arXiv:2403.18424v1 [math.AP] 27 Mar 2024

ON THE EXISTENCE OF A SECOND POSITIVE SOLUTION TO
MIXED LOCAL-NONLOCAL CONCAVE-CONVEX CRITICAL
PROBLEMS

STEFANO BIAGI AND EUGENIO VECCHI

ABSTRACT. We prove the existence of a second positive weak solution for mixed
local-nonlocal critical semilinear elliptic problems with a sublinear perturbation
in the spirit of [1].

1. INTRODUCTION

Let 2 € R™ be an open and bounded set with smooth enough boundary 0f2.
We consider the following mixed local-nonlocal perturbed critical semilinear elliptic
problem:

Lou=AuP+u>~1 inQ,
(Pe) u >0 in €,
u=0 inR"\Q,

where A > 0 is a positive real parameter, p € (0,1) and
Lo:=—-A+e(—A)°, s€ (0,1), e€(0,1].

Along the paper it will sometimes be useful to denote the above problem as (P.)y
to make it clear the choice of the parameter. Here, (—A)® with s € (0,1) denotes
the fractional Laplacian which acts in smooth enough functions as

(—A)*u(x) :2P.V./ Mdy:2 lim Md
gn |7 —y|t2s 50+ ) (jo—y|>0) [T — Y|P

We neglect the normalization constant C), s > 0 usually appearing in front of the
integral because we are not interested in asymptotics as s — 17.

The above boundary value problem falls in the framework of the so called
concave-convex problems whose model and most famous example is the one consid-
ered in the paper [1]:

—Au= P +u*>"! inQ,
(ABC) u>0 in €,
u=0 on .
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Without any aim of completeness, we mention that (ABC) has been generalized to
various directions, either allowing for different operators either considering different
boundary conditions, see e.g. [32, 24, 22, 7].

Before entering into the details related to (P:)y, let us spend a few more words
on L. The operator £; (i.e. with e = 1) is a special instance of a wide more general
class of operators whose study began in the ’60s, see [14] and [21] for generaliza-
tions, in connection with the validity of a maximum principle. On the other hand,
the operator £ can be seen as the infinitesimal generator of a stochastic process
obtained as a superposition of a Brownian motion and a Lévy flight, and hence
there is a vast literature which establishes several regularity properties adopting
probabilistic techniques, see e.g. [23] and the references therein.

More recently, the study of regularity properties related to this operator (and its
quasilinear generalizations) has seen an increasing interest, mainly adopting more
analytical and PDEs approaches, see, e.g., [8, 20, 27, 28, 30, 31, 37, 4, 38]. It is
worth mentioning that the operator £. (usually with £ = 1) seems to be of interest
in biological applications, see, e.g. [29] and the references therein.

The operator £1 has a also variational nature and it is associated to the energy

Vul? // Ju(z) = uly)2
dz dz dy.
/ T3 e |x— |n+28 v

defined on a suitable space functions for which we refer to Section 2. It is clear
that

E(\u) = NE(u), for every A € R,

but there is a lack of scaling invariance, namely,

2 25 2 )’2
/’V I”+ //R?" ]m—y\"+28 dxdy for every t > 0,

n—2)/2

where u;(z) := t{ u(z), which typically preserves the L2-gradient norm.

Among other aspects, this phenomenon is responsible of the following fact: the
best Sobolev constant in the natural mixed Sobolev inequality is never achieved and
it coincides with the one coming from the purely local one. We notice that some-
thing similar happens when dealing with mixed Hardy-type inequalities, see [11].
An interesting consequence of the absence of mixed Aubin-Talenti functions natu-
rally affects PDEs with critical term. Indeed, when dealing with critical variational
problems for —A it is well known that a major role is played by the best Sobolev
constant, for example being a threshold of validity of Palais-Smale condition, and
this is usually achieved by testing the critical equation with the Aubin-Talenti func-
tions. An analogous procedure can be followed in the mixed setting as well, but
the lack of invariance previously mentioned can create troubles, see e.g [10, 13, 25].
We stress that something similar may happen with non-homogeneous operators
like the (p, ¢)-Laplacian, see [33].

Following the approach recently used in [13] for the case of mild singular and
critical mixed problems, we are now interested in the following classical problem:

Find values of the parameter X\ for which (P:)y admits one or more positive weak
solutions.

We refer to Definition 2.2 for the precise definition of weak solution of (P:)y.
Differently from [10] and [13], here we are in presence of a sublinear perturbation
(AuP with p € (0,1)) of the critical term (u? ~1).
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For ¢ = 1, a first step towards an answer has been recently made in [2, Theorem
1.2] and [36, Theorem 1.1] where the following has been proved:

Theorem 1.1. Let Q C R™ (with n > 3) be a bounded open set with smooth enough
boundary, and let p € (0,1). Then, there exists A > 0 such that

a) problem (P1)x admits at least one weak solution for every 0 < X\ < A;
b) problem (P1)y does not admit weak solutions for every A > A.

Moreover, for A € (0,A), the solution is minimal and increasing w.r.t. to .

We stress that the the above results actually holds in the supercritical case as

well. For sake of completeness, we recall that the existence of the first positive
solution in [2] is obtained by means of a sub/supersolution scheme as in [1]. We
also note that, if we fix ¢ € (0, 1], the above result holds for a threshold A. now
depending on e.
We also mention that concave-convex problems in the mixed local-nonlocal setting
has been previously studied in [26]: there, the leading operator is a combination
of p-Laplacian and fractional p-Laplacian and the existence of weak solutions is
proved under the assumption p > n, being the interest of the authors to study the
limiting problem as p — +o0.

Our first result is somehow complementary to Theorem 1.1 stated above and it
is the counterpart of [1, Theorem 2.2] in the mixed local-nonlocal setting.

Theorem 1.2. Let € € (0,1] be fized. Then, there exists a constant M. > 0 such
that, for every X € (0,A.), problem (P.)x. has at most one solution uy with

lunell oo mny < Me.

Note that the if the unique solution of Theorem 1.2 exists, it has to be the
minimal one found in Theorem 1.1.

Following the seminal paper [1], it is natural to wonder whether a second positive
solution exists or not for all A € (0,A). A similar question has been answered in
[36] for sublinear perturbations of a subcritical nonlinearity, so leaving the critical
case unsolved.

To better understand the difficulties one has to face in the case of mixed operators
like L., let us briefly recall the method employed in [1] to find a second positive
solution of (ABC):

i) show that the first solution found is a minimizer of the functional naturally
associated with (ABC) in C'-topology;

ii) thanks to the famous result by Brezis and Nirenberg [18], one inherits that
the first solution is actually a minimizer in the H'-topology:;

iii) prove the validity of the Palais-Smale condition under a certain value pro-
portional to the best Sobolev constant, here making use of the Aubin-
Talenti functions;

iv) find a second positive solution of mountain-pass-type.

Despite i) can still be proved in our case, the above scheme finds a first obstacle
once a result like the one in [18] is needed. To this aim, and thanks to the recent
regularity results proved in [3] and [38], we establish the following
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Theorem 1.3. Let ® : X12(Q) — R defined as
1
(1.1) D(u) := §p(u)2 - / F(z,u)dz,
Q
where F(z,u) := fou f(x,s)ds and with f satisfying that

(1.2) [f (@ u)| < Cp (1 [uf 7).

Let ug € XY2(Q) be a local minimizer of ® in the C'-topology. Then, ug is a local
minimizer in the X12-topology.

Theorem 1.3 allows to achieve ii) as well, but a new difficulty arises once iii) has to
be faced, the main reason being the lack of scaling invariance, and its consequences
on the mixed Sobolev inequality, previously discussed. A similar issue occurred
in the recent [13] when dealing with mild singular problems, and it is the main
reason to consider L. instead of £ because, roughly speaking, the presence of the
parameter € allows us to adjust the lack of scaling invariance, at least for small
enough . In this way, we are able to fully follow the above scheme proving the
following

Theorem 1.4. Let Q C R™ (with n > 3) be a bounded open set with smooth enough
boundary, and let p € (0,1) be fized.

Then, there exist A, > 0 and gy € (0,1) such that problem (P.)y admits a second
positive solutions for every e € (0,e0) and for every A € (0, \).

As it clearly appears from the statement, there is a first price to pay once con-
sidering L., because the existence is not proved for every A. Less evident is the
second fee we have to pay. Let us briefly describe it: the first solution found in
Theorem 1.1 can still be found once £; is replaced with £, but now it implicitly
depends on ¢ and this forces to carefully keep track of the dependence on ¢ of many
ingredients like L°°-bounds and so on.

As in [13], the key result to be proved is Lemma 5.2 and we want to explicit mention
that a careful inspection of its proof shows that a better result can be obtained, this
time with big restrictions on both the dimension n and the fractional parameter s:

Corollary 1.5. Let n =3 and s € (0, %) Then problem (P.)y admits at least two
positive weak solutions for every A € (0,A).

Finally, once the existence of (at least) two solutions of problem (P.)) has been
established (at least for e small enough), by exploiting Theorem 1.2 and by pro-
ceeding essentially as in [1] we can prove the following qualitative result.

Theorem 1.6. Let ¢ € (0,1] be fized, and assume that S is star-shaped. Then,
lvaellpoe (@) = +00 as A — ot,
where vy € X12(Q) is any weak solution of problem (P.)y distinct from its mini-

mal solution uy . (see Theorem 1.1 and Lemma 2.6).

Plan of the paper: The paper is organized as follows:

e In Section 2 we collect all the relevant notation, definitions and preliminary
results needed for the proof of our main results.
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e In Section 3 we briefly study the purely sublinear counterpart of problem
(P.)x (starting from the results proved in [12]); in particular, we establish
some uniform bounds of the unique solution w) . of this problem which will
be used subsequent sections, and we establish Theorem 1.2.

e In Section 4 we prove Theorem 1.3.

e In Section 5 we prove Theorem 1.4.

e Finally, in Section 6 we give the proof of Theorem 1.6.

2. PRELIMINARIES

In this section we collect some preliminary definitions and results which will be
used throughout the rest of the paper. First of all, we review some basic properties
of the fractional Sobolev spaces, and we properly introduce the adequate functional
setting for the study of mixed local-nonlocal operators; we then give the precise
definition of weak sub/supersolution of problem (P.)y, and we establish some qual-
itative properties of the solutions of this problem (provided they exist). Finally, we
spend a few words the applicability of Theorem 1.1 (established in the case when
e = 1) to our e-dependent operator L.

i) Sobolev spaces of fractional order. We begin this section by collecting a few
basic facts fractional Sobolev spaces, which are naturally related to the fractional
Laplacian (—A)®; we refer to [34] for a thorough introduction to this topic.

Let @ # O C R™ be an arbitrary open set. The fractional Sobolev space H*(O)
(of order s € (0,1)) is the subset of L?(O) defined as follows

H*(0) = {u € L*(0): so //Oxo - y|N(+2)s|2 dx dy < +oo}.

We then list the few basic properties of H*(O) we will exploit in this paper.
a) H*(O) is a real Hilbert space, with the scalar product

()0 = //m (y))m)s—”(y)) dedy  (u,v € H*(0)).

b) C§°(0) is a linear subspace of H*(O); in addition, in the particular case
when O = R", we have that C§°(R") is dense in H*(R"™).

¢) If O = R" or if O has bounded boundary 0O € C%!, we have the continuous
embedding Hl((’)) — H?®(O), that is, there exists ¢ = c(n,s) > 0 s.t.

2
(2.1) //O . \x = ’niQZ‘ dedy <c HuH%l(O) for every u € H'(0O).
X

In particular, if O C R" is a bounded open set (with no regularity assump-
tions on 00) and if u € H&((’)), setting 4 = u - 1o € H'(R™) we have

)’2 / 2
2.2 drdy < Vul“d
22) //R?n |z — \””s Ty =P o| ul”de,

where § > 0 is a suitable constant depending on n, s and on |€2|. Here and
throughout, | - | denotes the n-dimensional Lebesgue measure.
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ii) The space X12(2). Now we have briefly recalled some basic facts regarding
fractional Sobolev spaces, we are in a position to introduce the adequate functional
setting for the study of mixed local-nonlocal operators.

Let then 2 C R"™ be a bounded open set Lipschitz boundary 0€2. We define the
space X12(€) as the completion of C§°(€2) with respect to the global norm

1/2
plu) i= (IVullBogon + e ) ) we GE(Q).

Due to its relevance in the sequel, we also introduce a distinguished notation for
the cone of the non-negative functions in X12(Q): we set

X}L’z(Q) ={uecX(Q): u>0aec in Q.
Since this norm p is induced by the scalar product
By(u,v) = Vu - Vvdz + (u,v)srn
R?’L

(where - denotes the usual scalar product in R"), the space X12(Q) is a real Hilbert
space; most importantly, since €2 is bounded and 92 is Lipschitz, by combining the
above (2.1) with the classical Poincaré inequality we infer that

O Hullgrgny < p(u) < Oullgr@ny  for every u € C5°(9),
where ¥ > 1 is a suitable constant depending on n,s and on |Q2|. Thus, p(-) and
the full H'-norm in R"™ are actually equivalent on the space C3° (), so that
X1’2(Q) _ M ||'||H1(R”)

(2.3)
= {uec HY(R") : ulg € HY(Q) and v = 0 a.c.in R™\ Q}.

We explicitly observe that, on account of (2.3), the functions in X%2?(Q2) naturally
satisfy the nonlocal Dirichlet condition prescribed in problem (P.),, that is,

u =0 ae.in R"\ Q for every u € X1?(Q).

Remark 2.1 (Properties of the space X12(2)). For a future reference, we list in
this remark some properties of the function space X'12(2) which will be repeatedly
exploited in the rest of the paper.

1) Since both H'(R") and H}(2) are closed under the maximum /minimum
operation, it is readily seen that

us € XH3(Q)  for every u € X12%(Q),

where uy = max{u,0} and u_ = max{—u,0}.
2) Since we are assuming that 92 is smooth, from (2.3) we see that a function
u € HY(R"™) N C(Q) belongs to the space X12(Q) if and only if

u = 0 pointwise on R™ \ .

3) On account of (2.2), for every u € X1?(Q2) we have

(2.4) 2 g _// [ute) —uly)” ;- dy <ﬁ/ IVu|? da.
R2n y|”+25 — Ja
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As a consequence, the norm p is globally equivalent on X2(Q) to the H&—
norm: in fact, by (2.4) there exists a constant © > 0 such that

(2.5) IIVulllz2() < p(u) < OfIVulllz2i)  for every u € X1*(Q).
4) By the (local) Sobolev inequality, for every u € X12(Q) we have

S"HUH%?*(Q) = HUH%Q*(RW,) < /]R" |Vu|? de < p(u)?.

This, together with Holder’s inequality (recall that Q is bounded), proves
the continuous embedding X12(Q2) — L4(Q) for every 1 < g < 2*.
5) By combining (2.5) with the compact embedding of H} () < L4(£2) (hold-
ing true for every 1 < ¢ < 2*), we derive that also the embedding
x12(Q) < LY(Q) is compact for every 1 < g < 2*.
As a consequence, if {uy}; is a bounded sequence in X12(Q), it is possible
to find a (unique) function u € X12(Q) such that (up to a sub-sequence)
a) u, — u weakly in X12(Q);
b) u, — u strongly in L1(Q) for every 1 < q < 2%;
¢) u, — u pointwise a.e.in €.
Clearly, since both u,, (for all n > 1) and wu identically vanish out of €2, see
(2.3), we can replace €2 with R” in the above assertions b)-c).
We will exploit these properties without any further comment.
We now observe that, since the leading operator of (P.), is given by the e-de-

pendent operator L. = —A + ¢(—A)?, it follows that the bilinear form naturally
associated with L. is the following

B (u,v) = Vu - Vodz + € (u,v)srn;
R?’L
in its turn, this form B, induces the e-dependent quadratic form

pe(u) = [IVull[2@ny +e[uls (for ue XM*(Q)).

While in this perspective it should seem more natural to use the norm p. in place of
p on the space X'12(0Q), it is readily seen that these two norms are indeed equivalent
on X12(Q) (and equivalent to the Hi-norm), uniformly with respect to e: in fact,
taking into account (2.5) (and since 0 < & < 1), we have

(2.6) VUl o) < pe(u) < p(u) < O[l[Vulll gy (q)

for some © > 0 only depending on n,s. On account of (2.6), we can indifferently
use p:(+), p(-) and the H}-norm to define the topology of the space X12(Q), and
this choice does not produce any dependence on ¢ € (0, 1].

Notation. We conclude this second part of the section with a short list of notation,
which will be used in the sequel; here, as usual, € € (0, 1] is a fixed parameter.

1) Given any open set O C R™ (not necessarily bounded), we set
a) B.o(u,v) = / Vu - Vodr + e (u,v)sgn (for u,v € XH3(Q));
@)

b) Q- 0(u) = By, o(u,u) (for u € XH3(Q)).

Since X12(Q) € HY(R") (see (2.3)), the above forms B. o and Q. ¢ are well-de-
fined; moreover, again by taking into account (2.3) we have
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e B.a(u,v) = B gn(u,v) = B:(u,v) for all u,v € X12(Q);
e O.q(u) = Q.rn(u) = p:(u) for all u € XH3(Q).
2) Given any bounded open set O C R"™, we set

1/2
— _ 2
Iy = IVallzioy = ( [ (7o) ™

iii) Weak sub/supersolutions of problem (P.),. Thanks to all the prelimi-
naries reviewed so far, we are ready to provide the precise definition of weak sub/su-
persolutions of problem (P.)y. Actually, for a reason which will be clear later on,
we consider the more general problem

{Egu = f(z,u) inQ

2.7
2.7) u=20 in R"\ ©

where f: Q x R — R is an arbitrary Carathéodory function satisfying the growth
condition (1.2), that is, there exists a constant C' > 0 such that

1f(z,t)| < CA+[t> 7Y for a.e.x € Q and every t € R.
Clearly, problem (P.)y is of the form (2.7), with the choice f(z,t) = P 4 t¥ 1,

Definition 2.2. Let f : Q x R — R be a Carathéodory function satisfying the
growth condition (1.2). We say that a function u € X%2(Q) is

a) a weak subsolution (resp. supersolution) of problem (2.7) if we have

By(u, ) < [resp. >] /Qf(x,u)godx

for every test function ¢ € C3°(€2), > 0 in Q.

(2.8)

b) a weak solution of problem (2.7) if u is both a weak subsolution and a weak
supersolution of the same problem;
c) a weak subsolution (resp. supersolution, solution) of problem
Lou= f(x,u) inQ
(2.9) u>0 in
u=0 in R"\ Q
if u is a weak subsolution (resp. supersolution, solution) of problem (2.7) in
the sense already specified, further satisfying

u >0 a.e. in Q.

Now we have introduced Definition 2.2, we prove a regularity result for solutions
of problem (2.7) which will be used in the sequel.

Theorem 2.3. Let f : © x R — R be a Carathéodory function satisfying the
growth condition (1.2), and suppose that there exists a weak solution ug € X12(Q)
of problem (2.7) (in the sense of Definition 2.2). Then, we have

(2.10) u € CH*(Q) for some o € (0,1).

Proof. First of all we observe that, since the function f satisfies the growth condi-
tion (1.2), we can apply [38, Theorem 1.1], ensuring that ug € L°°(£2); from this,
again by exploiting condition (1.2), we derive that

(2.11) g(z) := f(z,u(z)) € L>(Q).



MIXED LOCAL-NONLOCAL CONCAVE-CONVEX CRITICAL PROBLEMS 9

On account of (2.11), and since  has smooth boundary, we can then invoke the
global regularity result for the weak solutions of the L. - Dirichlet problem

Loau=g inQ
u=0 in R"\ Q
proved in [3, Theorem 1.1}, from which we derive (2.10). This ends the proof. [
To make the paper self-contained, we finally state a strong maximum principle

and Hopf Lemma which is a mere combination of results already appearing in the
literature, see [3, 8, 12].

Theorem 2.4. Let u € X12(Q)NCHQ) be a weak supersolution of

2.12
(2:12) u=0 in R™\ Q.

{Eeu -0 inQ,
We also assume that w# 0 in . Then

i) u > 0 pointwise in  and u = 0 pointwise in 0;

ii) 0, < 0 pointwise on 02 (where v is the outer exterior normal at 0N2).
Proof. We first observe that, since u € X12(Q) N C1(Q), by Remark 2.1 we have
(2.13) u € H'(R") and u = 0 pointwise in R™ \
moreover, since u is a weak supersolution of (2.12), we also have

(2.14) Be(u, ) >0 Ve Ci®(Q), ¢ >0in Q.

Gathering (2.13)-(2.14), we are then entitled to apply the Weak Maximum Principle
for L in [8, Theorem 1.2], ensuring that u > 0 pointwise in R™; as a consequence,
since u > 0, u # 0 in 2 and since u = 0 on R™ \ Q (see (2.13)), by combining the
Strong Maximum Principle in [12, Theorem 3.1] (applied here with f = 0) and the
Hopf lemma in [3, Theorem 1.2] (remind that u € C1(f2)), we conclude that

u > 0 pointwise in 2 and J,u < 0 on 992.
This ends the proof. ]

Lemma 2.5. Let n > 3 and h = h(x) € LP(Q) with p > §. Assume that there
exists a weak solution u € X12(Q) of the Dirichlet problem

ﬁgu - h ZTL Q,
u=0 inR"\ Q.
Then u € L*°(R™) and
[ull oo ®ny < C [|AllLe ()
for some positive constant C' > 0 independent of €.

Proof. Tt is enough to closely follow the proof of [8, Theorem 4.7] in the case ¢ = 1.
Take § > 0 to be chosen later on and define the functions

~'_5_u nd ~'—5—h
u.—K a v.—K,
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where K = K(u, h,Q,p,n) := [[ul| L2x )+ ||| Lr (). One can now perform the same

computations made in [8, Theorem 4.7], getting rid of the nonlocal part thanks to

[8, Equation (4.47)], reaching the following:

(2.15) u(z) < ut = HUHLQ*(Q) ’ HhHLF(Q),
1) 0

where 6 > 0 has been chosen conveniently small but independently of €. Now, by

Sobolev and Holder inequalities, and testing the equation with w itself, we get

for every z € Q,

Snllullf = gy < 191V |l g2+ ) Ihll o (@),
where QL + % + % =1 are the Holder exponents. Therefore,

Q|l/q
@y < = Il

which combined with (2.15) gives the desired conclusion. O

iv) First positive solution to (P.),. We conclude this section of preliminaries
by spending a few words on the applicability of Theorem 1.1 (which is proved in
the case when € = 1) to our operator L..

In the case € = 1, the existence of a first positive solution is proved in [2] by
means of a classical sub and supersolution scheme that can be performed in the
same way even replacing £; with £.. In particular, one can define

(2.16) A :==sup{A > 0: (P.), admits a weak solution }.
One then has to show what follows:

a) Ac is well defined and A, < +o0;
b) problem (P.), admits a weak solution for every 0 < A\ < A..

For every fized 0 < € < 1, assertions a)-b) can be proved exactly as in [2]. In
particular, following the proof of [2, Theorem 1.1}, where the authors used a recent
result in critical point theory proved in [35], there exists uy . > 0 (a priori depending
on € in a not explicit way) such that a first solution of (P.)y (for 0 < A < py.) is
obtained as a critical point over the set

M={ve x2(Q) [v]| (@) < ru>0ae inQ}.
This is the reason why we need the following

Lemma 2.6. There exists uy > 0 independent of € such that (P.)\ possesses a
minimal weak solution uy. € X12(Q) N L®(Q) for every 0 < X\ < py and every
e € (0,1), which is increasing w.r.t. X and further satisfying that

(2.17) [relle@ <C,
where C' > 0 is independent of €.

Proof. As already discussed, Theorem 1.1 applies to our problem (P.)), the role of
¢ being immaterial; as a consequence, there exists A; > 0 such that problem (P.)y
possesses a minimal weak solution

Uy e € Xl’z(Q)
for every 0 < A < A.; moreover, if 0 < A\; < Ay < A, we have

Uy, e < Upy e ace.in €
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We claim that there exists a constant Ay > 0, independent of € € (0, 1), such that
(2.18) Ae >N\

Indeed, let € € (0,1) be fixed. By arguing as in the proof of [2, Theorem 1.2] we
see that there exists Ac > py ., where juy . > 0 satisfies the following property (see,
precisely, the proof of [2, Lemma 3.9]):

(%) for every 0 < A < Ay there exist 0 < 71 < 72 such that
C.(r¥ =2 4 XrP71) < 1 for all 7 € [r1, m2);

here, C. > 0 is a positive constant such that, for every h € LP(Q2) (with p > n/2)
and every weak solution u € X12(2) of the problem

= 1 Q
(2.19) Lew=h i
u=20 in R"\ Q

we have the a - priori estimate
(2.20) ]| oo (mry < Cellhl e (o)

(the existence of such a constant follows from [8, Theorem 4.7]). Hence, the lower
bound Ay, depends on € only through the constant C. in estimate (2.20). On the
other hand, by Lemma 2.5, the constant C. can be chosen independently of : this
means, precisely, that there exists Cy > 0 such that

|/l oo mny < CollhllLr(0)

for every h € LP(Q) (with p > n/2), every weak solution u € X12(2) of (2.19) and
every € € (0,1]. Hence, if we choose py > 0 in such a way that (x) holds with Cy
in place of C. (that is, if we choose the very same constant considered in [2] and
corresponding to the case € = 1), we conclude that (2.18) is satisfied.

We now turn to prove (2.17). To this end we notice that, by proceeding exactly as
in the proof of [2, Theorem 1.1] (and by recalling that our constant sy is precisely
the one considered in [2] and corresponding to the case ¢ = 1), there exists a
solution wy . € X12(Q) of problem (P.), satisfying the a-priori estimate

[wrellzoe @) <

where r € [r1,79] is arbitrarily chosen, and r < ry are as in (x) (and they depend
on the fixed \); thus, by the minimality property of @) . we infer that

0<tuy. <wye<r ae.in,
and this readily gives the desired (2.17). O

Remark 2.7. Arguing exactly as in [2, Proof of Theorem 1.2] one can also realize
that there exists A, > 0 (indicated there as \), depending on the first Dirichlet
eigenvalue of £; (see e.g. [9]) but independent of ¢, such that

A <A,
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3. PURELY SUBLINEAR PROBLEMS AND THE PROOF OF THEOREM 1.2

In this short section we investigate the purely sublinear problem

Lou=AuP in ),
(3.1) >0 in,
u=0 in R"\Q,

To be more precise, we establish /review some results which will be used (as funda-
mental tools) in the proof of Theorem 1.4, and we demonstrate our first main result,
namely Theorem 1.2.

To begin with, we prove the following proposition.
Proposition 3.1. Let e € (0,1] be fized. Moreover, let A >0 and p € (0,1).
Then, the following assertions hold.

i) There exists a unique weak solution wy . € X12(2) of problem (3.1), which
s the unique global minimizer of the functional

1
(32) D) = o = =2 [ Ju e
Moreover, Jy.(wy.) < 0.
ii) wye € CL(Q) for every a € (0,1), and d,wy . < 0 on IN.

iii) There exists eg > 0 with the following property: given any ball Br(zg) C Q
and any 0 < r < min{1, R}, for every 0 < ¢ < gy we have

Wxe > €2 a.e.on By(xg),
for some constant ca > 0 independent of ¢.

We explicitly stress that, since problem (3.1) is of the form (2.7) (with f = A\tP),
the definition of weak solution of (3.1) is given in Definition 2.2.

Proof. We prove separately the three assertions.

i) To begin with, by using [12, Theorem 1.2] with the choice f(t) = AtP (notice that
this theorem certainly applies to the operator L., the role of £ being immaterial)
we immediately get the existence of a unique weak solution

wy e € XV2(Q) N L®(Q)

of problem (3.1); moreover, owing to [12, Proposition 6.2] (which also can be applied
to the - dependent operator £.), we know that this w) . satisfies

(3'3) J)\,E(wA,E) = QOE?I?IIB(Q) J)\,E(QO) and J)\,e(w)\,e) <0.

ii) Since f(t) = At? clearly satisfies the growth condition (1.2) (with Cy = 1), the
regularity up the boundary of w) . follows from Theorem 2.3; this, jointly with the
fact that wy . > 0 in €, allows us to apply 2.4, obtaining

O,wy ¢ < 0 pointwise on €.

iii) The proof of this assertion is split into three steps, and it is very similar to that
of [13, Proposition 3.7]; we present it in detail for the sake of completeness.

STEP 1). In this first step, we prove that
(3.4) lwoxellgs) < AT7 ¢ forall e € (0,1].
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for some constant ¢ > 0 only depending on 2 and on p.
Indeed, since wy . € X1?(Q) is a weak solution of problem (3.1) (in the sense of
Definition 2.2), by choosing w) . as a test function in (2.8), we get

A
2 2 p+1
||w>\,€||Hé(Q) < pe(wA,a) = m Wy e dx

(using Holder’s and Poincaré inequality)

_ AR
= p+l

‘1 P+1
sl < X el ) fun 5L,

where ¢(€2,p) > 0 is a suitable constant only depending on 2 and on p. From this,
since wy . # 0 (and since 0 < p < 1), we immediately derive the claimed (3.4).

STEP 2). In this second step we prove that, as e — 07, we have

a) wye — wy weakly in xL2(Q);
b) wy . — wy strongly in L™ (£2) for every 1 < m < 2%,

where wy € H}(Q) is the unique solution of the purely local problem

—Au = XuP in Q,
(3.5) u>0 in Q,
u=0 in R"\ Q,
To this end, we let {€;}; C (0,1] be any sequence converging to 0 as j — o0,
and we arbitrarily choose a subsequence {¢;, }1 of {¢;};. On account of (3.4), and
using Remark 2.1-5), we know that there exists some function w € X%?(2) such
that, as £ — 400 and up to possibly choosing a further subsequence,
® wy.; — w weakly in xL2(Q);
® wye; — wstrongly in L™(R) for every 1 < m < 2%

from this, since wj . is a global minimizer for Jy . (see (3.3)), we get

1
= p+1
@) = il =~ 57 [ ot da
< léginf Inej, (Wae;, )

<liminf Jy¢, (¢) = Jx(p) for every ¢ € H(Q),
k—+oco "7k

and thus w is a global minimizer for the functional Jy naturally associated with

the purely local, singular problem (3.5). As a consequence, since Jy as a unique

global minimizer which is the unique solution wy of (3.5) (that is, assertion i) also

holds in the purely local case, see [19]), we derive that

W = W)y.

Due to arbitrariness of the sequence {€;}; C (0,1] of its subsequence {ej, }5, and
since the limit is always the same, we conclude the validity of a)-b).

STEP 3) In this last step, we complete the proof of the assertion. First of all we
observe that, since w) . is a weak solution of problem (3.1), we readily derive that
wy ¢ s a also weak supersolution (in the sense of Definition 2.2) of L.u = 0 in §;
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thus, by [13, Proposition 3.3] (and since wy . > 0 a.e.in R™) we get

1/Q
(3.6) Wye > € (7[ wga dw) a.e.on By(zo),
By (z0)

where @, ¢ > 0 do not depend on . On the other hand, since by STEP 2) we know
that wy . — wy as € — 0 strongly in L™(Q) for every 1 <m < 2*, we have

(3.7) lim w?e dx = ][ w? dzx.
Br(l'())

e=0% J B, (20) ’

Gathering (3.6)-(3.7), and recalling that w) is the unique solution of (3.5) (hence,
wy > 0 a.e.in ), we can then fined some gy > 0 such that

. 1/Q
Wye > — ][ w? dx >0
" 2 \UB(z0)

a.e.in B,(xg) and for every 0 < & < g¢. This ends the proof. O

We now turn to prove our first main result, namely Theorem 1.4. Before doing
this, we establish the following auxiliary lemma.

Lemma 3.2. Let 0 < e <1, A > 0 be fized, and let wy . € X12(Q) be the unique
solution of problem (3.1) (whose existence and uniqueness is guaranteed by Proposi-
tion 3.1). Then there exists a positive constant 3 = By, > 0 such that

(3.8) pg(go)2 — )\p/ wf\;lgodx > Bre / o dz, forall p e Xl’Z(Q).
Q Q
Proof. We first remind that, on account of Proposition 3.1-1), the function wy  is

the unique, global minimizer of the functional J) . in (3.2), that is,

J)\,E(wA,E) = uef\{lll,gl(g) J)\,E(u);

this, together with the fact that wy . € C1(Q), see Proposition 3.1 -ii), ensures that
the second variation of the functional Jy . at w) . is non-negative, namely

(3.9) pe(p)? — p)\/gwf\’_;(pQ dx >0 for every ¢ € X12(Q).

As a consequence, we get

M(Le = Apuhh)

= inf {pg(go)Z —Ap /§2w§£14p2 der: ¢ € Xl’Z(Q), H(PHLQ(Q) = 1} > 0.
With (3.10) at hand, to prove (3.8) it then suffices to show that

(3.11) (L — )\pwg’\;l) > 0;

in fact, if (3.11) holds, the desired (3.8) follows with the choice

Bre = M(Le — Apuh ).

Hence, we turn to prove (3.11). To this end, we argue by contradiction assuming
that (3.11) is not true; thus, by (3.10) we necessarily have that

A (Le = Apwht) = 0.

(3.10)
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Taking into account Proposition 3.1-ii), and reminding that wy . > 0 pointwise in
Q (as wy . € C1(Q)), we can find some § = &, > 0 such that
wye(z) > 6y dist(z,0Q) for every z € O

from this, by arguing exactly as in [1, Remark 3.1], we infer the existence of a non-
negative eigenfunction associate with A\;(L. — a(x)); this means, precisely, that
there exists a function 1, . € X12(), ¥ = 0, such that

B (e, @) — )\p/ w’;;lwA,E dr =0 for every ¢ € XLQ(Q).
Q 9y

Now, choosing ¢ = w) . in the above identity, we get

(3.12) Bu(tnene) = Ap | uf e da

on the other hand, if we choose ¢ = 1) . as a test function for the equation solved
by wy . appearing in problem (3.1) (see Definition 2.2), we have

(313) Be(w)\,sa w)\,E) = )‘/Qw]))\@w)‘ﬁ dz.

Gathering (3.13)-(3.12), we then conclude that

)\/Qwi,gw,e dx = )\p/ﬂwingg dx

which is a contradiction, since p € (0,1) (also recall that wy . > 0 pointwise in §2,
and that ¢ . 2 0). This ends the proof. O

With Lemma 3.2 at hand, we can provide the

Proof of Theorem 1.2. Let € € (0, 1] be fixed, and let 5. = 81 > 0 be as in Lemma
3.2, with A = 1. Moreover, let M, > 0 be such that

(3.14) pM¥ 1 <p..

We now prove that, with this choice of M., assertion 1) is satisfied.
To this end, we argue by contradiction assuming that, for some fixed A € (0, A.),
there exists a second solution vy . of problem (P.) such that

(3.15) H’U)\’EHLOO(RTL) S Ma-
By Theorem 1.1 (which can be applied to L., see Lemma 2.6), we know that there
exists a minimal solution uy . of problem (P.)y; hence, we have
Ure = Uxe T e,
for some function g. € X12(Q2), g. > 0 in €.
We now define the auxiliary function (. : R™ — R as
Co(a) = A0 oy (a),

where w; . is the unique solution of the purely sublinear problem (3.1) with A = 1.
A direct computation shows that ¢ weakly solves

(3.16) LoC-=ACP in Q.

On the other hand, since u) . is a weak solution of problem (P.)) (hence, in partic-
ular, uy. > 0 a.e.in ), this function is a weak supersolution of problem (3.1) (in
the sense of Definition 2.2 with f(¢) = AtP); as a consequence, since we have already
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observed that ¢ solves (3.1), we can use [2, Lemma 3.11] (which can certainly be
applied to the operator L., the role of € being immaterial), obtaining

(3.17) ¢ = AV Plyy; . <uy, in R™.
With all this at hand we can now conclude. First,
Lovye = Le(une + ge)
= Mure + 9¢)” + (ure +9e)*
< uh + )\pu’/(;lgg + (upe +90)%

1 (vac is a solution of (P.)y)

L' (by concavity of t — tP);
as a consequence, we have
1 *_
Lege < Auz;\’a + Ap ul)i,a ge + (UA,a + 95)2 1 EEU)\75

-1 *_ *_
= Auz;\,g + Ap uz;\,g ge + (u)\,s + 96)2 - )\ui’e — uiﬁ 1

=\p u’)’\;lgg + (ure +90)% 7 - u?\;_l
< pwlfglgg +(ure + 9007 7 = uii;l (by (3.17), and since 0 < p < 1)
<pwlg.+pMZ g, (by (3.15))
< pwl.'ge + Bege (by (3.14)).
Summing up, the function g. satisfies (in the weak sense on 2)
Leg: — pwl . g < Bege.
Testing it with g itself, and using (3.8) (with A = 1), we get

/88/ 952 dr < pe(ge)2 _p/ wiglgs dr < /85/ 952 dz,
Q Q Q

which is a contradiction. O

4. PROOF OF THEOREM 1.3

In this section we show that the famous result [18, Theorem 1] still holds in the
mixed local-nonlocal setting. The proof is a quite simple adaptation of the original
proof by Brezis and Nirenberg and the major role is played by the recent regularity
results established in [3] and [38].

Proof of Theorem 1.3. By assumption, ug € X1%(Q) is a local minimizer for ® in
the C'-topology; this means, precisely, that there exists some r > 0 such that

(4.1) ®(ug) < P(ug +v), for all v € CH(Q) s.t. [vllcry <
It follows that the Euler-Lagrange equation satisfied by ug is
Lov=f(z,v) inQ,
v=20 in R™\ €

as a consequence, since (by assumption) f satisfies the growth condition (1.2), from
Theorem 2.3 we derive that ug € C1%(Q) for some a € (0,1). In view of this fact,
from now on we may assume without loss of generality that

UOZO.
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We now argue by contradiction, assuming that wg is not a local minimizer for ®
in the X12-topology; thus, for every § > 0 there exists vs € X12(Q) such that

(4.2) pe(vs) <d and P(vs) < P(0).
We explicitly notice that use of p.(-) to define an open neighborhood of ug = 0 in
(4.2) is motivated by the fact that, since € € (0,1), by (2.6) we have

lull gy < pel) < p(w) < Ollull g ey

for some © > 0 only depending on n, s; as a consequence, the norm p.(-) is globally
equivalent to p(+) (and to the Hi-norm), uniformly w.r.t.e.

Now, since the closed set K5 = {u € X12(Q) : p-(u) < §} C is weakly sequen-
tially compact, and since ® is weakly lower semincontinuous and bounded from
below (by the growth assumption (1.2) on f), we can find ws € Kj such that

®(ws) = min P(u).

weKs
In particular, by (4.2) we get

(4.3) O (ws) < P(vs) < ®(0) for every § > 0.

We then claim that

(4.4) i) ws € Co(Q) and i) %1_1% ws = 0 in the C*(Q)-topology.

Taking this claim for granted for a moment, we can immediately complete the proof
of the theorem: in fact, owing to (4.4), we see that there exists 9 > 0 such that

szSH@(ﬁ) <r forevery 0 <d < o,

where r > 0 is as in (4.1); thus, by (4.1) (and since we are assuming uy = 0) we
infer that ®(0) < ®(ws) for every 0 < § < dp, but this clearly contradicts (4.3).
We then turn to prove (4.4), and we proceed by steps.

STEP I). In this first step we prove that there exist dp > 0 and a constant ¢g > 0,
independent of §, such that the following estimate holds:

(4.5) |wsl oo () < co for every 0 < & < do.

To this end we first notice that, since ws is a global minimizer for ® on K, by the
Lagrange Multiplier Theorem, there exists ps € R such that

(4.6) B (ws, @) — /Q f(@,ws)pdr = ps Be(ws, o) for all p € X12(Q).

If pc(vs) < ¢ (that is, if ws € int(Ky)), then ps = 0; if, instead, p.(vs) = 0 (that is,
if ws € 0Kj), by choosing ¢ = vs in (4.6) we derive that

s 62 — B&(wéawé) = Be(wéywé) - /Q f(x7w5)w5 dx

= d(ws) + /QF(m,w(;)dx — /Qf(m,w(;)w(; dx
(using (4.3), and since ®(0) = 0)

< /Q (F(x,w(;) dx — /Qf(ﬂ:,w(g)w(g)dx <0,
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where we have used the growth condition (1.2). Summing up, we derive that us <0
and that ws € X12(Q) is a of the Dirichlet problem
flz,u) .
Lou= Q,
(4.7) T
u=>0 in R\

(in the sense of Definition 2.2). Now, since f satisfies the growth condition (1.2)
and since ug < 0, it is readily seen that the function

(4.8) gs(z,t) = {(_L’IZ (x e, teR)

satisfies the same growth condition (1.2), with the same constant C'y > 0; we are
then entitled to apply [38, Theorem 1.1], thus giving

1
(4.9) sl oo (0 §KO(1+/ w2 dr) O,
Q

where = (2 +1)/2 and k¢ > 0 is a constant independent of 6. With (4.9) at
hand, to complete the proof of (4.5) we need to show that

(4.10) / lws|* P da < ¢
Q

for some constant ¢ > 0 independent of 9, provided that ¢ is sufficiently small. To
prove (4.10), we closely follow the approach in [38, Lemma 3.2]: defining

—BTPYt+T)+ TP, t<-T
o(t) =< [t]?, -T'<t<T
BTt —-T)+ T8, t>T.

(with 7' > 0), and arguing exactly as in [38, Lemma 3.2], we get

N 70 . B
N / Ll dx < Cﬁ(/ﬂmal2 dx+/§z(80(w5))2|w5|2 Qd:r:),

which is exactly to [38, Equation (3.5)] (here, ¢ > 0 is a constant only depending
on n,$) and on the constant C'r). On the other hand, we have

/(@(w5))2!w5]2*2 dzx
Q
N / (sp(ws))*ws|*"* da +/ (p(ws))?|ws|* 2 dx
{lws|<1}

{lws|>1}
S/ et +/( (ws))?|ws* 2 dz = (%);
{lwsl<1y  |wsl
then, using Holder’s and Sobolev’s inequality, we obtain
2 LN2/2 .o\ 52
(*)S/ de+ )2 dm) < 2d$)2
flusl<y  |ws]

P 2* g 2/ ._
< IR, g /wa o) sl 32,
(usi<ty  lws|

(since p:(+) > || - ||Hg’ and since ws € Ky)
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* 2*
S/ |SD(’U) )| d _|_52 725 2 / |SD ’U)(S |2 d.’E) / )
flwsl<1y [ ws]

where S, > 0 is the best constant in the (local) Sobolev inequality. Using this last
estimate in the above (4.11), we then derive

. 2/2* X |g0(w5)|2
ws)|? dx <c /wzdw—i-/ ———dx
</Q‘(p( 5) > - ﬁ< Q’ d (wsl<1y  |ws] )

+c552*—25,f22*(/ﬂy<p(w5)12* dx)z/z*).

With (4.12) at hand, we can proceed toward the end of the proof of (4.10): indeed,
if we choose 0y € (0,1) so small that

(4.12)

9o o I 1
cBo Sn < 5

and if we let 0 < & < g, we can reabsorb the last integral in the right-hand side of
the cited (4.12), thus giving

2/2* i 2
/]cp (ws)|* dw §20ﬁ</ lws|? dw—i—/ Mdm);
Q {lusl<1y [ ws]

from this, by letting 7' — +o00 and by arguing as in [38, Lemma 3.2], we get

* 2/2* *
(/ lws|? 5dx) < 405/ lws|?” dz  for every 0 < § < dp.
Q Q

Finally, by using once again the Sobolev inequality, we conclude that
* 2/2* * *
(/ lws|? 5dm) < 4eB S22 po(ws) < 4B ST/,
Q
and this estimate holds for every 0 < § < Jp (since dp < 1). Recalling that ¢ > 0

only depends on n, and on the constant C, this completes the proof of (4.10).

STEP II). In this second step we complete the proof of (4.4)-1). To this end it
suffices to observe that, since the function gs in (4.8) satisfies the growth condition
(1.2) with the same constant Cy (independent of ), we are entitled to apply [38,
Theorem 1.3]; this, together with (4.5), ensures that

1) ws € CH2(Q) for every 0 < a < min{1,2 — 2s};
2) there exists ¢ > 0, independent of 4, such that

(4.13) Hw6||cl,a(ﬁ) <c(l+ ||w5\|%;(ﬂ)) <c¢ forevery 0 <d < dp.
In particular, since ws € X12(Q), we get ws = 0 pointwise on 9.

STEP III). In this last step we give the proof of (4.4)-1ii). To this end we observe
that, on account of (4.13), by the Arzela-Ascoli Theorem we can find a sequence
{6;} € (0,00) converging to 0 as j — 400 and wy € C§(Q) such that

lws; —woll g1y = 0 as j — +o0;
thus, since ws;, — 0 in X12(Q) as j — +oo (recall that ws € K; and that the two
norms p.(-), p(-) are globally equivalent in X12(Q)), we conclude that
wo = 0.
This ends the proof. O



20 S.BIAGI AND E. VECCHI

5. PROOF OF THEOREM 1.4

Following the approach in [1], in this section we show how Theorem 1.3 can
be used in order to establish Theorem 1.4, that is, the existence of (at least) two
distinct solutions of (P.)y provided that € € (0,1) is small enough.

We now turn to prove that, if € € (0,1] is fixed and if XA € (0, pg) (with gy > 0
as in Lemma 2.6), there exists a solution uy . of problem (P.)\ which is a local
minimizer for the functional associated with the problem, that is,

1 A 1
5.1 I . 2___/ n&i——/
( ) A,E(u) 2/’6(“) p+1 /g ]u\ T 2 /o ]u

where pg(u)z = HUHH(%(Q) +e [U]E,R"'

¥ dx,

Theorem 5.1. Let ¢ € (0,1] be fized, and let X € (0, pg) (with py > 0 as in Lemma
2.6). Then, there exists a solution uy . € XV2(Q) of problem (P.)y which is a local
minimizer for Iy ., that is, there exists oo > 0 such that

Doe(u) > Inc(une)  for alluw € X12(Q) with pu —uy.) < 00

Moreover, the following assertions hold:

1) there exists a constant C > 0, independent of £ but possibly depending on
the fized X € (0, py), such that

(5.2) luxellLo @) < C;
2) if wye € X12(Q) is the unique solution of (3.1), we have
(5.3) Une > Wxe a.e.in €.

Proof. The proof is analogous to that of [1, Lemma 4.1], but we present it here for
the sake of completeness. To begin with, we fix A, Ay € (0, u14) such that

(5.4) AL <A< Ag;

accordingly, we let u; = 1y, . € X1%(2) be the minimal solution of problem (P.)y,
(with ¢ = 1,2), whose existence is guaranteed by Lemma 2.6. We then observe
that, on account of Theorem 2.3, we have that u1,us € C'(Q); moreover, since the
map t — U is non-decreasing on (0, A.), by (5.4) we also have

u1 < ug pointwise in €.
In view of these facts, and since u; solves (P.)y, (for i = 1,2), we infer that
a) w=us —u; € XH3(Q) N CHQ);
b) for every test function ¢ € C3°(Q2), ¢ > 0 on 2, we have
Belwp) = [ O+ 8 pde — [ (i +aF g da
Q Q
(by (5.4), and since ug > u; > 0)

>0 [ (0= )pda+ [ (@7 - pdo 2 0
Q Q

and this proves that w is a (non-negative) weak supersolution (in the sense
of Definition 2.2) of the following problem

La=0 inQ

u=20 in R"\
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Since w # 0 in Q (as A\ < A2), by Theorem 2.4 we conclude that
(5.5) w = ug —uj > 0 pointwise in @ and 9, (ug —uy) < 0 on 9.
With (5.5) at hand, we now define the function

up ()P +up ()27 if t < (o)

flzt) = MP 21 if uy(z) <t <wug(x)
Mg (2)P 4 ug(x)? ~1 if t > ug(x)

(for x € Q and ¢ € R), and we consider the functional

J(u) = %pg(u)2 - /QF(x,u) dx, with F(z,t) = /0 f(z,s)ds.

Since u1,us € C*(Q), the function f is globally bounded on  x R; as a consequence
of this fact, it is easy to check that the functional J achieves its (global) minimum
at some u € X1?(€), which is a weak solution of

{Egu =f inQ,

5.6
(56) u=20 on 0N

Moreover, from Theorem 2.3 we get u € C'1(Q2). We then claim that
i) u1 < u < ug pointwise in €;

5.7
(57) i) dy(u—wu1) <0 and 9, (u — uz) > 0 pointwise on Jf.

In fact, let wy = u — u;. On the one hand, we have w; € XH2(Q) N CY(Q) (as the
same is true of both u and u1); on the other hand, since u; solves (P)y, . and since
u solves (5.6), by definition of f (and by recalling (5.5)) we also have

Belwn) = | (Flovn) = daf —uf g 0

for every test function ¢ € C§°(Q2), ¢ > 0 on 2. Hence, we see that w; is a weak
supersolution (in the sense of Definition 2.2) of the problem

Lou=0 in
u=0 in R\ ©
Since wy # 0 in 2 (as A\; < A), again by Theorem 2.4 we then get
w1 =u —up > 0 pointwise in Q  and 9, (u —u1) < 0 on .

In a totally analogous way one can prove that we = ug — u > 0 pointwise in §2 and
that d,ws < 0 on 0F2, and this completes the proof of (5.7).

Now we have established (5.7), we are finally ready to complete the demonstra-
tion of the theorem. Indeed, owing to (5.7), there exists g9 > 0 so small that

|lv — u||01(§) <o = u; < v < uy pointwise in €2

from this, taking into account that J(v) = Iy -(v) for every v € X12(Q) satisfying
up < v < gy in  (see the explicit definition of f), we derive that

Le(v) = J(v) > J(u) = Iro(u) for all v e C*(Q) with |lv— uller @y < eo,
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and this proves that u is a local minimizer of I . in the C L_topology. This, together
with Theorem 1.3, ensures that u € X%?(2) N C1(Q) is a local minimizer of the
functional I . also in the X 1.2_topology, as desired.

We now turn to prove the two assertions 1)-2).

- Proof of assertion 1). It is a direct consequence of (5.7)-1) and of estimate (2.17)
in Lemma 2.6, taking into account that u; = uy, .

- Proof of assertion 2). First of all we observe that, since u) . is a weak solution
of problem (P.)y (hence, in particular, uy. > 0 a.e.in 2), this function is a weak
supersolution of problem (3.1) (in the sense of Definition 2.2 with f(t) = At?); thus,
since wy ¢ solves (3.1), we can use [2, Lemma 3.11] (which can certainly be applied
to the operator L., the role of £ being immaterial), obtaining

wre <uye a.e.in (2.

We explicitly mention that [2, Lemma 3.11] can be applied, since f(t)/t = MP~! is
decreasing, and since wy . uy. € L% (Q), see Remark 2.1-4).

This ends the proof. O

Now we have established Theorem 5.1, we are ready to embark on the demonstra-
tion of Theorem 1.4. To keep the notation as simple as possible, throughout what
follows we avoid to keep explicit track of the dependence on ¢ of the functional I .
in (5.1) and of the solution uy . obtained in Theorem 5.1. Thus, as in the previous
sections we simply write I and u), the dependence on ¢ being understood.

We begin with the following key lemma.

Lemma 5.2. Let X € (0, u3) be fized (with pgy > 0 as in (2.18)). Then, there exist
g0 € (0,1), Ry > 0 and a positive function ¥ € X12(Q) such that
(5.) In(uy + RY) < Iy(uy) for all e € (0,e09) and R > Ry,
Iy(uy + tRyY) < In(uy) + %SZ/Z for all e € (0,e9) and t € [0,1].
Proof. First of all, we choose a Lebesgue point of uy in €2, say y, and we let 7 > 0
be such that B, (y) € Q; we then choose a cut-off function ¢ € C§°(£2) such that
(*) 0<@<1lin
(¥) ¢ =1 on B.(y);
and we consider the one-parameter family of functions

a(n—2)
E 2

n—2"9
(€ +lz—yl) =

(5.9) Us = Vz o, where V. (z) =

where o > 0 will be appropriately chosen later on. Notice that this family {V;}. is
the well-known family of the Aubin-Talenti functions, which are the unique (up to
translation) extremals in the (local) Sobolev inequality; this means that

IV VelllZ2 gy
(5.10) L REY g
HV ||L2*(Rn

where S, > 0 is the best constant in the Sobolev inequality.
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We now recall that, owing to [16, Lemma 1.1], we have (as ¢ — 0T)

. aln— K a(n—2)
) Uy = =2 (i +0() = Ky +o(e™ %)

(5.11) B
if) U172 () = & ( 2 41001 )) = Ky + o(c2™/?);

where the constants K7, Ko > 0 are given, respectively, by

1
K =IVWllll2gny,  Ko= | ——5=d
V= IVl Ko [ o
and they satisfy Kl/K;_z/n = S,, see the above (5.10). On the other hand, by
combining (5.11)-ii) with [10, Lemma 4.11], we also have
€ [Ue]i <e HUEHi?*(Q) -O(e“(Q—QS)) _ HU&HiQ*(Q) .0(61-1-04(2—23))

(5.12) "
= (K2 + 0(60471/2)) . 0(61-1—04(2—25)) — 0(61-1—04(1—3))‘

Defining w = uy + tRU; (for R > 1 and t € [0,1]), we then obtain the following
estimate (as e — 01):

t2R? 5
I)\75(w) =1, 5(U)\) + —pE(UE) + tRBp(U)\, UE)

——<|

: (Q))

o) |
/|u>\+tRU P da — /|u>\|p+1daz)

and recalling that uy solves (P.)x, we get

p+1

2R2 .
I)\,e(w) = IA,&(UA) + —p€(U€)2 + tR/Q()‘uI))\ + ui _1)U€ dx

o _( (Q (Q))
p—|-1 / |uy + tRU. |ijl dr — / |uA|ijl daz)
2R2 R2*
=1, s(u)\) + TP&(U )2 - ‘ (Q)

£

— ¥ IR¥ ! / U¥ luydz — R. — D,
Q
where we have introduced the notation
1 * * *
() Re= 5 /ﬂ {Jux + tRUP* — u} — (tRU.)?

2 uy (tRU.) (u2 2 + (tRUg)Z*_z)}dm;
Y
(x) D. = i {|u>\ + tRU P — Juy [P — tR(p + 1)u§U€}dx.

We start estimating R.. To this aim, we follow [17, Proof of Theorem 1] (from
equation (17) on) where the main difference is due to the fact that uy is actually
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dependent on € as well. However, using the uniform upper bound of the L*-norm
of uy in Theorem 5.1, one can get

a(n—2)
I 2

(5.13) | — R.| < RPo( ) ase— 0T,

for some f € (0,2*). Regarding D, since the map
0,400) 37— y(r) = P!

is convez on [0,+00), for every € € (0,1) we have

D= {ER® + DU + [ur P! = Juy + tRU |
p+1Jg
A

= Tor1 g {7(“A +tRU:) — y(ux) — WI(UA)(tRUs)}dx <0.

(5.14)

Finally, combining once again (5.3) and Proposition 3.1-1iii), and arguing as in the
proof of [10, Lemma 4.11], we get

/ U2 uy de > / V€2*—1w>\’€ dx > co / V2
(5.15) Q Br(y) Br(y)

> =22 Dg 4 o(e*"2/2) as e — 07,

where Dy > 0 is a constant only depending on n.
Gathering (5.11)-(5.12), we obtain

t2R? t> R¥
Iye < I o(uy) + 2 K — o K,
— 2 TIRT 1Dy (n=2/2 _ RBo(em=2/2) L C(tR + t2R?) o(e

+ (t2R2 + t2*R2*) (0(61+a(175)) + 0(6(1(1172)/2)).

(5.16)

a(n—2)
2

)

Thus, if we choose a € (0, 1] so small that 1 + a(1 — s) > a(n — 2)/2 (notice that
this is always possible, since n > 3 and s € (0,1)), we get

t2R? t2" R%
IA,&(UA + tRUz—:) < I)\,E(UA) + TKl - o Ko
(5.17) _ 2 IR2 1 p ca(n=2)/2

+ C (R + t¥ RY )o(e*n=/2),

Now, thanks to estimate (5.17) we are finally ready to complete the proof of the
lemma: in fact, starting from this estimate and repeating word by word the argu-
ment in [39, Lemma 3.1], we find g9 > 0 and Ry > 0 such that

I(uy + RU.) < Ix(uy) for all € € (0,&9) and R > Ry,
I(ux + tRoU.) < Ix(uy) + %Sﬁ/z for all € € (0,&9) and ¢ € [0, 1].

Thus, the lemma is proved by choosing ¥ = U, (with € < g9 and y, a as above). O

Thanks to Lemma 5.2, we can now proceed toward the proof of Theorem 1.4:
in fact, we turn to show that problem (P.)) possesses a second solution vy # wuy,
provided that 0 < A < A, and 0 < € < gg, where g > 0 is as in Lemma 5.2.
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Let then 0 < € < g¢ be arbitrarily but fixed (with 9 > 0 as in Lemma 5.2), and
let 0 < A < As. Since we know that u) is a local minimizer of the functional Iy,
there exists some 0 < gg = 0o(€) < p-(uy) such that

(5.18) I(u) > I(uy) for every u € XH(Q) with pe(u — uy) < 0o
As a consequence of (5.18), if we consider the cone
T={ucXQ): u>uy>0ae.in Q},
only one of the following two cases hold:
A) inf{I\(u): w € T and p-(u — uy) = o} = Ix(uy) for every 0 < o < go;
B) there exists o1 € (0, 09) such that
(5.19) inf{l\(u): w € T and p-(u — uy) = 01} > In(uy).

We explicitly notice that use of p.(-) to define an open neighborhood of u in (5.18)
is motivated by the fact that the norm p(-) is globally equivalent to p(:) (and to
the Hi-norm), uniformly w.r.t.e, see (2.6).

We then turn to consider the two cases A)-B) separately. In doing this, we will
repeatedly use the following elementary result of Real Analysis.

Lemma 5.3. Let A C R" be an arbitrary measurable set, and let 1 < m < oo.
Moreover, let f € L™(A) and let {f;}; € L™(A) be such that
fi = fin L™(A) as j — 4o0.
Then, for every 0 < ¥ < m we have
(5.20) lim / £l pde = / \f[Ppdx  for every p € Lo (A),
Jj—=too J 4 A
where mly = m/(m — ) (with the convention mly = oo if ¥ =m).

Proof. We preliminary observe that, taking into account the very definition of m/,
a direct application of Holder’s inequality shows that

(5.21) lu|”|v| € L'(A)  for every u € L™(A) and every v € L™ (A);

hence, all the integrals in (5.20) are well-defined and finite.

With (5.21) at hand, we now turn to establish (5.20). To this end, we arbitrarily
choose a sub-sequence {fj, }r of {f;}; and we prove that, by possibly choosing a
further sub-sequence, identity (5.20) holds for {f;, }&-

Let then ¢ € L™s(A) be fixed. Since, by assumption, fj — [ strongly in L™(A)
as j — +o0o, we can find a function h € L™(A) such that (up to a sub-sequence)

i) fj, — fae.in Aas k — 4o0;
i) 0 <|fj.| < hae.in A, for every k € N;

thus, since ¥ > 0, by assertion ii) we have the estimate
(5.22) 0 < |fi.[”l¢l < h”|g| a.e.in A and for every k € N.

Now, by (5.21) we know that g = h”|¢| € L'(A); this, together with assertion i)
and estimate (5.22), allows us to apply the Lebesgue Theorem, giving

li W|pdr = Yo da.
Jdin [ 15 ede = [ (%o
This ends the proof. O
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We are now ready to prove the following propositions.

Proposition 5.4. Assume that CASE A) holds. Then, for every o € (0,00) there
exists a solution vy of problem (P:)y such that
pe(ux —vy) = 0.
In particular, vy Z u).
Proof. Let 0 < ¢ < gg be arbitrarily fixed. Since we are assuming that CASE A)
holds, we can find a sequence {uy}r C T satisfying the following properties:
a) pe(ug —uy) = o for every k > 1;
b) In(ug) — Ix(uy) =: c) as k — 4o00.
We then choose § > 0 so small that o — d > 0 and o+ § < g¢ and, accordingly, we
consider the subset of T' defined as follows:
X={ueT: 0-6<p(u—uy) <o+d}CT
(note that uy € X for every k > 1, see a)). Since it is closed, this set X is a
complete metric space when endowed with the distance induced by p; moreover,
since Iy is a real-valued and continuous functional on X, and since
infx Iy = I\(uy)

we are entitled to apply the Ekeland Variational Principle (see [5]) to the functional
I, on X, providing us with a sequence {vy }r € X such that

D) Ia(vp) < In(ug) < In(wy) + 1/,
(5.23) ii) pe(vg —ug) < 1/k,
i) Iy(vg) < In(u) + 1/k - p(vg, —u) for every u € X.
We now observe that, since {vg}x C X and since the set X is bounded in X1%(Q),
there exists vy € X12(Q) such that (as kK — 400 and up to a sub-sequence)
i) v, — vy weakly in X12(Q);
(5.24) ii) v — vy strongly in L™(Q) for every 1 < m < 2%,
iii) v — vy pointwise a.e.in .
where we have also used the compact embedding X%2(Q) — L?(2). To complete
the proof, we then turn to prove the following two facts:
1) vy is a weak solution of (P.)y;
2) PE(U)\ - U,)\) =0>0.
Proof of 1). To begin with, we fix w € T and we choose vy = vp(w, A) > 0 so small
that u, = vy + v(w — v) € X for every 0 < v < vy. We explicitly stress that the
existence of such an vy easily follows from (5.23)-ii) and property a) above.
On account of (5.23)-iil) (with u = wu, ), we have

Do +v(w —vg)) = D) o _}p (w0 — vg):
- k € )

v
From this, by letting v — 07 we obtain

1 *_
—%pg(w—vk) < B (vg, w — vg) —/vz Yw — vy da
(5.25) @
—)\/ﬂvi)(w—vk)dx,
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Now, given any ¢ € C5°(€2) and any v > 0, we define

(%) Yy =vp + v —uy and ¢p, = (V) —;
(*) v =vx+ v —uy and ¢, = (Yp)—.

Since, obviously, w = vy + vy + ¢, € T', by exploiting (5.25) we get

1 .
_EPE(V%D + drp) < Be(vp, v+ ) — / v “Hvp + dry) dx
(5.26) @

- /Q (Ve + r) da.

Then, we aim to pass to the limit as ¥ — +o0o0 and v — 0T in the above (5.26). To
this end we first observe that, on account of (5.24)-iii), we have

(5.27) ¢k, — ¢ pointwise a.e.in Q as k — +00;
moreover, by the very definition of ¢, we also have the following estimate
’¢k,u‘ = (U)\ — vy — Uk:) ' 1{u>\7wp7vk20} <uy+ V‘(p‘;

as a consequence, we get

1) Uz*_l‘(ﬁk,ul = Uz*_l(u)\ — vV — Uk:) : 1{u>\7wp7vk20} < (u)\ + V’(PD2*;

(528) .. D P p+1
11) Uk‘(ﬁk,z/’ = Uk(u)\ — vy = Uk) : l{ukfmpkazo} < (U,)\ + V’(PD :

Using a standard dominated-convergence argument based on (5.27) - (5.28), jointly
with Lemma 5.3 (see (5.24)-ii) and remind that ¢ € C§°(€2)), we then obtain

lim </Qvi*_1(vs0 + ¢k,) dr + )\/Qvﬁ(l/w + Or) da:)

k——4o00

(5.29)
:/ i*_l(ucp—i—(ﬁy)dx—i—)\/ (v + ¢y) da.
Q Q

As regards the operator term B.(vk,ve + ¢,) by proceeding ezactly as in [13,
Proposition 5.2] (where the same operator £, is considered), we get

(5.30) B (vk, v + ¢rp) < Be(vn, v + ¢p) + o(1) as k — +oo,

where we have used the fact that v, — vy weakly in X12(Q).

Gathering (5.29) and (5.30), and taking into account that p.(¢x,,) is uniformly
bounded with respect to k (as the same is true of vy), we can finally pass to the
limit as k — +o00 in (5.26), obtaining

(5.31) B (v, v+ ¢y) > /Qvi*l(ucp + ¢y) dz + A /Q R (v + ¢y) da.
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With (5.31) at hand, we can now exploit once again the computations carried out
in [13, Proposition 5.2], getting

(v, @ )\/v)\godx—/vi “Lodx

z—%(&(w,@)—x/ﬂvi@dm—/g W} g, dr)

(since wuy is a solution of (P.)))

= %( - B&(UA - u)n¢u) + )‘/Q(Ug - ul))\)(ﬁu dz

(5.32) +/Q(v§ w2 e, d:n)

(since vy = limg_y 100 Uk > u))

1
>o(- V(or — un) - V(0r — uy + vp) da
{va +V<P<UA}

ﬂ (02 — un) () - m—mmmmm—%@uM@
RQn

|z — gyt

>o(l)as v —07T;
as a consequence, by letting v — 0% in (5.32), we obtain

(U, @ )\/v)\gpdx—/vi*_lgpdeO.

This, together with the arbitrariness of the fixed ¢ € C§°(2), finally proves that
the function vy is a weak solution of problem (P.)) as claimed.
In particular, from Theorem 2.3 we derive that

(5.33) uy € L®(Q).
Proof of 2). To prove assertion 2) it suffices to show that
(5.34) vp — vy strongly in X12(Q) as k — +oo0.
In fact, owing to property a) of {uy}, we have
0 — pe(ur — vk) < pe(vr — wr) < pe(vk — ug) + 0

this, together with (5.34) and (5.23)-ii), ensures that p.(uy —vy) = 0. Hence, we
turn to to prove (5.34), namely the strong convergence of {vy}i to vy.

First of all, by (5.24) and the Brezis- Lieb Lemma [15], we have
i) lvg — vallpr+1@) — 0 as k — +oo,
(5.35) ii) [|okl 72 @) = loallFar (g + ok = vallFor () + 0(1);
iii) p=(vk)? = Pe(vA) + pe (v, — 0x)” + o(1).
In particular, from (5.35)-1) we get

(5.36) /Qv{;“ d = /Qv§“ dz +o(1) as k — +oo.
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Owing to (5.35), and choosing w = vy € T in (5.25), we then get
2
pe (v — vA)" = —Be(vk, v — vk) + Be(va, vx — vk)

1
< pevr — o) + A/g”i(vk —vy)dx

+ / vZ*_l(vk —vy) dx + Be(vy, v\ — k)
Q

(since {v}x is bounded and vj, — vy weakly in X1?(Q))

:)\/Qvf;“dx—i-/ﬂvi*_l(vk—vA)dx—)\/Qviv)\dx—i-o(l)

2+ 2% -1
LQ*(Q)—/ka vy dT

—)\/viv)\dx%—o(l) as k — 4o0.
Q

— )\/Qv§H dz + ||vg — vy iz*(ﬁ) + ||lva

On the other hand, owing to (5.24) - (5.33) (and reminding that 0 < p < 1), we can
exploit once again Lemma 5.3, thus deriving

/ vivy dz — HUAHI;L(Q) and / 02 Ly dr — ”U)\H%*Q*(Q)
Q Q

as k — +o00; as a consequence, we obtain

(5.37) pe(vp — )% < |lop — UAHi*g*(Q) +o(l) ask— +oo.

To proceed further, we now choose w = 2v;, € T" in (5.25): this yields

* 1
pelon)? =l gy =X [ o o> —pu(un)? = o1

thus, recalling that vy is a weak solution of problem (P.),, we get

pe(ve — v2)? = pe(vi)? — pe(vr)® + o(1)
> <Hkai*2(Q) + )\/Qvf,z+1 dw) — Be(va, vy)
— okl ) + A/ﬂvgﬂ o — 07125 ) A/ﬂvz;ﬂ da
= |logp — UAH%*Q*(Q) +o(1) ask— +oo,

(5.38)

where we have also used (5.36). Gathering (5.37)-(5.38), we then obtain
(5.39) pe(vp — v2)? = |lug — U)\”%;*(Q) +o(1l) ask— +oo.

With (5.39) at hand, we can finally end the proof of (5.34). In fact, assuming (to
fix the ideas) that I (uy) < Ix(vy), from (5.23) and (5.35)-1) we get

B 1 2 )\ p+1 1 2%
In(vg = vz) = 5pe (o —va)" + P /Q ok — [P dz + llow — vallze g
1
= I(vg) = 1(v3) +o(1) < I(ux) = I(va) + 15 +o(1)
<o(1) as k — +o00;
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this, together with (5.35)-1), gives

1 1 .
5P = 03)" = ok = w72 g
(5.40) \

= L(vy —v +—/v—v P gy < o(1).
A(vp — vy) P Q|k Al (1)

Thus, by combining (5.39)-(5.40), we easily obtain

: e _ a2
lim Now = oallzer (@ =  Hm_pe(vr = a)" =0,

and this proves (5.34). O

Proposition 5.5. Assume that CASE B) holds. Then, there exists a second solu-
tion vy of problem (P.)x such that vy # uy.

Proof. To begin with, we consider the set

I'={neC([0,1;T) : n(0) = ur, In(n(1)) < In(ux) and pe(n(1) —ux) > o1},
(where g; > 0 is as in (5.19)), and we claim that I" # @.

In fact, since the fixed € satisfies 0 < ¢ < gg (with €9 > 0 as in Lemma 5.2), by
the cited Lemma 5.2 we know that there exists Ry > 0 such that
{A(uA + RU,) < I(uy) for all R > Ry,

5.41
( ) I)\(U)\ + tRoUE) < I)\(U)\) + %SZ/Q for all t € [O, 1].

In particular, from (5.41) we easily see that
no(t) = ux +tRoU: € T
(by enlarging Ry if needed), and thus I' # @, as claimed.

Now we have proved that I' # &, we can proceed towards the end of the proof.
To this end we first observe that, since it is non-empty, this set I' is a complete
metric space, when endowed with the distance

dr(ni,m2) = ax pe (m(t) — m2(t));

moreover, since Iy is real-valued and continuous on X%2(Q), it is easy to recognize
that the functional ® : I' = R defined as

®(n) = [nax In(n(t)),

is (well-defined and) continuous on I'. In view of these facts, we are then entitled
to apply the Ekeland Variational Principle to this functional ® on I': setting
o = inf I'®(n),
there exists a sequence {nx}r C I' such that
(5.42) 1) () <o+ 1/k,
ii) ®(nk) < ®(n) + 1/kdr(ng,n) for every n € T

Now, starting from (5.42) and proceeding exactly as in the proof of [6, Lemma 3.5],
we can find another sequence

v = n(ty) €T
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(for some tj, € [0,1]) such that
a) In(vk) = 70 as k — +o0;
b) there exists some C' > 0 such that, for every w € T, one has

Be (g, w — vg) — )\/ vZ(w —vg)dx
(5.43) ) @ o
= [ M=o de 2 =T+ pefw)).

In particular, choosing w = 2v in (5.43), we get

(5.44) pe(vp)? — )\/va“ dx — /Qv,%* de > —%(1 + 2p-(vg)).-

By combining (5.44) with assertion a), and exploiting Hélder’s and Sobolev’s ine-
qualities, we then obtain the following estimate
1 A

0 +0(l) = gpelvn)? = —=7 | T dr— o | of do

11 ) 11 .
> (L1 Ay ge) [

(5.45)
(14 2p.(0)
> L Pe\Vk
1 1
> (5= 57 ) pe(n)? = Cp- ()" = 20.(v) — 1),
where C' > 0 is a constant depending on n and on [{2|. Since, obviously,
1 1 >0
OT9 T T

it is readily seen from (5.45) that the sequence {v}, is bounded in X12(Q) (other-

wise, by possibly choosing a sub-sequence we would have p.(vg) — +00, and hence

the right-hand side of (5.45) would diverges as k — +o00, which is not possible).
In view of this fact, we can thus proceed as in the proof of Lemma 5.4 to show

that {vy }x weakly converges (up to a sub-sequence) to a weak solution vy € X12(Q)

of problem (P.),, further satisfying the identity

(5.46) pe(vp — v2)? — ||lug — U)\H%;*(Q) =o0(1) ask — +oo.

In view of these facts, to complete the proof we are left to show that vy # uy. To
this end we first observe that, given any n € I', we have

pe(n(0) —ux) =0 and  pe(n(l) —ux) > o1,

and hence there exists a point ¢, € [0,1] such that p.(n(t,;) — ur) = o1; as a
consequence, since we are assuming that CASE B) holds, we obtain

%0 = inf (n) > inf {1((t)) : € T}
> inf{l\(u) : uw € T and p-(u —uy) = o1} > In(uy).

On the other hand, since we already know that ny(t) = uy+tRoU. € T', from (5.41)
(and the very definition of vy) we derive the following estimate

1
< = — n/2‘
Yo < @(no) Jax In(no(t)) < In(ux) + —Sn
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Summing up, we have
1
(5.47) In(uy) <o < In(un) + 553/2-

Now, since the sequence {v;}, weakly converges in X12(Q) to vy as k — 400, the
same assertions in (5.35) hold also in this context; this, together with (5.47) and
the above property a) of the sequence {vg }, gives

1

1 *
§p€(vk — )’ - §||Uk — ) ig*(g)
_ 1 2 2 1 o* 9%
(5.48) B 5(,%(1%) = pe(vr) ) - ?(Hvk L2 (Q) HUHL%(Q)) +0(1)
= I\(vk) — Ix(uy) + o(1) = v0 — In(uy) + o(1)
< 153/2 — do,
n

for some dp > 0 such that 1/n spiz dp > 0 (provided that k is large enough).

Gathering (5.46)-(5.48), and arguing as in [39, Proposition 3.1], it is then easy
to recognize that vy — vy strongly in X%2(2); as a consequence, by the continuity
of the functional I, and by (5.43)-(5.47), we get

In(uy) <y = kgrfoo In(vg) = Ix(va),

and this finally proves that vy # u), as desired. O

6. PROOF OF THEOREM 1.6

As anticipated in the Introduction, in this last section we exploit Theorem 1.2
to prove Theorem 1.6. The main reason why we postponed this proof at the very
end of the paper is philosophical: since Theorem 1.6 concerns the behavior of the
L*>-norm of any solution of problem (P.)y different from its minimal solution uy ¢,
we need to know that there exists (at least) one bounded solution of (P.)y distinct
from such ) .; this is precisely the content of our Theorem 1.4 (at least for ¢ < 1),
taking into account Theorem 2.3.

Proof (of Theorem 1.6). We closely follow the approach in [1, Theorem 2.4].
Arguing by contradiction, we assume that there exist a sequence {\;}; C (0, A;)
and a family {v; = vy, . }; of weak solutions of problem (P.),, such that

a) Aj = 0as j — 4o00;
b) v; # uy; . (Where @y, . is the unique minimal solution of (P.)y,), and
(6.1) vl oo ) < e
for some constant ¢ > 0 (possibly depending on ¢).
In particular, we have
) v; > 0 pointwise in 2 and u = 0 pointwise in 0f2;

6.2
(6.2) ) J,v; < 0 pointwise on 09

We then observe that, since v; is a weak solution of problem (P.),; different from
its minimal solution @y, ¢ (that is, problem by (P.) A; Dossesses at least two distinct
solutions), by Theorem 1.2 we necessarily have that

(6.3) il Loe () > M,
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for some constant M. > 0 (independent of j, but possibly depending on ¢).
On the other hand, by combining (6.1) with the global regularity result proved
in [38, Theorem 1.3] (see also the proof of Theorem 2.3), we derive that

(6.4) ijucl,a(ﬁ) <c(l+ ‘|vj‘|%;(ﬂ)) < e,

and such an estimate holds for every fixed a € (0, min{1,2 — 2s}), with a suitable
constant ¢ > 0 independent of j. Now, owing to (6.4) (and bearing in mind (6.2)),
we easily derive that the sequence {v;}; uniformly converges (up to a sub-sequence)
as j — +oo to some non-negative function

v € X2 Q)N Cl(Q),
which is a weak solution of the purely critical problem

Lou=u*"1 inQ

) u=0 in R"\ Q

(recall that A\; — 0 as j — +00); moreover, by (6.4) we get
[vollpe() = Me = vo # 0.

Summing up, the function vy is a non-trivial and non-negative weak solution of (x)
(in the sense of Definition 2.2), but this is in contradiction with [10, Theorem 1.3]
(since, by assumption, 2 is star-shaped). This ends the proof. O
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