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Abstract

We prove up to the boundary regularity estimates in Morrey-Lorentz
spaces for weak solutions of the linear system of differential forms with
regular anisotropic coefficients

d* (Adw) + BTdd* (Bw) = A\Bw + f in Q,

with either ¥ A w and v A d* (Bw) or vaBw and vi(Adw) prescribed on
09Q. We derive these estimates from the LP estimates obtained in [23]
in the spirit of Campanato’s method. Unlike Lorentz spaces, Morrey
spaces are neither interpolation spaces nor rearrangement invariant. So
Morrey estimates can not be obtained directly from the L? estimates using
interpolation. We instead adapt an idea of Lieberman [14] to our setting
to derive the estimates. Applications to Hodge decomposition in Morrey-
Lorentz spaces, Gaffney type inequalities and estimates for related systems
such as Hodge-Maxwell systems and ‘div-curl’ systems are discussed.
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1 Introduction

Perhaps the most important second order elliptic systems for differential forms
are the Poisson problem for the Hodge Laplacian with prescribed ‘tangential
part’ or prescribed ‘normal part’ on the boundary respectively, namely the sys-
tems,

d*dw + dd*w = f in Q, d*dw +dd*w = f in Q,
v Aw =0 on 0. or vaw = 0 on ON.
v Ad*w =0 on 9. vadw = 0 on 0f).

Standard L? and Schauder estimates for these systems are established by Morrey

[I7] (see also [18]). These estimates lead to the Hodge decompositions and a

large number of related results ( see [21] for much more on this ). The proof of

Morrey is based on representation formulas for the components of the solution

using the Green’s function for scalar Laplacian. This makes crucial use of the

fact that as far as the principal order terms are concerned, the whole system
n

decouples and gets reduced to ( k) number of scalar Poisson problems with lower
order terms, out of which some has Dirichlet boundary condition and the rest



has Neumann boundary condition. This method however, does not work for the
general ‘Hodge systems’

d* (Adw) + BTdd* (Bw) = f in Q, d* (Adw) + BTdd* (Bw) = f in Q,
v Aw =0 on 0. or v (Bw) =0 on 0f.
v Ad* (Bw) =0 on 9. v (Adw) =0 on 99.

The presence of the matrices A, B prevents a decoupling of the system. Verifying
either Lopatinskﬁ-Shapiro or the Agmon-Douglis-Nirenberg conditions to show
that these boundary value problems are elliptic is also prohibitively tedious.
The systems, however, are important for applications, e.g. to time-harmonic
Maxwells equations when the coefficient tensors are anisotropic.

Standard L?” and Schauder estimates for these systems were established,
using the Campanato-Stampacchia method, in [23]. Since the method uses
interpolation to obtain the LP estimates, estimates in LP-based Morrey spaces
can not be obtained this way, as Morrey spaces are neither interpolation spaces
nor rearrangement invariant.

In this article, we derive Morrey-Lorentz estimates for these systems, still
in the spirit of Campanato’s method, from the L? estimates in [23]. The main
idea is to prove and use suitable decay estimates for the Lorentz quasinorms.
This technique goes back to Lieberman [I4], who used this in the context of L?
spaces to derive estimates in LP-based Morrey spaces from a suitable form of
the LP estimates for scalar elliptic equations with Dirichlet or Oblique deriva-
tive type boundary conditions. We modify the method to our setting, where
specific features of the Hodge-type systems comes into play. On top of this, the
generalization to Morrey-Lorentz spaces also adds some technical complication.
This is due to the fact that though L? spaces are always separable and reflexive
for 1 < p < oo, the Lorentz spaces £ are not reflexive for # = 1 or oo and
not separable for § = oo. This is reflected in our argument in Lemma 26

As a consequence of our main estimates, we derive a host of results, namely
Theorem 27, Theorem 29, Theorem [BIl Theorem [33] Theorem B3] Theorem 36l
To the best of our knowledge, these results are not only new in this generality,
but also new for the pure Morrey case p = 6. All our results work for R¥-valued
differential forms as well. Our results extends the theory, started in [23], to the
context of Morrey-Lorentz spaces.

The rest of our article is organized as follows. We record our notations
and preliminaries about Morrey-Lorentz-Sobolev spaces in Section 2l Section [3]
proves the Sobolev and Poincaré-Sobolev type inequalities in these spaces which
we would use. Our main estimates are proved in Section @l Section [ states
and proves our main results. For the sake of clarity, we state and prove only
second order estimates. However, our technique can easily be adapted to derive
gradient estimates.



2 Preliminaries

2.1

Notations

We record the notations we would use for exterior forms. For further details we
refer to [0] and [22]. Let n > 2, N > 1 and 0 < k < n be integers.

The vector space of all alternating k—linear maps f : R” x --- x R" - R
—_———

k—times
will be denoted by A*R™, with A°R™ := R. For vector-valued forms, we
introduce some shorthand. We denote

AR = AFR™ @ RV,
{e1, - ,en} is the standard basis of R™. The dual basis {el, e ,e"} isa

basis for A'R™ and {el := e A--- A eik}1§i1<---<ik§n is a basis of AFR™.

An element ¢ € A* will therefore be written as

N
=Y Gyl @e;, TE={(ir., - ix):1<in < <ip <n}.

j=1IeTk

A, o, (; ) and, respectively, * denote the exterior product, the interior
product, the scalar product and, respectively, the Hodge star operator,
extended componentwise in the obvious fashion to vector-valued forms.

Now we describe our notations for the sets we would be using a lot.

For any Lebesgue measurable subset A C R"™, we denote its n-dimensional
Lebesgue measure by |A|.

For any z € R™ and any r > 0, the open ball with center z and radius r
is denoted by B, (z) := {x € R" : |z — z| < r}. We would just write B,
when the center of the ball is the origin, i.e. when z =0 € R™.

The open upper half space is denoted by
R} :={z = (2/,2,) € R" : 2, > 0},
The boundary of the open upper half space is denoted as
ORY = {z=(2/,0) eR": 2’ e R*'}.

For any z € OR’} and any r > 0, the open upper half ball with center z and
radius 7 are denoted by B, (2) := {x = (2/,z,,) E R" : |z — 2| < r,z, > 0}
We would just write B when the center of the balls is the origin, i.e. when
z=0¢€R" For us, I, (2) and X, () would denote the flat part and the
curved part, respectively, of the boundary of the half ball B (z). More
precisely,

I, (2) := 0B/ () NOR’} and Y. = 0B} (2)\ T, (2).



e For any open subset 2 C R, and for any z € R™ and any r > 0, we denote
Q(T)z) =B, (2)NQ.
Once again, we would write ),y when z =0 € R".

e Let U C R’ be a smooth open set which is star-shaped about the origin
such that

cU c BT

+
CcB /8

+
B 3/4

o C Bf.

Note that this implies I/ is contractible and I'3 /4, C OU. For any xo € IR,
we set

1
Ur (z0) Z—{I0+RI:$€L{}—{IGRi:E(x—Io)EU}.

We also write Ur := UR (0) .

e For the rest, 2 C R™ will always denote an open, bounded subset with at
least Lipschitz boundary. v will always denote the outward unit normal

field to 99, which will be identified with the 1-form v = Z vida'.
i=1
For any finite vector space X over the reals, the notation Hom (X') would denote

the vector space of linear maps A : X — X. AT would denote the adjoint or
transpose of A € Hom (X).

Definition 1. A bounded measurable map A € L (€; Hom(A")) is called uni-
formly Legendre elliptic if there exists a constant v > 0 such that we have

(A(@)¢ ; &) >~|¢]>  for every € € AF and for a.e. x € Q.

Clearly, if A € L*> (Q; Hom(/lk)) is uniformly Legendre elliptic, then AT €
L> (€; Hom(A")), defined as the matrix field z — (A (x))" is also uniformly
Legendre elliptic. We would often just say A satisfies the Legendre condition or
is Legendre elliptic and v would always stand for the ellipticity constant.

2.2 Function spaces for differential forms

e A RN-valued differential k-form w on € is a measurable function w :
Q — AF. The usual Lebesgue, Sobolev and Holder spaces and their local
versions are defined componentwise in the usual way and are denoted by
their usual symbols. Morrey-Lorentz spaces are defined in section

e Two special differential operators on differential forms will have a special
significance for us. A R¥-valued differential (k+1)-form ¢ € LL (Q; A¥+1)

loc

is called the exterior derivative of w € L (Q; Ak) , denoted by dw, if

loc

/nMﬁ:(—l)”’k/dnAw,
Q Q



for all n € C° (Q; A"_k_l) . The Hodge codifferential of w € L] (Q; Ak)

loc

is an RN-valued (k — 1)-form, denoted d*w € L} (€; A¥~1) defined as

d*w = (=1)"" ! x d % w.

See [6] and [22] for the properties and the integration by parts formula
regarding these operators.

The spaces VVF}’2 (Q§ Ak) and W;f (Q? Ak) are defined as ( see [6] )
WA (0:4) = fur € WA (0:4) v Ao = 0 on 00},
Wy? (5 4%) = {w e W2 (24%) s vw = 0 on 90}

The subspaces Wdl;?T(Q; A¥) and W;JQ\,(Q, A¥) are defined as
W2 (9 AF) = {w € Wh(Q; AF) s d*w = 0 in Q} ,
Wh2 (0 AF) = {w € WEA(Q; AF) 1 dw = 0 in Q} .
The space of tangential and normal harmonic k-fields are defined as
H% (Q;Ak) = {w € W}’2 (Q;Ak) :dw=0and d*w=0in Q} ,
HY, (Q;Ak) = {w € W]{,’Q (Q;Ak) idw=0and d*w =0 in Q}

For a given B € C'*?2 (ﬁ; Hom (Ak)), satisfying the Legendre condition, let us
define the space

Wé%\, (G AF) i={we W2 (QA") : vi(B(z)w) = 0 on 90} .
For half-balls, we need the following subspaces.
Wriia (B (2);4%)
={ye WLA(Bf (2);A%) e, A =0 on T, (2),4 = 0 near %, (2)},
Wa (B (2): 4%)
={y e W3(B} (2);4%) 1 enp =0 on T, (2),1 = 0 near X, (2)}.

Here v A w and viw denotes the tangential and normal trace, respectively, on
the boundary. A crucial fact about these traces that we would constantly use

is the following ( see [6], [21], [I8] ).

Proposition 2. Let u € W? (Q; Ak) for any 1 < p < co. Then

vAw=0 on 09 = vAdw =0 on 09,
vaw =0 on 0N = vad*w =0 on 0N.



2.3 Morrey and Lorentz type spaces
2.3.1 Morrey-Lorentz spaces

Definition 3 (Morrey Spaces). Let 1 < p < oo and 0 < p < n be real
numbers. The Morrey space LT, (Q) stands for the space of all f € LP () such
that .

”f”iﬁ(g) = osup —o IfIP < o0,

zo€Q, Qp,xg)
p>0

endowed with the norm || f||Lz (q)-

Morrey spaces were introduced by Morrey in [16]. Now we define the Lorentz
spaces, introduced by Lorentz in [15].

Definition 4 (Lorentz Spaces). Let 1 < p < 0o and 1 < 0 < oo be real

numbers. A measurable function f : Q — R is said to belong to the Lorentz
space L9 (Q) if

||f|‘g<p,9)(9) = </0°° (t%fg*z (t))e %)% < +o0.

A measurable function f : Q@ — R is said to belong to the Lorentz space

LP2) (Q) if
1ok
11l 2o.00 () := sup t? fy (t) < +o00.
>0

Here f& :]0,400) — [0,00) is the nonincreasing rearrangement function of f
over (), defined as

fo@)=inf{s>0: {z e Q:|f(x)] > s} <t}.

The functions |[-[| 2.0) () and [|*]| 265,00y (2, 4% In general defines only a quasi-
norm on the corresponding Lorentz spaces, which is not a norm. However,
when 1 < p < o0 and 1 < 6 < oo, the Lorentz quasinorm is equivalent to a
norm which makes £ (Q) into a Banach space ( see [2] ). We would work
only with these cases and hence would pretend that the quasinorm is actually a
norm. For different properties of Lorentz spaces, see [2]. The important point
about the Lorentz spaces is that they are interpolation spaces, i.e. they can
be obtained via real interpolation from the LP spaces. On the other hand, the
Morrey spaces are not interpolation spaces. Roughly speaking, Morrey-Lorentz
spaces are simply, Morrey type spaces based on Lorentz spaces, instead of the
Lebesgue spaces for standard Morrey spaces.

Definition 5 (Morrey-Lorentz spaces). Let 1 < p < 00,1 <0 < 00,0 <pu <
n be real numbers. For any measurable function f : Q — R, the Morrey-Lorentz
quasinorm is defined as

1
_u o, ode\°
Ilgo )= sup - p </0 [#* £ ) 7)

Z€Q,
0<p<diam 2



and

. _u 1,
£l 000 0 = Sup P [tpfn(p,z) (t)} :
0<p<diam 2

We define the Morrey-Lorentz space
L,(f’e) (Q) = {f : Q — R measurable : ||f||LELp,e)(Q) < —I—oo} .

Note that the norms can alternatively be expressed in terms of the Lorentz
quasinorms as

_nu
Hf”LEf"g)(Q) = ngg pr Hf”g(p,@) (Q(p’z)) :
0<p<diam

The definition is extended componentwise in the obvious manner for X-valued
functions, when X is a finite dimensional real vector space. To avoid burdening
our notations even more, we would often suppress the target space X.

2.3.2 Holder inequality in Morrey-Lorentz spaces

Now we record a Holder inequality for Morrey-Lorentz spaces, which follows
easily from the Holder inequality for Lorentz spaces, due to Hunt [I1].

Theorem 6. Let 1 < p1,p2 < 00, 1 < 61,605 < o0 and 0 < g, pue < n. Then

for any f € L,(fll’el) and any g € L,(ff’%), we have fg € LLP’Q) and we have the

estimate
HngLLPvQ) < ”f”LLPllv@l) ”gHLLPsz@z) >

where

1 1 1 1 1 1
LN N U UL S B TR Ty
p p1 p2 0 01 b P P P2

We would often use an important fact that the scaling of Lorentz norms is
independent of the second exponent 6.

Proposition 7. Letr > 0 and let 1 <p < oo and1 <0 < oo. Let U C R" be
an open set and set U := {rx :x € U}. For any u € L®9 (rU). Then

[|u (Tx)”u:),e)(U) =r v ||u||/;(p,9)(TU) .

In particular, for any open, bounded subset A C R™, there exists a constant
C > 0 such that

1
H]lAHL(p,ﬂ)(Rn) =CIA|7.

Remark 8. The constant C' depends on 6, but the power of |A| does not.



2.3.3 Sobolev spaces of Morrey-Lorentz type

We would also need Sobolev type spaces based on Morrey-Lorentz spaces.

Definition 9. Let [ > 1 be an integer and let 1 < p < 00,1 <0 <o00,0< u<n
be real numbers. The Morrey-Lorentz Sobolev spaces of order | on € is defined
as

WILE? (Q) = {u eLPD (Q): Du e LP (Q) for all 0 < |a] < z} ,

where D%u denotes the a-th weak derivative of u. The space is equipped with the
quasinorm

Hu|‘WlLpr*9)(Q) = Z HDQUHWLL}(LP,G)(Q)-
0<[al<t

Once again, for any finite dimensional real vector space X, X-valued Morrey-
Lorentz Sobolev spaces are defined componentswise and we would often write

WlL,(f’g) (Q) in place of WlL,(f’g) (©; X) . Also, we set WOLLP’Q) Q) := L,(f’e) Q).
Remark 10. Note that

(i) If u =0 and 1 < p = 0 < oo, then these spaces are just Sobolev spaces
based on Lebesgue spaces LP, i.e.

Lép’p) (Q) ~ LP ()  with equivalent norms forl=0,
WlLép’p) (Q) ~ WP (Q)  with equivalent norms forl>1.

(i)) If pw = 0,1 < p < oo andl < 6 < oo, then these spaces are the usual
Lorentz-Sobolev spaces based on LP?) j.e.

Lép’e) Q) ~ P9 (Q)  with equivalent norms for 1 =0,
WlLép’e) (Q) =~ WL (Q)  with equivalent norms — for 1 > 1.

Also, when 0 = oo, they becomes Sobolev spaces based on Marcinkiewicz
spaces or the weak Lebesgue spaces L, (), i.e.

L((Jp’oo) (Q) = LP ()  with equivalent norms for 1 =0,
WZL((JP’OO) (Q) ~W!'LE (Q)  with equivalent norms forl>1.

(i) If 0 < u<mn and 1 < p =60 < oo, then these spaces are the usual Morrey-
Sobolev spaces L, i.e.

Ll(f’p) (Q) ~LE(Q)  with equivalent norms forl =0,
WlLLp’p) (Q) ~ WlLZ () with equivalent norms for1>1.

(i) If 0 < p<n, 1 <p< oo andf = oo, then these spaces are the Sobolev

spaces based on the so-called weak-Morrey spaces LE, . i.e.

LLP’OO) (Q) =1 ,(Q)  with equivalent norms forl =0,
WlLl(f’oo) (Q) ~ Wle,w (Q) with equivalent norms forl>1.



3 Sobolev and Poincaré-Sobolev inequalities

3.1 Morrey-Lorentz Sobolev embeddings

We start with a result about extensions. Unfortunately, it would be too much
of a digression to give a full proof here and it is difficult to find a reference in
our particular setting. So we just sketch the basic ideas.

Theorem 11. Let 1 < p<oo,0< u<nandl <60 < oo. Let Q2 CR"™ be either
a half ball or any open, bounded, smooth subset. For any integer I > 0, there

exists a linear bounded extension operator from WlL,(f’e) (Q) to WlL,(f’e) (R™).

Proof. We just sketch the ideas. Extension operator from WP () to WP (R™)
is standard and can be done in a number of different ways ( see [10],[4], [3] ).
By interpolation, these extend to bounded linear operators from W!L®9) ()
to WLL®:0) (R™). So one only needs to check that these operators preserve the
Morrey-Sobolev type spaces as well. In our setting, where the domain is nice,
this can be done. For pure Morrey-Sobolev cases, such results are proved in
[12], [13], [7], under far less regularity assumptions on the domain. O

Theorem 12. Let 1 <p<oo,0<pu<n—pandl <60 <oo. Let Q CR" be
either a half ball or any open, bounded and C* subset. Then we have

17 (p,0) (S 5T ;
WILEPD (Q) s L, "7 P (Q) if >0,
Wl @.0) Q) — £(725:0) (Q) if p=0.

Proof. Use the extension operator to extend any u € WlLLp’e) (Q) to a func-

tion u € WlLpr ) (R™). Now the results follows from the boundedness of the
fractional integral operators. In particular, we have

(n—p)p (n—p)o

I : LY (R™) — LE"*“*P’"’“"?) (R™) is bounded.

See Remark after Proposition 3 in [9]. For the setting of Morrey spaces, i.e. the
case 0 = p, this result is due to Adams [I]. Pure Lorentz case is due to Tartar

[24], Peetre [20]. O

As an immediate corollary, we record the following easy result.

Theorem 13. Let 1 < p < oo, max{0,n —p} < pu<nand 1 <0 < co. Let
Q C R™ be either a half ball or any open, bounded and C* subset. Then we have

1 ,0 T
WL (Q) — L7 (Q)

for every 1 <r < oc.

10



3.2 Poincaré-Sobolev inequalities
3.2.1 DPoincaré-Sobolev inequalities for the gradient

We first record a simple compact embedding result.

Proposition 14 (Compactness of embedding). Let R >0 and let 1 <p <
oo and 1 < 60 < oco. Then the inclusion map from Wt L) (B;g) to LP:9) (BE)
15 compact.

Proof. Choose 1 < ¢ < min{p,n} and & > 0 such that p < n"—_qq —¢. Now we
have the continuous inclusions

nq

Wlﬁ(p,@) (BE) N Wl’q (BE) <y [n-q ¢ (B;%) N E(P,@) (BE) .

The claimed result follows as the middle inclusion is compact. |

This compactness coupled with a simple contradiction argument proves the
following two Poincaré inequalities.

Proposition 15 (Poincaré inequality with zero mean in half balls for

Lorentz spaces). Let R >0 and let 1 <p < oo and 1 <0 < co. Then for any

u e WLewo) (B;) such that fB+ u = 0, there exists a constant C' > 0 such that
R

||u|\£<p,9> Bt SCRHquﬁ(P’e) Bt :Rn) "
(B%) (Bj:R)

Proposition 16 (Poincaré inequality in half balls for Lorentz spaces).
Let R>0 andlet 1 < p < 0o and 1 < 0 < co. Then for any v € W L0 (B;)
such that w =0 on g, there exists a constant C > 0 such that

||u|\£<p,9> Bt SCRHVUHU;W) Bt :Rn) "
(B%) (BjR)

These two Poincaré inequalities and Theorem [I2] implies the following.

Proposition 17 (Poincaré-Sobolev inequality in half balls for Lorentz

spaces). Let R > 0 and let 1 < p <mn and 1 < 0 < oco. Then for any u €

WL ®0) (B;g) such that either u = 0 on I'r, or fB+u = 0, there ezists a
R

constant C > 0 such that
H“HL(%,Q)(B;) <C ||VU||UP,9)(B;;RTL) .

3.2.2 Poincaré-Sobolev inequalities for the Hessian

Lemma 18. Let R > 0,1 < p <nand 1 < 0 < oco. Then for any u €
w2 (L{R;Ak) satisfying

either e, ANu=20 or enou =0 on I3/,

11



and for any 0 < p < 3R/4, there exists u € W2 (UR; Ak) such that
D?*u = D*w’ in Ug.
and there exists a constant C = C (n,k, N,p,0) > 0 such that

IV oz, < C D%

1
- |‘UPHL<"%%,9)( pHg(p,e)(B;)’

51) (51)
whenever D*u e LP9) (B;r; AR @ R”X") .

Proof. We first prove the case e, Au = 0 on I'3g /4. By a simple scaling argument,
we can assume R =1 and 0 < p < 3/4. Let us define

ur; (z) — < au”) T ifn¢l,

B; 81771

uf (x) = qurj(z) — <]€3; UI)j> — <:v, <]€3; Vu17j>> ifnel,
) )

forall 1 < j < N, where fB+ x denotes the constant vector in R™ formed by the
P

components
][ T ::][ x; do for 1 <i<n.
B/, Bf

From now on, every statement below is assumed to hold for every 1 < j < N.
Now note that since e, Au =0 onT',, we have u;; =0 onT, if n ¢ I and
consequently, we also have

6u17j

o1 =0 onl, ifn¢l,1<I<n-1

Now it is easy to check that this implies, by our construction, that every com-
ponent of u, and all its first order derivatives either vanish on I', or has zero
integral average on B;r. The desired estimate easily follow from this by using
the Propositions [I6, [[5 and [T as appropriate. Since we also have D?u = D?@”
in U, this completes the proof. For the case e, u =0 on I'3g/4, we interchange
the cases n € I and n ¢ I in the definition of ﬂ’;_’ j and argue similarly. O

4 Crucial estimates

4.1 Lorentz estimates

Theorem 19. Let [ > 0 be an integer and let 1 < p < 00,1 <0 < oco. Let Q2 C
R™ be a open, bounded, contractible subset such that OS2 is of class C'72. Let

12



A € Hom (/1’”‘1) and B € Hom (/lk) satisfy the Legendre condition. Then for
any f € WEL@PO(Q, AF), there exists a unique solution w € W!HT2LEP0)(Q AF)
to the following boundary value problem:
d*(Adw) + (B)"dd* (Bw) = f in Q,
vAw=0 on 0. (1)
vAd* (Bw) =0 on 09,

which satisfies the estimate

Hw||vvl+2g(p,9)(9) <c ||walL<p,9)(Q) .

Proof. First note that since (2 is contractible, by Theorem 16 and Remark 20 of
[23], for any f € Whr (Q; Ak) , there exists unique w € W2 (Q;Ak), solving
(@ for any 1 < r < oo and any integer [ > 0. Moreover, we have the estimate

||WHWZ+2,7‘(KI;A7€) <c (”w”Wl,’r‘(gl;Ak) + ||fHWz,r(Q;Ak)) .

Since the solution is unique, a simple contradiction and compactness argument
implies that we in fact have the estimate

”w”WH?wT(Q;Ak) <c ||fHWlm(Q;Ak) :
Note that this implies that the linear map 7', defined by
T(f) = V2,

where w is the unique solution of () is a linear bounded operator from L” (Q; Ak)
to L" (Q; AP @ R”X") forany 1 < r < oo. Now the general form of the Marcinkiewicz
interpolation theorem ( see Theorem 4.13 in [2] ) implies that this map extends
as a bounded linear operator from £P¢ (Q; Ak) to £P?0 (Q; AP @ R"X") for every
1<p<oo,1<6<o0. The claimed result now follows easily. O

Theorem 20. Let [ > 0 be an integer and let 1 < p < 00,1 <0 < oco. Let Q2 C
R™ be a open, bounded, contractible subset such that 9S) is of class C"™2. Let
A € Hom (AkJrl) and B € Hom (Ak) satisfy the Legendre condition. Then for

any [ € WLLPO(Q, AF), there exists a unique solution w € WH2LPO)(Q AF)
to the following boundary value problem:

(B Y d*(Ad (B7'w)) +dd*w=f inQ,
vaw =0 on 04, (2)
vad* (Ad (B™'w)) =0  on 09

which satisfies the estimate

HWHWH?U:),G)(Q) <c ”fHWlL(PvG)(Q) :

13



Proof. We set v = B~'w to note that the desired estimate for w is equivalent
to deriving estimates for u, where w is the unique solution to the system

d*(Adu) + (B)"dd* (Bu) = (B)" f inQ,

v (Bu) =0 on 0,
vod® (Adu) =0 on Of).
But the estimate for u follows by interpolation from Theorem 17 in [23]. O

4.2 Decay estimates

Theorem 21 (Boundary Hessian decay estima_tes). Let R>0,1<p<
qg < oo and 1 < 60 < oo. Let A € Hom (Ak“), B € Hom (/lk) satisfy the
Legendre condition with constant v > 0. Assume one of the following holds.

(i) Let o € Wh2(Ug; AF)nW2LP:0) (Ur; A¥) satisfy en Ao =0 on T34 and
for all ¢ € W%’2 (L{R; Ak) , we have

/ (Ada; dis) + / (@ (Ba);d* (By)) = 0. 3)
Z/IR uR

(i) Let a« € Wh2(Ug; AF) N W2LE-0) (L{R;Ak) satisfy epaa =0 on I'3g/y and
for all ¢ € WJ{,’2 (L{R; Ak) , we have

/ (Ad(Ba):d (B'0)) + / (d" o d* ) = 0. (1)

Z/{R Z/{R

Then we have D?*a € L£(3:9) (BRF/Q;A’“ ®R"X") and there exists a constant
C=C(p,q,0,v,k,n,N) >0 such that we have the estimate

n_n

Rr

D2aHL(q,9) (B%2) <C HDQCYHg<p,9)(B;R/4) . (5)

Proof. We first show (). By scale invariance of (), we can assume R = 1. First
assume ¢ < n. Since p < ¢, there exists m € N such that

1 m 1 1 m-1
-——— < -< - = .

p n qg P n
Now, for every 1 < j < m + 1, define the radii 7; and the exponents ¢; by

3 j—-1
T ::Z—W and qj ==

np
n—(G—-1)p

Now we claim that for every 1 < j < m, ’DQQ‘ e £(4:9) (B;;) and there exist

constants C; > 0, independent of «, such that we have the estimate

1%« < G; [ Dl sty

qu,e)(Ber) BY)’
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The claim implies the result, as combining the estimates, we get

HDQO‘HL (am+1 9) HC ||D2o‘||£(<11,9)(8i1)

But this is our desired estimate as ¢1 = p, 11 = 3/4, rppp1 = 1/2 and ¢ < g1
We prove the claim by induction. Fix 1 < 7 < m and assume the claim holds

for all 1 <1 < j — 1. Thus, we have D?a € £(%¢ (B"’) . Thus, using p = r; in
Lemma (I8)), there exists &/ € W2 (L{; /1’“) such that D?a = D?a7 in U and

ot ) 9 sy < €070

for some constant C' > 0. Now choose a scalar cut-off functions (; : By — R
such that
GECE(By), 0<¢<1inB,, (=1inB

s —S
(rj —7j+1) (rj —7j+1)

Ti+1)

VG| <

for some fixed constant C' > 0. Now a direct calculation shows that 8; := (;a/
is a weak solution of () with €2 := U and

fi=d" [A(d¢ ANa?)] + (B)"d(d¢sBal) — d¢;. [Ada’]
= (B)"[d¢; nd* (Ba)] .
Easy calculations imply that F e £(@+1:6) (L{ ; Ak) along with the estimate
Il <G| D%

c(7i+1:9)

w0 (p3)

where the constant C; > 0 depends on j. Applying Theorem [I9 we obtain the
estimate

HBJszﬁ (2j41- 9) < C HF||£(QJ+1 0 (L{) < C HD a Hﬁ(q] 9)( ) .
Now since (; =1 in B, we deduce
2 24
HD O‘JHg(‘Jﬁl 4 (B+j+1) = ”ﬂJ”v\pg(%ﬂ ) ) <Cj ||D H (B*)

This proves the estimate in case ¢ < n. Other cases are easier. For (i), we just
use Theorem 20l instead of Theorem [T9 O

4.3 Flattening the boundary

By obvious modifications in the proof of Lemma 4 in [23], we have the following.

15



Lemma 22. Letl > 0 be an integer and let 1 < p < 00,1 <0 < 00,0 < p<
n. Let & C R™ be a open, bounded subset such that O is of class C"2. Let
A e ottt (Q;Hom (AkJrl)) and B € C'*2 (Q;Hom (Ak)) satisfy the Legendre

condition. Suppose f € WZLLP’O) (Q;Ak) nwh2 (Q;Ak) and A € R.
Let w € W%’Q(Q, ARy W2 L(@:0) (Q; Ak) NWit2:2 (Q; Ak) satisfy,

[ A@pde.ao) + [ @ (Bla).a (B@o)+ [

Q

(Blaye.o)+ [ (1.0) =0
(6)
for all ¢ € W%’Q(Q; AF). Then for every xo € 09, there exist

(i) a positive number 0 < Ry < 1 and a neighborhood U of x¢ in R™ and such
that there exists ® € Diff ™2 (Bg,; U) with

(0) =z, D®(0) €SO(n), ®(Bf)=0NU, &g,) =020,
(ii) a scalar function ¢ € C>° (U) and constant matrices A € Hom (AkJrl) and
B € Hom (Ak) , both satisfying the Legendre condition,

(iii) vector-valued functions P,Q,R and S with
P e (B, Hom (1Y), Qe ¢! (B, Hom (4% 4" @ R"))
Re (! (B;{FO;Hom (Ak ® R™; Ak)) and S € C'*1 (B;{FO;Hom (Ak ® R”)) ,
depending only on A, B, ®, {, U and Ry, such that
HS”Loo(Bj) <Cr for all 0 < r < Ry, (7)
(iv) ]76 WlL,(f’e) (BEO;A’“) N wh2 (BEO;A’“) , with estimates on the W!L(®-9)

and W2 norms by the corresponding norms of f, with the constants in
the estimates depending only on ®, (, U and Ry,

such that for all ¢ € W%:?lat(Ba;Ak), we have

J

(A(du); dis) + / (@ (Buy:d* (Bv)) + /B (T +Put RV )

+
Ro Bg,

+f @uvns [ _svu Ve =0

Ro

where u = ®*(Cw) € Wy 510 (Bl AF)NWH2LEO) (BE - AR) W22 (B, 5 AF) .
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Remark 23. Ifw e WJ{,’2(Q, AF) satisfy,

/Q<A(:v)d (B Nz)w) ,d (B ' (2)9)) + /

Q

(d*w, d* p) +A/Q<W,B*1(:c)¢>
+ / (B @)é) =0, (8)

for all ¢ € WJ{,’2(Q; Ak)ithen analogous results hold, giving the existence W, 0, ®
and constant matrices A and B, both satisfying the Legendre condition such that
u= ®*(fw) € W]i,’fﬂat(BE; AF) satisfies, for all ¢ € W]i,’fﬂat(BE; AF),

/B; (Ad (B u))sd (B*w)>+/ (d*u; d*p) + /

(f + Pu+ RVu; 1)
B}, Bt

R

+ [ (@uen s [ svuvn <o

R

with the same conclusions for P,Q,R,S and ]7

4.4 Boundary estimates

Lemma 24. Let | > 0 be an integer and let 1 < p < 00,1 <0 < 00,0 < p <
n. Let Q C R™ be a open, bounded subset such that O is of class C'*T2. Let
AeCHl (ﬁ; Hom (AkJrl)) and B € O'*2 (ﬁ; Hom (AkJrl)) satisfy the Legendre

condition. Suppose [ € WlLLp’e) (Q;Ak) N wh2 (Q;Ak) and A € R. Let w €
Wwit2:2 (Q;Ak) A w2 (Q;Ak) and for any 0 < Kk < p <n, let us set

R:=min{k +p,pu}.
Assume one of the following holds.

(i) Let w e W2 (Q, A¥) and for all ¢ € W2 (Q; AF), we have,

[ ta@)dw.dé) + [ (@ (B, & B@0) + [ (Bw.o)
Q Q

Q

+/Q<f,¢> ~0. ()

(ii) Let w € Wé’sv(Q,Ak) and for all ¢ € Wé’)QN(Q; AF), we have,

[ ta@)ds.do) + [ (@ (Baw) & B@O) + [ (Bow.o)
Q Q Q
+ [0 =0. (o)

17



Then for every xo € 0S), there exist there exists 0 < R < 1, a neighborhood U

of xo in R"™ and ® € Diff'**(Bpg,;U), such that

®(0) = 9, DP(0) € SO (n),®(Bf) = 2NU and ®(I'r) = 00N,

and a constant C = C (xo,n, k, N,v,Q, N\, K, p, 0, 1) > 0, such that we have

Hw”WlJr?LE_PvG) (@(32/2)) <C (HwHWl+2L2p’9)(SZ) + Hf||Wl+2L£Lp’9)(Q)> . (11)

Proof. We begin with (7). We prove only for [ = 0 as the result can be iterated.
Using Lemma[22] for every zp € 02, there exists a positive number 0 < Ry < 1,
a neighborhood U of g in R™ and ® € Diff>(Bg,; U) such that u = ®*(Cw) €
Wyt (Bl AF) nW2L@O (BE - AF) n W22 (B, ; A%) satisfies,

J

Adwidv)+ [ @ Busd (Bo)+ [ (F+Put Rui)

Eo BRo BRO
+ /B  (Quiv + /B svuvi =0 2

for all ¢ € W}’ilat(BEO;Ak), where A, B,P,Q,R,S, f,® are as in Lemma 22

Now let 0 < R < Ry. We are going to choose R later. The constants in all
the estimates that we would derive from here onward may depend on Ry, but
does not depend on R. Since @ is a diffeomorphism, it is enough to estimate
||u||W2L(Rp,9)(B;/2) . In view of (1), it suffices to estimate

for y € BE/?

_E 2
p »|D qu(p,ﬂ) (Bp(y)ﬁB;/z)
The estimate is trivial when p has a lower bound, so we fix 0 < o < R/32 and
show the estimate for 0 < p < 0/2. Let y = (v, yn) € B§/2. Denoting the point

(y',0) € ORY still by y’, we note that either y,, > o, in which case B, (y) CC B},
or we have 0 < y, < o and then B, (y) N B}, C By, (y) C BJR/w C B;R/4'
We only show the estimate for this last case, as the other is an interior

estimate. By existence theory, there exists a § € W%’Q (Uss (') ; AF) such that

d* (AdB) + BTdd* (BB) =g —divG  in Uz (),
vAB=0 on OUsy (Y'), (13)
vAd* (BB) =0 on s, (y'),
where
g:= f—l— Pu+ RVu and G = Qu+ SVu.
Now it follows from Theorem [I9 that we have
2 .
HD BHL(Pﬂ) (Use (y)) <C ”g —div GHL(P’g) (Uso (y')) (14)
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where the constant C' is independent of o > 0, as can be easily seen by scaling.
Now we estimate the right hand side. We have

||d1V QUHL(F”W (Uso () <C (”’UJHL(F ) (Uso (")) + ”quL(F’ 9) (y’))) )
Hmumm%Aw)SCOWMwwW2y)+HVMuwwu(wJ

welq]

£ (Uzo (y"))

and the last term is estimated as

iy SVl 2600) 1, 7y < IS (5) 1D%0l] 2000 1y,

+ C ||V’U,||L(p,9) (Z/lzn(y’)) .

Combining these estimates with (I4]), we deduce

9 2
12281260 1 < C IS n ) 100l 00 0,0 "
+ OVl coo g, )+ C Nl 200 @, 0y

+ Hﬂ‘g“’*‘” Uao(y))
Now we write o = u — f3. It is easy to see that 8 € W, (Ur; AF) satisfies
/ (AdB; d) + / (@ (BB) :d* (By)) + / (F + Put RVu; )
u u u
VvV SVu,Vy) =0 (16
+ [ (Quvi)+ [ (svuvi =0 (o)

for every ¢ € W%’Q (Z/{;Ak) . Note that if we extend any 1 € W%’2 (L{R;Ak)
outside by zero, then ¢ € W}ﬁ»lat(BEO;Ak). Thus, from (2) and (I0]), we have

/U<Ada;d¢>+/u (d* (Ba);d* (By)) =0 (17)

for all ¢ € W%’Q(L{R; A¥) and « satisfies vAa = 0 on I'3r/4. Note that by Lorentz
regularity for (I3) in smooth domains, we can easily show 5 € W2L£®9) (U; AF)
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and thus so is a. Now, for any 0 < p < 0/2, we have
HD%HUMJ(B;(M))
< 2%l o, )+ 12°Bll vz, )
< oD% siwn (52, 0y + 10?8l coor (5.0
< cpl37) HDzang,e)(B:(y/)) + ||D2ﬁHN"’>(Bzi<y/>)

P (ﬁ_ﬁ)
s¢ (;) B | 2 (B /21) * HD%HUF’S)(B;W'))

<e(3)
o
Using this estimate and (&), we have

ﬂ_ﬂ)
»q

I3

_n
q

)
HDQuHup,e)(B;U(y/)) +C HDQBHUP,e)(B;d(y/)) :

2 Y ’
9%y < € ((8) 7+ 150y NP0l
+CIVul coo g, gy + C Il 00 @, 0y

I3
+o?r

ﬂ‘Lw)(Bgo) '
Now we claim that we have the estimate

< Co¥ |ul

W) Tl 200 gy ) < (18)

IVelgoo e (53,)

Note that since £ < p < n, we can always choose g large enough such that

n n_ kK
p qg D

Thus, assuming the estimate (I8)), we can use the standard iteration lemma (

Lemma 5.13 in [§] ) to choose R small enough, using (), such that ||S||LOO(B;)

is smaller than the € given by the lemma. Then the lemma implies the estimate
_E 2
pr HD UHL(p,e)(B;p(y/)) <C (HuHWl“L(f‘Q)(B;O) + Hﬂ‘LLP’B)(BEO)> :

Now only remains to prove the estimate ([I8). Note that by Morrey-Lorentz
Sobolev embeddings, we have

(fzsmp ommp )
L.)"77 77 (Use () if 2p < n — K,

L™ (Usy (y)) if 2p > n — k,

1 (B2 )
WL, (Uss () ifp<n—n,

W (Ueo () ifp>n—r,

WELPD (Ueo (y)) =
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for any 1 < r < co. Now we estimate

2p+r

Co 7 |ull (Lnmp, (nor)o if 2p <n — &,
el 2000 0y gy < Lo e (1))
20\Y - 11 )
Co’"(p 7‘) HU’HL’"(Z/{%,(y’)) if 2p >n— K,

for any 1 < r < co. Similarly, we have

+r
Co's [l (e (nomo if p<n—&,
L"T0P TR (Uae (y)
IVl g g,y ) < (1-1) 2
Co™ v ull @iy, )y ifp=n—r,
for any 1 < r < oo. Now note that since by definition of &, we have % < % < %,

we can choose r large enough such that

i <1 1> n
“<n(--=-)<=.
p p r) p

This establishes (I8) and completes the proof.

Now for (i7), note that setting 8 = B(z)w and ¢ = B(x)¢, we see immedi-
ately that it is enough to prove the regularity estimates for g € Wﬁ,’2 (Q; Ak)

satisfying, for all ¢ € WZ{,’Q (Q; Ak) ,

[ @ (57 @) d (5 @) + [ @ s.a0)
Q Q
A (B @) B+ [ (=0, 9

Now the estimate for this system follows in an analogous manner, this time
using Remark 23] Theorem 20l and (i7) of Theorem 211 O

4.5 Global estimates

Theorem 25. Let | > 0 be an integer and let 1 < p < 00,1 < 0 < 00,0 <
< n. Let Q C R™ be a open, bounded subset such that O is of class C'12. Let
A e ottt (ﬁ; Hom (AkJrl)) and B € C'*2 (ﬁ; Hom (Ak)) satisfy the Legendre

condition. Suppose [ € WlLLp’e) (Q;Ak) N wh2 (Q;Ak) and A € R. Let w €
W22 (O AF) N WH2LEO) (O AF) and assume one of the following holds.

(i) Let w e W2 (Q, A¥) and for all ¢ € W2 (Q; A¥), we have,

/ (A(x)dw, de) + / (@ (B(x)w), d (B(x)$)) + A / (B(x)w, §)
Q Q

Q

n /Q<f, 6) = 0. (20)
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(11) Let w € Wé’jv(Q, AR) and for all ¢ € Wé%\,(ﬂ, AF), we have,

/ (A(x)dw, de) + / (@ (B(x)w), d (B(x)6)) + A / (B(x)w, §)
Q Q

Q

n /Q<f, 6 =0. (21)

Then w € Wl+2L§Lp’0) (Q; Ak) and there exists a constant
Cc=C (la n, ka N7p7 97 My Qu ||A||Cl+1 ’ ||B||Cl+2 » Vs )‘) >0

such that
sy < € (lilwesecoo @ + 1 g ) -

Proof. We only show (i). We prove the case [ = 0, as the argument can be
iterated. By standard localization, covering and gluing argument, the result can
be deduced from the local interior and boundary estimates. Since the interior
estimate follows the same way and are much easier, the boundary estimates of
Lemma 2] implies that if w € W/LE"? (Q) for any 0 < k < p, then we have the
estimate

llyisapro gy < € (lollysagon @ + I lwipe o)

where & = min {x + p, u} . Since we have assumed w € W*2L®:9) (Q) | we can
start from k£ = 0 and bootstrap. Now since u < n and p > 1, there exists a
natural number 1 < m < n such that

(m—1)p <p<mp.

Thus, we would establish our desired estimate in at most m steps. O

4.6 Approximation

We would need an approximation result, which is somewhat non-standard, as
our spaces are in general not separable.

Lemma 26. [Approzimation Lemma] Suppose for some N\ € R, there exists
unique solution w € Wl+2L§Lp’0) (Q;Ak) NWit22 (Q; Ak) to (Pg)) ( respectively,
(®x) ) for any given f € WZLLP’O) (Q;Ak) n w2 (Q;Ak) and any given wy €
Wl+2L§Lp’0) (Q;Ak) NWit22 (Q;Ak) which satisfies the estimate

llwisapi o < C (1 lyigo g + lwolyisagn g ) - (22)

Then for any f € WlLLp’e) (Q; Ak) and wy € W”QLELP’G) (Q; Ak) , there exists w €
Wl+2L§Lp’0) (Q; A%) which satisfies the estimate @2) and is the unique solution

to (Pz) ( respectively, ([Py)) ).
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Proof. We show the case for (Pz)) and prove only for I = 0. By considering the
system for w — wp, we can assume wg = 0. Now for any f € LLP’Q) (Q; Ak) , by
extension and mollification, it is easy to check using Young’s inequality for con-
volutions in Lorentz spaces ( proved by O’Neil in [I9] ) and Jensen’s inequality
that we can find a sequence {fs} . C O™ (9; A%) such that we have

limsup || fsll; 00,00 < CI Sl w0
seN H ”Lup (Q) H ”Lf (Q) (23)
fs—f strongly in LY (Q; Ak) ,

where ¢ > 1 is any exponent such that £ < L9. Note that unless 1 = 0

. . 0
and 6 # oo, (23)) can not be improved to strong convergence in Lff) 9 norms, as

the corresponding spaces are not separable and smooth functions are not dense.
However, this would be good enough. Indeed, by using the hypothesis, there
exists a sequence {ws},. such that for each s € N, w, is the unique solution to

d*(A(z)dws) + (B(x))" dd* (B(z)ws) = AB(z)ws + fs in Q,
v Aws =0 on 09, (24)
v Ad* (B(z)ws) =0 on 09,

and satisfies the estimate
”wS”V\/zLLPﬂ)(Q) <C ”fS”Lff"e)(Q) <C ||fHL£Lp’9)(Q) : (25)

This implies, in particular, that {ws} .y is uniformly bounded in W2L£@:9  Since
these spaces are reflexive when 1 < 6 < oo, these immediately imply that up to
the extraction of a subsequence that we do not relabel, there exist w € W2L£®-9)
such that

ws = w weakly in W2L£ P9,
Now it is easy to show that this and the uniform bound in WQL,(f ) implies
||wHW2LLp’€)(Q) S hgg.}f HwS||W2Lpr’G)(Q) S O |‘f|‘LLp’9)(Q) .

Since the weak convergence in W2L®?) implies weak convergence in W24 for
any 1 < g < p, which allows us to pass to the limit in ([24)) to conclude w solves
(Pz). Replacing weak convergence by weak star convergence, this argument
works also when 6 = oco. In this case, the uniform bound implies, by virtue of
separability of £(P1) that we have

*

Wy — w weakly * in W2L£P20),

The rest follows exactly as before. Indeed, by the weak star convergence, we
have

||w||W2LEf)’°°)(Q) < hgg.}f HwﬁnszfLPvm)(Q) <C Hf||LELP1°°)(Q) .
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The fact that w solves (Pz]) can be checked as before. Thus, it remains to settle
the case §# = 1, which is trickier. The uniform bound in W2£®1 implies a

uniform bound in W2£(9) for any 1 < 0 < oo. Thus, up to the extraction of a
subsequence that we do not relabel, there exist w € W2£®?) such that

Ws — W weakly in w2(Pf) for every 1 < 6 < .

But we can argue using Fatou’s lemma as in the proof of Theorem 7.1 in [5] to
conclude that the above weak convergence and the uniform bound in W2£®-1)
implies w € W2L£®1 and we have

[@llwz 2w (@) < Hminf flwsllye co.n o) -

But note that this last argument holds as well when we restrict everything to
any open subset of 2 as well. So using this for Q, ;) for zo € 2 and p > 0, we
get

_ K . .
pr ||w||w2£(p,l) (Q(p,zo)) <pr 11L9H_1>£f HwSHWZL(p,l)(Q(p,ZO)) .
Taking supremum over p > 0 and zg € 2, we deduce
||w||W2LLP’1)(gl) < lisrgirolf ||w5||W2LLP’1)(Q) <C Hf”LLP’l)(Q) .

Once again, it is easy to check w solves (Pz). Uniqueness of w, in all cases,
follow from the fact that if w; and ws are two solutions, then wi — wo satisfies
(P7) with f = 0 and wg = 0. Then the uniqueness assumption in the hypothesis
implies w; — we = 0. This completes the proof. |

5 Main results

Throughout this entire section, we would assume, without specific mention, that
n>2,N>1,1<k<n—1,l> 0 areintegers and {2 C R" be an open, bounded
C™2 set. The exponents p, 0, satisfy 1 < p < o0, 1 <60 < 00,0 < pu<n.

5.1 Morrey-Lorentz estimate for Hodge systems

Theorem 27. Let A € C'! (Q; Hom (A1) and B € C'2 (Q;Hom (A¥))
satisfy the Legendre condition. Then the following holds.

(i) There exists an at most countable set o C (—o0,0|, with no limit points
except possibly —oo, such that the following boundary value problem,

d*(A(z)da) + (B(z))" dd* (B(z)a) = ;B(z)a in €,
vAa=0 on 0, (EPr)
v Ad* (B(z)a) =0 on 9.
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has mon-trivial solutions « if and only if o; € o. For any 1 < p < oo,
1< 0 < oo and 0 < 1 < n, all such solutions a € Wl+2Ll(~f’0) (Q;Ak).
Also, for any o; € o, the space of solutions to (EP7]), denoted & r is
a finite-dimensional subspace of L,(f’e) (2;4%) and dim&; r = dim Elrs
where Ef . denotes the space of solutions of

d*((A(2))" dy) + (B(x))" dd” (B(z)y) = o7 (B(x))" ¢ in 2,
vAp =0 on 09, (EP})
v Ad* (B(z)Y) =0 on 99.

(ii) If A & o, then for any f € WZLLP’O) (Q; A%), and any wo € WHQLELP’G) (Q; A%)

there exists a unique solution w € WHQLELP’G) (Q;Ak) to the following

boundary value problem:
d*(A(z)dw) + (B(z))" dd* (B(z)w) = AB(z)w + f in Q,
vAw=rvAwy on 0%, (Pr)
vAd* (B(z)w) =v Ad" (B(z)wy) on 0L,

which satisfies the estimate

lllisag oy < € (Illwsezom @ + 1 e o @) + 1o lyirageo g ) -
(26)

(i11) If X = o; for some i € N, then for any wy € Wl+2Lpr’9) (Q; A%) and any
fe WlLLp’e) (Q; Ak) satisfying

/<f,w> —0  forallp ey
Q

there exists a unique solution w € WH2LP? (95 4%) /& to ([Pr]) satis-
fying estimate (26])
Remark 28. If Hp (Q; Ak) # {0}, then it can be proved that « is a nontrivial
solution for with o; = 0 if and only if « = dB + h, where where B is a
solution of

d*(Bdf) = —d*(Bh) in Q,
d*B=0 in €,

vAB=0 on 082,

for some nontrivial h € Hr (Q; Ak) . Note also that if B is a constant multiple
of the identity matriz, then 5 € Hp (Q;Ak_l) and thus df = 0. Consequently,
[Pz with A = 0 can be solved for any [ satisfying f € (Hr (€ Ak))J' ,if B=cl
for some constant ¢ > 0. For a general B, an additional condition d*f = 0 in
Q is needed. If Hy (4 A%) = {0}, then ([Pr) with A = 0 can be solved for any

f, mo extra condition on f is needed.
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Proof. Note that if L") ¢ L?, then standard Lax-Milgram theorem argument
proves the existence of a W2 weak solution ( see [23] ) for A > 0. Then Theorem
applied to w — wy establishes the W!T2L(0) estimates. Thus, we can then
use Theorem to establish Morrey-Lorentz estimates. The approximation
argument in Theorem 26 extends these estimates to the cases when £P¢) ¢ L2
as well. The rest is standard Riesz-Fredholm theory, by virtue of the compact
embedding W' L) — £®0) This finishes the proof. O

In an analogous manner, we have the following.

Theorem 29. Let A € C'! (Q;Hom (A*1)), and B € C'*2 (€; Hom (A%)),
both satisfy the Legendre condition. Then the following holds.

1. There exists an at most countable set o C (—o0,0], with no limit points
except possibly —oo, such that the following boundary value problem,

d*(A(z)da) + (B(z))" dd* (B(z)a) = 0;B(z)a in €,
vi(B(z)a) =0 on 09, (EPxN)
vi(A(z)da) =0 on O9.

has non-trivial solutions o« € WHQLELP’G) (Q;Ak) if and only if o; € o.
For any 1 < p < o0, 1 < 0 < oo and 0 < [ < n, all such solutions
a € WH‘QLflpe (Q,Ak). Also, for any o; € o, the space of solutions to

(EPN)), denoted &; n is a finite-dimensional subspace of L,(f’e) (Q; A%) and
dim&; v = dim &, where £\ denotes the space of solutions of

d*((A(2))" dp) + (B(x))" dd” (B(x)ip) = 0i (B(x))T ) in Q,
(

vi(B(xz)Y) =0 on 09, (EPy)
v ((A(z)Tdp) =0 on 0.

2. If \ ¢ o, then for any [ € WlLpr’e) (Q; Ak), and any wo € Wl+2L§Lp’0) (Q; Ak) ,
there exists a unique solution w € Wl+2L§Lp’0) (Q;Ak), to the following
boundary value problem:

d*(A(z)dw) + (B(z))" dd* (B(z)w) = AB(z)w + f in Q,
v (B(z)w) = va(B(z)wo) on ON. (Pn)
vi(A(x)dw) = v (A(x)dwy) on 05,

which satisfies the estimate

[wllwisar oy < € (Illwesecoo @ + 1 oo @) + 1ollyrareo g ) -
(27)
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3. If X\ = o; for some i € N, then for any wy € WH‘QLLP’(’) (Q;Ak) and any
fe WlL,(f’e) (Q; Ak) satisfying

/<f,w> —0  Joralle&ly
Q

there exists a unique solution w € Wl+2LLp’9) (Q; Ak) /&N to satis-
fying estimate (271))
Remark 30. Analogously to Remark 28, if Hn (€ A*) # {0}, then it can be
proved that v is a montrivial solution for with o; = 0 if and only if
B~ = d*3 + h, where where 3 is a solution of
d(B~'d*B) = —d(B~'h) in Q,
dg =0 in €,
vif =0 on 082,
for some nontrivial h € Hy (Q;Ak) . Thus if B is a constant multiple of the
identity matriz, then B € Hy (Q; A1) and thus d*8 = 0. Consequently, ([Px)
with A = 0 can be solved for any f satisfying f € (HN (Q; /lk))l ,if B=cl for
some constant ¢ > 0. For a general B, an additional condition d ([B_l} T f) =0

in 0 is needed. If Hy (% A%) = {0}, then (Pr) with A = 0 can be solved for

any f, no extra condition on f is needed.

5.2 Hodge decomposition in Morrey-Lorentz spaces

Theorem 31 (Hodge decomposition). Let A € C'*! (Q; Hom (A1) sat-

isfy the Legendre condition and let f € WlL,(f’g) (Q;Ak). Then the following
holds.

1 Th@?e exist o (S Wl L( ’ ) Q, Ak (md ﬁ S Wl L( ’ ) Q, A G/fld
14 I
h S ;i I (Q, A ) Such that

f=da+d (Ax)B)+h in Q,
d*a=dB =0 inQ, vAa=vAB=0 ondf.

Moreover, we have the estimate
lellwisapeo + 1Bllwirar o + 1Pl eo < ClF e -
(it) There exist a € WH‘lLLp’e) (Q; A%1) and B € WH‘lLpr’G) (Q; AFT1) and
heHn (Q; Ak) such that

f=da+d (A(x)B)+h in €,
d'a=ds=0 inQQ, via=vi(A(x)B)=0 on IN.

Moreover, we have the estimate

lellwisipeo + 1Bllwirar o + 1Pl eo < ClFllwipeo -
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Remark 32. By Hodge duality, each of the above cases imply their Hodge dual
verstons as well.

Proof. We only show (ii) for I = 0. Pick any exponent ¢ > 1 such that £®-9) ¢
L4. Using the standard Hodge decomposition in L9, we can write

where h € Hy (Q; Ak) and g € L4 (Q; Ak) satisfies

/ (g,9) =0 for all v € Hy (Q;Ak)7
Q
and the estimate

l9llza + IAlla < ClIfllLa-

Moreover, since harmonic fields are smooth and L? norm of any derivatives can
be controlled by the L? norm of a harmonic field, we have the estimates

IRl < Cllblla < C U lps < C Ml
This obviously implies
lgllygo <€ (Ifllypo + Irllypo ) < Cllflygn-

Now, we use Theorem 29 and Remark B0 to find w € WQLELP’G) (Q; A*) that
uniquely solves the system

d*(A(z)dw) + dd*w = g in Q,
vow = 0 on 09,
v (A(x)dw) = 0 on S

Setting o = d*w and 8 = dw completes the proof. O

5.3 Morrey-Lorentz estimate for Maxwell systems

Theorem 33. Let A € C'! (Q;Hom (A1) and B € C'2 (Q;Hom (A¥))
satisfy the Legendre condition. Let wy € Wl+2L§Lp’0) (Q; Ak) ,f€ WlLpr’e) (Q; Ak) ,
and g € Wl+1Lpr’9) (Q; Ak) , and A > 0. Suppose f, g and X satisfy

d*f+Xg=0 and d*g =0 in Q. (©)
(i) Suppose g € (’HT(Q;A’“_l))L and if X = 0, assume in addition that f €
(’HT(Q;Ak))L. Then the following boundary value problem,

d*(A(z)dw) = AB(x)w + f in Q,
d* (B(x)w) =g in Q, (PMry)
vAw=vAwy on L,
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has a unique solution w € Wl+2L§Lp’9) (Q; Ak) , satisfying the estimates
[wllyisar o <€ (HWHLLM i o + 19w a0 + ||w0|\wz+zL<;ve>) ;
(i) Suppose
vag =vid* (B(z)wy) and vaf =vi[d* (A(x)dwy) — AB(x)wo]  on 052
and
[ o= [ B =0 for all v e Hn(@ 4

If A =0, assume in addition that

/ (f:6) - / (v (A()dn) i 6) =0 for all ¢ € H (0 A¥).
Q o0

Then the following boundary value problem,

d*(A(z)dw) = AB(x)w + [ in Q,
d* (B(x)w) =g in Q,
J(B(x)w) = va(B(z)wy) on 09,
vai(A(x)dw) = vi (A(x)dwy) on ON.

5 (PMy)

has a unique solution w € Wl+2L,(f’0) (Q; Ak) , satisfying the estimates
[wllwisap o < ¢ (HWHLLM i o + l19lwesapeo + Hw0||Wz+zL<fﬂJ) :
Remark 34. Once again, by Hodge duality, each of the above cases imply their

Hodge dual versions as well.

Proof. We need to show only part (), the other case is similar. At first, using
Theorem 27, we find o € Wl+3L,(f’0) (Q; A%) such that

d*(B(z)da) + dd*a = g —d* (B(z)wy) in £,
vAa=0 on 092,
vAd*a=0 on 0f.

Now it is easy to see that 8 := d*« solves

(d*d+dd*)=0 inQ,
vAB =0 on 9,
vAd*S=0 on of.
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Now, by uniqueness of solutions to the above system, we get 5 = d*6 = 0. Now,
once again by Theorem 7] we find u € W”QLELP’G) (Q; A%) solving

d*(A(z)du) + (B(z))" dd* (B(x)u) = AB(z)u+ f in €,
vAu= on 0f). (28)
v Ad" (B(z)u) =0 on 9.

where f = f 4+ AB(z)wo + AB(2)G — d*(A(z)dwy). Note that if A = 0, then
fe (HT(Q;A’“))L and d*f = 0 and thus (@) can always be solved for any
A > 0. (see remark 28). But this implies v = d* (B(z)u) solves the system

d* (BT (z)dv) = A in Q,
d*v=0 in €,
vAv=0 on 0f).

But this implies

3 [ o < [ ()T dosan) = a [ ol

This implies A > 0 is impossible for nontrivial v and if A = 0, v must be a
harmonic field. But no nontrivial harmonic field can be coexact. Hence in
either case, we deduce v = d* (B(z)u) = 0 in Q. Now it is easy to check that
w = wo + u + da solves (PMz). O

5.4 Morrey-Lorentz estimate for div-curl systems

Theorem 35. Let A, B € C'T1(Q; Hom(A*)), satisfy the Legendre condition.
Letwy € WHILPD (0 4F), f e WILP? (Q; A1), and g € WL (Q; AF1) .
Then the following hold true.

(i) Suppose f and g satisfy df =0, d*g =0 in Q and v Adwy = v A f on I,
and for every x € Hr (% ALY and ¢ € Hp (Q; AF7L),

[ 0= [ wrsi=vand [ (g =0

Then there exists a solution w € Wl+2L£Lp"9) (Q; Ak) , to the following boundary
value problem,

{d(A(:z:)w) =f and d*(B(z)w)=g inQ, (Pr)

vANA@)w=vAwy on O£,

satisfying the estimates

[@llwisap o < e (HwHLym + 1 lwergo + 19l oo + ||WOHW1+1LL%9)) :
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(i) Suppose f and g satisfy df = 0, d*g = 0 in Q and vag = vad*wy on 09,
and for every x € Hn (% A*~Y) and ¢ € Hy(Q; AFFL),

/Q<9;X> ‘/E,Q<”J“0;X> =0 and /Q<f;w> —0.

Then there exists a solution w € Wl+1Lpr’9) (Q; Ak) , to the following boundary
value problem,

{d(A(:E)w) =f and d'(B(x)w)=g inQ, (Px)

viB(x)w = vawg on O£,
satisfying the estimates

llyirgo < e (lllyeo + 1 lypeo + 190yeo + lolygen )

Proof. We prove only part (ii). We use Theorem BT] to write g — d*wp = da +
d*B + h, where

d*a=df=0in Q, voa=wvi8=0on J.

Using the hypotheses on g, it is easy to see that o and A must vanish identically.
Indeed, « satisfies

(d*d+dd*)a=0 in €,
vaa =0 on 09,
vad*a=0 on 0f).

To see h must vanish, we note that

0= [t | wosih)= [ o= dwim = [ h.

Now we define the matrix field D := AB~!, which is clearly uniformly elliptic
as well and find ¢ € W+2LP? (Q; A*=1) such that

d(D(x)d"¢) = f—d[D(z) (B+wo)] inQ,
dip =0 in Q,
vap =0 on 0.

Note that we can solve this system as this is the Hodge dual to (PMz). Now
setting w = B71(B + wo + d*1)) completes the proof. O
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5.5 Gaffney inequality in Morrey-Lorentz spaces

As an immediate consequence of Theorem [35] we get the following Gaffney type
inequalities in Morrey-Lorentz spaces.

Theorem 36. (Gaffney type inequality) Let 1 < k < n — 1,1 > 0 be integers
and 1 < p<oo,1 <60 <o0,0< u<n bereal numbers. Let Q C R™ be open,
bounded and C?. Let A € C' (Q;Hom(AF1)), B € C* (% Hom(A")) satisfy

the Legendre condition. Let u € L,(f’e) (Q; Ak), satisfy
d(Au) € LE? (Q; AF) and  d*(Bu) € LEY (Q;4F1).

Suppose either v A (A(x)u) = 0 on OQ or va(B(xz)u) = 0 on 0Q. Then u €

WlL,(f’e) (Q;Ak) and there exists a constant C, = C(v,Q, A, B,p,0,p) > 0,
such that

lullgr -0 < Co (Il (Al + 14 (Bl gor + [l o0 ) -

References

[1] ApaMs, D. R. A note on riesz potentials. Duke Math. J. 42, 4 (12 1975),
765-778.

[2] BENNETT, C., AND SHARPLEY, R. Interpolation of operators, vol. 129 of
Pure and Applied Mathematics. Academic Press, Inc., Boston, MA, 1988.

[3] BURENKOV, V. I. Sobolev spaces on domains, vol. 137 of Teubner-Texte
zur Mathematik [Teubner Texts in Mathematics]. B. G. Teubner Verlags-
gesellschaft mbH, Stuttgart, 1998.

[4] CALDERON, A.-P. Lebesgue spaces of differentiable functions and distri-
butions. In Proc. Sympos. Pure Math., Vol. IV. Amer. Math. Soc., Provi-
dence, RI, 1961, pp. 33—49.

[5] COSTEA, C. Sobolev-Lorentz capacity and its regularity in the Euclidean
setting. Ann. Acad. Sci. Fenn. Math. 44, 1 (2019), 537-568.

[6] CsaTO, G., DACOROGNA, B., AND KNEUSS, O. The pullback equation for
differential forms. Progress in Nonlinear Differential Equations and their
Applications, 83. Birkhduser/Springer, New York, 2012.

[7] FanciuLLo, M. S., AND LAMBERTI, P. D. On Burenkov’s extension

operator preserving Sobolev-Morrey spaces on Lipschitz domains. Math.
Nachr. 290, 1 (2017), 37-49.

[8] GilaQUINTA, M., AND MARTINAZZI, L. An introduction to the reqularity
theory for elliptic systems, harmonic maps and minimal graphs, second ed.,
vol. 11 of Appunti. Scuola Normale Superiore di Pisa (Nuova Serie) [Lec-
ture Notes. Scuola Normale Superiore di Pisa (New Series)]. Edizioni della
Normale, Pisa, 2012.

32



[9] HaTANO, N. Fractional operators on Morrey-Lorentz spaces and the Olsen
inequality. Math. Notes 107, 1-2 (2020), 63-79.

[10] HESTENES, M. R. Extension of the range of a differentiable function. Duke
Math. J. 8 (1941), 183-192.

[11] HuNT, R. A. On L(p, q) spaces. Enseign. Math. (2) 12 (1966), 249-276.

[12] KOSKELA, P., ZHANG, Y. R.-Y., AND ZHOU, Y. Morrey-Sobolev exten-
sion domains. J. Geom. Anal. 27, 2 (2017), 1413-1434.

[13] LAMBERTI, P. D., AND VIOLO, I. Y. On stein’s extension operator pre-
serving sobolev—morrey spaces. Mathematische Nachrichten 0, 0 (2019),
1-15.

[14] L1EBERMAN, G. M. A mostly elementary proof of Morrey space estimates
for elliptic and parabolic equations with VMO coefficients. J. Funct. Anal.
201, 2 (2003), 457-479.

[15] LorENTZ, G. G. Some new functional spaces. Ann. of Math. (2) 51
(1950), 37-55.

[16] MORREY, JRr., C. B. On the solutions of quasi-linear elliptic partial dif-
ferential equations. Trans. Amer. Math. Soc. 43, 1 (1938), 126-166.

[17] MORREY, J. C. B. A variational method in the theory of harmonic inte-
grals. II. Amer. J. Math. 78 (1956), 137-170.

[18] MoRREY, J. C. B. Multiple integrals in the calculus of variations. Die
Grundlehren der mathematischen Wissenschaften, Band 130. Springer-
Verlag New York, Inc., New York, 1966.

[19] O’NEIL, R. Convolution operators and L(p, q) spaces. Duke Math. J. 30
(1963), 129-142.

[20] PEETRE, J. Espaces d’interpolation et théoreme de Soboleff. Ann. Inst.
Fourier (Grenoble) 16, fasc., fasc. 1 (1966), 279-317.

[21] ScawARzZ, G. Hodge decomposition—a method for solving boundary value
problems, vol. 1607 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 1995.

[22] SiL, S. Calculus of Variations for Differential Forms, PhD Thesis. EPFL,
Thesis No. 7060 (2016).

[23] SIL, S. Regularity for elliptic systems of differential forms and applications.
Calc. Var. Partial Differential Equations 56, 6 (2017), 56:172.

[24] TARTAR, L. Imbedding theorems of Sobolev spaces into Lorentz spaces.
Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8) 1, 3 (1998), 479-500.

33



	Introduction
	Preliminaries
	Notations
	Function spaces for differential forms
	Morrey and Lorentz type spaces
	Morrey-Lorentz spaces
	Hölder inequality in Morrey-Lorentz spaces
	Sobolev spaces of Morrey-Lorentz type


	Sobolev and Poincaré-Sobolev inequalities
	Morrey-Lorentz Sobolev embeddings
	Poincaré-Sobolev inequalities
	Poincaré-Sobolev inequalities for the gradient
	Poincaré-Sobolev inequalities for the Hessian


	Crucial estimates
	Lorentz estimates
	Decay estimates
	Flattening the boundary
	Boundary estimates
	Global estimates
	Approximation

	Main results
	Morrey-Lorentz estimate for Hodge systems
	Hodge decomposition in Morrey-Lorentz spaces
	Morrey-Lorentz estimate for Maxwell systems
	Morrey-Lorentz estimate for div-curl systems
	Gaffney inequality in Morrey-Lorentz spaces


