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Abstract

Fermion functional integrals are calculated for the Dirac operator

of a finite real spectral triple. Complex, real and chiral functional

integrals are considered for each KO-dimension where they are non-

trivial, and phase ambiguities in the definition are noted.

1 Introduction

Spectral triples provide a precise mathematical framework for the Dirac op-
erator, allowing the generalisation to non-commutative spaces [1]. In the
traditional (commutative) case of a Dirac operator on a manifold, the for-
mulation of the fermion functional integral is well known, and results in the
computation of a regularised Pfaffian or determinant.

In this paper, the corresponding fermion integrals are calculated for finite
spectral triples, that is, ones in which the vector space of spinor fields is
finite-dimensional. Finite spectral triples are richer in the non-commutative
setting and include the fuzzy sphere [2] and the fuzzy torus [3]. Moreover,
random finite spectral triples have been used to model random geometries
[4, 5, 6, 7, 8, 9, 10, 11], reviewed in [12]. These models have the potential to
model quantum gravity and bosonic matter fields in a finite setting. Thus
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it is interesting to add fermion fields and the fermion functional integral to
these models.

Three different types of functional integral are considered:

• The complex integral, over a set of fermionic variables and their con-
jugates.

• The real integral, over a set of fermionic variables (without conjugates).

• The chiral integral, a real integral where the spinors are restricted to a
definite chirality.

There are eight different types of spectral triple distinguished by the KO-
dimension s, which is an integer mod 8. The results of this paper are to
determine the non-trivial cases, giving a formula for fermion integral in terms
of a Pfaffian or a determinant. In some cases there is a sign or a phase
ambiguity. Finally, there are some remarks about the physical significance
of the results.

2 Finite real spectral triples

A finite spectral triple has a finite-dimensional Hilbert space H, on which
acts a self-adjoint operator D, the Dirac operator, and an algebra A. The
eight different types of spectral triple are determined by the properties of
a chirality operator Γ on H, which is Hermitian and squares to 1, and an
antilinear unitary operator J on H called the real structure.

For even parameter s, D anticommutes with Γ. The elements of the +1
eigenspace of Γ are called the left-handed fermions and the −1 eigenspace
the right-handed fermions. For odd s, Γ commutes with D and one can
decompose the spectral triple so that Γ = 1 (or −1); the chirality operator
is therefore not important.

The properties of J are J2 = ǫ = ±1, DJ = ǫ′JD = ±JD and JΓJ−1Γ =
ǫ′′ = ±1. These three signs depend only on the value of s = q− p mod 8, as
shown in Figure 1 [13]. The properties of J mirror those for a real structure
in a Clifford module and therefore arise also where the fermions are spinors
of signature (p, q), with s = q − p mod 8 [14].

There are some further axioms that relate the algebra to the Dirac opera-
tor, chirality operator and the real structure. However, these axioms are not
needed in this paper, except to note that the Dirac operator is constrained
by the algebra action. There are no such constraints if one takes A = C.
Note that since the Hilbert space has a positive definite inner product, any
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s 0 1 2 3 4 5 6 7
ǫ 1 1 −1 −1 −1 −1 1 1
ǫ′ 1 −1 1 1 1 −1 1 1
ǫ′′ 1 1 −1 1 1 1 −1 1

R C H H H C R R

Figure 1: Table of signs for real spectral triples.

symmetries are unitary and the spectral triples are therefore an abstraction
of Euclidean signature physics.

3 Complex fermion integral

The simplest fermionic action is

〈ψ,Dψ〉 (1)

using the Hermitian inner product from H. The fermion integral is

Z =

∫

ψ∈H

∫

ψ∈H

ei〈ψ,Dψ〉 dψ dψ = det iD. (2)

which is the standard result, though it is worth writing the detail for later
use. It is called a complex integral because the field and its conjugate are
integrated independently.

The integral is defined by picking an orthonormal basis ej of H, writing
ψ =

∑

j ψjej . The ψj are the component functions with respect to the basis
and are assumed to be anticommuting variables. Then evaluating

Z =

∫

ei
∑

jk〈ej ,Dek〉ψjψk dψ1 dψ1 dψ2 dψ2 . . . = det[〈ej, iDek〉]. (3)

This gives the determinant of the matrix on the right-hand side, which is
the determinant of the operator iD. In particular, it is independent of the
orthonormal basis chosen.

If the spectrum is symmetric about zero, as it is for s = 0, 1, 2, 4, 5 or 6,
then this determinant is the product of terms (iλ)(−iλ), and possibly zeroes,
and so is a non-negative real number.

4 Real fermion integral

Define a new inner product on H
[ψ, φ] = 〈Jψ, φ〉. (4)
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This is bilinear, and a calculation with commuting ψ and φ shows that
[ψ, φ] = 〈Jψ, φ〉 = 〈Jφ, J2ψ〉 = ǫ[φ, ψ]. Including the Dirac operator gives
[ψ,Dφ] = ǫ[Dφ, ψ] = ǫ′ǫ[φ,Dψ].

An action is defined for the anticommuting field ψ as

1

2
[ψ,Dψ] =

1

2
〈Jψ,Dψ〉 (5)

which is only non-zero as an element of the Grassman algebra if ǫ′ǫ = −1,
due to the anticommutation of fermions.

Since the action depends on ψ but not its complex conjugate, the fermion
integration is symbolically

F =

∫

ψ∈H

e
i
2
[ψ,Dψ] dψ. (6)

It is called a real integral because the conjugate variables are absent (like a
contour integral in complex analysis). Picking an ordered orthonormal basis
ej , the precise definition of this integral is

F =

∫

ψ∈H

e
i
2

∑
jk [ej,Dek]ψjψk dψ1 dψ2 . . . = pf(iM) (7)

with M the matrix with components Mjk = [ej, Dek]. This is an antisym-
metric matrix if ǫǫ′ = −1, and so the KO-dimension can only be s = 1, 2, 3, 4
if the fermion integral is non-zero.

The Pfaffian of M depends on the choice of basis: in a new basis deter-
mined by unitary matrix U this is

pf(UMUT ) = detU pfM. (8)

It follows that | pfM | is independent of the basis.
The complex conjugate of the matrix is determined by

Mjk = 〈Jej, Dek〉 = 〈J2ej , JDek〉 = ǫ′[Jej , DJek]. (9)

Further analysis depends on the sign J2 = ǫ.

Case ǫ = 1. The only non-trivial case this applies to is s = 1. The basis
can be chosen to be a set of real vectors Jek = ek. Since ǫ

′ = −1, (9) shows
that Mjk is imaginary, and so pf iM is a real number. A change of basis
matrix U is real, and so detU = ±1. Thus the sign of the Pfaffian depends
on the ordering of the basis, up to even permutation. Another way of seeing
that there is only a sign ambiguity is that (pfM)2 = det[〈ej , Dek〉] = detD,
which is independent of the basis.
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Case ǫ = −1. In this quaternionic case J2 = −1, nontrivial for s = 2, 3, 4,
an orthonormal basis can be chosen such that e2k+1 = Je2k for k = 1, . . . , n/2.
Then ǫ′ = 1 and M = VMV T with V the direct sum of the 2× 2 blocks

(

0 1
−1 0

)

, (10)

which has determinant 1. Thus pfM is real (and pf iM either imaginary or
real depending on whether n/2 is odd or even). If also e′2k+1 = Je′2k, the
change of basis matrix U preserves the antisymmetric form [ej, ek], and so
detU = 1. Thus pfM is independent of the choice of basis.

The Pfaffian can be calculated using an orthonormal basis of eigenvectors
of D. Let e1 be any eigenvector of D, with eigenvalue λ. Then e2 = Je1 is
a linearly independent eigenvector with the same eigenvalue and so M12 =
−M21 = λ, which is the contribution to the Pfaffian. Repeating this with
further eigenvectors shows that (pfM)2 = det(D).

In the cases s = 2 or 4, the chirality operator Γ determines further eigen-
vectors e3 = Γe1 and e4 = Je3, both with eigenvalue −λ. Thus (assuming
all eigenvalues are non-zero) n/2 is even and pf iM is a product of terms
(iλ)(−iλ), and is therefore positive. In fact, pf iM =

√
detD.

If s = 3, the chirality operator is trivial. A 2 × 2 example shows that
pfM can have either sign, and so this case has a sign ambiguity in general.

5 Chiral fermions

For s even, a chiral model is achieved by splitting H = H+ ⊕H− according
to the eigenvalues of the chirality operator Γ and using only vectors in H+,
or only vectors in H−.

For action (1) this does not work because D maps H+ to H−. Putting
P± = 1

2
(Γ± 1), this problem is explicitly that 〈P+ψ,DP+ψ〉 = 0.

The chirality condition can be imposed in the action (5) for the real
integral if the KO-dimension s = 2. This is because [P+ψ,DP+ψ] is non-zero
in this case, due to the fact that ǫ′′ = −1. (The only other case satisfying
this condition is s = 6, but the action for this case is zero.)

The chiral fermionic integrals are

F+ =

∫

ψ∈H+

e
i
2
[ψ,Dψ] dψ = pf iM+ (11)

and

F− =

∫

ψ∈H
−

e
i
2
[ψ,Dψ] dψ = pf iM− (12)
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with the matrix M± the restriction of M to a basis of H±. Once again, this
depends on the choice of basis and the ambiguity is a phase factor detU+

determined by the analogue of (8).
The phase ambiguity can be eliminated by considering an integral that

has two chiral fields. The (non-chiral) fermion integral (6) for s = 2 can be
considered a product of two chiral integrals

F = F+F− (13)

using a basis of vectors each having definite chirality. The corresponding
phase factors detU+ and detU− cancel for the left- and right-handed bases
because they are related with J . Explicitly,

ψ =

(

ψL
ψR

)

, Γψ =

(

ψL
−ψR

)

, Jψ =

(

JRψR
JLψL

)

, Dψ =

(

DRψR
DLψL

)

(14)

and the action is

1

2
[ψ,Dψ] =

1

2
[ψL, DLψL] +

1

2
[ψR, DRψR] (15)

giving the splitting (13) on integration.
A different example is obtained by starting with a real spectral triple

(A,H, D, J,Γ) for s = 4. The Hilbert space is doubled, setting H′ = H⊕H
and

Γ′ =

(

Γ 0
0 −Γ

)

, D′ =

(

D µΓ
µΓ D

)

, J ′ =

(

0 J
J 0

)

(16)

with a constant µ ∈ C. One can check this gives a spectral triple (A,H′, D′, J ′,Γ′)
of KO-dimension s = 2. The chiral condition for this spectral triple is the
restriction to ψ = (χL, φR) ∈ H′

+
∼= H+ ⊕H−, giving the chiral action

1

2
[ψ,D′ψ]′ = [φR, DχL]−

µ

2
[φR, φR] +

µ

2
[χL, χL] (17)

where the right-hand side is the expansion into two chiral fermions in the
original s = 4 Hilbert space H. There is no phase or sign ambiguity for
this chiral fermion functional integral because both H+ and H− have bases
that are determined by J up to unitary matrices U+ and U− which satisfy
detU+ = 1 and detU− = 1.

6 Discussion

Non-trivial fermion integrals exist for all s in the complex case without any
ambiguity, but in the case of the real fermion functional integral, only for
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s = 1 or 3 with a sign ambiguity, or s = 2 or 4 with no ambiguity. In the
chiral case, only s = 2 is possible, and there is in general a phase ambiguity.
There are examples of the chiral construction where the ambiguity disappears
if the Hilbert space is constructed from two chiral fermions.

In a sense, the ambiguities are not fatal because one can just pick a basis
and obtain a definite value for the integral, despite the fact that the problem
is not uniquely specified in an abstract mathematical sense. However, the
issue may resurface when considering ensembles, because all of the possible
signs or phases are liable to be equally likely and give cancelling contributions
to a partition function when summing over Dirac operators.

Thus the models with no ambiguity are the most important ones. Al-
though the spectral triples considered here are all finite, the results that can
be formulated in terms of determinants lead to a definition in the infinite-
dimensional case, using regularised determinants. The regularisation can
even be with finite-dimensional approximations [15].

The physical interpretation of the KO dimension is subtle. In the simplest
cases, s is determined by a Clifford module and so could be the dimension
of an analogous differentiable manifold. However, this is far from always the
case, for example, the simplest spectral triple for the fuzzy 2-sphere [2] has
s = 3. In fact, in general one can tensor the spectral triple for a manifold
of dimension d with an ‘internal space’ of KO dimension s to get an overall
spectral triple with KO dimension s′ = d + s mod 8. This construction
was used for the standard model of particle physics [16] with an internal
space of KO dimension 6 and d = 4 to give the chiral theory with s′ = 2.
This construction is simplified and abstracted here to give the example (17).
Physically, the parameter µ is a Majorana mass for the left-handed fermion
χL, and φR is its conjugate field. This is the Euclidean analogue of the Dirac
conjugate of a chiral fermion in Lorentzian field theory [17].
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