 1

]
≽ 0, (39b)

∀tu ∈ {1, . . . , l} ,
[

Z (Y htu)
⊤

(Y htu) 1

]
≽ 0, (39c)

where the pair (Ā, B̄) comes from (16), gtx and htu are vectors
corresponding to the error constraints from X and U, respec-
tively. If there exist Y and Z such that (39) holds, then the
closed-loop system comprised by (37) and the static feedback
gain controller, i.e.,

u = Kxx̄+Kww, (40)

where
Kx = Y Z−1 and Kw = Γ−KxΠ, (41)

is asymptotically stable with a domain of attraction, i.e.,

Sx =
{
ex ∈ R6 : e⊤x Pex ≤ 1

}
⊆ X, (42)

where P = Z−1, and the level set of feasible control inputs,
i.e., Su = KxSx ⊆ U.

Proof: From [19], it is known that given the pair (Π,Γ),
the steady-state dynamics are defined as

x̄ss = Πw, and uss = Γw (43)

yields the ideal dynamics as in (32), where e(k) = C̄x̄ss(k)−
r(k) = 0, for all k ∈ N. Using (33), (34), (37) and (43), we

derive the state tracking error dynamics and the control input
error as follows

e+x = (Ā+ B̄Kx)ex, (44a)
eu = Kxex. (44b)

The full derivation of (44) can be founded in Appendix-A.
Note that the LMIs (39) can be rewritten as:

(Ā+ B̄Kx)
⊤P (Ā+ B̄Kx) ≺ P, (45a)

∀tx∈{1, 2, ..., si},
√

g⊤txP
−1gtx ≤ 1, (45b)

∀tu∈{1, 2, ..., li},
√

h⊤
tuKxP−1K⊤

x htu ≤ 1, (45c)

where (45a)-(45c) are obtained by applying Schur comple-
ment, respectively. If (45) is feasible for a given Ā, B̄,
gtx and htu , then i) ρ(Ā + B̄Kx) < 1 that implies that
limk→∞ ex(k) = 0 and limk→∞ eu(k) = 0, i.e., the state
tracking error is asymptotically stable, and consequently, the
LOTP is solved, ii) (Ā+B̄Kx)Sx ⊆ Sx, i.e., Sx is a positively
invariant set, iii) Sx ⊆ X, i.e., the domain of attraction is
constraint admissible iv) KxSx ⊆ U, i.e., the resulting level
set is constraint admissible too.

Remark IV.3 For Theorem IV.2, we assume that Kx is not
given. However, to ensure certain error dynamics, Kx can
be pre-calculated and then, solve the LMIs (39). The main
difference with Theorem IV.2 is that the size of Sx can be
affected by Kx. This approach can boost MMC’s performance,
but it may reduce the domain of attraction.

Remark IV.4 Employing the developed controller results in
a structure of the current control as shown in Figure 3. This
controller works in the abc-reference framework and only
needs measurements of the grid and the MMC output voltages
to align to their phases. In this case, we are not limited by the
shape of the waveform as long as it can be modelled as a linear
autonomous system as in (12). Moreover, the computational
load is similar to the existent CCSs.

MMC
Model

Exogenous
System

Current Controller Insertion Index

Fig. 3: Block diagram of the proposed MMC’s Current Control



A. Stability Guarantees

Theorem IV.2 proves the convergence and constraint sat-
isfaction of the closed-loop system (37)-(40). However, (37)
disregards the use of the insertion index and the dynamics
of the total arm voltage (vnm). Hence, we still need to ensure
MMC stability, i.e., safe operation, when the controller (40)
is used.

Let us consider an equivalent representation of (37), i.e., a
bilinear model, such that

Σ̃ :


x̃+ = Ã (η) x̃+Ew,
y = Cx̃,

w+ = Sw,
r = Ow,

, (46)

with Ã(η) = diag
(
Ã(ηu,la ), Ã(ηu,lb ), Ã(ηu,lc )

)
, and x̃ =

[x̃a, x̃b, x̃c]
⊤, where for all phases m ∈ {a, b, c},

Ã
(
ηu,lm

)
=


K1 0 K2η

u
m 0

0 K1 0 K2η
l
m

0 0 1 0
0 0 0 1

 , and (47a)

x̃m =
[
ιum ιlm vum vlm

]
. (47b)

In (46), we incorporate the bilinear dynamics caused by
η. However, the total arm voltage has decoupled constant
dynamics, i.e.,

vnm(k) = vnm(0), ∀k ∈ N+. (48)

Even when (46) is not physically accurate, it ensures that

Cx̃ = C̄x̄ ∀k ∈ N. (49)

Considering the references resulting from (23) and vnm(0) =
V̂g

m+V̂z
m implies that the closed-loop system (40)-(46) tends

to the ideal dynamics of the MMC presented in [6], [12]; i.e.,
limk→∞ x̃m(k) = x∗

m(k), for all k ∈ N with

x∗
m(k) =

[
ιu∗m ιl∗m vum vlm

]
,∀m ∈ {a, b, c} (50)

where ιu∗m = ιz∗m +0.5ιg∗m , ιl∗m = ιz∗m −0.5ιg∗m . So, the deviation
between the MMC dynamics as (9) and the closed-loop system
(40)-(46) determines the MMC stability.

Definition IV.5 (MMC Safe Operation) Let X ⊆ R12 be
the constraint admissible set, i.e., safe operation region, and let
ε(k) ∈ R12 be the MMC deviation from the ideal dynamics,
i.e.,

ε(k) := x(k)− x̃(k). (51)

The MMC dynamics represented by (9) are stable if for any
γ > 0 there exist δ = δ(γ) > 0 and ∥ε(0)∥ ≤ δ such that

∥ε(0)∥ ≤ δ =⇒ ∥ε(k)∥ ≤ γ,∀k ∈ N+, (52)

where x(0) = x̃(0) ∈ X are the initial states.

Based on (9) and (46), the MMC deviation dynamics, i.e.,
ε+ = x+ − x̃+, yield

ε+ = A (η)x− Ã (η) x̃. (53)

By adding and subtracting A (η) x̃, (53) results in

ε+ = A (η) ε+ B̃(η)x̃, (54)

where B̃(η) = A (η) − Ã (η). Note that (54) is a linear
parameter-varying (LPV) representation, where η ∈ Ξ ⊆
R6

[−1,1] is the scheduling-variable, with Ξ being a closed
polyhedron that contains the origin in its interior. Hence, using
the LPV framework, we can analyse the stability of (54),
which implies the safe operation of the MMC, as explained in
Definition IV.5.

Theorem IV.6 (MMC Stability) Consider the system (54)
with the scheduling-varible η ∈ Ξ ⊆ R6

[−1,1]. Let us define
a Lyapunov candidate function V(ε) , i.e., V(ε) := εTQε. If
there exists a matrix Q ≻ 0 such that following inequality[

Q QA(ξi)
A(ξi)⊤Q Q

]
≻ 0, (55)

is satisfied for all vertices ξi of Ξ, then (52) is satisfied, i.e., the
MMC operation is stable, as in Definition IV.5.

Proof: Consider (54), i.e., a linear parameter-varying
(LPV) system, as

ε+ = A (η) ε+ B̃(η)x̃. (56)

Notice that in (54), A (η) and B̃(η) are affine in η. Hence, in
this case, proving the quadratic stability of (54) implies robust
stability; see [24] for proof. The quadratic stability of (54) is
determined by the following inequalities:

A(η)⊤QA(η)−Q ≺ 0, ∀η ∈ Ξ,

Q ≻ 0.
(57)

Since Ξ is a convex set, inequality (57) is satisfied if

A(ξi)⊤QA(ξi)−Q ≺ 0,

Q ≻ 0,
(58)

holds for all vertices ξi of Ξ. Then, applying Schur comple-
ment, (58) yields[

Q QA(ξi)
A(ξi)⊤Q Q

]
≻ 0, (59)

for all vertices ξi of Ξ.

V. SIMULATIONS RESULTS

To validate the performance of the proposed controller,
we study its closed-loop response, considering two scenarios:
(i) an average equivalent circuit of the MMC simulated in
PLECS/Simulink equivalent to (9) and (ii) a linear average
model equivalent to (16). In both cases, we use a direct AC/AC
MMC to interface a medium-frequency transformer (MFT) for
ultra-fast chargers with a medium-voltage grid, as in [12]. The
MMC parameters are Cγ=4mF, Lm=3mH and Rm=50mΩ,
and Table I shows its nominal operation during vehicle-to-grid
(V2G) mode.

In this case, we apply Theorem IV.2 to find a controller that
maintains the MMC within a safe region of operation, i.e.,



Nominal Value Notation Grid MFT
Active Power P g

m 1MW 1MW

Voltage [V̂g
m, V̂z ] 25kV 10kV

Current [̂Ig∗m , Îz∗m ] 80A 101.15A
Frequency [f1, f2] 50Hz 1kHz

TABLE I: Power requirements of the MMC in the Simulink
environment.

−0.1x̄nom ≤ ex ≤ 0.1x̄nom and −0.08unom ≤ eu ≤ 0.08unom,
where x̄nom = Îg∗m + Îz∗m and unom = V̂g

m + V̂z. The resulting
controller with a structure as (40) yields

Kx = diag(Ka
x ,K

b
x,K

c
x), (60a)

Kw = [diag(Ka
w,K

b
w,K

c
w), [K

z
w;K

z
w;K

z
w]], (60b)

where, for each phase m∈{a, b, c},

Km
x = −148.62I2,K

m
w =

[
−0.7621 −0.0015
0.7621 0.0015

]
,

and

Kz
w =

[
2.4919 −0.1902
2.4919 −0.1902

]
.

Moreover, to assess the MMC stability, the solution from (55)
of Theorem IV.6 yields Q ≻ 0, i.e., Q = diag (Q,Q,Q) with

Q =


1.582 −0.437 −0.449 −0.437
−0.437 1.583 −0.437 −0.449
−0.449 −0.437 1.583 −0.437
−0.437 −0.449 −0.437 1.583

 . (61)

Figure 4 shows the simulation results corresponding to
scenario (i). In Figure 4(a)-(b), we observe the tracked currents
with the amplitude expected in Table I. The FFT analysis in
Figure 4(c)-(d) shows a well-designed decoupling of the output
currents, confirming the suitability of (60). Both currents, i.e.,
the grid current and the output current, have only visible
components at their corresponding fundamental frequencies
f1 and f2, respectively.

Figure 5 shows the deviation of the MMC currents as (19),
i.e., ε{1,2,5,6,9,10}, resulting from scenario (i). As expected
from Theorem IV.6, the deviation is stable and bounded; see
Figure 5(a)-(b). The FFT analysis of the tracking error shows
some small components at 50Hz and 1kHZ corresponding to
the grid and output current, respectively. Hence, Figure 5(c)-
(d) also confirms the good alignment to the grid and the MFT
phases. We also observe some components in other frequen-
cies, but the amplitude is relatively small, i.e., < 0.125%.

Figure 6 depicts the behaviour of the total arm voltage when
scenario (i) was simulated. In Figure 6(a)-(b), the total arm
voltage in the differential and common modes shows that the
MMC is operating stably. The FFT analysis in Figure 6(c)
proves that the total arm voltage ripples (≤ 0.1%) have
components in the expected frequencies, as it was explained
in [25].

We evaluate the design of the controller through the state
tracking error dynamics corresponding to the simulated sce-
nario (ii). For simplicity, in Figure 7, we plot the projection of

Fig. 4: Simulation results from scenario (i): (a) Trajectory of
the grid current, (b) trajectory of the output current, (c) FFT
analysis of grid current, and (d) FFT analysis output current.

Fig. 5: Simulation results from scenario (i): (a) Error of the
grid current egm, (b) Error of the output current ezm, (c) FFT
analysis of grid current error, and (d) FFT analysis output
current error.

Sx corresponding to phases b and c. Note that for all k ∈ N,
ex(k) ∈ Sx ⊆ X and eu(k) ∈ Su ⊆ U.

VI. EXPERIMENTAL VERIFICATION

The proposed controller is verified with a scaled-down pro-
totype, shown in Figure 8. The experimental setup implements
an AC/AC MMC to interface a three-phase voltage source,
i.e., the grid simulator, with a medium-frequency transformer
(MFT) primary side. The MMC is composed of PEH2015 and
PEB8038 modules from Imperix. The system is controlled
using four Imperix B-Box RCP 3.0 fast prototyping control



Fig. 6: Simulation results from scenario (i): (a) Trajectory of
the differential-mode total arm voltage, (b) trajectory of the
common-mode total arm voltage, (c) FFT analysis of the total
arm voltage of phase a.

Fig. 7: Simulation results from scenario (ii) with initial con-
dition (⋆ e(0)): (a) Trajectory of the state tracking error
ex, operation region Sx and constraint X; (b) trajectory of
the control input tracking error eu, operation region Su and
constraint U.

platform modules, which run the control scheme described in
Section IV in discrete-time implementation. In addition, the
data acquired via the controllers has a sample rate (Ts) of 50
kHz. The MMC parameters are N=4, Cγ=5mF, Lm=2.36mH
and Rm=50mΩ and Table II shows its nominal operation
during vehicle-to-grid (V2G) mode.

Fig. 8: Photograph of the experimental setup with the scaled-
down MMC.

Nominal Value Notation Grid MFT
Active Power P g

m 1/3 kW 1/3 kW

Voltage [V̂g
m, V̂z ] 300V 150V

Current [̂Ig∗m , Îz∗m ] 3.33A 3.395A
Frequency [f1, f2] 50Hz 1kHz

TABLE II: Power requirements of the AC/AC scaled-down
prototype.

In this case, we apply Theorem IV.2 to find a controller that
maintains the MMC within a safe region of operation, i.e.,
−0.1x̄nom ≤ ex ≤ 0.1x̄nom and −0.08unom ≤ eu ≤ 0.08unom,
where x̄nom = Îg∗m + Îz∗m and unom = V̂g

m + V̂z. The resulting
controller with a structure as (40) yields

Kx = diag(Ka
x ,K

b
x,K

c
x), (62a)

Kw = [diag(Ka
w,K

b
w,K

c
w), [K

z
w;K

z
w;K

z
w]], (62b)

where, for each phase m∈{a, b, c},

Km
x = −8.9465I2,K

m
w =

[
−0.95 −0.0040
0.95 0.0040

]
,

and
Kz

w =

[
1.1835 −0.3265
1.1835 −0.3265

]
.

Moreover, to assess the MMC stability, the solution from (55)
of Theorem IV.6 yields Q ≻ 0, i.e., Q = diag (Q,Q,Q) with

P =


1.582 −0.437 −0.448 −0.437
−0.437 1.582 −0.437 −0.449
−0.448 −0.437 1.582 −0.437
−0.437 −0.448 −0.437 1.582

 . (63)

Figure 9 shows steady-state dynamics of the MMC output
currents. By assessing Figure 9(a)-(b) and Figure 9(c)-(d), we



observe that the tracked currents have the amplitude expected
in Table I. As in previous examples, the FFT analysis in
Figure 9(c)-(d) shows a well-designed decomposition of the
output currents, validating the suitability of (60).

Fig. 9: (a) Steady-state trajectory of the grid currents, (b)
Steady-state trajectory of the transformer currents, (c) FFT
analysis of grid currents, and (d) FFT analysis transformer
currents.

These output currents are generated by the insertion index
presented in Figure 10. In this case, the insertion index remains
between the intended operating region, while providing a good
performance. Additionally, the FFT shows only components
at the desired frequencies, i.e., f1 and f2. The amplitude
corresponding to these frequencies also follows the MMC ideal
dynamics expressed in [12].

Figure 11 depicts the behaviour of the differential and
common modes of the total arm voltage. Note that the black
dashed lines represent the average value of both signals. In this
case, as in (24), the average value of the differential mode
is equal to zero. The average of the common mode is not
exactly V̂g

m + V̂z as in (24). This was expected due to the
model mismatching, yet it does not compromise the stable
and efficient operation of the MMC.

VII. CONCLUSION

In this paper, we propose a controller for tracking the
MMC currents while keeping the stored capacitor voltage
stable. As an outcome of this paper, we provide evidence
that a synthesized feedback gain is suitable for controlling
the MMC. The static feedback gain is designed to achieve the
required closed-loop performance while maintaining stability
and safety. Moreover, the complexity of the proposed control
scheme is simpler since no PLL is needed. Evidence of the
advantage of the proposed controller is shown in different
scenarios (i) linear average model, (ii) average equivalent
MMC circuit, and (iii) prototype scaled-down MMC.

Fig. 10: (a) Steady-state trajectory of the insertion index of the
upper arms, (b) Steady-state trajectory of the insertion index
of the lower arms, (c) FFT analysis of the insertion index of
the upper arms, and (d) FFT analysis of the insertion index of
the lower arms.

Fig. 11: (a) Steady-state trajectory of the differential-mode
total arm voltage, (b) Steady-state trajectory of the common-
mode total arm voltage,
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APPENDIXES

A. State and Control Input Error Dynamics

Recalling [19, Theorem 1 c.f.], let assume that there exist
Π and Γ such that

ΠS = AΠ+BΓ + E,

CΠ = O.
(64)

Then, by multiplying the exogenous input vector, (64) yields

ΠSw = AΠw +BΓw + Ew,

CΠw = Ow.
(65)

Note that (65) confirms that defining the steady-state as

xss := Πw and uss := Γw (66)

guarantees that the tracking error is equal to zero, i.e.,

e(k) = Cx(k)−Ow(k) = 0. (67)

Equation (65) can be re-written as

Πw(k + 1) = AΠw +BΓw + Ew (68)

and, consequently, as

xss(k + 1) = Axss +Bxss + Ew. (69)

By defining ex = x − xss, and eu = u − uss, it follows
immediately that

ex(k + 1) = x(k + 1)− xss(k + 1),

= Ax(k) +Bu(k) + Ew(k)−ΠSw.
(70)

Substituting (40) in (70), it yields

ex(k+1)=(A+BKx)x+(BKw)w−(AΠ+BΓ)w. (71)

Rearranging (71) the error state dynamics is defined by an
autonomous system, i.e.,

ex(k+1)=(A+BKx)(ex+Πw)+

(BKw)w−(AΠ+B(Kw+KxΠ))w

=Aex(k)+BKxex(k).

(72)

From (72), the control input corresponding to state error yields
eu := Kxex, i.e.,

eu = Kx(x− xss). (73)

Note that (73) is equivalent to the control input error definition,
i.e., eu = u− uss as in (34), since uss = Γw and

u = Kxx+ (Γ−KxΠ)︸ ︷︷ ︸
Kw

w. (74)
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