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ON THE BIRATIONAL GEOMETRY OF Q-FANO THREEFOLDS
OF LARGE FANO INDEX, I

YURI PROKHOROV

ABSTRACT. We investigate the rationality problem for Q-Fano threefolds of Fano index > 2.

1. INTRODUCTION

A three-dimensional algebraic projective variety X is called Q-Fano threefold if it has only
terminal Q-factorial singularities, Pic(X) ~ Z, and its anticanonical divisor —Kx is ample.
The class of these varieties is important in birational geometry because it is one of the possible
outputs of the Minimal Model Program in dimension 3. It is known that Q-Fano threefolds
are bounded, i.e. they lie in a finite number of algebraic families. Moreover, the methods of
[Kaw92] allow to obtain a (huge) list of numerical invariants of Q-Fano threefolds [BT]. At the
moment there is no classification, but there are a lot of partial results.

This work is a sequel to our previous papers [Pro22b|, [Pro22a]. We are interested in the
birational geometry of Q-Fano threefolds rather than biregular one. Mainly, we will discuss the
rationality question.

The Q-Fano index of a Q-Fano threefold X is the maximal integer qo(X) that divides the
canonical class Kx in the Weil divisor class group modulo torsion (see (2.2.1))). A Weil divisor
A such that —Kx ~¢qo(X)A we call the fundamental divisor and denote it by Ax. It turns out
that the classification of Q-Fano threefolds of large index qg(X) is much simpler (see [Suz04]
and [Prol0]). Moreover, Q-Fano threefolds of large index qg(X) are expected to be rational:

1.1. Theorem ([Pro22h]). Let X be a Q-Fano threefold. If qop > 8, then X is rational.

On the other hand, there are nonrational Q-Fano threefolds of large index. For example,
T. Okada |Okal9] showed that there are Q-Fano threefold hypersurfaces of index 2, 3, 5, and 7
that are not rational.

The following invariant will be very important in the sequel:

P, (X) :=max {h°(X, Ox (D)) | D ~ynAx}.
If the Weil divisor class group Cl(X) is torsion free, then the above definition becomes simpler:
p,(X) = h(X, Ox(nAx)).
Our main result is as follows:

1.2. Theorem. Let X be a Q-Fano threefold with qo(X) > 2. If one of the following conditions
hold, then X s rational
(i) ap(X) > 3 and py(X) > 3,
(i) ag(X) > 4 and p,(X) > 2,
(i) 4o(X) > 5 and py(X) > 2
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and X is not of type |BT| # 41422] (see Proposition[T.4)),
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(V) qo(X) > 6 and p5(X) > 2.

We also study birational geometry of Q-Fano threefolds with p;(X) > 2 and qo(X) = 2 or
3 (see Propositions [6.4] and [B.1]).

2. PRELIMINARIES

2.1. Notation. We employ the following notation.

e ~ and ~g denote the linear and Q-linear equivalences of divisors, respectively;

e Cl(X) denotes the Weil divisor class group of a normal variety X;

e Cl(X); is the torsion subgroup of Cl(X);

e g(X) is the genus of the Q-Fano threefold X, that is, g(X) := h®(X, Ox(—Kx)) — 2;

o P(wy,...,w,) is the weighted projective space with weights wy, ..., w,; coinciding
weights we group together as follows P(wy, . .., wi, wy, . ..) = P(wf, wy, . ..);
k

e B(X) is the basket of singularities of a terminal threefold X (see [Rei87]); this is a
collection of virtual cyclic quotient singularities i(l, —1,bp) associated to each actual

singular point of X. For short, in B(X) we list only indices of these virtual points, i.e.

B(X) = ({rr}).

e 1y denotes the multiplicative cyclic group of order N. If p, acts on A™ by

(':Clv s ,.f(fn) — (C;flxlu .. '7CrlLunxn)7

where (, is a primitive N-th root of 1, then we say that (wy,...,w,) are the weights
of the action an we write py(wy, ..., w,) to specify the action.

2.2. Q-Fano threefolds. For a Fano variety with at worst log terminal singularities we define
Fano-Weil and Q-Fano indices as follows:

(22.1) qw(X) = max{ge€Z|—-Kx ~ qA, Aisa Weil divisor},
qo(X) = max{q€Z|—-Kx ~gqA, Aisa Weil divisor}.

The fundamental divisor of X is a Weil divisor Ax such that

(2.2.2) Ky~ ag(X) Ax.

Note that if C1(X); # 0, then the class of Ax is not uniquely defined modulo linear equivalence.
However, in the case qg(X) = qw(X) we always accept the following.

2.2.3. Convention. If qo(X) = qw(X) we take Ax so that
—KX ~ qW(X)AX
The Hilbert series of a Q-Fano threefold X is the formal power series [ABRO2]
hx(t) = ) hO(X,mAx) -t

m>0
It is computed by using the orbifold Riemann-Roch formula [Rei87]. If the group C1(X) contains
an element T of N-torsion, we define T-Hilbert series hx(t,0) € Z[[t,o]]/(c — 1) as follows:

N—1

hy(t,o) =YY h(X,mAx + jT) - t"o’.
m>0 j=0

Obviously, the above definition depends on the choice the class of Ay in Cl(X). Typically

calculating hx (t) or hy (¢, o) for our purposes we need only a few initial terms of the series.
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Recall that the Gorenstein index of a normal Q-Gorenstein variety X is a minimal positive
integer r such that the Weil divisor r Ky is Cartier.

2.2.4. Theorem ([Suz04], [ProlQ]). Let X be a Fano threefold with terminal singularities and
let r be its global Gorenstein index. Then the following assertions hold:

(i) aw(X) divides qo(X);

(ii) qw(X) = qo(X) if and only if r and qw(X) are coprime;

(iii) rA% is an integer;

(iv) qw(X), qo(X) € {1,...,9,11,13,17,19}.
2.2.5. Theorem (|CF93|, [San96]). Let X be a Fano threefold with terminal singularities. As-
sume that there exists a Cartier divisor H on X such that H ~y mAx, where m < qgp(X).
Then the general member S € |H| is a smooth del Pezzo surface, the group Cl1(X) is torsion

free, and (X, H) is described by the following table. The general member X of each family is a
Q-Fano threefold.

qo | B(X) | 4% X g(X) |Rat?| m | K3
1° |4 | @ 1 P3 33 R 1,2,319,8,3
20 |13 | @ 2 X, c Pt 28 R 1,2 |84
3 12 |o d | del Pezzo threefold of degree d <5 | 4d + 1 1 d
4° |5 |(2) 1/2 | P(13,2) 32 R 2,4 19,2
5 |7 1(2,3) |1/6 |P(12,2,3) 29 R 6 1
6° |4 | (3% |1/3]Xs CP(122,3?) 11 R 3 |1
7015 | (2,4) |1/4| X CP(12,2,3,4) 16 R 4 1
8 16 |(H) 1/5| Xg C P(12,2,3,5) 22 R 5 1
9° |3 | (2%) |1/2] X C P(12,223) 7 2 1
10003 [ (2 |1 [Xxic IP(13,22) 14 R 2 |2
e f4 [(3) [2/3| X, c P(13,2,3) 22 R 3 |2
12203 | (2) 3/2 | X3 C P(14,2) 21 R 2 3

The column “Rat” indicates the rationality of X. One can see that almost all the Q-Fano
threefolds in the table are rational. In the case[@9it is known that a very general variety in the
family is not rational (and even not stably rational) [Okal9]. Rationality question of del Pezzo
threefolds (case %) has a long story. We refer to the book [IP99] for references and to [CPS19]
for a detailed discussion of the case d = 2.

2.3. Singularities. For the classification of terminal threefold singularities we refer to [Rei87].

2.3.1. Definition. Let X be a threefold with terminal Q-factorial singularities. An extremal
blowup of X is a birational morphism f : X — X such that X has only terminal Q-factorial
singularities and p(X/X) = 1.

Note that in this situation the divisor —K 3 is f-ample.

2.3.2. Theorem ([Kaw96]). Let X 2 P a cyclic quotient terminal threefold singularity of type
%(a,r —a,1), r > 2and let f : X — X be an extremal blowup f : X — X > P whose
center contains P. Then f is the weighted blowup with the system of weights %(a,r —a,l), in

particular, the discrepancy of the f-exceptional divisor equals 1/r.
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2.3.3. Theorem ([Kaw93]). Let X > P a terminal threefold singularity of index r. Then there
exists an exceptional divisor E over P whose discrepancy equals 1/r.

The following useful fact is a consequence of the classification of extremal blowups [Kaw(05]
(see [Prol3, Lemma 2.6] for explanations).

2.3.4. Lemma. Let X > P be a threefold terminal point of index v > 1 with basket B(X, P),
let f: X — X be an extremal blowup with f(E) = P, where E is the exceptional divisor, and
let a be the discrepancy of E.

(i) If X > P is a point of type other than cA/r and r > 2, then o = 1/r.
(ii) If X > P is of type cA/r and B(X, P) consists of n points of index r, then o = a/r,
where n =0 mod a.

2.4. Du Val del Pezzo surfaces. Let S be a del Pezzo surface with only Du Val singularities.
We assume that p(S) = 1. The definitions of Fano indices and the fundamental divisor Ax are
applicable to S (see (ZZI) and (ZZ2)). Recall also our Convention 223 Let p: S — S be
the minimal resolution. We say that a curve L C S is a line if there exists a (—1)-curve E C S
such that L = u(E).

2.4.1. Lemma. In the above notation assume that d := K% < 8. One has:

(i) The set of lines on S is finite and non-empty.
(ii) The group CI(S) is generated by the classes of lines.
(iii) For every effective Weil divisor D on S there is a presentation

D ~ CL(](—KS> + ZCLZ'LZ',

where the L; are lines in S, the a; are non-negative integers, and ag =0 if d > 1.
(iv) For any line L on S we have L ~¢ Ag, hence qu(S) = d.
(v) If D is a divisor on S such that D ~y Ag, then either
(a) dim |D| =0 and D ~ L, where L is a line, or
(b) dim|D|=1,d=1, and D ~ —K5g.
(vi) If D is an ample divisor, then |D| # @.
(vii) If D is an effective divisor such that dim |D| =0 and D # 0, then D is a line.
(viii) Assume that d > 1. Then for any two lines Ly and Ly on S the divisor Ly — Ly is a
non-trivial torsion element in C1(S). In particular, C1(S) ~ Z if and only if S contains
exactly one line.

Sketch of the proof. The assertion follows from the cone theorem applied to S. For
and we refer to [CP21, Lemma 2.9]. The assertion follows from the equality d =
—dKg - L = qo(S)(—Kg - Ag). To prove assume that D o —Kg and D ~y Ag. By the
orbifold Riemann-Roch formula |[Rei87] applied to D and —D we have:

X(5.05(D)) = 1D-(D~Kg)+1+Y enlD),

1

X(8.05(=D)) = 5D (D+Ks)+1+ > cp(-D).

By the Kawamata-Viehweg vanishing and Serre duality h'(S,0s(—=D)) =0 for i = 0,1,2 and

h(S, Os(D)) = 0 for i = 1,2. Since cp(—D) = cp(D), we obtain h’(S, Os(D)) = 1. Hence

we may assume that D is effective. In this case is a consequence of The assertion

follows from [(v)] For [(vii) in view of [(iii)] it is sufficient to show that —Kg- D = 1. Let
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C €| — Kg| be a general element. Then C' is a smooth elliptic curve lying in the smooth part
of S. Since H(S, Os(D + Ks)) = 0, from the exact sequence

we obtain h°(C, @¢(D)) = 1, hence D - C = deg O¢(D) = 1.

Finally, follows from , and U

2.4.2. Lemma. Let S be a del Pezzo surface with only Du Val singularities of type A, and
p(S) = 1. If the group CI(S) is torsion free, then there are only the following possibilities:

K3 S hs ()

9 |P? 1+ 3t + 6t% 4+ 10® + 15¢* + 218° +
8 | P12 2) 1+ 2t 4 48 + 6t + 9t* + 126 + - - -
6 |P(1,2,3) L+ ¢4 262+ 33 + 4¢* + 565 + - - -
5 SﬁcP(1,2,3,5) 14 t4 282 + 33 + 4¢* + 6t° +

where S C P(1,2,3,5) is a hypersurface of degree 6 in P(1,2,3,5) having a unique singular
point which point of type Ay; this surface is unique up to isomorphism.

Proof. The classification can be found in [MZ88] and computation of hg(t) follows from the
orbifold Riemann-Roch [Rei87]. O

3. Q-FANO THREEFOLDS WITH TORSION IN THE DIVISOR CLASS GROUP

In this section we discuss Q-Fano threefolds whose class group Cl(X) contains non-trivial
torsion.

3.1. Proposition (see [Pro22bl § 3|). Let X be a Q-Fano threefold with qo(X) > 5 and
|Cl(X )| =N >1. Then qp(X) =5 or 7 and X belongs to one of the following classes:
A% | BX) [s(X)] hx (t,0)
QQ(X) = 7, N =2
1°01/24 | (2%3,4,8) | 6 |1+to+1t2+t%0+ 2t + 2t30 + 3t* + 3t*o + 45 + 4t°0 + - - -

2°11/301 (2,6,10) 5 | 1+t+12+ 120+ 13+ 2630 + 2t* + 3tho + 3t° + 4t°0 + - - -
qQ(X) =5, N=3
3°[1/18](2,9%) | 2 [14+t+2+0+207+8 + 260 + 26002 + -
qQ(X) =5, N=2
4°11/6 | (2,42,6) 10 | 1+t+to+2t2 43t 0 +43+5t30 -8t + Tt o +12t° + 11t°0 + - - -
5°11/8 |(22,4,8) 7 | 1+t+to+2t2 +2t20+ 33 +4t30 + 6t + 6t o + 97 + 9t + - - -
6° 1/12 | (42,12) 4 | 1+t+t+t%0+2t3 + 2630 + 4" + 4t'o + 6t° + 6t50 + - - -
701 1/28 | (2,4,14) 1 | 14+t+2+8+t30+2t" +2t'0 + 3t° + 3t°0 + - -

In particular, p,(X) = 1.

The following fact is a consequence of computer calculations as explained in Appendix [Al In
principle, one can perform them by hand but since they are not conceptual it is more reasonable

to use a computer.
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3.2. Proposition. Let X be a Q-Fano threefold with qp(X) > 3 and qw(X) # qo(X). Then
qo(X) =3 or4 and X belongs to one of the following classes:

| 4% | B(X) [eg(X)[p(X)] hx(t,0)
qo(X) =3, CU(X); ~Z/3Z
1° 11/2 |(3%,6) 6 2 | 1+(1+0+202)t+(34+40+402)t*+ (8480 +To?)t3 +- - -
2° 11/10 (3*,5,6) |0 1 | 14+0%t+(c+o)t2+(2+20+02)t3 + -
3° [1/4 [(2,3%12) 2 1 |1+(c+oHt+2(0+0+0)2+4(1+o+oH)t3+---
qo(X) =4, CUX), ~Z/2Z
4° |1 1/3 | (2%,6) 10 2 | 1+(1+20)t+(4+30)2+T(14+0)3+12(1+ o)t +- - -
5° | 2/15] (2°,5,6) |3 1 |1+40t+Q2+0)?+31+0)*+5(1+0)tt +---
6° | 1/21](2°,6,7) |0 1 |[14o0t+2+Q+0) P +2(1+0)t* +---
70 12/5 | (2%,10) |12 2 [ 14+(1+20)t+4(1+0)*+8(1+0)t* +14(1+o)t* +- - -
8 | 1/15(2%,3,10) |1 1 |[1+ot+(0+o)t2+20+0) 2 +3(1+o)t* +---
9° |1/5 |(2%,5,10) |5 1 | 14ot+21+0)?+4(1+ )3 +T7(1+ o)t + - -
10° [ 4/35 | (23,7,10) | 2 1 |14ot+(1+0)2+2(1+0)+4(1+0o)t" +---

3.3. Proposition. Let X be a Q-Fano threefold with qo(X) > 3, qw(X) # qo(X), and p,(X) >
2. Then one of the following holds

(i) X s of type % of Proposition 8.2 and then X is the quotient X'/us, where X' is a
hypersurface of degree 3 in P(1%,2):

{1‘22171 —|—¢3(£L’1 ,...,1’54)) :0}/11'3(07071717_1)

(ii) X s of type M9 of Proposition B.2 and then X is the quotient X'/p,, where X' is a
hypersurface of degree 4 in P(13,2,3):

{z5m) + 23 + ¢u(2, 2) + do(a], )zl = 0} /py(0,1,1,1,0).

Here the subscript is the degree of the corresponding variable or polynomial.
In both cases X 1is rational.

Proof. By Proposition B.2] we have either qo(X) = 3 or qg(X) = 4. First, consider the case
qo(X) = 3. Then the variety X is of type [l of Proposition B2l The group Cl(X); ~ Z/37Z
defines a triple cyclic cover m : X’ — X which is étale outside Sing(X). Thus X = X'/ps,
where X’ is a Fano threefold with terminal singularities (not necessarily Q-Fano) such that
qw(X’) is divisible by 3, A%, = 3/2, and B(X’) = (2). By Theorem the variety X' is a
hypersurface of degree 3 in P(1%,2). In these settings, the unique point P’ € X’ of index 2 has
coordinates (0,0,0,0,1). Since P’ € X' is a terminal cyclic quotient singularity, the variable
29 of degree 2 appears in the equation of X'

The embedding X’ C P(1%,2) is canonical, so it is ps-equivariant and the action of gz on
X’ is induced by a liner action on the ambient space P(1%,2). Moreover, the homogeneous
coordinates xgk) and xy can be taken to be semi-invariant. Modulo a linear coordinate change
we may assume that the equation of X’ is as follows:

2o + oV, M)y =o.
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Consider the affine chart Uy := {23 # 0} C X'. Then

Uy ={y +¢'(y",...,yW) = 0}/mo(1,1,1,1).
The quotient Us/ 4 is a terminal cyclic quotient singularity. Hence ps-action on U, has weights
(a,1,1,—1) for some a € {0,1,2} modulo permutations of y®,y®, y® and changing the
generator of p;. Thus ps-action on P(1%,2) has weights (0,a,1,1,—1). If @ = 1, then the fixed
point locus contains the curve {zy = x§4) = 0} N X', a contradiction. If @ = —1, then, by the

same reason, the line xo = x&z) = xf’) = 0 is not contained in X’ and so gb(xgl), 0,0, 93&4)) # 0.

But in this case ¢ and :nggl) must be pg-invariant, a contradiction. Hence @ = 0. This

proves
Now consider the case qg(X) = 4. Then again by Proposition 3.2 the variety X is of type [49

or [[® The group CI(X); ~ Z/27 defines a double cover 7 : X’ — X which is étale outside
Sing(X), where X’ is a Fano threefold with terminal singularities. Moreover, in our two cases
we have

0 aw(X') =4, A%, = 2/3, B(X') = (3), dim [Ax/| = 2, g(X") = 22;

73 aw(X') =4, A%, = 4/5, B(X") = (5), dim |Ax/| = 2, g(X") = 26.
By Theorem in the case @9 the variety X' is a hypersurface of degree 4 in (13,2, 3) and
by Proposition B3l below the case[7%does not occur. As above the embedding X’ C P(13,2, 3)
is po-equivariant, where the action on X'’ is induced by a liner action on the ambient space
P(13,2,3). Moreover, we may assume that the coordinates 1, 2}, z, x5, 3 are semi-invariants
with eigenvalues +1 and x is an invariant. Since B(X’) = (3), the terms z3 and some of z3z1,
x3x) or xzx| appear in the equation. Modulo an obvious coordinate change we may assume
that the equation of X’ is as follows:

€T3y + Ig + ¢(xla xa7zq) = Oa

where ¢ is a semi-invariant of degree 4. Then we see that ¢ is in fact an invariant and x3 must
be an invariant as well. Since the set of fixed points is finite, the variables 2, 27, 2o cannot be
invariant. Hence the action have the desired form. The rest is obvious. O

3.3.1. Proposition. LetY be a weak Fano threefold with terminal singularities with g(Y') > 22.
Assume that there exists a Weil divisor B on'Y such that —Ky ~ 4B and dim |B| > 2. Then
Y ~ P3.

Proof. I Y is a Q-Fano threefold, then the assertion follows from [Prol3, Theorem 1.2]. Thus
we assume that Y is not Q-Fano. Replacing Y with its Q-factorialization, we may assume that
Y is Q-factorial. Then p(Y’) > 1. Run the MMP on Y

(3.3.2) Y =vO L, y® ., ye-D) Ly

Let %, be the proper transform of the linear system %, := |B| on Y*). On each step the
relation — Ky ~ 4%, is kept. Moreover, dim %, = dim |B| > 2. Thus Y™ has a structure
of Mori-Fano fiber space ¢ : Y™ — Z such that for a general fiber F' we have —Kp ~ 4%, |F.
This is not possible if ¢ is a del Pezzo or a rational curve fibration. Hence Z is a point and
Y™ is a Q-Fano threefold such that qy (Y ™) is divisible by 4 and g(Y ™) > g(Y) > 22. By
[Prol3, Theorem 1.2] we have Y™ ~ P3. Let us consider the last step ¢ : Y= ——5 y(®)
of the MMP. Since p(Y ™) = 1, the map ¢ : Y=Y ——» Y must be a divisorial contraction
and since — Ky (-1 is divisible, ¢/ cannot be a contraction of a divisor to a curve. Thus
contracts a divisor £ C Y™ to a point P € Y™, Since —Kywm-1 ~ 4%,_; is ¢-ample, we
see that P € Bs %,,. Then 4, is subsystem in |0ps(1)| of codimension 1 and so %, has a single
7



base point, say P. Therefore, %, _; has no base points outside E. Since —Ky -1 is ample
on F, we see that —Ky -1 is nef. Since —Ky -1 is the proper transform of —Ky, it is also
big. Thus Y™V is a weak Fano threefold with terminal singularities and —Ky-(n—1) ~ 4%,,_;.
According to [Kaw01] the contraction ¢ is the weighted blowup with weights (1, wq, ws), where
ged(wy, wy) = 1. Then we have

B(Y(n_l)) = (wl, U)Q), Ky(nfl) = w*K]P“ + (w1 + U)Q)E
Here wy + ws is divisible by 4 because so Ky-(.-1) is. Then

(’LUl + w2)3

0< (—Ky(nq))g =64 —
W1W2

Up to permutation of w; and wy we obtain the following possibilities for (wl, Wy, Ai’,(n,l)):
(1,3,2/3), (3,5,7/15), (5,7,8/35).

Then from the Kawamata-Viehweg vanishing and the orbifold Riemann-Roch formula (see (A.1.2]))
we obtain g(Y("~1)) = 22, 15,7 in these cases, respectively. This contradicts our assumption
g(Y) > 22. O

3.3.3. Corollary. Let X be a Q-Fano threefold with qo(X) > 6. If either py(X) > 2 or
qo(X) > 7 and py(X) > 2, then X is rational.

Proof. By Theorem [[L1l we may assume that qg(X) = 6 or 7. By Proposition Bl the group
CI(X) is torsion free. If qp(X) = 6 and p,(X) > 2, then computer search (see Sect. [A]) gives
only one possibility: A3 = 1/5, B(X) = (5), [BY, # 41469]. In this case X is rational by
Theorem Similarly in the case qg(X) = 7 and py(X) > 2 there are four possibilities:

o A% =1/6, B(X) = (2,3), g(X) =29, [BY] # 41492];

o A3 =1/12, B(X) = (2,3%4), g(X) = 14, [BT| # 41484];

o A} =1/10, B(X) = (2,5), g(X) = 17, [BF], # 41489];

o A} =1/15, B(X) = (22,3,5), g(X) = 11, [BF, # 41481].
In the case A% = 1/6 we have X ~ P(1% 2%) by Theorem and in the cases A% = 1/12 and
A3 = 1/10 there is explicit descriptions of X as a weighted hypersurface X C P(1,2,3% 4)
and Xg C (1,22 3,5), respectively (see [Prol3, Theorem 1.4] and [Prol6, Theorem 1.2]). It
is easy to see that these varieties are rational. Rationality of X in the case A% = 1/15 was
proved in [Pro22bl, Proposition 5.1]. O

3.4. Proposition. Let X be a Q-Fano threefold with qo(X) > 3 and N = |Cl(X)s| > 1.
Assume either N >4 or qp(X) =4 and N = 3. Then CI(X); ~ Z/NZ and X is the quotient
X'/ py, where X' is a Fano threefold with terminal singularities and the action of py on X' is
free outside a finite number of points. Moreover, X and X' are described by the following table:

qo(X) | B(X) | N | A% | e(X) | pi(X) | B(X) X'
1°]3 (22,8%) |4 [1/4]2 1 (22) | X; c P(13,2?)
2|3 (59 |5 |2/5|4 1 @ Q c P
30 (4 Y |5 [1/5]5 1 @ P?

4014 (92) |3 [1/9]3 1 (32) | X} c P(12,2,3?)

where X C P(13,2%) is a hypersurface of degree 4 and Q C P* is a smooth quadric.

In particular, X s rational.
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Proof. The computer search by the algorithm outlined in Appendix [A]l produces exactly three
possibilities with numerical invariants as in the table. Then Cl(X); ~ Z/NZ, where N = 4
or 5 and, as in the proof of Proposition 3.3 we see that the generator of this group defines a
global cyclic cover X' — X of degree N. Thus X = X’/u,. Here the Gorenstein index of X’
is strictly less than qg(X’). Hence X’ by Theorem X' is either a hypersurface of degree
4 in P(13,22), of degree 6 in P(12,2, 3%), the projective space P2, or a quadric Q C P*.

It remains to show that X is rational. In the case [39 the variety X is toric, so rationality
is obvious. In the case 27 the action of pu- on @Q is induced by a linear action on P4. The
projection @ --+ P3 from a fixed point P € @ is equivariant, hence )/py is birational to the
toric variety 3/, so it is rational.

Consider the case [0 As above, action of g, on X’ is induced by a liner action on the
ambient space P(13,22). Moreover, we may assume that the coordinates zi, s, 3,1, y2 are
semi-invariants with degz; = 1, degy; = 2. The equation of X' can be written as follows

q(Y1,Y2) + 169 (1, T2, ¥3) + Yo (21, Ta, T3) + Pa(w1, T2, 73) = 0,

where ¢q, ¢4, ¢4, ¢4 are homogeneous polynomials of degree 2, 2, 2, 4, respectively. Since the
line Sing(P(13,2?)) = {z; = z9 = x3 = 0} is not contained in X', we have q(y1,y2) # 0. The
projection ¥ : X’ --» P(13) = P? is an equivariant rational map whose fibers are conics in
P(1,2?%) = P? and whose indeterminacy locus Ind(V) = {q(y1,y2) = 21 = 2o = 23 = 0} consists
of one or two points of index 2. These points cannot be switched by the action of p, because
their images on X are exactly the points of index 8. Hence points in Ind(V) = {q(y1,92) =
xr1 = oy = x3 = 0} give invariant sections of W. This implies that the rational curve fibration
X = X'/p, --+ P?/p, has a section, hence X is rational.

Finally, in the case 49 as above, the equation of X’ can be reduced to one of the following
forms

z3xy + axs + raga(r, ) + ge(e1, 27) =0,
w3+ axh 4 zada(r, 2h) + de(xr, 21) = 0.
In the former case the projection to P(12,2,3) establishes the rationality of X. In the latter
case the point (0,0,0,0,1) on X’ is a unique non-Gorenstein point and it is not of type cA/3
[Rei87]. Hence its quotient by w4 cannot be terminal, a contradiction. U
3.5. Proposition. Let X be a Q-Fano threefold with C1(X); # 0. Assume either
() ae(X) =5, and py(X) > 2, or
(i) qo(X) = qw(X) =3, p(X) = 2, and dim[Ax| < 0.
Then CU(X )y >~ Z/27 and X 1is the quotient X'/, where X' is a Fano threefold with terminal

singularities and the action of py on X' is free outside a finite number of points. Moreover, X
and X' are described by the following table:

qo(X) | B(X) | A% |e(X) | B(X') | g(X") X'
1°]5 (22,4,8) [ 1/8] 7 (2,4) |16 | X; cP(1%2,3,4)
20| 5 (2,42,6) | 1/6|10 | (2%3) |21 | X} C P(12,22,3)
3|3 (24,42) |1/2]6 (22) |14 | X, CcP(13,2%)

In particular, X s rational.

Proof. The numerical invariants of X and its global cover X’ are obtained from Proposition [B3.1]

in the case qo(X) =5 and by computer search in the case qg(X) = 3. Then in the case [ we
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see that X’ is a hypersurface X} C P(12,2,3,4) by Theorem 2.2.5. As above, we may assume
that the coordinates x1, 2!, xo, x3, 4 are semi-invariants with degz; = i, degx} = 1. The set
of non-Gorenstein points of X’ consists of either two cyclic quotient singularities P; and P, of
types %(1, 1,1) and i(l, 1 — 1) or one point P of type cAx/4. The latter case does not occur
because the quotient (X’ > P)/u, must be a terminal singularity. Hence the equation of X’
must contain the term z4x5. Then the projection X’ — P(12, 2, 3) is equivariant and birational.
Therefore the variety X = X'/, is birational to P(1%,2,3)/p,, so it is rational.

Consider the case 29 We claim that X’ is a Q-Fano threefold. Indeed, otherwise, as in
the proof of Proposition B3Il we can take Q-factorialization ¥ — X’ and run the MMP
(332). At the end we obtain a Q-Fano threefold Y™ such that g(Y™) > g(X) > 21. Hence
Y™ ~ P(13,2) or Y ~ Y, C P(12,22,3) by [Prol3]. In both cases the group Cl(Y™) is
torsion free. Therefore, the same is true for CI(Y*®)), 0 < k < n. Consider the first step
¥ Y -=» Y Assume that ¢ is a flip and let C be a component of the flipping locus. Then
—Ky - C =5Ay - C > 5/Index(Y) = 5/6. On the other hand, by [Mor88, (2.3.2)] we have
—Ky -C =1-73 pwp(0), where the sum runs through the set of points lying on C' and wp
is a local invariant defined in [Mor88, (2.2.1)]. By definition wp takes values in 1Z.,, where
r is the index of P. Since r € {2, 3} in our case we obtain —Ky - C' < 2/3, a contradiction.
Therefore, v is a divisorial contraction. Let S be the exceptional divisor. Since Ky is divisible,
¥(S) is not a curve. Thus @ := ¢(9) is a point. Let m be its index. Assume that m > 1. Since
—Kyay ~ 51, Ay and —Kyq is a (local) generator of the group CI(Y ™M, Q), ~ Z/mZ, the
numbers m and 5 must be coprime. Write mKy ~ ¢*(mKy ) +masS, where a € %Zw is the
discrepancy of S. Since the group CI(Y' (V) is torsion free, this implies that ma is divisible by 5.
In particular, @ > 1/m. On the other hand, by Theorem there exists an exceptional over
Q@ € Y divisor S" whose discrepancy equals 1/m. Then the discrepancy of S’ over Y must
be strictly less than 1/m. Since B(Y) = (22, 3), the only possibility is m = 2. In this situation
— Ky is nef and big, and does not contract any divisors. Therefore, Y(!) is an almost Fano
threefold with terminal singularities of Gorenstein index < 2. The anticanonical model Y;(;g
of Y a Fano threefold whose singularities are also of index < 2. By Theorem we have
YW ~ P(13,2) because g(Yam) > g(X’) > 21 and P(13,2) is Q-factorial. But in this case Y
has a unique singular point which is of type %(1, 1,1) and its extraction ¥ produces a smooth
variety, a contradiction. Therefore, m = 1, i.e. @ = ¥(.5) is a Gorenstein point. Then we can
apply the above arguments replacing Y with Y and get a contradiction again. Thus X' is
a Q-Fano threefold. Then X’ is a hypersurface of degree 4 in P(1%22, 3) by [Prol3]. As in
the case [[7 we see that the projection X’ — P(1%,2%) is py-equivariant and birational. Hence
X = X'/p, is rational.

Finally in the case 3% we see that X’ is a hypersurface X} C P(12,2?) by Theorem 225 As
above, we may assume that the coordinates 1, ], z/, xo, 2}, are semi-invariants with eigenvalues
+1 and z; is an invariant. Since the fixed point locus if zero-dimensional, the p,-action on
P(13,22) has weights (0,0,1;1,1). Then X = X'/pu, is rational by the arguments similar to
that in the case 1% O

4. SARKISOV LINK

The following construction will be systematically used throughout the paper. From now on
we adopt the following notation.

4.1. Let X be a non-Gorenstein Q-Fano threefold of Q-Fano index ¢ = qg(X) > 1. Let .#

be a linear system on X such that .# ~ynAx with n < ¢, dim.Z > 0, and .# has no fixed
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components. This .# will be chosen at the beginning and fixed throughout this section. We
usually take .#Z = [nAx]| if qo(X) = qw(X). Let ¢ := ct(X,.#) be the canonical threshold
of the pair (X, .#). We assume that ¢ < 1 (see Lemma below). According to |Cor95,
Proposition 2.10] (see also [Pro21) Claim 4.5.1]) there exists an extremal blowup f : X — X.
that is crepant with respect to Kx + c.. By our construction p(X) = 2 and —(K; 4 c./) is
nef and big. As in [Ale94], run the log minimal model program on X with respect to K %+ cH
(see e.g. [Ale94 4.2] or [Pro21l 12.2.1]). We obtain the following Sarkisov link:

(4.1.1) / \J;

where x is an isomorphism in codimension 1, the variety X also has only terminal Q-factorial
singularities, p(X) = 2, and f : X — X is an extremal K g-negative Mori contraction which
can be either divisorial or fiber type.

4.1.2. Remark. The proof of [Cor95, Proposition 2.10] shows that for any zero-dimensional
canonical center P of the pair (X, c.#) there exists an extremal blowup f : X — X as in [£]]
with center P. Thus in general the link (£I11]) is not determined by the choice of ..

4.2.  In what follows, for a divisor (or a linear system) D on X by D and D we denote proper
transforms of D on X and X, respectively. By E we denote the f-exceptional divisor. For
1 <k < q, let A be a linear system such that .#} ~; kAx. As in the case kK = n, we usually
take ), = |kAx| if qo(X) = qw(X). By My we denote a general member of .#j. We can

write
K; ~¢ f"Kx+ak, aeQ, a>0,
My ~q Ml — BLE, Br €Q, Br > 0.
Then by taking proper transforms on X we obtain

kK + qMly, ~¢ (ko — qfB) B

Moreover, if kKy + q#) ~ 0 near f(F), then ka — ¢f) is an integer and we have linear
equivalence

(4.2.2) kK + qt), ~ (ka — qB,)E
In particular, this holds if qgo(X) = qw(X).

4.2.3. Lemma ([Prol(, Lemma 4.2]). Let P € X be a point of index r > 1. Assume that
in a neighborhood of P we have M ~ —mKx, where 0 < m < r. Then ct(X,.#) < 1/m.
Therefore,

(4.2.1)

Bn > ma  and qB, —na > a>0.

4.3. Assume that the contraction f is birational. Then X is a Q-Fano threefold. In this
case, denote by F the f-exceptional divisor, by F' C X its proper transform, F := f (F ), and
q:= q@(X). The divisor E is not contracted by f, i.e. E # F (see e.g. [Prol0, Claim 4.6)).
Let Ag be a fundamental divisor on X. Write

F~g dAx, B~ eAyg, M~ sk,

where d, e € Z~q, s; € Z>g.
11



Note that s = 0 if and only if dim .2}, = 0 and the unique element M; € .#), coincides with
the f -exceptional divisor F'.

4.3.1. Lemma. If CI(X), = 0, then CL(X), ~ Z/Zqj..
Proof. Follows from obvious isomorphisms

Z)dZ ~ CUX)/(F-Z) ~ CUX)/(F-Z& E-Z) ~ Ci(X)/(E - Z)
and C1(X)/(CUX), ® E - Z) ~ Z/eZ. O
4.4. Assume that f is a fibration. Then we denote by F a general geometric fiber. Then Fis
either a smooth rational curve or a del Pezzo surface contained in the smooth part of X. The

image of the restriction map C1(X) — Pic(F) is isomorphic to Z. Let = be its ample generator.
As above, we can write

~Kglp=—-Kp~qE, Elp~eE,  Mlp~ siZ,
where ¢, e € Z, and s;, € Z>y.
4.4.1. Lemma. Assume that dim)A(A =2. Then X is a del Pezzo surface with Du Val singular-
ities of type A, p(X) =1, and C1(X); ~ CI(X);. Furthermore, there is an embedding
CI(X), € CL(X);.

In particular, if C1(X) is torsion free, then so CI(X) is and so X is one of the four surfaces
described in Lemma 2.4.2.

Proof By [MPO8, Theorem 1.2.7] the surface X has only Du Val singularities of type A,. Since
p(X) = p(X) —1 =1 and X is uniruled, — K is ample. Further, since both X and X have
only isolated singularities and Pic(X /X) ~ Z, there is a well-defined injective map
f*: ClIX) — CI(X).
Hence C1(X); ~ Cl(X), ~ CI(X);. On the other hand, the push-forward map f : Cl(X) —
Cl(X) is the quotient by the subgroup Z - E, hence f, is injective on CI(X). O
Regardless of whether f is birational or not, from ([E2.2) we obtain
4.5. Corollary. In the notation of L3l andE4 one has
(4.5.1) kG = qsik + (aBx — ka)e,
where qB, —na > 0. If furthermore qo(X) = qw(X), then B, — na is a positive integer.
Also from our construction we obtain the following easy corollary. It shows that most of

Q-Fano threefolds of Q-Fano index at least two are not birationally rigid. In the case where X
is a weighted hypersurface much stronger result was proved in [ACP21].

4.6. Corollary. Let X be a Q-Fano threefold with qo(X) > 1. If p,(X) > 2 for some n <
qo(X), then X is not birationally rigid.

Proof. Assume the converse. Let n be the minimal positive integer such that p,(X) > 2. Thus
there is a (complete) linear system .# such that dim.# > 0 and .# ~y nAx. Apply the
construction [@.IT). Since X is birationally rigid, X ~ X and so § = ¢. By [@5.) we have

n > s,. But then dim .# > 0 and .# ~q SpA . This contradicts our assumption on minimality

of n. O
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5. SARKISOV LINK AND RATIONALITY

5.1. Lemma. In the notation of .1l assume that X is not rational.

(i) If the contraction f is birational, then either ¢ <6 or § =7 and s, > 2.

(i) If f is a fibration, then ¢ = 1.
Proof. The assertion |(i)| follows from Theorem [I.T] and Corollary B33l To prove assume
that ¢ > 1. If X is a curve, then X ~ P! and F is a smooth del Pezzo surface with divisible
canonical class. Thus f is elther a generically P>-bundle or quadric bundle. Then f must be
locally trivial in Zariski topology, hence X is rational in this case. Now assume that dim X =2
Let L be an effective Weil divisor on X such that L ~ Ag and let B be a Weil divisor on X
whose image is = (see @4). Then B is a section of f over a Zariski open subset in X. Since the
general fiber is a smooth rational curve and X is rational, the variety X is rational as well. [

5.2. Lemma. In the notation of L1l assume that qw(X) = qo(X), py(X) =2, 51 =0, and X
is not rational. Then ¢ =1 and there is an embedding C1(X ), C C1(X);.

(i) If CL(X), = 0, then X ~P', P2, or P(1,1,2).

(ii) If CI(X); # 0, then X is a del Pezzo surface of degree 1 and | C1(X),| > 3.
The numbers p,(X) satisfy the following conditions:

=

) X P1(X) | po(X) | p3(X)
1°] X ~P! 2 >3 >4
20| X ~ p? 3 >6 | >10
30| X ~P(1,1,2) 2 >4 |[>6
4° | X is a del Pezzo surface of degree 1 2 >4 > 7

Furthermore, assume that CL(X); = 0. If s, = 0 (resp., s3 = 0), then equalities hold for p,(X)
(resp., for py(X)).

Proof. We have ¢ =1 by Lemmalb.1l For short, we consider only the case where X is a surface.
The case where X is a curve is much easier. By Lemma 41 we have CI(X X); C CI(X); and
X is a del Pezzo surface with Du Val singularities of type A and p(X ) = 1. The pull-back
map f* of Weil divisors is well-defined and injective (see the proof of Lemma [A.4.T]). Hence
M = f¥|Ag| for a primitive element Ay € CI(X) and dim |A¢| = dim.# = dim |[Ax| > 1. If
K% > 6, then X is either P? or P(12,2) (see e.g. [HWST, Theorem 3.4]) and p,(X) = 3 or 2 in
these cases, respectively. Let K3 < 6. Then K% =1 and Ay ~ —K¢ by Lemma 24Tl Hence
p;(X) = dim|.#|+ 1 = 2. Finally, | CL(X);| > 3 by the classification [MZ8S].

Note that k.# ~ f*(kAy) for any k, hence the linear system f.x;'|f*(kAy)| is contained
in |kAx| = . This implies that dim |kA¢| < dim|kAx|. Then the inequalities in the table
follow from Lemma and the Riemann-Roch for —kK in the case K?{ = 1. Finally, if
s, = 0 and CI(X), = 0, then the linear system .4, is f-vertical, that is, .4}, = f*(kA) and
so dim |kA¢| = dim |kAx|. Hence, the inequalities in the table are in fact equalities in this
case. U

6. CASE py(X) > 2.

6.1. Set-up. Let X be a non-rational Q-Fano threefold with qg(X) = qw(X) > 1 and p,(X) >

2. We assume that X is has at least one non-Gorenstein point. This holds automatically if
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qo(X) > 3 because X is not rational. The linear system |Ax| has no fixed components. Apply
the construction (A1) with n =1, i.e. .# = |Ax|. The relation (£5.1]) for £ = 1 has the form

(6.1.1) 4= gs1+ (g8 — a)e,
where ¢f3; — « is a positive integer by Corollary Taking Lemma [5.1l into account we obtain
two possibilities:

6.1.1. Case s; > 0. Then f is birational and ¢ > ¢ + 1.
6.1.2. Case s; =0. Then f is a fibration and § = e = ¢8; — a = 1.

6.2. Proposition. Let X be a Q-Fano threefold with qo(X) > 5. If p;(X) > 2, then X is
rational.

Proof. By Corollary B.3.3 we may assume that qo(X) = 5. By Proposition Bl the group Cl(X)
is torsion free. Apply the construction (LI1.T]) with .Z = |Ax| (see[6.1]). Assume that X is not
rational.

If sy > 0, then ¢ > 6 (see[6.1.1). By Theorem [[.T] and Corollary B.3.3] we have s; > 2. Hence
G > 11 and X is rational by Theorem [[.1] a contradiction.

Therefore, s; = 0, f is fibration, § = e = 1, and 53; = a + 1 (see 6.1.2). Let P € X be any
point of index r > 1. Since qo(X) = qw(X), the numbers r and 5 are coprime. Take m € Z-
so that 5m = 1 mod r. Then m(—Kx) ~ .# near P and so i > ma by Lemma We
obtain @ + 1 = 541 > 5ma and a < 5ml_1. Since X is not rational, we can take P so that
r ¢ {2,4} by Theorem Then 5 # 1 mod r, hence m > 2 and so @ < 1/9. This implies
that f(E) is a point of index > 9. In this case computer search (see Sect. [Al) gives the only
possibility [BT, # 41446]:

B(X)=(29), AX=5/18, pi(X)=2 py(X)=4, py(X)=7.
Then a = 51 = 1/9 because B(X) = (2,9). Recall that e = 1. Then one can show that (£.5.1))
implies s5 = s3 = 0. This contradicts Lemma 0

6.3. Proposition. Let X be a Q-Fano threefold with qo(X) > 4. If p;(X) > 2, then X is
rational.

Proof. By Proposition [6.2l we may assume that qo(X) = 4. By Proposition B3] the group Cl(X)
is torsion free. Apply the construction (LI1.1]) with .# = |Ax|. Assume that X is not rational.
If sy > 0, then ¢ > 5 (see [E1T]), hence s; > 2 by Theorem [T, Corollary B33, and
Proposition [6.2l In this case (6.1.1) implies ¢ > 9, hence X is rational, a contradiction.
Therefore, s; = 0, f is a fibration, § = 1, and e = 48, — a = 1. Let P € X be a point of
maximal index 7. Recall that » must be odd because qy (X) = 4. Take m so that 4m = 1
mod r and 0 < m < r, that is,

) @Br+1)/4 ifr=1 mod4,
|l (r+1)/4 ifr=-1 mod 4.
In both cases, 4m — 1 > r. By Lemma [£.2.3] we have 3; > ma, hence

1
>a > —, r>4m — 1.

a+1=4p; > 4ma, >
4m — 1 T

On the other hand, 4m — 1 > r. Therefore, r = 4m — 1 and o = 1/r. We may assume that
f(E) = P. If X has a point P’ of index 7" with 7/ =1 mod 4, then similar computations show
that 1/r+1=a+1>4m'a= (3r"+1)/r and so 3r' < r.

Thus the variety X and the point f(E) satisfy the following properties:
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(1) p1(X) > 2 and g(X) < 21 [Prol3, Theorem 1.2];

(2) f(F) is a point whose index r is maximal, r = —1 mod 4 and r > T,

(3) if P € X is a point of index " with 7 =1 mod 4, then 3r" <.
Applying computer search (see Sect. [Al) under these conditions we obtain the following possi-
bilities:

A% B(X) g(X) P1(X) | Po(X) | ps(X) | [BY]
1°]3/7 (7) 14 2 5 9 4 41372
20 | 8/21 (3,7) 12 2 4 8 4 41367
30| 3/7 (72) 13 2 4 8 # 41370
140 (5/9 (9) 18 2 6 11 # 41381
5° | 13/33 (3,11) 12 2 4 8 4 41368

The relation (£5.1]) for £ = 2 and k = 3 has the form
2 =20 =48y + 406, — 2a, 3 =37 =4s3+ 403 — 3a.

Since X has no points of index 2, we have 5 > 0 and so 3 > 1/r = a. We obtain s, = 0. Then
the cases [[9 and 49 B(X) = (7) and (9) are impossible by Lemma and our assumptions.
In the remaining cases 27 [3% and (7 again by Lemma we have s3 £ 0, hence 53 = 0 and
« =1/3. Thus f(E) is a point of index 3. This contradicts the property [(2)] O

6.4. Proposition. Let X be a Q-Fano threefold with qo(X) = 3.

(i) If p;(X) > 3, then X is rational.

(i) If p;(X) =2 and X is not rational, then C1(X) is torsion free and one of the following
holds:
(a) A% = 1/2, B(X) = (2,2,2), g(X) = 7, [B7, # 41198);
(b) 4% =2/5, B(X) = (5), a(X) = 6, [B7] # 41195);
(c) A% =6/11, B(X) = (11), g(X) = T, 1B+ # 41196);
(d) A% =10/17, B(X) = (17), g(X) = 7, [BT, # 41197].
In these cases X is unirational and has a conic bundle structure.

6.4.1. Remark. By Theorem a variety of type[(ii)(a)] is a hypersurface Xg C P(1%, 2% 3).
It is known that a very general variety in the family is not rational [Okal9]. We do not know
if the varieties satisfying [(ii)(b)] [(ii)(c), and [(ii)(d)| are rational or not. Moreover, we do not
know if the varieties satisfying |(ii)(c)| and |(ii)(d)| really exist. The general complete intersection
Xe6 C P(1%,2,32,5) satisfies [(ii) (b)| but still we do not know if this is the only example.

Proof. Assume that X is not rational and p,(X) > 2. By Proposition we have qop(X) =
qw(X) and dim |Ax| > 1 by Proposition B.5. Apply the construction (A1) with .Z = |Ax|
(see [6.1]).

If s; > 0, then ¢ > 4 (see [6.1.1]), hence s; > 2 by Proposition Then ¢ = 7 and by
Corollary we have s; > 3 and so ¢ > 7, a contradiction.

Therefore, s;, = 0, § = e = 1, and 38, = a + 1, f is a fibration, and .Z = f*|Ax|.
Since 1 > a by Lemma 123 we have v < 1/2. In particular, this implies that f(E) is
non-Gorenstein point.

Assume that C1(X); # 0. Then | CI(X)¢| > 3 by Lemmal[5.2] Since qg(X) = qw(X), we have
| Cl(X)s| # 3 by Theorem 2.2.4)(ii)} Then X is rational by Proposition B.4] a contradiction.

Thus we may assume that Cl(X) is torsion free.
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Let P be a point of maximal index r. Then r is not divisible by 3 by Theorem

Consider the case where » = 2. Then X is as in [(ii)(a)| by Theorem 2.2.5] 07 and we may
assume that f(E) = P. Moreover, & = ff; = 1/2 and sy = 1 by ([@51)). Note that in this
case the linear system .#, = |2Ax| is base point free and dim .#, = 4. Let .4, C .#5 be the
subsystem consisting of all divisors passing through P. Then dim .Z; = 3. Similar to (5.1
we have

2 =Fkq=qs, + (¢B), — ka)e = 3s, + 355 — 1

where 3} is a positive integer. Hence, s, = 0, that is, .#; C f*|244|. Thus dim|A¢|=1 and
dim|2A4¢| > 3. Then X +# P!, hence X is a surface and f is a Q-conic bundle. A general
member S € .4 is a smooth del Pezzo surface of degree 1 and its proper transform S C X is a
rational multisection of f (because s, = 1). This implies that X is unirational. Unirationality
of X in this case is also proved in [CEF93].

From now on we assume that » > 4. Put

_ J@r+1)/3 ifr=1 mod 3,
l(r+1)/3 ifr=-1 mod 3.

Note that in both cases » < 3m — 1. Then 7 > ma by Lemma [4.2.3] Hence,

1 1
> > — >3m — 1.
3m—1_a_r’ r=om

a+1=33 > 3ma,

Since r < 3m — 1, we obtain r = 3m — 1 and a = 1/r. Thus we may assume that f(E) = P.
If X has a point P’ of index 7’ with = 1 mod 3, then similar computations show that
I/r+1=a+1>3m'a=(2r"+1)/r and so 2r" <r. Thus X satisfies the following properties:

(1) py(X) > 2 and g(X) <20 [Prol3| Theorem 1.2];

(2) if r is the maximal index r of points on X, then r = —1 mod 3 and r > 5;

(3) if X has a point of index 7’ with v' =1 mod 3, then 2r" < r.

Then computer search (see Sect. [A]) under these conditions gives the following possibilities:

Ay BX)  g(X) pi(X) pa(X) Ay BX)  g(X) pi(X) p(X)

1° [2/5  (5) 6 2 4 20 111/10 (2,5) 15 3 8
3 [3/5  (22,5) 8 2 5 42 [6/5 (5 16 3 8
50 [7/10 (2,52 9 2 5 6° |9/8 (2,8) 15 3 8
7 l4/5 (5% 10 2 5 8 |7/8  (22,4,8) 11 2 6
9 [5/8  (22,8) 8 2 5 10°29/40 (2,5,8) 9 2 5
11°|49/40 (5,8) 16 3 8 120 25/22 (2,11) 15 3 8
13°|6/11  (11) 7 2 4 14° | 35/44 (4,11) 10 2 5
152 | 7/11  (2%,11) 8 2 5 16°|11/14 (14) 10 2 5
17° | 81/110 (2,5,11) 9 2 5 18| 10/17 (17) 7 2 4
19°19/14  (2%,14) 8 2 5

Note that |2A x| has no fixed components in our case. Then one can show that (L.5.0]) implies
sy = 0. Hence by Lemma [5.2] the only cases [I% [[3%, and [I8% are possible. We get |(ii) (b)} [(ii)(c)|
and |(ii)(d)} Note that in all cases X has only cyclic quotient singularities. By Theorem
the f-exceptional divisor E is toric, in particular, rational. Its proper transform £ C X is a

multisection of f. Hence X is unirational. This finishes the proof of Proposition [6.4l O
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7. Q-FANO THREEFOLDS WITH qg(X) > 5
7.1. Proposition. Let X be a Q-Fano threefold with qo(X) > 6. If po(X) > 2, then X is

rational.

Proof. The group CI(X) is torsion free by Proposition[B.Iland by Corollary B.3.3 we may assume
that qo(X) = 6. Assume that X is not rational. By Theorem the global Gorenstein index

of X is at least 6. Apply the computer search (see Sect. [A]) or [BT] under the assumption
Py(X) > 2 and p,(X) < 0. We obtain the only possibility [BT, # 41466]:

A% =3/35, B(X)=(57), g(X)=9, hx(t)=1+t+2624+3+---.

Since dim |Ax| = 0, the linear system |2Ax| has no fixed components. Hence we can apply
the construction (LI with .# = |2Ax|. In a neighborhood of the point of index 7 we have
M ~5(—Kx) and so f > ba by Lemma [£.2.3] The relation (4.5.1]) for £ = 2 has the form

G = 3s9+ (302 — a)e > 3sy + l4ae.

Since > 1/7, we see that ¢ > 2. Then the contraction f is birational by Lemma 5.1l Since
dim .7, > 0, we have sy > 0 and so ¢ > 5. Then sy > 2 by Proposition [6.3l Hence ¢ > 8 and
X is rational by Theorem [[LT] a contradiction. O

7.2. Proposition. Let X be a Q-Fano threefold with qo(X) = 6. If ps(X) > 2, then X is

rational.

Proof. Assume that X is not rational. Assume also that p,(X) < 1 and p4(X) > 2. Applying
computer search (see Sect. [Alor [BT]) we obtain the only possibility [BT, # 41462]:

Ax =2/35, B(X)=(5,7"), g(X)=5 hx(t)=1++2+3t"+. ..

Apply the construction (A.I1T) with .#Z = |3Ax]|. In a neighborhood of the point of index 7 we
have A4 ~ 4(—Kx) and so 3 > 4a by Lemma 23] The relation (£51]) for £ = 3 has the
form

G =253+ (203 — a)e > 2s3 + Tae.

We claim that o = 1/7 and e = 1. Indeed, otherwise ¢ > 7ae > 1. Hence f is birational by
Lemma 5.1l In this case, s3 > 0 and so ¢ > 4. Then s3 > 2 by Proposition and so ¢ > 6.
From Proposition [T.I] we obtain s3 > 3 and so ¢ > 8. This contradicts Theorem [L.Il

Thus a = 1/7 and e = 1. Then we consider (£51]) for k¥ = 2. Since f(F£) is a point of
index 7, the number 70, is an integer and 7¢ = 3(7sy + 7082) — 1, hence § = —1 mod 3. In
particular, § # 1, hence f is birational and s, s3 > 0. Then the only possibility is ¢ = 5 and

s3 = 2 by Proposition [631 Hence py(X) > 2. Since e = 1 and |Ax| = @, we have CI(X); # 0
by Lemma .31l Then X is rational by Proposition O

7.3. Proposition. Let X be a Q-Fano threefold with qo(X) = 7. If p3(X) > 2, then X is
rational.

Proof. Assume that X is not rational. By Proposition we have qo(X) = qw(X) and
po(X) <1 by Corollary B33 Computer search (see Sect. [Al or [BT]) produces four numerical
possibilities which will be considered below. We will use the construction (LI.1]) with .Z =
|3Ax| or A4 = |4Ax|. The relation ([A5.0]) for £k = 3 and 4 has the form

(731) 3(} = 783 + (7ﬁ3 — 30()6,

(732) 4@ = Ts4+ (7ﬁ4 - 40()6.
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Case A% = 1/24, [BF, # 41477). Then B(X) = (22,3,4,8) and hy(t) = 1 + 2 + 263 +
3t* +.--. Thus dim |[3Ax| = 1. Note that in this case X can have a 2-torsion in Cl(X) (see
Proposition B1]). Apply the construction (LI.1]) with .# = |3Ax|. In a neighborhood of the
point of index 8 we have .# ~ 5(—Kx) and so 3 > 5a by Lemma By (Z31)

3(} = 783 + (7B3 — 30&)6 > 783 + 32ae > 783 + 4e.

Hence, ¢ > 2 and f is birational. Then s3 > 0 and § > 4. By Proposition we have s3 > 2
and ¢ > 6. By Proposition [[.Il we have s3 > 3 and ¢ > 9. This contradicts Theorem [Tl

Case A% = 1/18, [B, # 41480]. Then B(X) = (3,6,9), the group Cl(X) is torsion free, and
and hy(t) =1+t +t*+2t>+ 3t* +---. Thus dim [4Ax| = 2. Apply the construction (ZIT))
with .# = |4Ax|. In a neighborhood of the point of index 9 we have .# ~ 7(—Kx) and so
B4 > Ta by Lemma 23] From (Z32) we have

4(} = 784 + (7ﬁ4 — 40()6 Z 784 + 45ae Z 784 + Se.

Hence ¢ > 2, f is birational, s4 > 1, and ¢ > 3. Then o < 1, so f(E) is a point of index
r=3,6o0r9and o = 1/r (see Theorem 2.:3.2)). The relation ([L5.1)) for £ = 1 has the form
G =Ts1+ (761 — a)e, where 5, > iﬁ4 > Zoz because 4M, € 4. This gives us s; =0, e = 1
by Lemma 431l and ¢ = 78; — «. If ¢ > 6, then s, > 3 by Proposition [[.I, and § > 7, a
contradiction. R

Thus 3 < ¢ < 5. If ¢ = 3, then s, = e =1and o = 1/9. Thus # C |Ag¢|. We
obtain dim |A¢| > 2. This contradicts Proposition Therefore, ¢ > 4, then s3 > 2 by
Proposition [6.3] hence ¢ = 5 by (Z3d)). Then py = (5+ «)/7 = (5br+1)/7r, so 5r +1 =0
mod 7. This is contradicts r € {3,6,9}.

Case A% = 1/33, [BT, # 41476]. Then B(X) = (22,3,11), the group CI(X) is torsion free,
and hx(t) = 1+ ¢? +2t> + 2t +---. Apply the construction [EI]) with .Z = [4Ax|. In a
neighborhood of the point of index 11 we have .# ~ 10(—Kx) and so $; > 10« by Lemma[d.2.3]
By [3.2)
4G = Tsqy + (76, — da)e > Tsy + 66ce > Ts4 + 6e.

Hence ¢ > 2, f is birational, and s4, > 1. Then § > 5, s, > 2 by Proposition [6.3, and o < 7/33,
so f(E) is a point of index 11 and a = 1/11 (see Theorem 2.32)). If ¢ > 6, then s3, s4 > 3
by Proposition [Tl Since 3 > a = 1/11, from (7Z31]) we obtain § > 7, a contradiction.
Therefore, ¢ = 5, s3 = s4 = 2, and e = 1. Hence p,(X) > 1 and py(X) > 2. On the other
hand, C1(X); # 0 by Lemma 3.1 because |Ax| = @. Then by Proposition 37 the variety X

is rational.
Case A% =1/30, BT, # 41479]. Then B(X) = (2,6, 10) and
hyx(t) =1+t+ 8+ + 26" +36° + - -

In particular, dim [3Ax| = 0 and dim [4Ax| = 1. By our assumption ps(X) > 2, hence X
has to have a 2-torsion 7' € CI(X) (see Proposition B.I)). Hence X is of type BJIR Apply
the construction (LI1.1]) with .# = |4Ax|. In a neighborhood of the point of index 6 we have
M ~ 4(—Kx) and so 8; > 4a by Lemma £2.3] By (7.3.2)

4G = Tsq + (704 — da)e > Tsy + 24ae.

If « =1, then § > 6 and so s4 > 2 by Proposition But in this case ¢ > 7, a contradiction.

Thus o < 1 and so f(F) is a cyclic quotient singularity of index r = 2, 6 or 10. In particular,
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a = 1/r by Theorem The relation (Z5.0]) for £ = 1 has the form
q="Ts1+ (761 — a)e.

Here 31 > a, hence ¢ = 1 because ¢ < 8 by Theorem [T Then s, = 54 =0, r =6, a = 1/6,
and e = 1. Thls means that f is a fibration, M; ~ f*Ag and .#; = f*|4A| for a primitive
element Ay € CI(X). Hence dim|Ag| = 0 and dim |4AX| = 1. This is impossible if X Pl
Therefore, X is a Du Val del Pezzo surface. Thus Ay is a line on S by Lemma . Since
dim|2A4¢| = dim[3A¢| = 0 we see that Cl( X); # 0 by Lemma P Therefore, X contains a
line L other than Ay (see Lemma 2 A[(viii)). Let D := f* L. Then D is an irreducible effective
divisor and D # Ml Hence D := X*_lD 7& M, and D := f,D # M,. So, D is an effective
divisor on X such that D 2 Ax but D ~; Ax. This contradicts Pr0p0s1t10n BIPA U

7.3.3. Corollary. Let X be a Q-Fano threefold with qo(X) > 6. If either CI(X); # 0 or
p3(X) > 2, then X is rational.

7.4. Proposition. Let X be a Q-Fano threefold with qp(X) =5 and py(X) > 2. Assume that
X is not rational. Then X belongs to the following class:

(*) B(X) = (2%,3,4), A% =1/12, CI(X); =0, py(X) =1, py(X) =2, [BT], # 41422].
Moreover, X 1is birational to a conic bundle, and if the point of index 4 is a cyclic quotient
singularity, then X is unirational.

7.4.1. Remark. A general hypersurface X;9 C P(1,2,3,4,5) belongs to the class (*) and
according to [Okal9] a very general such a hypersurface is not rational. However we do not
know that the family of such hypersurfaces exhaust (*).

Proof. We have qg(X) = qw(X) =5 by Proposition 3.2
7.4.2. Claim. |Ax| # @ and dim |2Ax| > 1.

Proof. If CI(X); # 0, the assertions follow from Proposition Bl Thus we may assume that
ClX)~Z-Ax. Then dim|2Ax| > 1 by our assumption p,(X) > 2. Computer search shows
that there are 35 Hilbert series of Q-Fano threefolds with qy (X) =5 and Cl(X); = 0, and in
all cases dim [2A x| > 1 implies |Ax| # @ (see also [BT]). O

7.4.3. Claim. We have s; =0, e =1, and one of the following holds:

(i) 9=0,G=1,501 =a+2sy+ 1, 50, = 2a + 2,7f is a fibration, or

(ii) so=1,3=3, 501 =a+3, 50 =2a+ 1, and f is birational.
Moreover, in the case we have s3 =0 if B3 > 0 and sy = 0 if B4 > 0, and in the case we
have s3 =1 if B3 > 0.

Proof. The relation (L5.]) for k = 1 and 2 has the form
g = bs1+ (501 — ae,
2(} = DSy + (5ﬁ2 - 20&)6.

Note that 55, > gﬁg > «. Hence § > 5s1. If s > 0, then ¢ > 6 and sy > 3 by Proposition [.1]
But then ¢ > 15, a contradiction. Therefore, s; =0 and ¢ = (54, — a)e.

Consider the case s, = 0. Then ¢ = 1. Since 55; — « is an integer, we have 58, = o + 1,
e =1, and so 553y = 2a + 2.

Consider the case sy > 0, then ¢ > 3. If moreover § > 3, then s, > 2 by Proposition 6.3l In
this case ¢ > 5 and sy > 3 by Proposition [(.Il But then ¢ > 7, a contradiction. Thus ¢ = 3,
then s =50y —2a=e=1and 538, = a + 3.

The last statement follows from (Z5.1)). O
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Proof of Proposition[[4] (continued). Thus we have
(j:282—|—1, 5ﬁ1=0&+2$2+1, 552:20(4—2—82.

Let P € X be a point of index r > 1. Take m so that 5m =2 mod r and 0 < m < r. Then
B2 > ma by Lemma[d.2.3] This gives us 2 > 2 — s5 > 3ma. By Theorem we may assume
that 7 > 2 and then m > 1 and o < 2/3. Hence f(FE) is a non-Gorenstein point. Now take
P = f(E). Then b; :== f;r and a := ar are integers such that

5b1 =a++ (282 + 1)7", 5b2 =2a+ (2 - 82)7’ Z 5ma.

Since r < 24 by (A.L1]), we have (5m—2)a < 48. Now it is easy to enumerate all the possibilities
for the point f(E) and numbers f3;, sy, and m:

r S9 q Q@ B [a m ct(X, )
3 1 3 /3 |2/3 |13 |1 1

3 0 1 2/3 |1/3 |2/3 |1 1

4 0 1 14 |14 |12 |2 1/2

8 1 3 18 |5/8 |14 |2 1/2

8 0 1 14 |14 |12 |2 1/2

9 0 1 19 |2/9 |4/9 |4 1/4

Let P’ € X be a point P’ of index ' > 1 and let m’ is an integer such that 5m’ =2 mod '/
and 0 < m’ < r’. Then ct(X,.#) < 1/m’ by Lemma and so m’ < m < 4. This shows
that X can contain only points of indices ' = 2, 3, 4, 6, 8, 9, 13, 18. Computer search shows
that under the assumptions py(X) > 2 and p;(X) < 1 we have B(X) = (2,4%6), (22,3,9),
(23,3,8),(23,3%), (22,4,8), or (22,3,4). Consider these cases separately.

Case B(X) = (2,4%,6), [BT # 41434]. In this case r = 4 and for ' = 6 we have m’ = 4 >
m = 2, a contradiction.

Case B(X) = (22,3,9), [BT, # 41423]. Then the group Cl(X) is torsion free,
(7.4.4) dim|Ax| =0, dim|24x|=1, dim[3Ax|=2, and dim|4Ax|=4.

In this case r = 9 and ¢§ = 1. Then s3 = s4 = 0 by Claim [.4.3] because 3Ax and 4Ax
are not Cartier at P = f(E). We see that .4, = f*|My| for k = 2,3,4. If X ~ P', then
My = [*|Op(1)| and Ay = f*|Op:(2)|. This contradicts (Z44). Hence by Lemma A1 X
is a Du Val del Pezzo surface with only type A-singularities and CI(X ) >~ Z. This contradicts
Lemma 2.4.2]

Case B(X) = (23,3,8), [BT, # 41440]. Then the group CI(X) is torsion free, r = 8, dim |Ax| =
0, dim [2A4x| = 2, and dim [3Ax| = 4. If s, = 1, then ¢ = 3, X is a Q-Fano with p,(X) > 3.
In this case X is rational by Proposition Let s = 0. Then s3 = 0 by Claim [.4.3
because 3Ay is not Cartier at P = f(E). Hence .#, = f*|My| for k = 2 and 3, where
dim [ M| = dim [24x| = 2 and dim |M;] = dim |3Ax| = 4. As above, X 2 P! and we get a
contradiction by Lemma [2.4.2]

20



Case B(X) = (23,3%), [BT, # 41439]. In this case r = 3, the group CI(X) is torsion free,
dim [Ax| = 0, and dim |2Ax| = 2. If § = 3, then X ia a Q-Fano threefold with p,(X) > 3
because s, = 1. Then X is rational by Proposition 64. Let ¢ = 1. Then f is a fibration such
that .4, = f*| M| with dim |M,| = 2. Since dim [M;| = 0, we have X % P'. Hence X is a Du
Val del Pezzo surface such that CI(X) ~ Z, dim |A¢| = 0 and dim |24 ;| = 2. This contradicts
Lemma

Case B(X) = (2%,4,8), [BY # 41425]. Then dim |kAx|=k—1 for k =1,2,3. If CI(X), # 0,
then X is rational by Proposition B35 Thus we may assume that C1(X) is torsion free. Apply
the construction (LI1.1]) with .# = |3Ax|. In a neighborhood of the point of index 8 we have
M ~ T(—Kx) and so 3 > Ta by Lemma .23 The relation (A5.1]) for £ = 3 has the form

3G = bs3 + (583 — 3a)e > bs3 + 32ae > Hs3 + 4de.

Hence ¢ > 1, f is birational, s3 > 0, and § > 3. Then s3 > 2 by Proposition because
dim [3Ax| = 2. Hence ¢ > 5. If ¢ > 6, then s3 > 4 by Proposition [[.3.3] and ¢ > 8. This
contradicts Theorem [T Thus ¢ = 5, e = 1, s3 = 2, and o < 1/4. Hence a = 1/8 and
By = 43/40 ¢ 17, a contradiction.

Case B(X) = (22,3,4), [B| # 41422]. Then the group C1(X) is torsion free, dim |k Ax| = k—1
for k=1,2,3,r =4, and § = 1. As above, we obtain X is a Du Val del Pezzo surface and fis
a Q-conic bundle, i.e. X is in situation (*) of [[4l If f(F) is a cyclic quotient singularity, then
E ~P(1,1,3) by Theorem and as in the proof of Proposition we conclude that X is
unirational. This finishes the proof of Proposition [7.4] U

8. Q-FANO THREEFOLDS WITH qg(X) = 2
The following proposition slightly improves the corresponding result in [Pro22al.

8.1. Proposition. Let X be a Q-Fano threefold with qo(X) = 2. Assume that X is not
Gorenstein.

(i) If py(X) > 2, then X is not solid, i.e. it is birational to a strict Mori fiber space.
(i) If py(X) > 3, then X is birational to a conic bundle. If furthermore non-Gorenstein

points of X are of types cA/r, then X is unirational.
(iii) If p;(X) > 4, then X is rational.

Proof. Assume that X is not rational and p,(X) > 2. Let A’ be a divisor such that A" ~y Ax
and dim |A'| = p;(X) — 1. Apply the construction (LILT]) with .#Z := |A| (cf. [61]). We have

(8.1.1) G =251+ (261 — a)e,

where 283, — a > 0 by Lemma £.2.3]
First, consider the case s; > 2. Then ¢ > 5. If ¢ > 6, then s; > 4 by Corollary [7.3.3 But

in this case ¢ > 7, a contradiction. Therefore, ¢ = 5. Then s; = 2, po(X) > 2, and so X is
birational to a conic bundle by Proposition 74l If furthermore p,(X) > 3, then py(X) > 3 and
X is rational again by Proposition [7.4]

Consider the case s; = 1. Then ¢ > 3, pl(X ) > 2, and X is unirational and has a conic
bundle structure by Propositions and [6.4 Moreover, if p;(X) > 3, then X is rational.

Finally, consider the case s; = 0. Then, ¢ = 1 and f is a fibration. This proves Now,
assume that p,(X) > 3. Then X ~ P? (see Lemma [5.2) and f is a Q-conic bundle. Moreover,
in this case we have p,(X) = 3. This proves To prove we note that 20; < a+ 1

by (BII). On the other hand, f; > « by Lemma 2.3, Hence o < 1. If a < 1, then f(FE)
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is a point of index > 1. If & = 1, then f(F) there is a canonical center of (X, .#) which is
a point of index > 1 again by Lemma [£.2.3 Thus replacing f with another extremal blowup
if necessary (see Remark LT.2)) we may assume that f(F) is a non-Gorenstein point. By our
assumption f(E) must be a point of type cA/r. In this case the divisor £ must be a rational

surface [Pro02]. Its proper transform E C X is a multisection of f. Hence X is unirational.

This proves . O
APPENDIX A.

In this section we present a computer algorithm (see [Pro22bl § 3] or [Car08, § 3]) that alow
to list all the numerical possibilities for Q-Fano threefolds of index at least 3. Let X be a
Q-Fano threefold with ¢ := qg(X) > 3 and let T' € Cl(X); be an element of order N.

Step 1. By [Kaw92] we have the inequality

’f’p—l

(A1) 0<—Kx-c(X)=24—) -
PeB
This produces a finite (but huge) number of possibilities for the basket B(X) and the number
—KX ) (X)

Step 2. Theorem 224 implies that ¢ € {3,...,11,13,17,19}. In each case we compute A%

by the formula
12 Ax - co(X)
3 _ _ X2 _
Ax = (¢—1)(¢—2) <1 12 +};CP( AX))

(see [Suz04]), where cp is the correction term in the orbifold Riemann-Roch formula [Rei87].
The number A% must be a positive integer by Theorem 2.2.4[iii)}

Step 3. On this step we can use an improved version of Bogomolov—Miyaoka inequality |[LL23]
instead of the one used in [Kaw92] and [Suz04]. Thus we have

<3(—Kx) - eo(X) if qo(X) #4, 5,
(—Kx)?®
< B(=Kx)-c(X) otherwise.
This removes a lot of possibilities.

Step 4. In a neighborhood of each point P € X we can write Ax ~ [pKx, where 0 < lp < rp.
There is a finite number of possibilities for the collection {(Ip)}. If qw(X) = qo(X), then
ged(q,r) = 1 by Theorem 224l In this case the numbers [p are uniquely determined by
14+ ¢glp =0 mod rp because Kx + gAx ~ 0.

Step 5. Similarly, a neighborhood of each point P € X we can write ' ~ [l Kx, where
0 <l < rp. The collection {(I’»)} and the number N satisfy the following properties:

X(X, Ox(NT)) =1 and XX, Ox(jT)) =0 forj=1,....N—1
(by the Kawamata—Viehweg vanishing). Thus we obtain a finite number of possibilities for { (/%) }
and N.

Step 6. Finally, applying Kawamata—Viehweg vanishing we obtain
X(X, Ox(mAx + jT)) = h(X, Ox(mAx + jT)) = 0.

for —¢g < m < 0 and 0 < j < n. Again, we check this condition using orbifold Riemann-Roch

and remove a lot of possibilities.
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Step 7. We obtain a list of collections (¢, B(X), A%, {(Ip)},n{(I’)}). In each case we compute
g(X) and hx(t, o) by using the orbifold Riemann-Roch theorem. For example,

1 bp(?”p — bp)
Al12 X)=——K3+1-— -7
(A12) gX) = —gKX +1-3 =
PeB
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