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Abstract

Robust Principal Component Analysis (RPCA) and its associated non-convex relaxation methods
constitute a significant component of matrix completion problems, wherein matrix factorization strate-
gies effectively reduce dimensionality and enhance computational speed. However, some non-convex
factorization forms lack theoretical guarantees. This paper proposes a novel strategy in non-convex
quasi-norm representation, introducing a method to obtain weighted matrix quasi-norm factorization
forms. Especially, explicit bilinear factor matrix factorization formulations for the weighted logarithmic
norm and weighted Schatten-¢ quasi norms with ¢ = 1,1/2,2/3 are provided, along with the estab-
lishment of corresponding matrix completion models. An Alternating Direction Method of Multipliers
(ADMM) framework algorithm is employed for solving, and convergence results of the algorithm are
presented.

keywords: Robust principal component analysis; Schatten-q quasi norm; Logarithmic quasi norm;
bilinear factor matrix factorization

1 Introduction

In the realm of modern data analysis and signal processing, techniques for data decomposition and reg-
ularization play a pivotal role. These methodologies not only furnish indispensable tools for unraveling
the underlying structure of data but also find wide-ranging applications across various domains, including
recommendation systems [I], image processing [2], 3], medical image analysis [4], intelligent transportation
[5], and robust principal component analysis (RPCA) [6]. RPCA, also referred to as low-rank and sparse
matrix decomposition in [7], [§], or robust matrix completion in [9], aims to recover a low-rank matrix
X € R™ ™ and a sparse matrix S € R"*™ from corrupted observations M = X+TSSR"*"™ as follows:

n}}n/\rank(X) +1Sllo, st. X +S—M =0, (1)

where | - |o denotes the £p-norm, and X > 0 represents a regularization parameter. However, solving () is
NP-hard. Consequently, an effective approach to tackle this challenge is to relax () into a convex problem.
To derive a more generalized model, [9] extends () into the following framework:

min A X[ + 1], st Po(X + 8= M) =0. 2)

Here, Pq represents the projection onto the index set €2, and M denotes the observed matrix. Wright
et al. [I0] and Candes et al. [6] have shown that under certain mild conditions, the convex relaxation
formulation ([2)) can effectively recover the low-rank and sparse matrices X* and S* with high probability.

In pursuit of improved recovery efficacy, researchers have explored various non-convex representa-
tion techniques to bring the model closer to low-rank solutions. Apart from the classical nuclear norm
relaxation, numerous recent studies have put forth effective and computationally tractable non-convex
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relaxation methods[IT] M2, M3 14, 05 06, 07 08, 19]. [13] proposes a robust matrix completing model

based on Schatten-q norm (¢ < 1), where Schatten-q norm is defined as follows:

min{m,n} a

IXlIs,={ > o] .

i=1

where o; denotes the i-th singular value of the matrix X. In comparison with the nuclear norm, the
Schatten-¢ quasi-norm with 0 < ¢ < 1 is closer to approximating the rank function [II} [12]. The loga-
rithmic determinant (logdet) function yields a smaller value than the nuclear norm, thus employing it to
approximate the rank function results in enhanced low-rank performance [I9]. Essentially, the logarithmic
determinant involves applying the logarithm function to each singular value and summing them up:

min{m,n}

IXIE =" > log(o} +o).

=1

Kang et al. [19] leverage this property and devise an Alternating Direction Method of Multipliers (ADMM)
algorithm to address recovery problems. Re-weighting strategies have been widely employed in matrix
contexts [I7], this strategy enhances the effectiveness of the shrinkage operator.

However, the aforementioned models involve non-convex relaxation methods that operate directly on
singular value vectors, necessitating matrix singular value decomposition, which incurs significant com-
putational costs. Despite numerous attempts at fast SVD computation, such as partial SVD [20], the
performance of these methods still falls short for many practical applications [21]. It has been observed
that representing relaxation functions in the form of matrix factorizations can effectively reduce the di-
mensionality of data and offer computational advantages [14} [16], [18]. [I8] propose a factorization form of
the nuclear norm, termed the BM equation:

X1 = (IAlE + I BII) - (3)

) 1
min -
AcRmx*d BeRnxd X=ABT 2

Replacing the nuclear norm in (2)), [22] propose a corresponding model and employ an ADMM method to
solve it. Furthermore, Shang et al. [14] extend the concept of matrix factorization to Schatten-¢g norms,
offering matrix factorization forms for ¢ = 0.5 and ¢ = 2/3. They propose corresponding factorization
models based on this theory and validate the recovery performance. Additionally, Chen et al. [16] present
a factorization form of the logarithmic determinant, significantly enhancing computational efficiency.

Chen et al. [23] introduced a reweighted nuclear norm factorization form. However, in the factorization
form proposed by [23], the weights are not freely selectable; rather, they must be determined based on the
singular values of the raw matrix, which is also referred to as the “deep prior.” In practical applications
of matrix recovery, fulfilling the “deep prior” condition is nearly impossible. Hence, exploring a weighted
matrix factorization form where the weights W are independent of the matrix to be recovered represents
an area for further research.

Moreover, integrating the re-weighted strategy with non-convex representations such as Schatten-q
norms or Logarithmic norms currently lacks theoretical models and effective algorithms. Consequently,
designing the factorization form of re-weighted quasi-norms emerges as a research topic worthy of explo-
ration, which not only extends the theory of matrix recovery problems but also holds promise for diverse
application prospects.

We summarize the main contributions of this work as follows:

e We investigate the relationship between the weight matrix and the singular value vector, and provide
an analytical strategy for matrix-weighted quasi norms.

e For Schatten-q norms (¢ = 1,0.5, and 2/3) and Logarithmic norms, we demonstrate the existence of
their factorization forms and provide specific formulations.

e We establish the matrix completion models for Schatten-q norms (¢ = 1,0.5, and 2/3) and Loga-
rithmic norms, utilizing an ADMM framework algorithm for their solution. Additionally, we provide
convergence results for this algorithm.



The remaining structure of this article is as follows. Section 2] presents the relevant knowledge of
manifold optimization and matrix theory required for the study. Section [3] delves into the action of the
weight matrix on the original singular value matrix in the strategy of weighted quasi-nuclear norms and
establishes relevant inequalities, extending the discussion to complex matrices and quaternion matrices.
Section [ investigates the factorization forms of weighted Schatten-q norms with ¢ = 1,0.5,2/3, and
the Logarithmic norm, providing the corresponding factorization formulations. Section [l establishes the
corresponding low-rank matrix recovery models and solution methods for ¢ = 1, ¢ = 0.5, and ¢ = 2/3
in Schatten-q norm and Logarithmic norm. It offers detailed analytical solutions to each subproblem
and provides convergence analysis to the Karush-Kuhn-Tucker (KKT) point of the problem under mild
conditions.

2 Preliminaries

For proposing the factorization strategy for weighted quasi-norms, we rely on certain results from manifold

optimization and matrix analysis. Initially, we revisit some foundational concepts of manifold optimization,
as outlined in [24].

Definition 2.1. Let M be a subset of a linear space £. We say M is an embedded submanifold if either
of the following holds:

1. M is an open subset of £, then, we call M an open submanifold. If M = &£, we also call it a linear
manifold.

2. For a fixed integer k > 1 and for each x € M there exists a neighborhood U of x in €& and a smooth
function h: U — R* such that

(a) ify € U, theny € M if and only if h(y) = 0;
(b) rank Dh(x) = k, where Dh represents the derivative of h.

Such a function A in Definition 2] is called a local defining function for M at z. This characterization
implies that the manifold is locally homeomorphic to a k-dimensional Euclidean space. In our study, we
primarily concentrate on the Stiefel manifold.

Definition 2.2. The set of all column-orthogonal matrices of the same size is referred to as the Stiefel
manifold, denoted as
St(n,p) = {X e R™?: XTX =1I,}.

Its corresponding local defining function is h(X) = XTX — I,.

Clearly, St(n,p) is an embedded submanifold owing to the existence of the local defining function h.
Tangent spaces can be utilized to elucidate the local properties of the manifold.

Definition 2.3. Let M be a subset of a linear space £. For all x € M, define
T, M={d(0): c: [0,1] = M is smooth around 0 and c(0) = z}.
We call T, M the tangent space to M at x. Vectors in T, M are called tangent vectors to M at x.

The definition of the tangent space above may not be clear and intuitive. [24] provides a clear expression
for TxSt(n, p) as follows:

TxSt(n,p) = {V e R™?: X7V + VT X =0}. (4)

Definition 2.4 (Riemann manifold). An inner product on T, M is a bilinear, symmetric, and positive
definite function (-,)y : TeM x T, M — R. Such an inner product (-,-), is called a smooth variation
on M with x if the function x — (V(x), W(x)), is smooth from M to R for any two smooth vector fields
VW on M. A manifold with smooth variations is called a Riemannian manifold.

As described in [24] Chapter 7], St(n, p) is a Riemannian manifold. Optimal conditions for nonsmooth
optimization on Riemannian manifolds were discussed in [25]. Firstly, we recall some definitions of the
subdifferential in Riemannian manifolds.



Definition 2.5 (Chart [24]). Let M be a manifold. If U C M and a smooth function ¢ : U — R?

satistying:

e ¢(U) is an open set in RY,

e ¢ is invertible between U and ¢(U),
then we call (U, ¢) is a chart of M.

According to [24, Chapter 8], we know that every point z in the embedded manifold M possesses a
chart (U, ¢) such that x € U. The concept of Lipschitz continuity on a manifold is defined as follows, as
per [25, Lemma 3.1]:

Definition 2.6 (Lipschitz Continuity on Manifolds [25]). If for any x € M C R™, function F : R™ — R
satisfies that F o ¢~ is Lipschitz continuous in the ¢(V'), where (V,¢) is a chart of M which contains z,
then the function F is locally Lipschitz continuous on the manifold M.

Similar to optimization analysis in Euclidean spaces, with Lipschitz continuity, we can introduce gen-
eralized Clarke subdifferentials.

Definition 2.7 (Generalized Clarke Subdifferential [26]). For a locally Lipschitz function F on M, the
Riemannian generalized directional derivative at point x € M in direction v is defined as

F*(@,v) = limsup Fo¢~'(d(y) + thﬁ(gi)[U]) — Fod7!(9ly)

where (U, ¢) is the chart at x of manifold M. The generalized Clarke subdifferential of F at © € M s
denoted as OF (x) and is defined as

OF(x) ={{ e TuM : (&, v) < F°(x,v), Yv € T, M}.
Definition 2.8 (Definition 5.2 [25]). For a locally Lipschitz function F, if
o the limit F'(x;v) = limy o w exists for all v € T, M, and
o F'(x;v) = F°(x;v) for allv € T, M,
then F is reqular along T, M at x € M.

In fact, when the function F' is regular along 7, M at « € M, the generalized Clarke subdifferential of
F on M can be expressed concisely as:

Lemma 2.1 (Theorem 5.1 (iii) [25]). Let M be an embedded submanifold of R™. F' is Lipschitz continuous
at x € M, and F = F|p. If F is regular along T, M at x € M, then we have OF(x) = Projp, y(0F(x)),
where Proj is the projection operator.

Lemma 2.2 (Lemma 5.1 [28]). Let F = F| + F5 be a function on R™, where Fy is conver and Fy is
continuously differentiable. Then F' is reqular along T, M for any x € M.

For unconstrained optimization problems on manifolds M, we can derive first-order necessary condi-
tions based on |25 Theorem 4.1].

Lemma 2.3 (Theorem 4.1 [25]). If z* is a local minimum solution to the problem mingen F(x), then
0 € OF (z*).

To derive the factorization strategy for the weighted quasi-norm, we require some analytical tools
concerning the singular value vectors. Let’s introduce some notation regarding singular values. For a
matrix X € R™*"  its singular value decomposition (SVD) is given by X = ULVT, where ¥ = diag(o)
and o € R™P™" represents the singular value vector. To simplify notation, we use o(X) to denote the
singular value vector function of the matrix X.

Lewis [27] provided a differential expression for compositions of singular value vectors and absolutely
symmetric.



Definition 2.9. A generalized function p : R" — [—o0,+00] is called absolutely symmetric if p(y) =
p(o(diag(y))) holds for any vector v € R™.

Lemma 2.4 (Corollary 2.5 [27]). If the function p is absolutely symmetric, then
d(poo)(X)={Udiag(u)V? : pecdf(o(X)), X = Udiag(o(X))VT is the SVD of X}.
Shang et al. [I4] provided the following factorization forms for Schatten-q norms.

Lemma 2.5. For a matriz X € R™*™ with rank(X) = r < d, the factorization form of the Schatten-0.5
norm is:

1
(Al +11B]1)° -

[ Xls, = min 1
2 A€Rmxd BecRnxd X=ABT 4

The factorization form of the Schatten-2/3 norm is:

3
||A||%+2||B|*)2_

X =
[ HS% AERmxd BERnxd X=ABT ( 3

Another non-convex function that possesses a bilinear factor matrix formulation is the Logarithmic

norm [16].

Lemma 2.6. For a matriz X € R™*™ with rank(X) = r < d, the factorization form of the Logarithmic
Norm is:

1/2
2] X|I”* = e 1AL+ IBI

min
AERmX’i,BER”Xd,X:

3 Factorization Strategy

In this section, we will establish the factorization strategy for the weighted Schatten-g norm and the
weighted logarithmic norm. We begin by providing the definition of the block diagonal matrix form.

Definition 3.1. A matriz X € R"*™ is said to have a block diagonal matrixz form if it can be written as

0o ... 0
Xy ... 0
0

)

o O ON
—

0
0 X,
where X; € R™*"i 1 <4 <r with 2:21 n; =n. We say that such a matriz X has the form (n1,...,n,).

The following lemma establishes the connection between symmetric matrices and diagonal matrices.

Lemma 3.1. Let A € R"*"™ be a symmetric matriz and S be a diagonal matrixz in the form of

81[1 0 e 0
0 8212 e 0
S = ’
0 0 -0
0 0 ... s
where s1,...,8. are nonzero distinct real numbers, I; is an n; X n; identity matriz for 1 = 1,...,r with

22:1 n; =n. If AS is symmetric, then A and S have the same form (nq,...,n,).

Proof. Let
A A o Ay
A21 A22 “ e A2'I"
A A o A



where A;; € R™*™ . Since AS, A, and S are all symmetric, we have AS = SA, i.e.,

stAnn s2die ... s AL stAn s1tdin ... s1Ag
5121 s2Aan ... s.Ag s2Ao1  s2Aon ... S2A9,

= AS = SA = , ,
SlArl SQATQ . STATT SrArl STATQ e STATT

Hence, for i # j, it holds s;A;; = s;A4;;, which together with s; # s; # 0, implies A;; = 0. So, A has the
form (nq1,...,n,). O

Let k be a positive integer. The following lemma demonstrates the uniqueness of the 1/kth power form
of symmetric positive definite matrices.

Lemma 3.2. Let A, B € R™*" be two symmetric positive definite matrices. If A¥ = B* for some positive
integer k, then A = B.

Proof. Let A\; and x; for 1 <14 < n be the eigenvalues and corresponding eigenvectors of A. It follows from

AF = BF that
k—1

0=(B* = NiDz; =Y MBF'"'B - NDay, i=1,...,n.
t=0
which yields (B — \;I)xz; = 0 for any 1 < i < n since the matrix Zi:ol M BF=1=t is symmetric positive
definite. This means ()\;, x;) is also an eigenpair of B. Since A and B are symmetric positive definite, their
spectral decompositions have the same rank-one decomposition, thus A = B. O

We will now present some properties of symmetric positive definite matrices with block diagonal matrix
forms.

Lemma 3.3. Let A € R™™™ be a symmetric positive definite matriz with the eigenvalue decomposition
A =USUT. If A has the form (ni,...,n,), then USYRUT and US—Y*UT with some positive integer k

also have the form (ny,...,n.).

Proof. Denote the form of A as diag(A;,1 < i < r). Then A, is also symmetric positive definite, and
diag(A;/k, 1 <i <r) has the form (ny,...,n,), whose kth power is A. Since (USY/*UT)* = USUT = A,
by Lemma 32 USYVFUT = diag(A;/k, 1 < <r) has the form (nq1,...,n,). On the other hand, since the

inverse of a matrix is unique, US~VkUT = diag(A;l/k, 1 <4 < r) also has the form (ny,...,n;). O

Lemma 3.4. Let A € R™*™ be a symmelric positive definite matrix with the eigenvalue decomposition A =
USUT. IfUSSUT has the form (ni,...,n,), in which S = diag(1/(S +€SZ-1/2)) or § = diag(1/(Si +¢)),
then US™YSUT and USUT also have the form (n1,...,n.).

Proof. First, let USSUT with S = diag(1/(Si + eSili/Q)) have the form (nq,...,n,). From the definition
of S we know every element in diag(SS) less than 1. Hence, U(((S‘S)’1 —1)/e)UT is positive definite. By
Lemma B3] we know U(SS)~1UT, U(((SS)~t — I)/e)UT and U(((SS)~! — I)/e)~2UT all have the form
(n1,...,n,) by sequently. By simple calculation, it is clear that S = ((($S)~! — I)/e)~2, which shows
A =USUT has the form (ni,...,n,). Similarly, By Lemma B3 we know US'/2U7 has the same form as
USUT, (ny,...,n,). Actually, by Galois theory, the roots of a quartic equation can be expressed using
algebraic operations involving addition, subtraction, multiplication, division, exponentiation, and roots.
This means that we could denote the solution of equation z* + ex® = y as

x:f(ya€a+a_axa+a \k/TaA)'

Also, we know . .
USSTUT = Uf(SY2, 6,4+, —, x, =, ¥~ )UT.
Therefore, by LemmaB3, USS~*UT has form (ny, . ..,n,). The proof for the case of S = diag(1/(Si; +¢€))

is similar. 0

Let Z denote the set of nonnegative integers. We present the main result of this section in the following
theorem.



Theorem 3.1. Let W € R™ ™ and X € R"™™" be diagonal matrices with non-decreasing diagonal elements,
i.e.,
Win 2 Wag 2o 2 Wy >0, Xiq 2 Xog > -+ > Yy >0,

and let P € R™*" be a column orthogonal matriz (m>r). If(2—q)/q € Z, then

_ YA YN
WPy > - .
USETEDY (7

L manl/E - Zi \V* _
WP/ > "log T +el, k=12

i=1

and

Proof. Let h(P) = |[W~'PZ||% and St(n,r) = {P € R**"| PTP =I,}. We define
54

P € argmin h(P).
PeSt(n,r)

Then 0 € Oh(P) from Lemma 2.3

Note that the function h(P) = p o o(W~1PX), where p(z) = 3., |29 or p(z) = 3, log(xg/k + ).
Since W, ¥ have non-zero diagonal elements, the matrix W ~!PY has linearly independent columns, i.e.,
full column rank, thus o(W ~!PX) has no zero elements. This means the function p is differentiable and
Lipschitz continuous in the neighborhood of (W =1 PYX). By [28, Corollary 7.6] we know (po o) is Fréchet
derivative and Lipschitz continuous on W~ PX.. Therefore, It follows from Lemma 4] that

d(poo) ={UVpa(W~'PE))VT},
where W—1PY = USVT is the SVD of W~!PX. Thus, we have
On(P) = {WtUupSvTsy, (5)

where

g, ifpe) =) |al?, s it p(a) =Y |a|?,

S = (6)
I 1/k ’ 1
= ifple) = log(al* + ), ding [ ——— ) it pla) = S log(@ + o).
k 7 Sii‘f'GSilfl/k ; !

p=

We denote F = pUSVT. Also, by Lemma 22} h is regular along TpSt(n,r), and by Lemma 2] we have
0 € Oh(P) = Projp, g¢(n,r) (O(P)), (7)
using the representation of the tangent space on the Stiefel manifold from (@l). From (), we have

0 cargmin ||Z - W 'FY|%, st. PTZ+ZTP =0. (8)
ZERnXT

The KKT condition of (§]) is A € R™*" such that
2027 —WTIFY)+ PA+ PAT =0, PT'Z+ZzTP=0.
By @®), we know Z7 = 0 is an optimal solution, thus we can deduce

A+ AT
W 'FY =P +2 . 9)

From (@) and (@), we have

F=pUSVT =pUusSvTvSs—vT = pw=PevsSs—tvT, (10)



and

F=pUuSvVT =pUS~t8UTUSYV = pUS~*SUTW 1 Px. (11)
Combining (@) and (I, it holds
N A+ AT
PPTWIUS I SUTIW I PE? = +T (12)
which is a symmetric matrix. Note that ¥ is classified by singular values into the form (ng,...,ns), i.e.,
o1l
oaly
Y= ,
ol
where 01 > 09 > --- > 04, and Iy, ..., I are nq, ..., ng-dimensional identity matrices, respectively. It fol-

lows from (I2) and LemmaBthat the matrix PTW~1US ~1SUTW 1P has the same block-diagonal form,
(n1,...,ns), as X, since S~1S is diagonal. Therefore, we can exchange ¥ with PTW-1US~1SUTW 1P,
ie.,

A+ AT

= pePTWtus—1SUTw-lpPy. (13)
Also, it holds
Urw-lp =vuTw-lpesxt = uT(Usvhxt = svTeL (14)
Combining (I3)) and (), we can see that
A+ AT . .
+2 — S PTW TS ISUTW TIPS, = pVSSVY, (15)

which is invertible. When p(z) = >°, log(gcg/2 +€) or p(z) = 3, log(z; + €), by Lemma B4 we know
that V.S~1SVT is invertible and has the same block-diagonal form (n1,...,ns) as PTW_lUS_qUTW_lP
and ¥. When p(z) = Y, |z;]7, SS = S%, by Lemma B3 and (2 — q)/q € Z, we know that VS~1SVT =

V.89=2VT 3 have the same form (n1,...,ns). Therefore,
VSTISVTy = nvs—tsvT, (16)
Similarly, from (@), (I0), and (I6), we have

A+ AT o 1 a1, T pT _ Atir—2 py21, a—1 &1, pT
P=—=—P" = pW 2 PLV S SVIEPT = pW PRV T SV T PT
It follows from (T that R A

pPvSSVTpPT =w=2px2vs—tsvTpT,

Noting that PTP = I, moving the right-hand side to the left and multiplying by PT, we can see that
w=2ps?pt = pvs?vT pT

is symmetric. By Lemmal[31] we know PX?PT has the same block-diagonal form as W1, thus W1 Px2PT
is symmetric. Define .
P =[PP,

where Pt is the complementary orthogonal basis of P. Therefore,

32 2

PIIW1p [ 0] _ pTwp { } PTP— pTW-1ps?pTp

0

is symmetric. By Lemma Bl we know PTW 1P has the same block-diagonal form as diag(¥?,0), denoted
as (ni,...,MNs,Nsy1), where ngyq is the size of the zero matrix. Therefore,



is symmetric and

Aerl

where the size of A; is the same n; (1 <4< s+1). Since the Schatten-g norm is a unitarily invariant
function, we have
q

o1

_ ~ 1|2
wtpsig, 1P e [P, -

=S ol A, (17)
=1

Since a unitary transformation does not change the singular values of a positive definite matrix, the singular
values of A; (1 <i < s) are r elements of (W5, W', ..., W,.h). If we set Xy = 0, r < i < n, then (1)

can be rewritten as
wipy|Ll = — ) > =,
H HSQ Z:ZI (Wﬂ'(l)ﬂ'(l)) N 1:21 (Wu)

where 7 is a permutation operator, and the last inequality comes from the rearrangement inequality.
Similarly, since Logarithmic Norm is a unitarily invariant function, we have

|W1P2||1L/2=||13TW115[ ]”2 ZH@AH”Q- (18)

Let fi(z) = log((EZ—i/x)l/2 +¢€) for x > 0, we know f/ ,(x) — fj(z) > 0 by simple calculation. Then from
the generalization of rearrangement inequality in [29] and (I8]), we can get

5.\ /2

) )

1/2 r
||VV*1PE||i/2 Zlog(( o ()> +e> ZZIO{;((
7\'7/7\'7/ i=1

where 7 is a permutation operator. O

4 Factorization Forms of Weighted Schatten-q Norms

In this section, we establish the specific factorization forms of the weighted Schatten-¢ norms with ¢ =
1,0.5,2/3, and the weighted Logarithmic norm using the factorization strategy provided in the previous
section.

To simplify notation and provide clear definitions, we present the expressions for the weighted Schatten-
q norms and the weighted Logarithmic norm.

Definition 4.1. Let X € R"*™ ¢ >0, and W = diag(Wi1, Waa, ..., W) with t = min{m, n} be a given
descending weighted diagonal matriz. Let X = UXVT be the SVD of X. Then, the corresponding weighted

Schatten-q norm of X is defined as
t 1/q
e
1X s, = (Z W) -

i=1

)”Ze).

The corresponding weighted Logarithmic norm is defined as

112, Zlog ((




Here, if W = I and the domain is the real field, the above definitions are the Schatten-q norm and the

Logarithmic norm.
We will prove that the factorization forms of the weighted Schatten-q norms for ¢ = 1,0.5,2/3 and

Logarithmic norm have explicite expressions.

Theorem 4.1. Let W € R™" be a non-decreasing diagonal matriz, i.e.,
Wi > Wag 2o > Wi > 0.
For X € R™*™ with singular values o; (1 <i <rank(X)), if r > rank(X), then we have

(1)

rank(X)

AW L2 B3
i AeRmXTBg;gM“Bw(H HE+BIF),

rank(X) o 1
3 ( ) i L aw . 1 31,

— Wi AERm*" BERn X", X=ABT 2
i

rank(X) 2
)
~) = AW % +2||B||«
S (05) = scuer oy 54N T 42051
(@)
1/2
X112 = min LW + 11,

Lw AERmXr BeRnxr X=ABT 2

Proof. The singular value decomposition of the matrix X is given by
X =U2xV".

First, we prove that the left-hand side of conclusions (1), (2), and (3) respectively are greater than or equal
to the right-hand side. Let Wx be the matrix obtained by extracting the first rank(X) rows and columns

of W. Define
A=lusiwi o], B=|vsiwi? o,

then for cases (1), (2) and (4), we have

(1)

ag; 1 ~
- = SOAW TR IBIR) > min | (1AW + B

rank(X)

.,
S
5
=

pay
>

\S’

|=

g; 2 1 ~ _ ~
D < ) = SOAW e+ 1B = min (1AW + B,

(4)
1/2 1 - ~
||X||L/,W:§(HAW 1||1L+HBH1)>ijln (||AW "Iz A+ IIBIL)-

For case (3), we define
A=lusiwi o], B=|vsiwi? o,
then we have

rank(X) 2

o \° 1 a1, X )
2 (w) = SOAWE+20Bl) > min (AW 3 + 2] B]L.)

10



Now, for any A, B such that ABT = X, let their singular value decompositions be:
A=Us¥AVY, B=UpSpVi.
Here, V4 is a square matrix. It can be derived that
UaSAVIVESpUL = X = SaVIVeSp =USUSx VT UR. (19)

Also,
UlU =U UsSxvTve! = ,vI BTV,

which implies

UTULUSU =23 VI BVAX AX AV BTVE
=S VI BVAX AULUAS AV BTVE
=S VIXTXVES =1

“This means U U is columns orthogonal matrix, and also we know ULV is columns orthogonal matrix
too.

Now, let’s prove conclusions (1), (2), and (3):

Conclusion (1):

Since the Frobenius norm is a unitarily invariant function, we have

1 _ _
SUAWTHE + [BIF) =5 (IZaVAW T HIE + [25]7)

> (IBaWi E + I1361F)

=N =N

=5(IW"Salle + VA ViSsllE)
>[|Wi'SaVi VeS|

where the first inequality comes from case ¢ = 2 in Theorem Bl and W4 = diag(Wy;, 1 < i < rank(34)),
the second equality is due to VI being an orthogonal matrix, and the last inequality comes from (&).
According to ([9), we know that

1 _ _
SUAWTHE + [[BlF) > W, ' UZUSX.. (20)

Since UAU is a column orthogonal matrix, by case ¢ = 1 in Theorem Bl and (20), we have

rank(X)
%

Wi

1 _ _
SUAW G + [[Bl7) > Wi UZUSx]|. >

i=1
Combining the fact that the left-hand side of Conclusion (1) is greater than or equal to the right-hand
side, this proves Conclusion (1).

Conclusion (2):

Since the nuclear norm is a unitarily invariant function, we have

1 _ _
SUAW L + 1Bl =5 (IZaVAW e + [25].)

> (IZaWit e + 13511

=N =N

=5(IW3"Salle + VA VEZs].)

> Wi'SaVIVeZsl}, .

1
2

11



where the first inequality comes from by case ¢ = 1 in Theorem B the second equality is due to VI
being an orthogonal matrix, and the last inequality comes from factorization form of Schatten-0.5 norm
in Lemma 25 According to ([0) and ULV is a column orthogonal matrix, we know that

rank(X) 1
1 _ _ 1 g; 2
SUAw 4151 > Wi vgosxld = Y () (21)
2 i1 i

where the last inequality holds since U U is a column orthogonal matrix and case ¢ = 0.5 in Theorem
B holds. Combining the fact that the left-hand side of Conclusion (2) is greater than or equal to the
right-hand side, this proves Conclusion (2).

Conclusion (3):

Since the nuclear norm and Frobenius norm are unitarily invariant functions, we have

1 _ 1 _
SUAWTHE +20|BlL) =5 (IBaVAW 7+ 20I%5].)

22 (IBaWi 7 +2025])

— | =

=3 (W3 Sal7 +2IViVea].)

-1 T z
2[[Wy EaVa VeEsllg,
3
where the first inequality comes from case ¢ = 2 in Theorem B] the second equality is due to V' being an

orthogonal matrix, and the last inequality comes from factorization form of Schatten-2/3 norm in Lemma
According to (@) and ULV is a column orthogonal matrix, we know that

rank(X)

1 _ _ 2 (o
AW 218 > wrvivsed, = S () (2)
3 i=1 K3

W

where the last inequality holds since UZU is a column orthogonal matrix and case ¢ = 2 in Theorem
B holds. Combining the fact that the left-hand side of Conclusion (3) is greater than or equal to the
right-hand side, this proves Conclusion (3).

Conclusion (4):

Since the Logarithmic norm and Frobenius norm are unitarily invariant functions, we have

1 _ 1 _
SUAW L + [ BIL) =5 (IZaVAW L + 12511%)

> (IBaWi L + 11251

N | —

1 _
:§(|\WA Sallp + VA VEEs(L)
>|WitSaViVesall)/?,

where the first inequality comes from Logarithmic norm case in TheoremB.Ilwith k£ = 1, the second equality
is due to VI being an orthogonal matrix, and the last inequality comes from Lemma According to
(@) and ULV is a column orthogonal matrix, we know that

1 _ _ 1/2 1/2
SUAW L +IBIL) > Wi UFUSK]Y? > X,

where the last inequality is from Logarithmic norm case in Theorem Bl with k& = 2. O

5 Algorithms and convergence result

We replace the nuclear norm in (2] with the factorization forms of weighted Schatten-¢g norms or the
Logarithmic norm, where the non-convex representation enhances the low-rank recovery capability of the
model. The model is stated as follows:

min A(hy (AW ™) 4 ho(B)) + ||S|1, s.t. ABT = X, Po(X +S — M) = 0. (23)

12



Here, hy and hs have different definitions under different non-convex representations.

1 1
weighted nuclear norm: hy (AW ™) = §HAW*1||%, he(B) = §||BH%,
1 1
weighted Schatten-0.5 norm: hy (AW ™1) = §||AW*1|\*, ha(B) = §||BH*,
1 2
weighted Schatten-2/3 norm: hy (AW ™1) = §||AW*1|\%, ha(B) = §|\B||*,

1 1
weighted Logarithmic norm: hy (AW ™1) = §||AW*1||1L, he(B) = 5HB||1L

We use an ADMM framework algorithm to solve ([23)). In order to ensure explicit solutions for subproblems
within this framework, we employ two relaxation variables, and then (23)) could be rewritten as

min A(hy (A) 4 ha(B)) + |Po(S)|1, st. ABT =X, X +S—M =0, A=AW~!, B=B.  (24)
The corresponding augmented Lagrangian function is:
L,(A,B,S, X, A, B;Y1,Ys,Ys,Ys) =A\(h1(A) + ha(B)) + || Pa(S)|1 + (Yi,A — AW™) + (Y, B — B)
+ (Y3, ABT — X)+ (Y, X + S — M) + %’HA—AW*HFF
p ~
+ 2 (1B = BI: + I ABT = X[} + 11X +5 - M|}). (25)

Hence we could establish the following algorithm to solve ([24)): Actually, the updating of every variable in

Algorithm 1 Matrix recovery based on Weighted factorization form

1: Input: ~ Parameters ),  observed matrix and index set M.},  initial points
X0, A% 30,80 A0 BO YO 50 1<i<3.

2: For k=0,1,..., compute the following iterative steps:

30 ARt = argmiank(Xk,Sk,A,Bk,Ak,Bk;Yik, 1<i<3).

4: BM1 = argmin L (X*, %, AR+ B, AR B YE 1 <i < 3).

5: S = argmin L (XF, S, AR+ B+ AR BRoyE 1 < < 3).

6: X! = argmin L, (X, ShH1 AR+1 B+l Ak BR.yk 1 << 3).

7. AFHL = argmin L. (XF+1, SR+ AR pEtl A BRYE 1 < i < 3).

8 BFF1 = argmin L (XFHL Ghtl AR+l R+l AR+l RBoyk 1 << 3).

9: YT = Y o ph(AR+L — ALy -1y,

10: Y'2k+1 _ Y'2k +pk(Bk+1 _ Bk+1).

11 Y = YF 4 (AR BRHL xR,
12: ng;':5K€4Fpkﬂxk+l475k+14—ﬂl)
13: p = up”.

algorithm [I] is proximal point operator Prox, (-), which is
Proxg, (X) = arg min {th(Y) + lHY - X|%} , VX e R,
Y eRnxm 2
Specifically, we present the update of each variable as follows:
ARHL = (pF Xk (BR)T 4 pAkw L 4 YW1 - ng(Bk)T) x (pFBE(BEYT  pbw=2)~1,
Be+1 — (pk(Ak-i-l)TAk-i-l + pkl)—l % (pk(Ak-i-l)TXk + ka + Y2k _ (A]H_l)TYBk),
YF

_k)’

Yk
Sk+1 = PQ(PrOX(Pk)71||'||1(M - Xk - p;z)) + PQc(M — )(]C — P

1
Xk-‘rl — ﬁ(}%k o Y;lk + pkAk-‘rl(Bk-‘,-l)T + Sk-‘,—l o M),
AkJrl —-P (AkJrl -1 Y_lk)
= PTOX(pk)=1\h, W pk s
BFfl =P . (BF1 — —YQk)
= YOX(pk)71)\h2 pk .

13



Here, the analytical expression of the proximal point operator mentioned above is provided as follows:

Proxy.|, (Y) = max(Y —t,0),
Y
=T
Proxy., (V) = Udiag(max(c(Y) — ¢,0))V", Y = Udiag(c(Y))V" is SVD,
Prox .3 (V) = UL (diag(o(Y)))V", Y = Udiag(o(Y))V" is SVD,

Prox .z, (¥)

where L, (y) denotes the logarithmic singular value thresholding (LSVT) operator, which is defined in
[19], and its entry-wise form is

0, A <0,
_ N2 _ _ 1
A= (y—e)’ —4(t—ye), Li(y) = arg min —(x— y)2 +tlog(z+¢€), A >0.
z€{0,3 (y—e+VD)}

Before proving the convergence of Algorithm [ we need to demonstrate that the iterative sequences of the
variables A, B, S, X, A, B, V;, 1 <i <4 are bounded.

Lemma 5.1. Let (Ak,Bk,Sk,Xk,Ak,Bk,Yik,l < i < 3) denote the iterative sequences generated by
Algorithm . If {YZF} is bounded, then {(A¥, B*, S* X* A* Bk Yk 1 <i<3)} is bounded.

Proof. The proof of the cases “weighted nuclear norm”, “weighted Schatten-0.5 norm”, and “weighted
Schatten-2/3 norm” are similar to the [14], with the only difference being the inclusion of the weight
matrix W. Therefore, we omit the corresponding proof. In the case “weighted Logarithmic norm”, from
the update of A in Algorithm [ we have

0 € ONJARFL|L 4 pF (AR — AR =1y 4 v
Note that p*(AF1 — AR 1) 4 Y} = Y+1 | then according to Lemma 24, we have
~Y e AUA(log(| - |+ €))sVT,

where USVT = A*+1 is SVD and
1

PRt x>0,

OllogJa| +¢)) = “
[__a_]’ x=0

€ €

Therefore, we know
A

€

Y 2 < MS + e 7Hl2 <

This indicates that the variable Y1) is bounded. Similarly, the boundedness of variable Y ) can be proved.
On the other hand, notice that p*(A* — A¥W~1) = Y}* — Y}*"!, we can obtain

k k—1 k—1 k—1
k le — Yl — Yl

ye oY p_kAk_AkW—12_Yk—1Ylk P AR AR (T L2
= A e ()
ko, k-1
prtp —

= Q(pk_1)2 HYIk - Ylk 1||2F

14



Similarly, we can prove

vk _ yk-1 pF Yk vyt Pkt
<Y2’“,2p,€7_12>+3||3k*3’“|\%*<Y2k ! 2pk_f ) — | B* — B*||%
oF 4 gkl B
m”yk YF %,
Y Yk—l pk: B Yk o Yk—l pkfl
<Y3’“,‘°’pk7_f>+gllAk(Bk)T*XkH%*<Y3k h Spk_f )T | A*(B*¥)"
ko k-1
P+ p _
=W||Y3k—5@,k [
YE vkt k YE -yl k=1
(Y, Ay Bt sh - Mg - (v ) - B xR st
p 2 P 2
pF+ph ! -
m”yk Y%
Therefore,
ka (Ak+1,Bk+1,Sk+1,Xk+1,Ak+1,Bk+1;§/;k, 1 S i S 4)
<L (AR, BF Sk XF AR BR YR 1 <i<4)
=L, (A%, BF % X* AR BR YR 1 <i<4)+ L’)IHW YFL2
P 9 ) ) ) ) y L4 y - = 0= gt 2(p ) 7 F>

- X"

M]%

noting that (Y*,1 < i < 3) is bounded and (p* 4 p"~1)/(2(p"1)?) is a geometric series, we know that
L (ARFL BRHL Ghtl Xkl Ak+l BRHLYF 1 <i<4)is bounded. By continuously using the definition

of L, i.e., [28), we can successively obtain A,B, A, B, X, S are bounded.

Below we prove the convergence of Algorithm [

O

Theorem 5.1. Let (A*, B Sk XF Ak, Bk, Y 1 < < 4) be the iterative sequence generated by Algorithm
O If {YF} is bounded, then {(A*, B* S* XF* Ak Bk Yk 1 <i<4)}is a Cauchy sequence, and its limit

is the KKT point of ([24)).

Proof. Note that p* is a geometric series, we have

DA AR =) IV = Y e < o,
k=0 k=0 P

which implies R
Jim A% — A5 W)~ [p =0,
—00

similarly,

lim |[B* — B¥|z =0, lim |A*B* — X*||z =0, lim || X* + 8% — M||r=0.
k— o0 k— o0 k— o0

On the other hand, we have
pk(Ak-‘rlw—l _ Ak _ Ylkw—l)
pk(Ak—i-l _ Ak)w—Q +pk(Akw—1 _ Ak) _ Y'lkw—l,
=ph (A — AW 2 T (Y’““W LY —viw
and
pk(Ak-i-lBk . Xk)(Bk)T o }/gk(Bk)T
:pk(Ak-i-l o Ak)Bk(Bk)T + pk(AkBk o Xk)(Bk)T o ng(Bk)T

k
14
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By using the update rule of A, we know that the left-hand side of ([28) and (29) are the gradients of the
update function of A, which is 0 during the update. Therefore, the left-hand side of (28) and (29) sums
to 0, yielding

e8] oo 1
DA At <) é <o,
k=1 k=1 P

where
¢ = max{ (YW - V) = VEW ! 4 u(VF - Y H(BYT) (W2 + BR(BR)T) Lk > 1) < o0

This proves that A is a Cauchy sequence. Similarly, we can prove that B is a Cauchy sequence. Further-
more, using (26) and (27), we can prove that A B and X, S are Cauchy sequences. Utilizing the lower
semicontinuity property of the subdifferential of the Logarithmic norm, nuclear norm or Frobenius norm,
we can show that the limit point (A%, B, 5%, X A B>, Y, >°,1 < i < 4) satisfies

0 € O (A®) + Y, 0 € ONho(B>®) + Y5°,
Pae(Y®) =0, 0€9||Pa(S%)l1 + Pa(YS),
A% = A®(W)™1, B> = B®, A°(B®)T = X*°, X® 4+ 8% _ M = 0.

This proves that the limit point of the iterative sequence is the KKT point of (23]). O

Theorem [Tl indicates that when the first rank(X) elements of the weighted matrix W are close to the
corresponding singular values of matrix X, the expressions (1), (2), (3) and (4) in Theorem A.T] are close
to rank(X), representing that the weighted Schatten-q norm and Logarithmic norm are good relaxations
of the rank function. Therefore, an important problem in weighted matrix low-rank recovery is how to
determine a sufficiently good weight matrix W. Fortunately, [14] and [I6] have shown that when the weight
matrix W is the identity matrix, the corresponding matrix recovery model has good recovery performance.
Therefore, when X is the output of an unweighted matrix recovery model, i.e., when the weighted matrix
WO is the identity matrix, the result of the recovery is X, which can be considered close to the original
matrix to be recovered. In the proposed method for determining the new weight matrix, we consider the
singular value decomposition of X as X = UX V7T, and then define the singular values ¥ as the new weight
matrix W', which leads to better matrix recovery. We summarize the above idea into Algorithm

Algorithm 2 Reweighted quasi norm matrix Recovery

Input. Observed matrix M € R™*™  observation set €2, parameters A, € > 0, and rank r.

Step 0. Initialize W° = I,.. Tteratively perform the following steps for k = 0,1,...:

Step 1. Call the algorithm [ for matrix recovery with weight matrix W*, obtaining the output X¥.
Step 2. Perform singular value decomposition of X* to obtain the singular value matrix 3*. Update

W — max {Ek, e} ,

and update k — k + 1.
Output. X*.

The numerical experiments will be presented in future work.
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