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2 DECOUPLING THEOREM FOR SURFACES IN R?

LARRY GUTH, DOMINIQUE MALDAGUE, AND CHANGKEUN OH

ABSTRACT. We identify a new way to divide the d-neighborhood of surfaces
M C R3 into a finitely-overlapping collection of rectangular boxes S. We
obtain a sharp (¢2, LP) decoupling estimate using this decomposition, for the
sharp range of exponents 2 < p < 4. Our decoupling inequality leads to new
exponential sum estimates where the frequencies lie on surfaces which do not
contain a line.

1. INTRODUCTION

Consider the manifold

(1.1) My = {(&1, &2, 0(&1,€2)) : &1,62 € [0, 1]},

where ¢ : R? — R is a smooth function. Denote by Ns(M,) C R? the 6-
neighborhood of the manifold M4. Our main theorem is an ¢* decoupling theorem
for M into (¢, §)-flat sets. This type of theorem was introduced by [BDK20].

Definition 1.1. Let ¢ : R? — R be smooth. We say that S C [0,1]? is (¢,0)-flat if
(1.2) sup [¢(v) = ¢(v) = Vo(u) - (u —v)| <4
u,ve

For a measurable function f : R?® — C and a measurable set S C R2, denote by
fs the Fourier restriction of f on the set S x R. We refer to Definition 2.1] for the
rigorous definition.

Theorem 1.2. Let ¢ : R? = R be a smooth function. Fiz e > 0. Then there exists
a sufficiently large number A depending on € and ¢ satisfying the following.
For any 6 > 0, there exists a collection Ss of finitely overlapping sets S such that

(1) the overlapping number is O(log 6~1) in the sense that

(1.3) > xs < Ceplog(67?),
SeSs
(2) S is (¢, Ad)-flat,
(3) for 2 <p <4 we have

/
(1.4) 1710 < Cos=( 32 Usslit)

SESs

for all functions f whose Fourier supports are in Ns(Mg).

One important aspect of our theorem is that the collection Ss is not a strict
partition of [0,1]? since the sets S € S5 are O(log d~1)-overlapping. The decou-
pling inequality (L4) for the hyperbolic paraboloid is not true if a family Ss is a
partition of [0,1]2. In other words, the O(logd~!)-overlapping property is neces-
sary for the theorem to hold true (see Appendix [A]). The situation is different for
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curves (£, ¢(€)) in R?, where Yang proved a version of Theorem using a strict
partition [Yan21]. We realized that to prove an ¢? decoupling inequality of the
form (I4)), it is crucial to understand the number of possible choices of (¢, d)-flat
sets. For a curve (£,¢(€)) € R? and a given point p € [0, 1], there is essentially
one choice of (¢, §)-flat set containing the point p with the maximal size. On the
other hand, for the hyperbolic paraboloid in R? and a given point p € [0,1]?, there
are essentially O(log 1) many choices of (¢, §)-flat sets containing the point p and
with maximal size. This turns out to be the reason why a partition is not enough
and we need ([L3). For the hyperbolic paraboloid in R™ with n > 4, the possible
choices of (¢, §)-flat sets containing a point is ~ 6 ~4» for some A,, > 0, which is why
we do not have an analogous theorem without any 6 ~!-power loss (see Appendix [B]).

Next we describe our main application of Theorem [I.2] which is to prove discrete

restriction estimates for manifolds Mg not containing a line segment. For a function
F and a set A, define

1
p R p
(L5) W cay = T Wy

Denote by As a collection of d-separated points in [0, 1]%. Define e(t) := 2™,

Corollary 1.3. Let ¢ be a polynomial of degree d with coefficients bounded by 1.
Suppose that the manifold My does not contain a line segment. Then for2 <p < 4,
€ >0, and any sequence {ag}eca,, we have

L% (Bs—a

o) | X (e 60|
3

SV

) < C¢765_6( Z |a5|2)§.
3

SV

An (£2, LP) discrete restriction estimate is an inequality of the form ([.6). Corol-
lary [[3] is sharp in the following senses. First, the range of p of (6] is optimal
for the paraboloid, though we expect that a wider range of p is possible for generic
polynomials ¢. Second, the inequality (L6 is false for any p > 2 for some collection
As if the manifold My contains a line segment.

The (¢2, LP) discrete restriction estimate ([LH]) implies the sharp (¢7, LP) discrete
restriction estimate. [LY21] obtained a sharp ¢P decoupling inequality for smooth
manifolds, but their decoupling does not seem to imply (¢7, L) discrete restriction
estimates.

Our second application is about the Strichartz estimate for the nonelliptic Schrodinger
equation on irrational tori. Let us introduce the conjecture. For « € R\ Q, o < 0,
define A := %(811 + adaz). Let v be a solution of the partial differential equation

(1.7) 0w —Av=0, v(0,z)=f(x),

where the initial data f is defined on the torus T2. We let ei*® f(z) := v(x,t). The
Strichartz estimate for the elliptic Schrodinger equation on irrational tori, which
corresponds to the case @ € R\ Q, a > 0, was studied in [DGGI17, DGGRM22].



Conjecture 1.4. [DGGRM22| Conjecture 1.1]

T for2<p<4

T+ + N'"» fora<p<6

Ty N2 5 + N5 for 6 < p<10
T*N'"» + N'"% for 10< p

(1.8) [|e" fllLro.ryxr2) < CeN¥||fll 2(r2)

for functions f whose Fourier support is in [—N, N|?.

This conjecture is verified for p > 8 by [DGGRM22| Remark 1.3]. Corollary [L.3]
gives partial progress on the conjecture for the range 2 < p < 4.

Corollary 1.5. Consider 2 <p <4. ForT > N,
X 1
(1.9) €2 Fll oo, 1) xm2) < CeNTT || £l L2(r2)

for functions f whose Fourier support is in [—N, N|2.

An analogous theorem of Corollary for the elliptic Schrodinger equation is
obtained as a corollary of an ¢2 decoupling theorem [BDIH] for the paraboloid,
which is observed by [DGGI7].

We prove the corollaries in Section [l

1.1. Comparison to decoupling inequalities in the literature. Let M C R?
be a manifold in R? with nonvanishing Gaussian curvature and let Ps(M) be a
partition of N5(M) into approximate §'/2 x §'/2 x § caps 6. In their foundational
decoupling paper [BD15], Bourgain and Demeter proved that if M has everywhere
positive Gaussian curvature and 2 < p < 4, then

(1.10) ey e 67C D2 follZams))™>

0cPs(M)
for all f with suppf C Ns(M). It is observed in [BD17a] that (LI0) is false for the
hyperbolic paraboloid. The counterexample comes from the geometric fact that the
hyperbolic paraboloid contains a line. Based on this observation, one might expect
(TI0) to hold true for manifolds avoiding a line segment.

Conjecture 1.6. Let ¢ be a polynomial of degree d. Assume that My does not
contain a line segment and has everywhere negative Gaussian curvature. Define

(1.11) Ps = {[a,a+ 6] x [b,b+ 6] : a,b € 4ZN[0,1—64]}.
Then for 2 <p <4
(1.12) £l Lo (rs)y Se 07 Z Hf9H%P(]R3))1/2

0cPs

for functions f whose Fourier supports are in Ns(M).

Conjecture implies Corollary for the case that the determinant of the
Hessian matrix of ¢ is nonnegative. Unfortunately, it is not clear how to prove
Conjecture using the current decoupling techniques. Instead of proving Con-
jecture [LA we introduce a modified version of the decoupling inequality, which is
inspired by (¢,0)-flat sets, and proved that this decoupling still implies Corollary
L3l Both Conjecture and Theorem imply Corollary But neither of
them does not seem to imply the other.
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Let us review decoupling for smooth manifolds to motivate the use of (¢, d)-sets.
Bourgain and Demeter [BD15, [BD17a] proved that if M has everywhere nonzero
Gaussian curvature and 2 < p < 4, then

e elqal_1
(113) Flreny S G0 S 1follBuquon)
0ePs(M)

for all f with suppf C Ns(M). As mentioned before, if the Gaussian curvature
is positive, then the above decoupling inequality may be refined to an (¢2,LP)
decoupling (see [BD15]), which has the form

(1.14) I fllzr(ms)y Se 0 ( Z Hf@”%P(R?’))l/Q'
0cPs(M)

When M is the truncated paraboloid P? = {(¢,[¢]?) € R3 : [¢] < 1}, Ps(P?) is
the coarsest partition of Ns(P?) so that each piece 6 is essentially flat. Bourgain
and Demeter [BD15] also proved sharp decoupling estimates for the cylinder Cyl =
{(&1,60,83) - E§ + & =1, |&] S 1} and the cone C = (&1,82,V/&7 +&35) : § <& +
€2 < 4}, where their §-neighborhoods are partitioned into planks # of dimensions
about 1 x §'/2 x §. They observed that these are the coarsest (¢, §)-flat sets. Based
on this, Bourgain, Demeter, and Kemp [BDK20] introduced the notion of (¢, §)-flat
sets (Definition [[T)) for a general manifold M, and asked if there is a partition of
Ns(My), denoted by Ps(My), so that each element is (¢, d)-flat and for 2 < p < 4
the following ¢P decoupling is true

e 1_1
(1.15) 1 Flr@sy Se 6~ IPsMIZT7 (D I follfpgs)?
0ePs(My)

for all functions f whose Fourier supports are in Ns(M,). This question is an-
swered affirmatively by [LY21] (see also the references therein).

One may ask if there is a partition of Ns(M,) so that each element is (¢, §)-flat
and for 2 < p < 4 the following ¢? decoupling is true

(1.16) I fllzr(msy Se 0 ( Z ||f0||2Lp(R3))1/2
96735(./\/[45)

for all functions f whose Fourier supports are in N5(M,). Note that (I.I6]) implies
(CI5) by Holder’s inequality. When S is the truncated hyperbolic paraboloid,
Bourgain and Demeter proved that

Cee—1(l_1
(1.17) I lr@sy Se 676727200 D> N foll7mmsy) >
0EPs(My)

They also proved that the loss of § on the right hand side is necessary up to the loss
of 67¢, and the sharp example comes from the geometric fact that the hyperbolic
paraboloid contains a line. At first, this might look like a counterexample to the
question raised in (LI6). However, since there are multiple choices of (¢,0)-flat
sets, it does not give a counterexample. Also, given that ¢2 decoupling theorem for
a curve in R? is proved by [Yan21] (which is the two-dimensional version of (LIG)),
one might still expect that ([I6) is true for some collection of (¢, §)-flat sets. In
Appendix[A]l we prove Theorem [A.T] which says that for the hyperbolic paraboloid,
there is no partition, whose elements are (¢, d)-flat, such that (LI6) holds true. The
proof of Theorem [AT] crucially uses the assumption that a collection of (¢, §)-flat
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sets is a partition. However, in all of the known applications of decouplings we
are aware of, it does not matter if a collection of (¢, d)-flat sets is a partition or
O(6~¢)-finitely overlapping. Theorem says that ¢2 decoupling theorem is true
after allowing the collection Ss to be O(log §~1)-finitely overlapping (see (L3)).
Our decoupling theorem is still useful in the sense that it implies Corollary [[.3] and
[[Al and Proposition L9 Also, by Holder’s inequality, our decoupling “essentially”
implies the ¢? decoupling theorem ([I5) of Yang and Li.

Let us finish this subsection by mentioning higher dimensional manifolds. It is
conceivable that ¢ decoupling conjecture is still true in high dimensions. Let us
introduce some notations to state the conjecture. For a function ¢ : R*™! — R, we
say S C [0,1]" "t is (¢, 6)-set if (I2) is true. Consider the manifold

(1.18) My = {(,¢(€)) : £ € [0,1]""}.

For a measurable function f : R” — C and a measurable set S C R"~!, denote by
fs the Fourier restriction of f on the set S x R.

Conjecture 1.7. Let ¢ : R*! — R be a smooth function. Fiz € > 0. Then there
exists a sufficiently large number A depending on € satisfying the following.

For any 6 > 0, there exists a collection Ss of finitely overlapping sets S C
[0,1]"~! such that

(1) the overlapping number is O(log 6~ 1) in the sense that

(1.19) > xs < Celog(d™h).
SeSs

(2) S is (¢, Ad)-flat.
(8) for2<p<2(n+1)/(n—1) we have

(1:20) 1l < Co=(S0) 73 (Y sl )”

SESs

for all functions f whose Fourier supports are in N5(Mg).

Conjecture 1.7 is known for the paraboloid and hyperbolic paraboloid, but would
be new for general manifolds. The 7 decoupling inequality for manifolds in R? and
R3 are proved by [Yan21] and |[LY21]. It remains open for higher dimensions. One
main ingredient of P decoupling for manifolds in R? is 2 decoupling for a curve in
R2. Since we now have ¢2 decoupling for manifolds in R3, it might be possible to
prove £P decoupling for manifolds in R*.

1.2. Tomas-Stein for the hyperbolic paraboloid. We state the following ver-
sion of the Stein-Tomas restriction theorem, which is recorded in Theorem 1.16 and
Proposition 1.27 of [Dem20]. Let H be the truncated hyperbolic paraboloid.

Theorem 1.8 (Stein-Tomas [Tom75l, [Ste86]). For 4 < p < 0o, we have
=~ 1
IE e (B;-1) S 02 1 F (| L2 (vs )

for each 0 < § < 1, each ball Bs—1 C R3, and each F € L*(Ns(H)) supported in
N3 (H).

Proposition 1.9. Theorem [2.8 implies Theorem [L.8 up to an 6~¢ loss.
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Proof of Proposition [L.9. Theorem [[.] with p = oo is trivial, so it suffices to prove
the p = 4 case and invoke interpolation for the remaining exponents p € (4, 0).
Apply Theorem with p = 4 to obtain the estimate

27 log st

(1.21) ”ﬁ”L“(Bé,l) Se 5_6( Z Z ||(ﬁ)S||2L4(R3))

m=—2"11ogd "1 SERyms1/2 5—m41/2 o

Nl=

Note that (ﬁ)s = F{X\S Using Holder’s inequality, we have for each S' € Roms1/2 9-mg1/2 9
that

— — 1 — 1
HFXS||L4(R3) < ||FXSHzao(]R3)||FXS||22(R2)

1 1

< ||F||21(N5(s))||F||z2(N5(S))
1

< INs(S) A F| L2 (ws(5))-

Using the above inequality to bound the right hand side of (LZI]), we have

27 log 5t 1

" i , s
1P, o 50> S NPy
m=—2"1log =1 SERym;1/2 5—ms1/2 o
_ 1
Sed™* max  |[Ns(S) 7| F |l L2 (v ()
Im|<log 6
SER

2m(51/2,2*7”51/2,0

It remains to note that |[Ns(S)| < 6% for each S € Romgi/z g-mgr/2g and each
|m| <logd1. O

1.3. Proof strategy/structure of the paper. In Section Bl we prove ¢2 de-
coupling inequalities for perturbed hyperbolic paraboloids using a collection of
O(log 6~ 1)-overlapping (¢, §)-flat sets. Our result is new even for the hyperbolic pa-
raboloid. The main new idea for the hyperbolic paraboloid is an iterative way of us-
ing broad-narrow analysis, which is combined with the induction on scale argument
by [BD15, BDGI16]. To prove theorem for perturbed hyperbolic paraboloids (The-
orem [Z7]), we combine the aforementioned argument with a restriction theory for
perturbed hyperbolic paraboloids developed by [BMV20, BMV22, BMV23| [GO23].
In Section [3, we use the ¢2 decoupling for the perturbed hyperbolic paraboloids as
a black box, and prove the ¢? decoupling for general polynomials. This argument
is essentially the same as that for [LY21]. In Section M we prove Corollary L3l
and from the decoupling theorem. In Appendix [A] we prove that there is no 2
decoupling for the hyperbolic paraboloid in R? using a partition. This explains why
it is necessary to introduce log(6~1) many partitions in Theorem .2} In Appendix
Bl we prove that there does not exist a collection of (¢, §)-flat rectangles such that
£? decoupling for the collection is true in high dimensions without any additional
power. In appendix C, we prove the sharpness of Theorem

1.4. Notations. For a function F' and a set A, define

1
(1.22) |‘F||Z£;(A) = WHFHIZ,P(A)'



For real numbers a;, define

(1.23) HTI“

For a ball Bg of radius K centered at ¢(Bg), define

3
1
::H|ai|§.

i=1

(1.24) wpy (2) == (1+ ‘%(]31()‘2)—100'

For a measurable set A and a function f, define

1
(1.25) Flr@ldei= o [ 1560 d.
A |Al Ja
For a ball B, we define
(1'26) Hf”i;(w;;) = |B|71Hf||1[),p(w3)-

For a rectangular box T, we denote by CT the dilation of T by a factor of C'
with respect to its centroid.

For two non-negative numbers A; and As, we write A; < Ay to mean that there
exists a constant C' such that A; < CAy. We write A7 ~ Ay if A1 < Ay and

~

Ay < A;. We also write Ay S¢ As if there exists Ce depending on a parameter e
such that A4; < C.As.

Acknowledgements. The authors would like to thank Yuqgiu Fu for discussion at
the early stage of the project. LG is supported by a Simons Investigator award.
DM is supported by the National Science Foundation under Award No. 2103249.

2. PERTURBED HYPERBOLIC PARABOLOIDS

Consider the manifold My associated with
(2.1) G(&1,82) =16+ ag0&f + 023 + Y a;xéléh,
3<j+k<d

where the coefficients a; j satisfy
(2:2) 4] < 107104

for d > 3.
When d = 2, the manifold M, is associated with ¢(&1,&2) := &&2. Note that
this is a special of case of (2.I)) as we allow a; ; to be zero.

Definition 2.1. Let S be a rectangle in R%. Take a smooth function Zg : R? = R
such that
(1) the support ofé\s is contained in 25.

(2) 0 < E5(61,6) <1 for all (£1,&) € R2.
(8) Zg is greater than 1/10 on the set S.
(4) 125+ < 1000.

Given a function f: R3 — C, define fs : R3 — C by

(2.3) [s(x1, 0, 23) := / (@1 —y1, 22 — Y2, 23) 25 (Y1, y2) dyrdya.
RQ

Note that this is a convolution of f and Zg for the first two variables.
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Theorem 2.2 (Uniform ¢2 decoupling for perturbed hyperbolic paraboloids). Fiz
d > 2 and € > 0. Then there exists a sufficiently large number A depending on d
and € satisfying the following.

Let My be a manifold of the form Z1) satisfying (Z2). Then for any é > 0,
there exists a family S5 of rectangles S C R? such that

(1) the overlapping number is O(log 6~1) in the sense that
(24) Z Xs S Cd,e IOg((S_l)u
SESs

(2) every S is (¢, Ad)-flat,
(3) for all f whose Fourier support is in Ns(My),

(2:5) 1l < Cacd™* (D Ifsl3)

SESs
The constant Cq . is independent of the choice of ¢.

1/2

The first step of the proof is to construct the family S5. A restriction theory
for perturbed hyperbolic paraboloids is developed by [BMV20, BMV22, BMV23
(GO23|. We use this theory, in particular, a language in [BMV23] to construct the
family.

2.1. Construction of the family Ss. To construct a family S;, we will first define
null vectors of the Hessian matrix of ¢. Let us recall the notions in Section 3.1.1 of
[BMV23]. Consider two vectors at £ € [0, 1] defined by

(2.6) we = (=A(§),1), ve:=(1,=B(g)).
Here A and B are given by
(2.7) A6) P22(§) B(¢) $11(§)

NGENEEG NGENEG

and Hy(€) is the determinant of the Hessian matrix of ¢. The functions ¢;;(§) is
defined by 0;0;¢(§). Note that by ([2.2) we have

(2:8) [A(©)] <1077, |B(g)] <1077
By (3.7) of [BMV23], the vectors we and ve have the following property.

(2.9) (we) Hy (&) (we)" =0, (ve)Hy(€)(ve)" = 0.

Moreover, by (Z2)), we and ve are linearly independent.
We are now ready to define a family Ss5. Assume that §~! is a dyadic number.
Let us first define Rs. The family S5 will be a subset of it.

(2.10) Ry = U Riser.o1-
1<a<s—1/2:qe22

We need to define Rjq,o-1. Every element in the set will be a rectangle with
dimension da x a~!. Introduce a parameter 3 which will be related to the angle of
the long direction of the rectangle and the &;-axis. Define

(2.11) Rsoa-1 = U Rsa.a-1.6023-
BEZ0L<BLITa—2m
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Here Rsq,a-1,5023 18 a collection of the translated copies of the rectangle of dimen-
sion da x o~ ! with the angle da? 8 with respect to the &;-axis so that the elements
of Rsa.a-1 6a2p are disjoint and their union contains [0, 1]2. So we have defined

(2.12) Rs = U U Rsa.o-1.6023-
1<a<§—1/2:a€2? BEZ:0<B<S a2

The family S5 in Theorem will be a subcollection of Rs.

Definition 2.3. Let A be a sufficiently large constant, which will be the constant
A in Theorem[23. We say two rectangles Ry, Ra are comparable if

(213) R, C 2AR2, and Ry C 2AR;.

Remark 2.4. Suppose that R1, Re are comparable. Let L be an affine transforma-
tion so that L(Ry), L(R2) are rectangles. Then L(R1), L(R2) are also comparable.

Let us now explain how to choose rectangles. Let A be a large number. Let R €
Rsa,a-1.6023- 1f the two following conditions are satisfied, we add R to S5 01 5023

(1) Ris (¢, Ad)-flat.

(2) For any point z € R, we consider a rectangle centered at z, of dimension
da x a~t, with a long direction parallel to the vector w,. This rectangle is
comparable to R.

If the two following conditions are satisfied, we also add R to Ssq,a-1,6423-
(1) Ris (¢, Ad)-flat.
(2) For any point z € R, we consider a rectangle centered at z, of dimension

da x a1, with a long direction parallel to the vector v,. This rectangle is
comparable to R.

Recall that v, w, are defined in (2.6). After this process, we finally have
(214) 85 = UUS(;a)a—17§a2B.
o B
We define a partition of unity associated with Rsq o1 5025 Namely, we take
smooth functions {Zr}rer,, i ,.., S0 that

the support of E/I\g is contained in 2R.
0 < Sg(&1,6) <1 for all (€,&) € R2.
é; is greater than 1/10 on the set R.
for any £ € [0,1]? we have

(2.15) S ZRE©=1

R€R5a,o¢*1,5a25

(5) IZRlLr < 1000.
For a function f, define fr by

(2.16) fs(z1, 22, 23) == /2 f@1 —y1, 2 — Y2, 23) =R (Y1, Y2) dy1dys.
R
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2.2. Example: Hyperbolic paraboloid. Our theorem is even new for the hy-
perbolic paraboloid. Let us state this special case.

Theorem 2.5. Consider ¢(&1,&2) = &1&2. For2 <p <4,

27 ogs !

@171 flm<co (Y 3 1fsll24)?

m=—2"11logd 1 SE€ERym51/2 5—ms1/2 ¢

for all functions f whose Fourier support is in N5(My).

While the #P decoupling for the hyperbolic paraboloid does not imply the Tomas-
Stein theorem for the manifold, our theorem implies the Tomas-Stein theorem for
the manifold. As an application of Theorem to exponential sum estimates, we
will prove Corollary in Section @

Theorem itself does not imply ¢? decoupling by [BD17a]. However, in the
proof of the theorem, we proved a slightly stronger inequality, which is a mixture of

¢2 and ¢P norms for all the intermediate scales. We do not state this as a theorem as
it is very involved. But this inequality likely implies the ¢? decoupling by [BD17al.

2.3. Properties of partitions. We have defined partitions Ss (see ([Z.14])). Let
us study some properties of it.

Proposition 2.6. Let A be a sufficiently large constant. Then
(218) R51/2)51/270 C Ss.

This says that our partitions contain the squares with the canonical scale. As a
remark, for the hyperbolic paraboloid, note that the following decoupling is false

. 1/2
(2.19) Il <co (3 Ifsl)
SER1/2 51/2

for some functions f whose Fourier transforms are supported on the §-neighborhood
of the hyperbolic paraboloid.

Proof. Take R € Rs1/2 512 ¢. Since R is a square, by the definition of Ss, it suffices
to prove that R is (¢, Ad)-flat. By definition, we need to prove that

(220) Sup [6(u) = 9(v) = Vo(u) - (u—v)| < 45

Since R is a square of side length 6'/2 and ¢ has the Hessian matrix whose deter-
minant is bounded by two (see ([2I)) and (Z2))), (220) follows from an application
of Taylor’s theorem. O

Proposition 2.7 (Finitely overlapping property). For any & € [0,1]2
(2.21) #{S€Ss:£€ 8} < Alog(671).

This proposition gives a proof of the first property of the family Ss in Theorem
2.2] (recall that A is a constant depending only on d and €). Let us give a proof.

Proof. Fix & € [0,1]2. Since the number of dyadic numbers o with 1 < o < §~1/2
is O(log(671)), it suffices to show that given «,

(2.22) #{B € Z : there exist S € S5o,0-1,5025 5-t. £ € S} S A.
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Denote by S1¢ (and Sa¢) the rectangle centered at z, of dimension da x a™!, with
a long direction parallel to the vector we (and v).

Suppose that £ € S for some S € S5, o-1,5023- Then S is comparable to either
S1,e or Sy . Without loss of generality, we may assum that S is comparable to
Si1¢. Then the angle between the long direction of S and wg is < Ada?. Since
{602} gez is da?-separated, there are only ~ A many J3 satisfying the property.
This gives the proof. O

The next lemma is a technical lemma. This says that the angle between the
longest direction of a rectangle S and &;-axis (or £»-axis) is small. If S is a square,
it is not clear how to define “the longest direction of S”. So we prove such a
statement under the condition ([223) to guarantee that S looks like a rectangle
quantitatively.

Lemma 2.8. Let A be a sufficiently large number. Let S € Ssq o1 5a23. Suppose
that
Length of the long direction of S > 42

2.23 .
( ) Length of the short direction of S —

Then we have

(2.24) sa?B < ER
Proof. Suppose that S € Ssq o1 5q025. Let us follow the proof of Proposition 271
Fix £ € S. Without loss of generality, we may assume that S is comparable to
S1,¢. Then by Euclidean geometry, the angle between the long direction of S and
we is S Ada?. The condition (Z23) says that da? < A~2. So the angle is bounded
by < A~%. On the other hand, by (Z.6) and the normalization condition ([Z.2)), the
angle between we and &;-axis is bounded by 1079, Since A4 is sufficiently large, the

angle between the long direction of S and &;-axis is bounded by 10%¢. Therefore,
5023, which indicates the angle, is bounded by 1075, O

Definition 2.9. Define D(d) to be the smallest constant such that

(2.25) 171z < DO S I1l20)?

ReS;s

for all manifolds My of the form @I satisfying (2Z2) and functions f whose
Fourer supports are in Ns(Myg).

One of the key properties of the partitions is the parabolic rescaling lemma. This
type of rescalings is very crucial in the work of [BDI15| and [LY21]. We observe
that the same rescaling lemma still holds true for our collections. The proof uses
a basic property of perturbed hyperbolic paraboloids (for example, see Lemma 3.2
of [GO23]).

Lemma 2.10 (Parabolic rescaling). Let § <o < 1. Let R’ € S,. Then we have

(2.26) 1fwllos <D 8)( S 1fnl2e)?

ReSs

for all manifolds My of the form @I satisfying (22) and functions f whose
Fourer supports are in Ns(M).
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Proof. Suppose that R’ has dimension oo x o~ ! for some 1 < o < ¢~!. Then the
Fourier support of frs is contained in 2R’. By doing the triangle inequality, we may
assume that the support of fr/ is contained in a box with dimension oo x 1. By
translation and rotation, we may assume that the support of fr: is [0, =] x [0, oa].
By abusing the notation, let us still call this box R’. After the change of variables,
our phase function changes. Let us denote the new phase function by

(2:27) Go(E1,6) = E162 +baof + o2&+ > bingleh.
3<j+k<d

For convenience, we introduce b1, = 0. Note that

(2.28) b <1, 2<j+k<d
Since R’ is (¢o, Ao)-flat, by definition,
(2.29) su;;% |do(u) — do(v) — Veo(u) - (u—v)| < Ao.
u,vER’
Take u = (0,0) and v = (¢,0). Since Vo (u) = 0, this inequality becomes
d
2.30 sup biot!| < Ao.
(2.30) 0<t<a-1 |jz:; ot

By [LY21, Proposition 7.1], this inequality gives

(2.31) lbjol Soad, 2<j<d.

Similarly, we take u = (0,0) and v = (0,¢) where 0 < ¢t < ga. Then by the same
reasoning, we obtain

(2.32) bo ;| So(oa)™, 2<j<d.

We next do rescaling. Define L(&,7) := (o1&, 0an) and

(2.33) (&,m) =0 " do(L(&,m)).

The function ¢Z(§ ,m) can be rewritten as

(234) L&+ (0 a b 0)é] + (00%b02)E + Y (o ah b, )Eles.
3<j+k<d

To apply the induction hypothesis, we will prove

(2.35) k] So a0 2 <j+k <d

The cases for j = 0 or k = 0 follow from (231 and (232). Hence, we may assume
that 7 > 1 and k£ > 1.

Let us consider the subcase that k < j. By the inequality 1 < a < o~ !, we have
1 < a %9, So what we need to prove follows from
(2.36) b4l S o+
Since k > 1 and o < 1, this follows from (2.28]). Let us next consider the subcase
that k > j. By the inequality 1 < o < ¢!, we have ¢*77 < a~%*J. So what we
need to prove follows from
(2.37) b S oIt
Since j > 1 and o < 1, this follows from (2.285).
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We have now proved ([235). So the function (Z34) can be rewritten as

(2.38) G+ 08 + o2+ D gles,
3<j+k<d

where

(2.39) lejrl S1, 2<j+k<d.

By applying an linear transformation, we may assume that cy o = cp,2 = 0. More-
over, by doing some triangle inequality, we may assume that |c; x| < 10~ By
abusing the notation, let us still denote by ¢Z the new phase function. By (233),
and change of variables on physical variables, the §-neighborhood of M, becomes
the o~ !d-neighborhood of M 4 For functions g whose Fourier supports are in
Ny-15(M), we have

(2.40) lglls <D 8)( 3 llgrrl3a)*.

R"eS _15

We next rescale back to the original variables. Given R € S,-15, by definition, we
have

(2.41) sup [g(u) — $(v) — Vo(u) - (u—v)| < Ao,

u,vER"

By ([233)), we can see that L=(R") is (¢, A§)-flat. To conclude that L~1(R") € S;,
it remains to show the following property: For any point z € L™1(R"), we consider
a rectangle centered at z, of dimension oo x o~ !, with a long direction parallel to
the vector v, (let us denote by R,). This rectangle is comparable to L~1(R").

Let us prove the property. Fix z € L71(R"), and let v, be a vector associated
with the phase ¢. By Remark 24 it suffices to show that L(R.) is comparable to
R”. After calculating the Hessian matrix, we see that L(v,) is comparable to the

vector vy, associated with the phase function ¢. Since R” belongs to S,-14, this
gives the desired property. ([

2.4. The broad-narrow analysis. In this subsection, we introduce a multilinear
decoupling, and show that a linear decoupling constant is comparable to a multi-
linear decoupling constant up to epsilon loss (Theorem [ZT3]). This framework is
introduced by [BD15].

Definition 2.11. Let n(§) be the unit normal vector of My at the point (€, $(€)).
We say three points &1y, (2),&3) € [0,1]* are N~ '-transverse if
(2.42) n(€ay) Anlée) An(és) = N

Three squares 11,72, 73 C [0,1]? are called N~'-transverse if every triple §(i) €T 18
N~ 1-transverse.

Definition 2.12. Define Dyu(d, N~1) to be the smallest constant satisfying the
following: for any N—1_transverse squares T1,T2, T3 € Raa,0 for 51/2 <a<l,
1
4 < Dmul((SuN_l)( Z HfR”%“) :

3
(2.43) H I_Hl s Py

for all manifolds My of the form @I satisfying (22) and functions f whose
Fourer supports are in Ns(M).
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Recall that the definition of f, is given in the paragraph below (ZI4]). The main
theorem of this subsection is as follows.

Theorem 2.13. Given € > 0, there exists a sufficiently large number N depending
on € so that for all 6 > 0 we have

(2.44) D) < € sup D@, N7 +1).
§<6'<1

Proof. We do a broad-narrow analysis by [BGI1I]. Let K be a sufficiently large
number, which will be determined later. Take a sufficiently large constant K7 such
that K is sufficiently large compared to K;. Fix a ball Bx. We write

(2.45) - Y

TER p—1/2 g—1/2

Recall the definition in (ZII)). Each 7 is a square of side length K ~'/2. Consider
a collection of squares

(2.46) C:={r € Rz k120 | frllLasi) = KOSl ami) }-

We will consider several cases. By a pigeonholing argument, we can see that C
is nonempty. Take 71 € C. Consider the first case that all the squares 7 € C are
in the (K1)~ !-neighborhood of 71. Denote by 7 the neighborhood. Then by the
triangle inequality we have

(247)  fleaeo < | > fr

TERK,l/g’K,l/g,O:TﬂT{;ﬁ@

L4(Bx) + 7% £ 1122 B2 -

By the definition of C, this gives
(2.48) 1z < 2 > t|

TERK,l/g,K,l/g’O:TﬂT{;ﬁ@

LA(Bxk)

The set 71 depends on a choice of Bi. Hence, by summing over all possible squares,
we have

1
(2.49) s S (D 1l )

T/ _ _
GRKI Lrrto

We next consider the case that there exists 75 € C outisde of the (Kj)~!-
neighborhood of 7. There are two subcases. Suppose that there are 73 € C such
that 71, 7o, 73 are 10K ~!-transverse. Then we have

100

(2.50) ||f||L4(BK) SK m Hfﬂ' L4(Bk)"

By an application of randomization argument and uncertainty principle, we have
200 f

(2.51) 1z S K2 Tl g,

where f,, is a modulation of f,,. The definition of wp, is given in (L24). We refer
to (2.5) — (2.8) of [GMO23] for the details of the argument.

Lastly, suppose that there does not exist such 73. Denote by ;) the center of 7;
for i = 1,2. By Definition 2.T1] all the elements 7 € C are contained in the set

(252)  Zy= {6 € (0.1 [n(E0)) An(Ee) An(E)] < 100K},
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Here n(€) is the normal vector of the manifold [21) at the point (&, ¢(€)). By the
definition of C, we can obtain

(2:53) Il S || 2 F
TCZo

LA(Bxk)

We apply a uniform ¢2 decoupling theorem for the set Zy of [LY21, Theorem 3.1],
and obtain

. 1
(2.54) £l Se KO 1f511%4 (s )2
S

for any € > 0. Here S C [0,1]? is a rectangular box, and the collection {S}g has
bounded overlap. Moreover,

(2.55) US c{ee 0,1 [n(€m)) Anlée) An(é)] S K1}
S

The function fg is the Fourier restriction of f to the rectangle S x R[] Define
(2.56) Z :={£€[0,1%: [n(¢qy) An(€z) An(E)] = 0}.

Then by the separation between 7 and 75, and by the normalization conditions

1) and [22), one can see that
(2.57) 2.55) € Nek,/x(Z).
Let us state this as a lemma.

Lemma 2.14.
(2.58) {€ € 0,117 1 [n(§)) An(€z) An(E)] S K71} C Nok, k(2)

We postpone the proof of this lemma and continue the proof of Theorem[2.13} By
the lemma, each S in (2.55) is contained in a rectangle with dimension 1 x CK; K 1.
Let us fix S. Suppose that

Length of the long direction of S < K,

2.
(2.59) Length of the short direction of S —

Then we decompose S into squares of side length equal to the length of the short
direction of S. Then the number of squares is bounded by O(K;). By Proposition

2.6l we have
(2.60) sl SEDF( S IfsrlZa)®

S'€Sx:S/N2S#£D

where K2 < X < (K1K71)2. Since K is sufficiently large compared to K7, the
term (K7)'/* on the right hand side will not make any trouble.

Let us consider the case that

Length of the long direction of S > K.

2.61
( ) Length of the short direction of S —

IThere is a minor technical issue. In the work of [ILY21], they used a characteristic function for
the cutoff function. The proof can be modified so that the cutoff is smooth. In our application,
we use a smooth cutoff function.
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Assume that K7 is sufficiently large so that K; > A2. By translation and rotation,
we may assume that S is contained in S’ := [0,1] x [0, CK;K~!]. By Lemma 2.8
after some change of variables, we may write the new phase function by

(2.62) Gla+alf+b3+ > bingleh,
3<jth<d
where
(2.63) jal + B[+ > bkl <1077
3<j+k<d

We will apply the following lemma.

Lemma 2.15. Let Ky be a number such that 1 < Ko < 6~ Y2, Let §' = [0,1] x
[0, K5']. Suppose that the phase function is

(2.64) (&1, &) =b& +as +0G+ Y bixtléh
3<j+k<d
where
(2.65) lal + 16|+ > [bjkl <107
3<j+k<d

Then for any € > 0 we have
1
(266) | fsllLapiy) < Ceaaks s (> frlFags, )
KasL=(K2)® pes, " Tc2s ?
for all functions f whose Fourier support is in Ns(Mag). Here fs: is the Fourier
restriction of f to the rectangle S’ x R.

Let us assume this lemma and finish the proof. By (254) and Lemma 215 we
have

1
(2.67) [ fllpe(Br) < Ce(Ky  K) K _, sup (> ||fT||2L4(wBK))2-
(K K)SLL(K)? TeS, -1
To summarize, by considering all possible cases, we have

e Se (S0 It

T/ _ _
GRKI Lrrto

3
e
=1

for some transverse 7;. By Definition .12 and Lemma 210, we have
(2.69)  D(6) S D(K?6) + K2°Dyi(6,10K 1) + K¢ sup D(LS).
(K ' K)<L<(K)?

We apply this inequality to the first and third terms on the right hand side of (2.69)
repeatedly, and obtain the desired result. ([l

Proof of Lemma[2.13) For simplicity, we introduce F'(&) := n(&1)) An(§(2)) An(§).
By the definition of the normal vector n(§), this can be rewritten as

No(€n)) Gd(Eny) —1
(2.70) F(&) = [016(2) 020(§2)) —1].
ho(&) (&) -1

(2.68)

LK s (Y (frlle)?

L K K<L<(K)? Tes,
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After routine computations, this is equal to

—019(€)(020(£(1)) — 020(&2))) + 020(£) (010(&1)) — D10(E(2)))
— 010(£(1))20(E(2)) + 010(&(2))D20({(1))-

Recall that £(;) and §(y) are fixed. For simplicity, we write the function as

(2.71)

(2.72) F(§) = Ad¢(§) + BO:p(€) + C.
We first claim that
1

(2.73) max (|32¢(€(1)) — 20(&2)); 1010(81)) — 31¢(§(2))|) 2 ik
The claim is equivalent to
(2.74) [Vo(€a)) — Vol&e)| 2 o

1
By Taylor’s theorem, note that
(2.75) IV20(Ew)) - (€ — €@ ~ | Vo(Emy) — Vo).

Since the eigenvalues of the Hessian matrix of ¢ is comparable to one, and by the
separation [£1) — §2)| 2 KLI, we have

(2.76) IV26(&)) - (Eny —€2))| 2 —

This completes the proof of the claim.

Let us continue the proof of Lemma 2141 Recall [272). Let us consider the case
that |A| < |B|. The case |A| > |B| can be dealt with similarly. To prove Lemma
T4 let us fix £ € [0, 1]? and suppose that

(2.77) F&) =X, | X|<K™.
It suffices to show that there exists a € R such that
° |Oé| 5 KlKil.
° F({—i— (a,O)) =0.
By Taylor’s theorem, since F' is a polynomial of degree d — 1,
O F ()
4!

o’

(2.78) F(+(a,0) = FE) + A F(a+ >

2<j<d-1
By the expression (272,
(279) AHF(E) = A0]" 6(€) + BA020(¢).
By the normalization (1)) and (Z2]), we have
F(§+ (@,0)) = F(&) + (01 F(¢))a + O(Ba?)
=X + (0 F(§)a+ O(Ba?).

Note that |0, F(¢)| ~ |B|. By @&T3), we have |B| > K;' and we can find |a| <
K1K~! such that

(2.81) X + (01 F () + O(Ba?) = 0.
This finishes the proof. O

(2.80)
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Proof of Lemma[Z13 We use an induction on K3. By taking C. 4 4 sufficiently
large, we may assume that Lemma 215 is true for sufficiently large Ko (compared

to A).
We write our phase function (2.64) as
(2.82) A(&) + B(€1,6) == (a7 + Y bjol]) + (Gl +b6 +--+).
3<j<d
On the set (&,&2) € S
(2.83) A&) + B(&1, &) = A(&1) + O(K3 ).
By [LY21, Proposition 7.1],
(2.84) sup |A(&1)] ~q max (|a|, max [bjo]).
0<6: <1 J

Let us consider the case that the left hand side of (2.84) is smaller than AK, !
for some fixed large number A. We would like to show that S’ € S(,)-1. First,
note that S’ is (¢, K ) flat. Also, for any z € S, the angle between &;-axis and v,
is smaller than O(AK 1). Hence, the rectangle, centered at z of dimension 1 x K, !

with a long direction parallel to the vector v,, is comparable to S’. So we see that
S" € S(k,)-1- This already gives the desired result (2.68).

We next consider the case that the left hand side of (Z84) is larger than AK, /2.
Write our function as

(2.85) f@= feerm e de.

We do a change of variables 23 — M 'z3 and & — ME&; so that the Fourier
support of f is contained in the d M-neighborhood of

(2.86) {M(A(&) + B(&,&)) : & €[0,1], & € [0, K5}
for some M~! > AK; " so that M supy<¢, <1 |A(&1)| ~ 1. Note that
(2.87) M(A(&) + B(&1,&)) = MA(&) + O(ATY).

After the change of variables, the ball Bg, on the physical ball becomes a ball of
radius Ko/M, which is still larger than A. Then we use a uniform ¢? decoupling
for a curve of [Yan2l Theorem 1.4] by ignoring &»-variable, and obtain

(2.88) Ifs/llze < CGEY(ANT2 (D N frrl7a)®
T/

Here the sidelength of the longest direction of 7" is (A’)~!, which is smaller than or
equal to A=/, The set T’ has dimension (A’)~! x (K3)~*. We next do a isotropic
rescaling (with translation), and 7”7 becomes a rectangle with dimension 1 x A’/ K».
Since 1‘3—; > %2, by applying the induction hypothesis on K5, and rescaling back,
the left hand side of (2.88)) is bounded by

curve € K2 l
(2.89) YeC(A) P (— Z||fT||L4 )2

Recall that A’ > A/, Since A is sufficiently large, we have (A")~¢/2 < (S35 300 I
and we can close the induction.



19

2.5. Bourgain-Demeter type iteration. We have shown that the linear decou-
pling constant is bounded by the multilinear decoupling constant (Theorem 2.13)).
The next step is to bound the multilinear decoupling constant. Here is an ingredi-
ent.

Lemma 2.16 (Ball inflation lemma). Let ¢ be a function 21) satisfying (22).
Letp=4,q=28/3, and N > 0. Let 71,72, 73 be N~ '-transverse squares. For any
p>0,e>0 and zo € R3,

(2.90)

3
(fo (IO S sty )

p
) )
P i=1 JER, p,0:JCT;i

< Ceﬁpre ITI ( Z HfJH%q#(pr,z (wt))))

=1 JERp p,0:JCT;

=
8=

[SIE

for all functions f whose Fourier supports are in N,2(My).

The proof of the ball inflation lemma is standard. We refer to [BDGI16, Theorem
6.6] for the details (see also [BD17b, Theorem 9.2]).

We are ready to give a proof of Theorem Let I' be the smallest constant
such that for every € > 0, we have

(2.91) D(8) < C.67"¢, for every dyadic 6 < 1,

where C¢ is a constant depending on e. Our goal is to prove I' = 0.

We introduce some notations. Take ¢ := 8/3, and note that

1 1/2  1/2
2.92 e e
(2.92) .= 2 T4
Define
1
1 2
Ao =TI X 13 g o) |2
=1 JeRéb/2,5b/2,0:JC7i ' z€R3
1
1 2
(2.93) Aq(b) = ( > |Uﬁ”i;w@@57pr) T
i=1 JGR(;b/Q’éb/z,O:JCTi ’ zER3
1
1 2
Aoy = | TIL( 3 113 g yon) || e
=1 JeRéb/2,6b/2,03JC7i ’ z€R3

where 0 < b < 1. For 0 < b < 1 and * = 2,q,4, we let a.(b) the infimum over all
exponents a satisfying that

(2:94) A0) Sor 67 (X Walltogen)
RESs
for every 6 > 0, every N~ !-trasverse squares 7;, and every choice of a function f.

Lastly, define

(2.95) ay = hgi}l(l)lf —
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for x = 2, q,4.

Lemma 2.17. We have the following inequalities.

(1) (setup) a. < oo  for x=2,q,4
(2) (rescaling) ay > T

(3) (L? — orthogonality) as > 2a,
(4) (ball inflation) ag > a4/2 + az/2

Notice that by combining all the inequalities in the lemma, we obtain
(2.96) I'<ag <2aq —ag <0.
Hence, in order to prove Theorem 2.2] it suffice to prove Lemma 217

Proof of Lemma[Z2.17 Let us show the item (1). It suffices to show
(2.97) I' <Cb+ a.(b)

for some constant C'. By the essentially constant property and Bernstein’s inequal-
ity, we have

29%) hues
i=1

for any * = 2,¢,4 and 0 < b < 1. By the definition of a.(b) (see (2.94])), we have

<6 A, ()

L4

3 1
(2.99) ITLs- |, so7er=O (3 Ifalas)
i=1 RES;s
Hence, we have
(2.100) Dyt (6, N71) < 5707,
Combining this with Theorem gives
(2.101) D(8) < 676~ Cbma- ),

Since € > 0 is arbitrary, by the definition of T", we obtain (2.97]).

Let us next show the item (2). By the definition of ay4, it follows from
(2.102) as(b) <T-(1-0).
By Holder’s inequality and Minkowski’s inequality, we have

(2.103) A4<b>sff[( S )

=1 JGR(;b/Q’ab/2,O:JCTi

By the parabolic rescaling lemma (Lemma [ZT0), this is further bounded by

1

3 =
SoE I X Wolgs)
(2_104) i=1 JeSs:JCT;

S D(Cslib)( Z ||f]||%4(Re))§

JESs
By (2Z91)) and (294)), we have
(2.105) §-aa(d) < 5=T-(1-b)

This gives (2.102)).
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Let us move onto the item (3). By the L?-orthogonality and Hélder’s inequality,

we obtain
3 1
- < 2 2
AQ(b) S H m ( Z ||fJHLi(wB(L57b))) HL“
i=1 ,]6R5b’5b’0¢JCTi weRs
(2.106) 3
1
< 7 ’
<IC = By,
=1 JERs sb ¢ JCTi R

The last expression is A,(2b), so we have

(2.107) §a2(b) < 5=aq(2b)
or equivalently,

(2.108) az(b) < aq(2b).
After some computations, this gives

(2.109) as > 2aq.

This completes the proof of the item (3).
Lastly, let us show the item (4). By the ball inflation lemma (Lemma ZT6]),

1

- . 1

(2110)  Ag(b) <6 > ) |,
=1 JER /2 sby2 0 CTi ’ sers

By Holder’s inequality and (2:92),
(2.111) Ag(b) Se 67 Aa(b)? Ay (D)3,
By the definition of a.(b), this gives
(2.112) §-aa(0) < geg—H(az®)+aa(®)
After some computations, this gives
(2.113) ag > aq/2 + az/2.
This completes the proof of the item (4). O

3. GENERAL MANIFOLDS

We have proved the £2 decoupling for perturbed hyperbolic paraboloids. We will
use this decoupling as a black box, and prove Theorem [3.1} This section does not
contain any novelty, and we simply follow the argument of [LY21] in Section 5.

The proof of Theorem can be reduced to that for £? decoupling for polyno-
mials (Theorem [31]). We refer to Section 2.3 of [LY21] for the details.

Theorem 3.1. Fix d > 2 and € > 0. Then there exists a sufficiently large number
A depending on d and € satisfying the following.

Let ¢ be a polynomial of two variables of degree d with coefficients bounded by
one. For any § > 0, there exists a collection Ss of finitely overlapping sets S such
that

(1) the overlapping number is O(log 6~ 1) in the sense that

(3.1) D x5 < Caclog(6™).
SeSs
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(2) S is (¢, Ad)-flat.
(3) we have

(32) 7l < Cacs™ (3 1)

SESs

for all f whose Fourier support is in Ns(My).
The constant Cy . is independent of the choice of ¢.

To prove Theorem [3.T] we use Theorem [2.2] as a black box. Theorem [2.2]is a de-
coupling theorem for a phase function (2.1]) satisfying (2.2)), but by a simple change
of variables, this theorem can be generalized to that for a polynomial function ¢
with bounded coeflicients such that

(3.3) [Hy()] 21
for all £ € [0,1]2. Here H, is the determinant of the Hessian matrix of ¢.
3.1. Sketch of the proof of Theorem [3.1l Let M be a sufficiently large number,

which will be determined later (see the end of Section B]). The proof is composed
of three steps.

Step 1. Dichotomy: a curved part and a flat part. Decompose [0,1]? ac-
cording to the size of |Hy(&)|.

Scurved = {(51752) S [07 1]2 : |H¢(517§2)| > M71}7
Stiat := {(€1,€2) € [0,1)* : [Hy (&1, &) < M1}
Introduce a parameter M < M;. Decompose [0, 1]? into squares of side length M;.

Then on each square, one can see that |Hg| > M~'/2 because M; ' < M~! and
VHyg is bounded. By the triangle inequality,

(3.5) M| X A+ X £

1 —1
|T|=M; ": |T|=M; ":
TmScurved;é TCShat

(3.4)

4

After applying the triangle inequality, we apply Theorem[22] (see also the discussion
below Theorem B]) to the first term on the right hand side, and this gives

(D SR BTG SN VA A

|T|:Mf1: L |T|:Mf1:
(3'6) TNScurved 70 TNScurved 70
1/2
S (3 IfslEa)
SeSs

Since M, is a fixed number independent of §, this already gives the desired bound.
It remains to bound the second term on the right hand side of (B.3]).

Step 2. Analysis of the flat part. We next bound the term

(3.7) [
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By the generalized 2D uniform ¢? decoupling for polynomials (Theorem 3.1 of
ILY21]), we can cover Sgat by rectangles T satisfying

(3.8) T C{(&,&) € 0,1]%: [Hy (&, &) S M1,
and
(39) | > ], e (St
|7|=M; T
TCSflat

Let us fix 7. Take an affine transformation L such that it maps [0,1]? to T.
Take ¢1 := ¢ o L. Then one can see that

(3.10) [Hy, ()] S M~

for all £ € [0,1]%. By [LY21I, Proposition 7.1], all the coefficients of Hy, (£) are
bounded above by ~ M ~!. Hence, we can apply [LY21, Theorem 3.2], and obtain
a rotation p such that

(3.11) $2(&1,62) == d1 0 p(&1, &) = a(&y) + M b(&1, &2).

Here a, b have coeflicients bounded above by ~ 1, and « is a positive number. By
the uncertainty principle, the term M ~*B(&1, &) is negligible on the ball of radius
M*® on the physical side. Hence, we apply the 2D uniform ¢? decoupling of [LY21],
Theorem 4.4] to the one variable polynomial a(&;), and partition [0, 1] into intervals
I so that each rectangle is (¢o, AM ~%)-flat. Combining all the inequalities we have
obtained so far, we have

1
LS MY i)
: T
(3.12) 7CShat
1
<M (Y sl
S/ESAI—Q

Step 3. Iteration. By (3.3), (3.6), and ([3.12), we obtain

1/2
(313)  fle < Ch (3 WslBe) T+ O (X sl

SESs S'€8y—a

=

The first term is already of the desired form. To bound the second term, we fix S’
and do rescaling. Let L be an affine transformation mapping [0, 1] to S’. Since S’
is (¢, AM—*)-flat, we have

(3.14) sup [6(u) — 6(v) — Vo(u) - (u—v)| < AM~.

u,veS’
Fix any point ug € S’ and define
(315) (&) := A" M*($(Luo) — $(LE) = V(Luo) - (Luy — LE)).

Then by (B.14), we have supg¢o 172 |6(¢)| < 1. By [LY21l Proposition 7.1], all the
coeflicients of 5 is bounded by one. So this phase function satisfies the hypothesis
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of Theorem BIl We apply (BI3)) to the function, and obtain
1/2
Msllpe<ca (> sl
S€Ss:SNS'#D

FOM (S sl

S'€8,;—24:SNS"#D

(3.16)

By BI3) and [@BI6]), we have

. 1/2

11z < (Co+ 26D Ifsl3+)
(3.17) s
FCXOL) (Y Ifsliza)®

S/ESAI—QQ
We repeat this process O(log,,; 6 1)-times, and we obtain
1/2
(3.18) 1 lae Se (072 + 6710 @5~ 37 | £l )

SeSs

We take M sufficiently large so that log,, C. < e. This completes the proof.

4. PROOF OF COROLLARY [[.3] AND

In this section, we prove Corollary [[L3]and We give a remark that Corollary
holds true under a general condition.

Remark 4.1. Fiz d > 2. Let ¢ : R? — R be a smooth function. Given a straight
line [ intersecting [0, 1)%, we parametrize the line by v(t) with the unit speed. Assume
that

(4.1) d(y(1)) = ap + a1t + agt® + - -+ aqt + E(t),
where

(12) B < cptt

and

(4.3) lag| + -+ |aq| > Cy > 0.

Here, ¢y and Cy are independent of the choice of the line l. Then ([L6) is true.

Corollary is stated using a language in a partial differential equation. By
Fourier series, we can write the operator e**2 f as follows.

(44) eitAf(x) = Z f(é-)e((xluxQu:Eﬁ]) : (6175275% _aég))
£€[—N,N|2NZ2
Also by Parseval’s identity, we have
(4.5) IFIE ey~ D 1@
£e[—N,N|2nZ2

Hence, Corollary can be rephrased as follows.
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Corollary 4.2. Let « be irrational. Suppose that
(4.6) P61, &) =& — &, As = (6Z x adZ) N [0, 1]
Then for 2 <p <4 and e >0, we have

(4.7) | > ace(a- (6,0())|

€A

<CO (D lael)®.

€A

L;(Bgfii)

4.1. Proof of Corollary 1.3l Suppose that the manifold Mgy does not contain a
line. Fix € > 0. By Theorem 3.1 with d replaced by §¢, we have

(4. 7 < Cas=( 3 1ssliz)

SGSJd

for all f whose Fourier support is in Nsa(My). Since ¢ does not contain a line, by
a compactness argument, for any [, we can parametrize it as a function of ¢, and
write

(4.9) o(t, at +b) = ag + art + agt® 4+ - - + agt?
where
(410) max(|a2|,|a3|,-~- 7|ad|)N L.

Suppose that S is a rectangle and is (¢, Ad%)-flat. We claim that the length of a
long direction of S is smaller or equal to C46 for some constant C'y depending on
the choice of ¢. We may assume that the angle between the long direction of S and
&1-axis is smaller than or equal to w/4. Let I be a line segment passing through
the center of S and parallel to the long direction of S but contained in S. For
convenience, we introduce a parametrization of the line I; v(t) = (¢, at 4+ b) where
t € [bg, b1]. To prove the claim, it suffices to show that

(4.11) |b1 — bo| < Cp, A0.

By the definition of (¢, Aé%)-flat, we have

(4.12) e [6(7(b0)) = 6(7(1)) = V((bo)) - (7(bo) —7(1))] < A§”.

€00,01

By [(@3) and [@I0), after some computations, this can be rewritten as

(4.13) sup |ai(t —bo) + aa(t — bo)® + -+ + a@a(t — bo)?| < A%,
te[bo,bl]

where

(4.14) max(|azl, s, - -+, |aal) ~ 1.

By [LY21, Proposition 7.1], (£13) gives that

(4.15) max(|da (bo — b1)?|, [a3(bo — b1)*], - -+, [@a(bo — b)) < AS?.

The condition [@I4]) gives that |b; —bg| < d, and this finishes the proof of the claim.

We have proved the claim. Corollary [[.3] will follow by counting the number of
frequencies in As contained in a ¢ neighborhood of each S € Ss. The claim says
that each S contains at most < 1 many frequencies in As, and this gives the desired
result. Let us give more details. We take f to be a Fourier transform of

(4.16) > e

EEAs
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where 1)¢ is a smooth bump function supported on the ball of radius 5¢ centered at
the point (&, $(€)). By the claim, we have

(.17) (3 1ssiz) " s (3 1)

=

S€$5d £EAs
On the other hand, by the definition of f, we have
(4.18) e~ || D
3
Note that
(4.19) Pe(x) = 6%%e(&, $(E)¥p(0,5-0),

where 1p is a smooth function essentially supported on the ball B. Corollary [[3]
follows from this, (£.8)), (49), and (@I0). This completes the proof.

4.2. Proof of Corollary As we discussed, it suffices to prove Corollary [£.21
For simplicity, we only consider o = v/2. The general case can be proved identically.
For ¢(&1,&2) = €2 — €2 and As = 0Z x \/20Z, our goal is to show that

(4.20) H 3 age(a- (g,¢(g)))‘ <5 (Y Jae?)?.

E€Ns E€As

L;(Bgfii)

This will follow from Theorem by counting the number of frequencies in As
contained in a § neighborhood of each S € S;. Suppose that (m;d,n;1/26) €
As N Nj3(S) for i = 1,2. Then using the definition of (¢, §%)-flat, we have
|m3262 —2n36% — (m36% —2n36%) —2(m1 6, —V2n16) - ((m1 —m2)d, V2(n1 —n2)d)| < 6°.
This simplifies to
|(m1 = m2)? = 2(n1 —n2)?| <6,

SO

|[m1 = ma = V2(n1 = n2)][m1 — ma + V2(n1 = na)]| S 6.
By Lemma 4 of Section 2, Chapter 2 of [Cas72], we have bl% <e |a++/2b| for any
a,b € Z. Therefore, if (mq,n1) # (mae,n2), the above displayed inequality implies
that |ny — ng| 2 6717, Since the elements of As N Nys(S) are > d-separated,
there are fewer than <. 6= frequencies in As N Ngs(S), as desired.

APPENDIX A. PARTITION IS NOT ENOUGH

In this appendix, we prove that there is no ¢? decoupling for the hyperbolic
paraboloid using a partition. Note that in Theorem we introduce O(log 1)
many partitions to obtain ¢2 decoupling for the hyperbolic paraboloid. The follow-
ing theorem shows that it is necessary to introduce many partitions.

Theorem A.1. Let My be the hyperbolic paraboloid given by ¢(&1,&2) = &1&2. Fix
0<e< ﬁ and A > 1. Then the following is false: for any § > 0, there exists a
family S5 of rectangles S C R? such that

(1) the interiors of rectangles are disjoint
(11) int(Sl) n int(SQ) = @, 51,59 € S5
(2) every S is (¢, Ad)-flat



27
(8) for all f whose Fourier support is in Ns(My),

(12) 1Fle < Conse( 32 Usslz)”

SESs

Proof. Fix 6 > 0. For simplicity, assume that 6! is a dyadic number. Suppose
that such a family S; exists for a contradiction. Let us first consider the partition

o= U ([O,l]x[a5,a5+5]>::UCa,
(13) a€ZN[0,6-1—1] a

o,12= U ([b5b6+6 ) UDb

bezZN[0,6—1—1]

Let us fix C,. Consider a collection of elements of S5 which have a large intersection
with C,

(1.4) Sso, ={5€S85:1SNC,| > st 55_6}

Define Ss,¢, similarly. By abusing notations, let us denote by Ss5, and Ssp the
sets S5 ¢, and Ss p,. Recall that elements of the set Ss5, are disjoint by the first

condition (LIJ).
We claim that
994 994
. > —
(15) ‘ ’ ‘ USﬁDb—loo

SESs,a S€Ss,b

Let us assume this claim for a moment and finish the proof of the theorem. By
taking the union over a to (CH)), we have

(1.6) ’ U

a€ZN[0,6—1—1] SE€Ss,a

By pigeonholing, there exists Dy € S5, such that
996
(1.7) ’Dbm( U U SmC) > 150"
a€ZN[0,6-1—1] SESs,q
This implies
996
(1.8) ‘Dbﬁ( U U S) > =
a€ZN[0,6-1—1] SESs.a
We claim that if S € S5, for some a then
(1.9) |D, N S| < 51e3te.

Note that this means that S does not belong to S5 p,. Since the area of Dy is 4,
the first inequality of (L) gives

1)
1.1 < .
(1.10) ’ U SﬁDb’—loo
SE€Ss,p,

This contradicts with the second inequality of ([H]). Let us give a proof of (9.
Suppose that S € S5 ,. It suffices to prove that

(1.11) S € (o, 8)+ ([0,1] [0, €% )
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for some «, 8 € [0,1]. To prove this, we use the assumption that S is (¢, Ad)-flat.
By the definition of S5 4, the rectangle S contains a line segment parallel to &;-axis
with length §27¢. Since our manifold is translation invariant, for simplicity, assume
that the line is [0, 02 €] x {0}. We will show that if p = (p1, p2) is an element of S
then |pa| < §2F¢. This gives the proof of (T39). To show the bound of p2, we set
u = (0,0). Then by the definition of (¢, Ad)-flat (definition [LI]),

Similarly, we use u = (6%_5, 0) and this gives
(1.13) p1p2 — 62 pa| < AS.

Combining these two gives |ps| < 62 F¢.

It remains to prove (LAH)). By symmetry, let’s show only the first inequality. We
will use the assumption (I2)). Fix C,. Let us first show that there exists S € S5
such that

(1.14) IS N Cy| > (logs—t)~10g1H4e,

Suppose that such S does not exist for a contradiction. We take f such that

(1) f is supported on the d-neighborhood of the set Mg N (C, x R).
(2) f is equal to one on the §/2-neighborhood of the set Mg N (C, X R).

Here Mg is the hyperbolic paraboloid. Then f is essentially supported on a box
with dimension 6! x 1 x 6! and has amplitude ~ §2. So we have

(1.15) | fllps ~ 6267 2/4 ~ 5572,

On the other hand, by pigeonholing, there exists j such that

(1.16) (S Uss12) ™ < tomo (X 1ssige)”

S€ESs SeSJ

where the elements S of Sg satisfies
(1.17) 1SN Cyl ~ 5277,

Here, we used the fact that for large j the right hand side of (LI6]) is negligible
(which is proved in (II8)). Since we are assuming that there does not exist S
satisfying (LI4), (LIG) is true for j > 4elog, 6! + 10logy log 1. Note that fg
is essentially constant on a box with volume (§6277)~! and has amplitude 66277,
Since S5 is a partition (see (1), the cardinality of Sg is bounded by 27. So we
have

1/2 g
(3 15sl3) " < (8D max £
(1.18) Sesi

1

< 29/2(52279)(62279) "1 ~ §2275,

NS

(L2), (LI5), and (LIS) gives
(1.19) 5% < (logd~1)26%32 4,
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We get a contradiction from the assumption that j > 4elogy ! + 10log, log 6 1.
The same argument works for a general situation. Let C C C, C [0,1]? be a convex
set (polygon). Then we can show that there exists S € Ss such that

(1.20) SN C| > (logs=1)~19%%|C|.

Let us explain the proof. First, since C is a convex set, we can find a rectangle
C C C such that |C| Z |C] (for example, by Kovner—Besicovitch theorem). Since
C'is a rectangle in C,, we can repeat the proof of (T4 and find S € S5 such that

(1.21) 1ISNC|>1SNC| > (logd 1) ~106%|C| > (logd—1) 105 |C).
This gives (L20).

We have shown that there exists S; € Ss such that (LI4) holds true. In par-
ticular, S € Ss,4 (see (L) for the definition of S5, and note that we used the
assumption that e is small). If we have |S; N Cy| > 996/100, then this gives (L3)).
So suppose that

99
1.22 e < 16, A O] < ——6.
(1.22) 5 811 Cal < 1550

Since S is a rectangle, the set C, \ (S1)° is either a convex set or a union of two
convex sets. Let us write it as

(123) C. \ (Sl)c = Cq1 U (4.
Here C1; and (2 are disjoint convex sets and
(124) |011| + |C12| < |Ca|(1 — 546).

This finishes the first round of the iteration. Let us explain how to proceed. If C
satisfies |Cy;| < 07 then we leave this set. If [Ch;| > 667 then we apply (L20) to
the convex set C11, and obtain the set Sy € S5 such that

(125) |S2 n 011| Z (IOg 5_1)_10546|011|.

By the stopping time condition |Cy1| > 6 T and the assumption that € is small, we
have Sy € Ss5.¢, (see (LA) for the definition). We write C11 \ (S2)¢ = Ci11 U Ch1a.
Then we have

(1.26) |C111| + |Cri2| < [C1a|(1 — 5%),

where Ci1; are convex sets. Repeat this process to Ci2. If |Cia| < 55? then we
have

(1.27) |C111] + [Criz| 4 |Cra] < |Cal(1 — 5%€)% + |Cya6%.
If |Cy2| > 667, then we have
(1.28) |C111| + [Criz| + [Cris| + [Cria] < |Cal(1 = 6%)2.

This finishes the second round of the iteration. We repeat this process M-times
with M > §7%. Denote by {Cx}x and {Sy}y a collection of convex sets and a
collection of rectangles S € S5 that we obtained via this process. Note that

(1.29) o 1CxI+) 1Sy NCal = Cal = 6.
X Y
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We have
dMlexl= > loxl+ > [Cx]
X X:|Cx|>86% X:|Cx|<66%
(1.30) o .
< |Ca|(1 — 8% ‘ 0‘64E<—Ca.
<|Cq( M4 U 1 x[67° < 1()0| |
X:|Cx |<56%

The last two inequalities follow from the fact that all C'x are disjoint and C'x C C,.
This completes the proof of the claim (T3). O

APPENDIX B. HIGHER DIMENSIONS

In this appendix, we prove that an analogous result to Theorem is false in
higher dimensions. For convenience, let us consider only a manifold in R*. Higher
dimensional manifolds can be proved in a similar way. Definitions [[.T] and 2] can
be naturally generalized to higher dimensions. We will not state them. Recall that
the critical exponent of p of decoupling for the hyperbolic paraboloid in R* is 10/3.

Theorem B.1. Consider ¢(&1,62,&3) =&+ &3 —€3. Fiz 0 < e < ﬁ. Let A be
a constant. Then the following statement is false:

For any 6 > 0, there exists a collection S5 of rectangular bozes S C [0,1]® such
that

(1) the overlapping number is O(log6~1) in the sense that

(2.1) > xs < Caelog(6™h).
SESs
(2) S is (¢, Ad)-flat.
(3) we have
1/2
(2:2) 1 llzsora < Cacd™ (3 IfsllZu0ss)

SESs

for all f whose Fourier support is in Ns(My).
Proof. Let us prove by contradiction. Fix 0 < € < 10719, Define
(2.3) Co={(61,6,&) € 0,1 : & + & — & =0}

We cover it by ~ /2 many canonical blocks P with dimension 1 x §'/2 x §. Let
us denote by P the collection of blocks. Note that each block is (¢, Ad)-flat for
some large constant A. For given P € P, we take translated copies and cover [0, 1]3
so that they are disjoint. Denote by Pp the collection of translated copies of P.
Note that the cardinality of Pp is comparable to §—3/2.

Fix P € Pp for some P € P. We next decompose P’ into parallel tubes
with radius 6%, where X is sufficiently large number. Let us denote by Pp,p the
collections of tubes P”. We claim that for given P” € Pp ps there is an element S
of S5 such that the diameter of the set SN P” is larger than or equal to (log§—1)§%€.
To prove the claim, let us use the hypothesis ([2.2)). Take a function f so that

(logd~1)s75¢ (logd=1)s75¢

(2.4) f(&) = F©O =" > 1n,5)©

j=1 j=1
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—1\§s—5e
where {B; }5-12%5 )9 is an arithmetic progression with difference (log 6—1)8%¢, and
U; Bj C P". By the direct computations, one can see that

(2.5) 1Flprors 2 (Qog 6™ 1)E6 2@ 1070 (37| £1210/0) V2.
J

Hence, (2.2) says that there must be an element S of S5 containing at least two
Bj. This means that the diameter of SN P” is larger than or equal to (logd~1)§%¢.
This completes the proof of the claim.

For given P’ € Pp, denote by Spr the elements of S € Sy satisfying the property:
for some P” € Pp p: the diameter of SN P” is larger than or equal to (logd—1)§%€.
The claim says that Sps is non-empty.

We next claim that if S is (¢, Ad)-flat and S € S5, then S is contained in a box
with dimension 62~ % x §175¢ x §5¢. Let us give a proof. First of all, by an affine
transformation, we may assume that S contains a line {0} x {0} x [0,°%¢] and our
new phase function is ¢(¢) = &2 + &3 Let v = (v1,v2,v3) € S. We will show that

(2:6) o] S 5%, ] S 617

By the definition of (¢, Ad)-flat set with u = (0,0,0) we obtain
(2.7) |v? 4 vous| < AS6.

We next use u = (0,0,%) and obtain

(2.8) |03 + vaug — 6°vy| < AS.

These two inequalities give |va| < §175¢. This bound and 7)) give |vy] < 627 %.
This proves the claim.
By the claim, if P{ € Pp, and Py € Pp,, and the angle of the longest directions

of P, and P, is greater than 5%_1006, then any two sets S1 € Sp; and S € Sp; are
distinct. Note also that

(2.9) \ U snp

5€Sp

> 5% |P|.

Let us finish the proof of the theorem. To get a contradiction, we need to prove
that there exists £ € [0, 1]? such that the number of S € S5 containing ¢ is greater
than the right hand side of (Z1I). To prove this, it suffices to show that there exists
¢ €[0,1]? satisfying

(2.10) YD D lsnp(@ o

PEP P'EPp S'ESps
for some number « > 0. This follows from a pigeonholing argument with

(2.11) /[0 2 2 2 (=0, ) /[07113 szs: feor

A® pep PrePp 57€S, PEP P cPp
> 5357 25%€5% ~ 5 3t0e,

This completes the proof. (I
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APPENDIX C. SHARPNESS OF THEOREM

Let us discuss the sharpness of Theorem More precisely, we would like to
discuss if the range of p for which (L4) holds true is sharp. An example of a
manifold that the aforementioned range of p is not sharp is as follows.

3.1) $(&1, &) = &

The 2 decoupling for ([3.0)) is proved for 2 < p < 6 by [BD15], and this range of p
is sharp. Motivated by this example, let us introduce the following definition.

Definition C.1. We say ¢(&1,&2) depends only on a variable if there exists an
affine transformation L such that

(3.2) P(L(E1,€2)) = P(&1) + aka

for some function ¢ and some a € R. Second, we say ¢(£1,&2) does not depend on
any variable if

(3.3) $(§1,62) = a+ b1 + c&2

for some a,b,c € R. Lastly, we say ¢$(&1,&2) depends on two variables if it is not a
form of B3) and there does not exist L such that B.2) holds true.

Here is a complete characterization of the ¢2 decoupling theorem.

Proposition C.2. Consider a polynomial ¢ := ¢(&1,&2). Suppose that S5 is a
family constructed in Subsection [21] and Section [3.

(1) Let ¢ depend on two variables. Then ([L4) is true for 2 < p < 4.

(2) Let ¢ depend only on a variable. Then ([IA4) is true for 2 < p <6.

(3) Let ¢ not depend on any variable. Then (L) is true for 2 < p < co.

The ranges of p stated in items (1), (2), and (3) are sharp.

Proof. Let us first prove Item (1). Theorem gives (I4) for 2 < p < 4, so it
suffices to prove that the range is sharp. Let Hg(§) be the Hessian matrix of ¢. By
[dBvdE04, Theorem 3.1, Hy(§) is not identically zero. Consider

(3.4) Zy = {¢ € R? : det (Hy(€)) = 0}.
Since det Hg(€) is not identically zero, it is a zero set of a polynomial. So there

exists a square 7 not intersecting Z,. Let us fix such 7. Assume that ¢ is smaller

than the sidelength of 7. Let f be a smooth bump function of the §-neighborhood
of

(3.5) {(&1,&,9(&1,&)) : £ €T}
One can see that if £ € 7, then
(3.6) | det Hy(€)| 2 1.

So the multiplication of eigenvalues of Hyg(§) does not change the sign over £ € 7.
Suppose that the eigenvalues of Hy(€) have the same sign for all £ € 7. Then
each S € S; intersecting 7 is a square with length §'/2 x §'/2. So we have

(3.7) F=Y fs, |fs(a)] =01z,
S

where T is a tube with dimension §=1/2 x §71/2 x §=1. Then

(3.8) 320 S leesy S I leoces)-
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On the other hand,
1
(3.9) (S sslizn)* < o 2a2msls ~ 6 2o% 5,
S

This shows that the decoupling inequality is false for p > 4.
Suppose that the eigenvalues have different signs. Then as in the previous case,
we have

(3.10) 6 S Il zers)-

We need to calculate

(311) (3 ssiz)™”

SESs

By the construction of Ss, we have |fs| = 6?17, where T has dimension 64 x
8174 % § for some 0 < A < 1. Here the number A depends on the choice of S. Also,
the cardianlity of S5 is comparable to 6~ up to § ¢ losses. So we have

1/2
(312) (X Wslh) " S 0Tl oo R0
SESs
This shows that the decoupling inequality is false for p > 4, and completes the
proof of Ttem (1).

Let us move on to Item (2). Since ¢ depends only on a variable, after some
change of variables and abusing notations, we may assume that ¢(&1,&2) = ¥(&1).
Fix 9 and define

(3.13) g(x1,23) := f(x1, 22, T3).

Then (L4) simply follows from [Yan2ll Theorem 1.4]. Let us show the sharpness.
Since v is a one-variable polynomial, the zeros of v are finite. So we can find an
open interval I C [0, 1] such that for every & € I, we have [¢"(&)] 2 1. We write
I as a union of intervals J with length 6'/2. Take f to be a smooth bump function
of the é-neighborhood of

(314) {(517527¢(§17§2)) :51 € 1752 € [071]}
Then similar calculations in the proof of Item (1) give the sharpness for p. We leave
out the details.

Lastly, let us prove Item (3). If ¢ does not depend on any variable, then according
to our construction, fs = f. So (L4 is true for 2 < p < co. This completes the

proof of Proposition O
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